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Y. Lu, N. Marheineke, and J. Mohring

Abstract Proceeding from balanced truncation-based parametric reduced order
models (BT-pROM) a matrix interpolation strategy is presented that allows the
cheap evaluation of reduced order models at new parameter sets. The method ex-
tends the framework of model order reduction (MOR) for high-order parameter-
dependent linear time invariant systems in descriptor form by Geuss (2013) by
treating not only permutations and rotations but also distortions of reduced order
basis vectors. The applicability of the interpolation strategy and different variants is
shown on BT-pROMs for gas transport in pipeline-networks.

1 Introduction

Optimization and control of large transient gas networks require the fast simulation
of the underlying parametric partial differential algebraic systems. In this paper we
present a surrogate modeling technique that is composed of linearization around
stationary states, spatial semi-discretization and model order reduction via balanced
truncation (BT). Making use of a matrix interpolation strategy (MIS) in the spirit
of [1, 5] we explore its performance for evaluating the BT-pROMs over a wide
parameter range of different boundary pressures and temperatures. Our developed
variant DTMIS particularly regards possible distortions of the reduced basis vectors.
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2 Modeling Approach for Gas Pipeline-Networks

Proceeding from a nonlinear partial differential algebraic gas network model we
perform linearization and spatial semi-discretization to obtain a parametric linear
time invariant system as basis for MOR.

Modeling. The gas dynamics in a horizontal pipe e can be described by the one-
dimensional isothermal Euler equations in terms of pressure p, and flow rate g, for
space parameter x € [x7',x2“] and time ¢ € [0,Z.4],
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with pipe length L., diameter D,, cross-sectional area A,, temperature 7, and spe-
cific gas constant Ry. The gas compressibility z and friction A are empirically given
by AGA and Chen formula, respectively, [4], i.e.,
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with critical pressure p* and temperature 7* values depending on the gas type, and
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with Reynolds number Re(q.) = |¢.|D./(NA.), dynamic gas viscosity 17, and pipe
roughness K,. A network of pipelines can then be modeled as a directed graph
@ = (&,.4") where the edges are represented by the pipes e € & (with mathemati-
cally positive orientation from x* to x2*'). The set of nodes .4 consists of sources
i, sinks A5y and branching (neutral) nodes Afey. At the branching nodes, mass
conservation —known as first Kirchhoff law— and pressure equality in terms of aux-
iliary variables p are imposed as coupling conditions, i.e.,

Z qe(x‘e)mat): Z qe(xinvt)a (10)

= ees;’

pe(xén,t) :p(v,t), ec 6v+a Pe(x?"tvt) :p(vat)v ec 8\;5 VE Nfew (1d)

where 8, and 8, denote the sets of ingoing and outgoing arcs at v € Apey, cf. Fig. 1.
As boundary conditions we prescribe the pressure profile at the sources and the flow
rate at the sinks

p(vvt):fv(t);VEJ%m q(V,t):fv(l‘),VG%u[. (Te)
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Fig. 1 Network topology

Fork: 4 = (&,./) with Z

source Ay = {v;}, sinks @ P’ & P’ @
Nout = {v3,va,vs}, as well as ! 3

New = {12}, 8,, = {e1} and €4

8, ={er,e3,e4}. 09

System (1) is supplemented with consistent initial conditions obtained from solving
the stationary problem with the boundary conditions (1e) evaluated at time t =0

Linearization. Expanding around a stationary state y(x,z) = y*(x) + &y'(x,7) +
O(€?), y € {pe,q.}, that is specified by a certain parameter set p € & C R, the
nonlinear system (1) decomposes in first order into a stationary subsystem
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and a linear transient (correction) subsystem
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with initial conditions y'(x,0) =0, y € {p.,q.}, and
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The coefficient functions c‘e, = 1,...,5, depend not only on the stationary state
but also on the model parameters of the pipeline-network and the gas flow. More-
over, note that the flow rate should be regularized before the linearization procedure,
ie., |ge| = (¢>+ a?)'/2, a small, [7].

Semi-discretization. As spatial discretization for (2) we use a conservative first-
order finite-volume-like method on a staggered grid to obtain small discretization
stencils. Each pipe is distributed in cells of same length where the pressure p and
the mass balance are evaluated at the cell edges and the flow rate ¢' and the mo-
mentum balance at the cell midpoints. Sources and sinks are either located on the
edges or midpoints of a cell, if pressure or flow rate are given as boundary condition.
Neutral nodes are placed at cell boundaries, as suggested in [4]. Function values of
pl, at a midpoint and ¢!, at a cell boundary are interpolated. Note that for readability
the indices | are suppressed in the stated scheme for a pipe interior,

d . 7701,141/2(' — )
dtpz+l/2* Ax qdi+1 —4i

E.:fﬁ(, i) — 2 it 2= Pirja) — Caidi— Cs.pi
dtq’ Ax qi+1/2 —4i-1)2 Ax Pi+1/2 = Pi-1/2 4,iqi — C5,iPi

with p; = (pi1/2+ pi—12)/2 and qi11 /o = (gi+1 — q:)/2 as well as cell size Ax.
The resulting linear time invariant system (LTIS) of differential algebraic equa-
tions (DAE) for the pipeline-network is parameter-dependent, X(p), p € & C R¢,

Z(p): E(P)%X(f):A(p)X(fHB(P)u(t), y(0)=Cp)x(1),  (3)

with system matrices E,A € R"*", B € R and C € R”*". The states, inputs and
outputs are denoted by x € R”, u € R” and y € R”. The inputs are certainly the
boundary conditions, the outputs are taken here as the flow rates at the sources and
the pressures at the sinks. As in optimization and control the variation of boundary
value profiles (1e) is often of interest, we consider a parameter dependence on the
boundary pressure p(v,0), v € .44, and the temperature T, i.e., p C R?. In the fol-
lowing we refer to a sample of N, different parameter settings and denote the local
LTIS associated with p; by X, k = 1,...,N,,. It is assumed that X is stable with
the regular pencil Ay — AEy. The stability depends, among others, on the applied
discretization and is ensured for the discretized gas network under consideration.
Note that, whenever possible, we suppress the parameter index ; in the explanations
to facilitate the readability.

3 BT-MOR for LTIS in Descriptor Form

In the classical method of balanced truncation for ordinary differential equations
[2, 12], the original model of order n is first transformed into a balanced form,
where the controllability and observability Gramians are diagonally equal. Then, a
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BT-ROM of order r, r < n is obtained by truncating the (n —r) states that are related
to the (n — r) smallest Hankel singular values, i.e., diagonal entries of the Gramians.
Considering the full order model (FOM) of DAEs X in (3), a QZ-decomposition
leads to a pencil A — AE in the generalized real Schur form. By applying a block-
diagonalization [6], X can be decoupled into proper and improper subsystems. The
spectra of the proper and improper subsystems are the same as the finite and infi-
nite ones of the whole system. Afterwards, the proper and improper subsystems are
separately transformed into the balanced form. Whereas the standard BT procedure
can be applied to obtain a proper ROM, truncation for the improper subsystem can
not be performed in general. If states related to non-zero small HSVs are neglected,
the improper ROM may have a finite spectrum with non-negative real parts, which
leads to a non-stable inaccurate approximation [8]. In addition, algebraic constraints
of the systems might be violated. For example, in case of the gas networks, some
of the coupling conditions (Kirchhoff’s laws and the pressure equivalence at neutral
nodes) may not hold true which implies physically meaningless results. However,
states related to zero HSVs can be neglected without affecting the system [11].
Thus, a BT-ROM of order r = r¢ + r. is given by

X, E,%xr(t) = Ax,(t) +B,u(r), v (1) = Crx,(2) (4a)

E,=W'EV = [I*f E } , B,.=W'B= E:’f] , W= [W, W, ]

Feo

A, = WTAV = |:Arf ] , C,=CV= [Crf Croo} , V= [Vrf Vroo}

I.

with its proper and improper subsystems

d
Xprop Exrf(t) = Ay X, (1) + B u(t), Yr, (1) = Cp X, (1) (4b)
. d
Xmprop . g, 275 (1) =x,.(t) + Bru(z), Vi (1) = Cr X (1). (4¢)

The applied projections W, V are obviously parameter-dependent, but not orthono-
mal. They build bases of the (parameter-dependent) rank-r subspaces #, ¥ in R”".
Analogously, W, y ,V,f and W, ,V, form bases of rank-r; subspaces ”//,f, YA y and
rank-r., subspaces %, 7;.., respectively. The BT-ROM X, is stable as long as the
FOM X of (3) is stable, [12]. Moreover, since only states related to the improper
zero-HS Vs are truncated, the DAE-index is preserved, [11].

An error estimate for the system’s transfer function G in the frequency domain
is related to the (decreasingly sorted) proper HSVs o;, i =1,...,ny, [11],

nf
IG G/l = |G"™P ~GI ™. <2 ), o
i=rg+1
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with the Hoo-norm defined as |G|, = supycg ||G(i®)]|2. Hereby, GP™P and G}™°
denote the strictly proper part of G and G,, respectively. Due to the Paley-Wiener
Theorem, this error estimate also holds in the time domain [2] where the H..-norm
is regarded as the 2-induced operator norm,

1¥(#) =y (D)2 <G = Gl [[u(®) 2.

4 Interpolation for BT-pROMs

BT-MOR requires the determination of the generalized Schur form and the solving
of generalized time-continuous/-discrete Lyapunov equations. Each requires &'(n?)
flops and has ¢'(n*) memory complexity, [2]. Obviously, the computational effort is
so extremely high for a large-scale LTIS that this procedure is not suitable for online
parameter variations. Therefore, we suggest an interpolation strategy in the spirit of
[1,5].

Once BT-pROMs X, are computed for different parameter settings k =1,...,Np,
one could think of efficiently approaching a reduced order model at a new parameter
p by means of matrix interpolation

Zr(p) : Er(p)%xr(t) = Ar(p)xr(t) +B,(p)u(t), Yr(t) = Cr(p)xr(t) (5a)
Np

M,(p) = ) ox(p) My, Mc {E,A,B,C} (5b)
k=1

where the weighting functions oy are determined by the selected interpolation
method. However, note that in BT, the states of X; are recombined during the de-
coupling phase in order to be separated with respect to the finite and infinite spectra.
In the MOR phase the states are again recombined such that they can be rearranged
according to the HSVs in decreasing order. States related to the small proper HSVs
and to the zero-valued improper HSVs are truncated until the local reduced systems
X, have the same order . Thus, the projections Wy, V. usually span different rank-
r subspaces #%, 7 in R". Consequently, the reduced states x,.; have in general no
common physical interpretation, which implies that a interpolation of type (5) might
not be meaningful.

Generalized rank-r subspace and respective transformation. To make sense
of the interpolation, all local reduced states X, are transformed in a generalized
rank-r subspace #. Choosing its basis V requires in general a priori knowledge
about the dynamics of the local ROMs. Different strategies are discussed in litera-
ture. For example, one of the local bases might act as generalized basis V = A\
ko e {1,... ,N,,}, [1]. This is suitable, if all local reduced states lie in the same sub-
space. In case that the local bases are very different, the generalized basis must catch
the most important characteristics of all local ROMs. For this purpose, a Proper Or-
thogonal Decomposition (POD) [10] can be employed [9], i.e.,
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VUl Z[VU] = [V Vg, ] [Vi Wy, ]
= | Vi Ny I Ny| -

The state transformation Ty, maps X, in ¥ ie., X, = Ty X, A transformation
proposed in [9] .
Ty, = (VIVy) ™! (6)

describes permutations, rotations and length distortions of the basis vectors. Fur-
thermore, it maximizes correlations between each i-th base vectors, i = 1,...,r,
but minimizes correlations between the i-th and i/-th base vectors, i # i’ in V and
Vi, where the correlations are defined according to the Modal Assurance Criterion
(MACQC) [1]

[(Vir, Vi) [*
(Vir, Vi) (Vieis Vi)

MAC(Vy, Vi) =

However, Ty of (6) can be singular, if V is orthogonal to V. To avoid this crucial
weakness, one seeks state transformations such that the sum of the correlations of
all i-th base vectors in V and V; is maximized.

Theorem 1. [, Proposition 4.1.] The optimization problem wrt. the Frobenius
norm || - ||g )
min ||[V-V;R
g min V= ViRl

has the unique solution Ry = UV, where U and V are the left and right singular
vectors of V;VT =ULVT.

Proof. The first optimality condition together with the uniqueness of the singular
value decomposition yields the result. ]

The orthogonal mapping Ry can handle permutations and rotations of the basis
vectors in V wrt. V, but cannot capture length distortions. To deal also with distor-
tions, we propose a modification on top of the transformation Ry .

Theorem 2. Let Vy and Vk,,' be the i-th column vectors in V and V), = ViRy . The
optimization problem

e <2

min, Vi = w.iViill

has the unique solution o

Wi= 7<Yi/"ik’i> :
(Vii, Vii)
Proof. The statement follows from the first optimality condition using the fact that
H\_’i/ — W,,'Vk,,'lej = H\_’i/ — }/vyivk’,'H;. The sign %,; > 0 can be particularly concluded
from Theorem 1. g

Combining Theorem 1 and Theorem 2 we consider the state transformation

Ty = Ry Dy, Dy = diag(W,1,-.., W,r)- @)
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Analogously to ¥, V and Ty, we construct #, W and Ty 1. This step is nec-
essary, since the local left projections W; contain the local left Hankel singular
vectors related to the local-preserved HSVs in MOR. Similarly to (7), we obtain
Tw i = Ry xDw x with Dy ;. = diag(¥w.1,...,%,). Note that in control theory it is
often made use of the fact that Wy are equal to the right projections V;dj of the
adjoint BT-ROM [5], i.e.,

dj d aqg dj dj
bl Ef@xi L) = AL () +BLyn(t),  u() =Bl X ().
Consequently, the BT-ROM associated with the parameter py, k = 1,...,N,,, is given
with respect to the generalized rank-r subspaces by

N Lood A N PO
Zr,k : Er,k Exr,k (t) = Ar,er,k (t) + Br,ku(t)v Yrk (t) = Cr,er,k (t) (8)

A T A T
E =Ty En Ty, Ak =Ty ArkTy g,

R r .
B, i =Ty Bk, Cik = C i Ty, Xk = Ty Xk

Note that the basis change has no influence on the input-output properties of the
system.

Manifold for interpolation. The matrix interpolation (5) performs well, if the de-
pendence of the matrix entries on the parameter p € &2 C R¢ is accurately described
by the interpolants. For example, the interpolants capture the critical points (wrt. first
and second derivatives) of the functions that describe the behavior of the matrix en-
tries on p. Unfortunately, this requirement is hardly fulfilled by the BT-ROMs (8) as
interpolants. Hence, it may be advantageous to map the matrices into a space where
the dependencies can be approximated as well as possible, to perform the interpola-
tion there and map then the results back to the original space where the BT-ROMs
lie, [1, 3, 5]. In an appropriate space the matrix entries might be regarded as smooth
functions of the parameter by applying the concept of a differential Riemannian
manifold .. There exists a tangent space Zy for each matrix M € 7.

Let My denote a matrix associated to the parameter py, k = 1,...,N, with N,
sample size. For the interpolation the lifting of regular matrices M into the tangent
space kaO of a regular reference matrix My, can be achieved by the logarithmic
mapping which preserves some matrix properties such as symmetric positive defi-
niteness [1]. However, this is only possible if all M lie in the neighborhood of My,
and My have an unique and real logarithm at My,. The last condition is fulfilled
if M/(M,:O1 have a nonnegative spectrum [5]. The inverse at M, is obtained by the
exponential mapping. The corresponding interpolation can be read as

Np
M(p) = exp <Z o(p)In (M,(M,;0 ')) My,
k=1

with weight function @. In case that My and/or My, are singular, the interpolation
is performed in the vector space at My, by
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Ny
p) =) o(p) (My— M) +My,
k=1

according to [1].

The choice of an appropriate reference matrix My, to build the respective tangent
space requires in general a priori knowledge about the dependencies of the local
BT-ROMs on the parameter, which is hard to analyze. In [3] a heuristic selection
criterion is based on the assumption that the entries of the regular My, lifted in the
tangent space kaO depend almost linearly on py = (p.1,-.-, pr.a) € RY. This means

that considering I' Kok = ln(MkM*') the respective (i, j)-th matrix entry is approx-
imated by }/kj = (xk ot Yo, (xk '/ Pr¢ With constant coefficients Ock . Then, the
normalized least squares res1dua1 of the sample is used as indicator of the param-

eter dependence, and the maximal values over all matrix entries are considered as
selection criterion for the reference parameter py,,

Np d iJ iJ V2
. . i \/Zk 1 O‘ko 0+ Xim1 O Pkt — 7’;(0,/()
ko = argminfl,, My, = max He» My = ¥ — .
ko maxy yllcb,k — ming %Co,k

Alternatively, one could consider the normalized least-squares residual in the origi-
nal manifold

N
i \/):ki ao’j+):./ 1% Pkf* ’j)z

b7 — min mk’]

0 = max 0"/,
i max

where mk ' denotes the matrix entries of M. Comparing 6 and L, the interpolation
is performed in the respective tangent manifold if u, < 6. A similar procedure can
be also done for the case of My, singular.

Note that in our application of the gas network, the system matrices A,,k are
regular while Er,k, ﬁr’k and C,’k are singular.

Interpolation of decoupled system. The BT-ROM ZA,,k of (8) is in general not
decoupled in proper and improper subsystems (cf. (4)) any more. Hence, any inter-
polated reduced order model is also not decoupled, as the matrix interpolation (5)
preserves the structure of the matrices due to the element-wise performance. If the
algebraic subsystem of the FOM X is parameter-invariant, then there is no inter-
change between the proper and improper BT-ROMs wrt. the parameter (involving a
decoupled form of £,). Hence, the subsystems can be adjusted and interpolated sep-
arately. In case of decoupled £,, only (r% + r2) elementary operations are needed
to approximate the matrix pencil A — AE, instead of 2(rf -+ r-)? operation for the
coupled system. This is more amenable to real-time applications. Note that in the
gas networks under consideration the assumption on the FOM holds true, i.e., the
algebraic coupling conditions are parameter-independent.
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Theorem 3. Assume that the algebraic part of the FOM (3) is parameter-invariant.
Then, the proper and improper systems Ef,r:)p and Z::pmp of the BT-ROMs (4), k =
1,...,N,, can be separately transformed into generalized subspaces W = W, D Y,
and V' =V, & ,.., which are spanned by W,,, W, and V,, V,_ respectively.
Furthermore, the transformation only requires the mapping of Zf,r:’p and Zif,?pmp
into V.

Proof. To facilitate the readability we suppress the parameter index ;. Assume that
TV,/ , Ter are the transformations associated with the proper BT-ROM. According

to (8), the transformed system EPOP g given by

d

Erf Eﬁrf (t) = Arff‘ff (1) + f},fu(t), yr, (1) = Crfﬁrf ©)

A T N _ T —

B, = Ter E, TVrf7 A= TW,/ Ay, TVr/ ; E, =1,
B, =Ty By,  Cp=CTy, Xy =Ty X,

Since E, - is regular,

leads to d
_ -1 L
Tvr, %o (t) = TVrf Ary Ty, X, (1) + TV’f Bryu(®)

The same can be shown for the improper BT-ROM in an analogue manner. [

5 Results and Discussion

Proceeding from a sample of BT-pROMs for gas pipeline-networks we demonstrate
the applicability of the matrix interpolation strategy (MIS) for an efficient model
order reduction. In particular, we compare different variants (with and without dis-
tortion treatment, with original and tangent manifold), regarding the outputs of the
interpolated systems.

As test scenario we consider exemplarily the network topology Fork visualized in
Fig. 1 over the time horizon [0,7,,4], f.ng = 48 [h]. Although it is a rather small net-
work consisting only of four pipes, the results are representative for the application.
ameter D, = 1 [m] and roughness parameter K, =5 - 1073 [m]. The last enters with
the dynamical gas viscosity g = 107> [kg/(ms)] in the Chen formula for the fric-
tion A. The specific gas constant is Ry = 448 [J/(kg K)]. The boundary conditions
(1e) of the gas network given by p(v,#) = po+0.5(1.05pg — po)(1 — cOS 7t /tepa)
[bar] at v € 44, and g(v,1) = 200 [kg/s] at v € gy act as inputs, whereas the pres-
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sure p(v,t) at v € Agy and the flow rate g(v,7) at v € 4, are considered as outputs
for ¢ € [0,%enq]. In addition to the boundary pressure pg € [55,65] [bar], the tem-
perature T € [—20,20] [°C] is regarded as parameter of the model problem, i.e.,
p = (po,T) € 2 C R?. Note that typical values p* = 10%, ¢g* = 10 and ¢* = 10°
are used to scale pressure, flow rate and time so that the equation system is numer-
ically easier to solve. The stationary problem is determined as follows: using the
first Kirchhoff law (1c) and the boundary condition, the stationary flow rates of the
pipeline-network are evaluated. Afterwards, the stationary pressure of each pipe is
calculated by solving an initial value problem for ey, ..., e4.

In the following the original FOMs are of order n = 35 due to the spatial dis-
chosen to be of order r = 15. The BT-ROMs decouple in proper and improper sub-
systems since the algebraic constraints of the FOM are parameter-independent. We
solve them by means of the MATLAB routine odelSs (with the default values).
Moreover, we use a cubic MIS. Note that the effective choices of the reduced model
order and the interpolation order affect quantitatively, but not qualitatively the ob-
served results. Quantitative improvement might be obtained by adapted more so-
phisticated choices, but this goes beyond the topic of this paper. Focusing on the
matrix interpolation we explore here two exemplary model cases that show differ-
ent parameter-dependent characteristics:

CaseI: pgsampled at {55,59.5,65}and T =0,
the generalized bases for the proper and improper BT-ROMs are constructed by

using the POD method

Case II: T sampled at {—20,—0.49,20} and py = 57.7,
the local bases at 7 = —0.49 are chosen as generalized bases for the proper and
improper BT-ROMs

We apply four different MIS variants: DMIS and DTMIS operate without and with
distortion treatment on the original manifold, DMMIS and DTDMMIS operate
without and with distortion treatment on the tangent manifold.

The approximation quality of the interpolation methods is presented in terms
of the relative .#%(0,,,4)-error in Fig. 2, comparing the output of the interpolated
system with that of the directly computed BT-ROM. In both model cases our pro-
posed handling of length distortions (Theorem 2) shows a clear improvement. The
approximation results are better than the ones achieved with the hitherto existing
matrix interpolation strategy by [5]. The influence of the chosen manifold on the
results depends on the considered case. Whereas the use of the original manifold
seems beneficially in Case I, it is the tangent manifold in Case II. In total, the results
concerning Case II are in size an order better than those of Case I which might be
explained by less differences in the underlying local rank-r subspaces. The larger
the differences of the local rank-r subspaces, the more difficult is the construction
of a generalized subspace (to cover the most important dynamics of the system).
In our application, the interpolation results are very robust for temperature varia-
tions. Changes in pressure, in contrast, might cause instabilities in the interpolated
reduced order models, although the underlying sample of ROMs (interpolants) is
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Fig. 2 Comparison of different matrix interpolation strategies, relative .22 (0, f,,q)-error between
the outputs of the interpolated system and the computed BT-ROM. Top: Case I (pressure varia-
tions); bottom: Case Il (temperature variations).

stable. This happens for example outside the considered interval [55,65] in Case I.
Developing interpolation techniques that preserve stability is hence topic of recent
research. Considering the performance, the combination of MOR and an interpola-
tion strategy is superior to computing directly a ROM at a new parameter setting,
because the overall computational costs are dominated by the model order reduction
technique. The costs due to our additional distortion handling are marginal.

Figure 2 shows additionally the results for directly interpolated outputs y,.;. As it
is less error-prone, the direct output interpolation is certainly superior to MIS when
only the outputs are of interest. However, optimization and control of transient gas
networks require the input-output behavior for large input/output variations over a
wide range of parameters. For this purpose, knowledge about the system matrices
that belong to the different parameter settings is needed to make possible the cheap
and fast evaluation of many reduced order models by help of MIS.



Interpolation Strategy for BT-based Parametric MOR of Gas Pipeline-Networks 13

6 Conclusion

In this paper we proposed an extension of the matrix interpolation strategy by Geuss
[5] for parametric MOR, regarding length distortions of the reduced order basis vec-
tor. We showed the applicability and especially the improvement of the results for
gas transport in pipeline-networks. The combination of MOR and matrix interpo-
lation allows for the efficient computation of parametric reduced order models and
makes optimization and control of large transient gas networks possible. Thereby,
the underlying model order reduction technique (here balanced truncation) and the
interpolation order that are used are replaceable in view of the desired approxima-
tion quality. We remark that non-stable interpolated reduced order models might oc-
cur, although the sample of interpolants is stable. Thus, the development of stability-
preserving interpolation techniques is addressed in future.

Acknowledgements The German CRC TRR 154 Mathematical Modelling, Simulation and Opti-
mization using the Example of Gas Networks is acknowledged.

References

1. Amsallem D., Farhat. C.: An online method for interpolating linear parametric reduced-order
models. STAM J. Sci. Comput. 33(5), 2169-2198 (2011)
2. Benner, P, Golub, G.H., Mehrmann, V., Sorensen, D.C.: Dimension Reduction of Large-Scale
Systems. Lecture Notes in Computational Science and Engineering. Springer, Berlin (2005)
3. Degroote J., Vierendeels J., Willcox K.: Interpolation among reduced-order matrices to obtain
parameterized models for design, optimization and probabilistic analysis. Int. J. Numer. Meth.
Fluids 63, 207-230 (2010)
4. Domschke, P.: Adjoint-Based Control of Model and Discretization Errors for Gas Transport
in Networked Pipelines. PhD thesis, TU Darmstadt (2011)
5. Geuss, M., Panzer, K., Lohmann, B.: On parametric model order reduction by matrix inter-
polation. European Control Conference (2013)
6. Kégstrom, B., Van Dooren, P.: A generalized state-space approach for the additive decompo-
sition of a transfer matrix. J. Numer. Lin. Alg. Appl. 1(2), 165-181 (1992)
7. Kolb, O.: Simulation and Optimization of Gas and Water Supply Networks. PhD thesis, TU
Darmstadt (2011)
8. Liu, W.Q., Sreeram, V.: Model reduction of singular systems. Proceedings of the 39th IEEE
Conference on Decision and Control (Sydney, Australia), 2373-2378 (2000)
9. Panzer, K., Mohring, J., Eid, R., Lohmann, B.: Parametric model order reduction by matrix
interpolation. at-Automatisierungstechnik 58(8), 475484 (2010)
10. Rathinam M., Petzold L.R.: A new look at proper orthognal decomposition. SIAM J. Numer.
Anal. 41(5), 1893-1925 (2003)
11. Stykel, T.: Gramian-based model reduction for descriptor systems. Math. Control Signals Sys.
16(4), 297-319 (2004)
12. Zhou, K., Doyle, K., Clover, J.D.: Robust and Optimal Control. Prentice Hall, Upper Saddle
River (1996)



