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Abstract—The dynamical, boundary optimal control problems
on networks are considered. The domain of definition for the
distributed parameter system is given by a graph G. The optimal
cost function for control problem is further optimized with
respect to the shape and topology of the graph (). The small
cycle is introduced and the topological derivative of the cost
with respect to the size of the cycle is determined. In this way,
the singular perturbations of the graph can be analyzed in order
to change the topology 2. The topological derivative method in
shape and topology optimization is a new tool which can be used
to minimize the shape functionals under the Partial Differential
Equations (PDEs) constraints. The topological derivative is used
as well for solution of optimum design problems for graphs. In
optimal control problems the topological derivative is used for
optimum design of the domain of integration of the state equation.
As an example, optimal control problems are considered on a
cross with a small cycle. The state equation is the wave equation
on the graph. The boundary control problem by Neumann
conditions at a boundary vertex is solved for a tracking cost
function. The shape functional is given by the optimal value of
the control cost. The topological derivative of the shape functional
is determined for the steady state model with the size of a cycle
€ — 0. Numerical results for a model problem are presented.

Index Terms—Distributed parameter system, optimal control,
shape optimization, topological derivative, network modeling,
optimality system.

I. INTRODUCTION

The shape and topology optimization techniques are an
important tool for the modeling and optimum design of
distributed parameter systems, see e.g., [1], [2], [3], [4], [5],
[6], for representative monographs and papers. However, such
techniques are used only a little in control and design of
networks modeled on graphs [7], [8], [9], (in general, on
the so-called stratified spaces). The technique of self-adjoint
extensions for the wave equation [10] is not really used for
the graphs. We refer to [11] for some results in this direction.

The networks of distributed parameter systems are of com-
mon use e.g., in gas or water transportations modeling and
control. The distributed parameter systems on graphs are
usually governed by systems of nonlinear Partial Differential
Equations on edges with the continuity and Kirchhoff condi-
tions at the vertices of the associated graphs.
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We consider the wave equation on a planar graph G :=
{E,V}. The geometrical domain of the tree G is denoted
by ). The perturbations of the tree by a small cycle of the
size € — 0 at the interior vertex Py € V are considered for
purposes of optimum design of the graph. When the nucleation
of a small cycle is considered, the graph G is decomposed
into two subgraphs G° and G,. The geometrical domain 2.
is associated with the domain decomposition of G of the
form G° U G.. The topology variations of the network are
governed by a small cycle G, for ¢ — 0, in another words,
a small cycle is introduced at some interior node Py € V' of
G in order to evaluate the topological derivative of a given
shape function. The subgraph of domain decomposition with
the cycle is denoted by G. := {E.,V.}, the geometrical
domain for the perturbed graph G°UG. is denoted by €).. The
graph G with vertices V' is partitioned into boundary vertices

Vg and vertices of junction V. Let Ig := {1,...,ng} and
Iy :={1,...,ny} denote the set of edge indices and the set
of vertex indices, respectively. In short, we have
V=VgUuV;= {Pl,Pg,Pg,...,PnV},
E={E\,Ey,Es,...,En,}.

As for the direction, we denote ng, (P;) where ng, is the
outward-pointing normal of the vertex P;, thus
—1 if node P; is the start node of Fj,
+1 if node P; is the end node of Ej;,
0 otherwise .

ng, (Pj) =

On a boundary vertex, P, € V the Neumann control is
applied. Given the shape functional 2 — J(£2), the topological
derivative at the interior vertex Py € V is defined by the
following limit, if the limit exists,
1

T (Py) 1= lim ~(J(2) = J (). 1)
The existence of limit in (1) implies the expansion of the shape
functional

J(Qe) = J(Q) + T (Ro) + o(e) - 2



II. BOUNDARY CONTROL PROBLEM FOR WAVE EQUATION

The main ideas are presented in a simple case of a tree with
singular perturbation given by a cycle. We need to explain
the dynamical control problem on such a graph from one
side, and the technique of shape and topology optimization
from the other. The technique requires the notions of shape
derivative, shape gradient, and topological derivative for a
model of control problem. In optimal control, we use the
optimality system [12] which is used to evaluate an optimal
control and the optimal value of the cost function.

Let us start with the control problem for the wave equation

on the interval I, := [0,1 + €], where ¢ — 0 is the shape
parameter. We assume that € € [—0.1,0.1]. The state equation
Ytt — Yo = 0, 00 (0, 7)) x (0,1 + €), 3)
is supplemented with the initial conditions
y(0,2) = 1°(2), :(0,2) = y' () )
and the boundary conditions
Y2(t,0) = u(t), y(t,1+¢c) =0. (5)
The solution y := y. of the state equation depends on the

small parameter because its domain of integration depends on
€. The derivative of ¢ — y. is denoted by y.

Remark For given control u the derivative 1 is given by the
following system for, say € = 0,

Uit — Yz = 0, Iin1 = (0,1) (6)
supplemented with the initial conditions
9(0,2) =0, 4:(0,2) =0 ©)
and the boundary conditions
Y2 (t,0) = 0, y(t,1) = —ya(t,1). ®)

If the optimal control u := u. admits the derivative 1, then
we should replace the homogeneous Neumann condition in (8)
by the nonhomogeneous condition 4, (t,0) = u(t).

We assume that the functions y°, y! are defined on R. The
tracking type cost functional takes the form

T 1+
Jw>=/ /x@x%mﬂ—zw»%mh+m—<@mmm7
0O 0
©))

where x(z) is the characteristic function of [0,0.9], i.e.,
x(z) =1 o0n[0,0.9] and x(1 —x) =0, m = 2,3 and {z,(}
is a steady state z (¢ = ¢p) and the control ¢ for the wave
equation. Thus, z = z(z), z € I = [0,1] and ¢ € R are given
by the solution of ODE

Z'(z) =0 in(0,1), 2'(0)=¢,

and we extend z(z) = 0, = > 1, the extended function is also
denoted by z(x).

The unique optimal control is given by an optimality system
[12]. We are interested in the derivative of the optimal value

2(1)=0, (10

of the cost with respect to the shape parameter € at ¢ = 0.
The sensitivity analysis of the control problems for the wave
equation is considered, e.g., in [11].

III. BOUNDARY CONTROL ON THE CROSS WITH VARIABLE
LENGTHS OF EDGES.

First, we consider the regular perturbations (). of the shape
Q of a graph G. Let us consider for example the cross G.,
le] < 0.1, with three edges of the length |E4| = 1 — 2¢,
|E2] = |Es| = 1+ ¢, so the total length of the graph is
constant |E1| + |E2| + |E3| = 3. The geometrical domain of
the associated graph is denoted by (2..

We are interested in the derivatives of the optimal cost and
of the optimality system with respect to the shape parameter
e — Q..

Assume for simplicity that the initial conditions are homo-
geneous. The state equations read

Y=y € Vo :=V(Q)

(ytt(t)7 @)Qg + aa(y(t)’ 90) = ((Lu)(t)7 @)an VSO e Ve

The cost functional is defined on the subset Qg := Q\ O(F)
which independent of e. It means that the small cycle is
included in O(F,) for all admissible —c¢ < ¢ < ¢, for some
small ¢ € R. Thus, we introduce the characteristic function

of Qo,
T
1 1
T =5 [ [ xw=22+ 5l
0

The control is in H™(0,T') for m = 2, 3. The space H2(0,T)
is used in order to obtain the unique optimal control. For the
existence of the topological derivative with respect to the size
of a small cycle we need more regularity, hence the control
space is H3(0,T).

The solution of control problem for fixed shape parameter
is given by the associated optimality system. The optimality
system is derived e.g., in the framework of the Lagrangian
formalism. This is the coupled system of the state equation,
adjoint state equation, and the optimality condition. In our
case, the optimality system is reduced to two coupled wave
equations and admits a unique solution. In addition, the
optimality system is differentiable with respect to the shape
parameter.

IV. SINGULAR PERTURBATION OF THE GRAPH AT THE
CENTRAL VERTEX BY A SMALL CYCLE

We consider the cross with six edges of the length |E4| =
|E2‘ = |E3| =1—¢,and |E4| = |E5‘ = |E6| =¢ fore — 0+,
so the total length of the graph is constant |E1 |+ |Es|+|E3|+
|E4| + | E5| + | Eg| = 3.

We are interested in the derivatives of the optimal cost and
of the optimality system with respect to the shape parameter
to the shape parameter at ¢ = 0. In this way, we evaluate the
Topological Derivative of the Optimal Cost for the singular
perturbation of the graph by a small cycle.



The topological derivative for nucleation of a cycle in the
graph is obtained for the model problem. This result is stronger
compared to the known results [7], [8]. For example, the cost
in [9] is the energy for the network of Timoshento beams. In
our case, the shape function is governed by the optimal value
of the cost for control problem, so it is a cost different from
the elastic energy.

The PDEs models on graphs are usually systems of nonlin-
ear Partial Differential Equations on edges with the continuity
and Kirchhoff conditions at the vertices of the associated
graphs. In the wave equation, we obtain the following trans-
mission conditions (Abbreviate yg, as y;)

vi(P;) = yx(Pj), Vi, k € Ig,j € ny (Continuity)
> (Wi)2(Pj)ng,(P;) = 0,Vi € I, j € ny  (Kirchhoff)
E;

V. NUMERICAL RESULT

Now we present the numerical results of the example on 2.
(See Fig. 1). There is a boundary control u(t) at vertical Py,

ie., %(t, 0) = u(t).

Fig. 1. Tripod directed network with a cycle.

We want to solve the optimality system. It means that we
solve two coupled wave equations. The control is replaced by
the adjoint state from the optimality condition.

1. Compute the solution of the steady-state equation. We use
the solution of the steady-state equation in the cost function.
In this graph, we assume the perturbation be &g.

—z' =0,2 € [0, L;]

21(0) = ¢, 22(L2) = 23(L3) =0 an
zi(Pj) = z1(P}),Yi,k € Ig,j € ny
>m %P )E(P)*OVZGIE, € ny

2. Discretize the scalar elliptic problem governed by opti-
mality condition to obtain the optimal control u(t) := L[p](¥)
in function of adjoint state p:

T T
u € HQ(O,T) : /0 Ut Wit = _/0 p(t70)w(t)7 (12)
Yw(t) € H*(0,T)

u(0) =u(T) = ¢, u(0) =uw(T) =0.

3. Solve state equation coupled with the adjoint equation by
the Neumann boundary condition:

(yz)tt (yz)zx - O,t S [0 T],CC S [07
Yi(0, %) = yi,0(x), (¥:):(0,2) = y1(x
(y1)'(¢,0) = L(2), (y )(t, Lz) =0, (y
yi(t,P])—yk(t,P] s kGIE,]GnV

ZEy;(t,P)nE( P))=0,YVieIg,j€ny

where L(t) = L[p](t) is defined at 2.

4. Adjoint equation is coupled with the state equation by the
right-hand side; the direction of time ¢ is reversed if compared
with the state equation because the final conditions are given
instead of the initial conditions;

LZ‘}, Vi € Ig
);

3)(t, Ls) = 0,

(13)

(Pi)tt = (Pi)aa +2i —yi int € [0,T],2 € [0,1],4 € Ig
pi(T,x) =0, (pi)e(T,x) =0,
(p1)'(t,0) =0, (p2)(t,L2) =0, (p3)(t,L3) =0,
pi(t P) —pk(ﬁ P) Vi kJEIE,j € ny
> g, Pi(t, P)ng, (Pj) =0,Yi € Ip,j € ny.
(14)

We use a finite-difference approximation for the time deriva-
tive. A first and second-order approximation is given by the
central difference formula.

y(t + At,x) — y(t — At, x)
2At '
y(t + At,x) — 2y(t, x) + y(t — At, x)
(At)? 7

it z) ~
15)

i(t,z) ~

where At is the time step.
Denote y™ =~ y(nAt,z), and u" =~ u(nAt). Then, the
implicity scheme of the weak form will be

(yn+1 _ Qyn + yn—l @)
(At)2 ") 1200

n+1 n—1
ra (L) = (0), o (1) =
1,1
oA P w0 =yt @), ¥ =1 ()
(16)

Then we use the Hermite finite element space discretization.
On the unit interval [0, 1], there exist four Hermite Shape
Functions with cubic order, denoted by hgg, hoi, hig, and
h11 (Eq. 17). These functions are referred to as hat functions
on the reference unit, and they are graphically displayed in
Fig 2.

—22% 4 322,

3_ .2

hoo = 22° — 32% 4 1, ho1 =
00 €T €T 01 (17)

h10:$3—2$2+$,h11 =x

Let 0 =29 < 21 < --- < zn, = L; be a local mesh on
one edge interval [0, L;] which consisting of NV; subintervals
of length h;. After mapping from the reference unit to the



Fig. 2. The four Hermite basis functions on the unit interval [0, 1].

local interval, the hat function can be given by H; ; and Hy
as follows:

3 2
o (%> +3(%) in (21,21
Hy,; = z—z;\° v -\
2 -3 1
( hi ) ( hi ) "
0
3 2
T — Ti—1 _ T — Ti—1
( hi > ( h; )
= 2
( *2(1; hixl) +mhixl in [zi,zi1];
0

otherwise.

in [zi,zi41];

otherwise.

in [zi—1,z];
Hy; =

Each base function is continuous, piecewise cubic. For H ;,
it takes a unit value at its own node x;, while being zero
at all other nodes. For Hs ,, its derivative takes a unit value
at its own node x;, while being zero at all other nodes
(See Fig. 3). The ansatz function yp,(z) is constructed as a

<

Fig. 3. Illustration of shape functions (red: H1 ;, blue: Ha ;)

linear combination of two sets of basis functions, H; ;(z) and
H, j(z), that are defined over the set of nodes ;.

N;
ZYHl @)+ YiH, ()
§=0

At the j-th node x;, there are two degrees of freedom Y
and Y, where Y; is the value of y;,(x) at #; and Y is the
corresponding derivative value.

For convenience, denote

y(t,z) = yn(t,xz) =

Y™ = (Yi(nAt), -, Vg1 (nAt), Vi (nAt), - -

be a column vector. Then, the equation (16) can be written as

,Yvi1(nAt)T

1
(MN;L + QAtQKNh) yntl =

1
QMNhYn — (MNh + 2At2KNh’> Yyl — Ae2yn
n -, T
) ! 7y1( ))Ta

/
Y1

Yl =Y! - 2At(y1(0), -,y (1 )
YO = (y0(0),- -+, 50(1),y5(0),- -+ ,yo(1)™F,

where My, is the mass matrix and Kpy is the stiffness
matrix. Similarly, we have the numerical scheme for adjoint
state p and optimal condition.

One way to handle this problem is to use an iterative
procedure. To this end, we introduce the fixed point algorithm:

(0)
o(1

Algorithm 1 Fixed point algorithm
0

1. Choose u
2. For i = 1 until satisfied
a. solve state equation for y;
b. solve adjoint equation for p;
c. solve optimal condition for u;

3. Terminate with the (approximate) fixed point ., ¥, p.

Set ( =1,T =1, =0.01,e9 = 0.001. The final state y of
the network can be shown in Fig. 4 generated by MATLAB
with the initial value:

yi(z) =2 + (o — (L1 —

() = — - (L + 500 + (L + 30

1 1 1
ys(x) = —L—(Ll + 5027 + (L + 50
Y9 (x) = 2t — 223 + %z

fEiQ(ng + Ot — §(2L1 + 022 + (2L + O

2.
L7,

2 2

— Ly O + (L + 50

Fig. 4. Final state for wave equation.

VI. STEADY STATE BOUNDARY CONTROL PROBLEM.

We evaluate the topological derivative of shape functional

for the steady state distributed parameter system.



Let us consider the control problem for G with control at

d
P, ie., ﬂ(0) = u. We assume that at P, P; there are

homogeneogs Dirichlet conditions. The state equation on G =
{V, E} is defined in weak form by

y € H:aly,¢) = (L(u),¢) Vo€ H,
H = {6,¢; € L* (0, L), ¢2(0) = ¢3(0) =0,
continuity at interior vertices. }

(18)

We apply the domain decomposition method associated
with the decomposition of graph G = G° U G. (See
Fig. 5). Here, G. = {E.,V.} contains a small cycle.
E. = {Ea,h Es,2 tt aEs,G}s Ve = {Qla QZa Q37 Py, B, PG}’
|E571| = |E6,2| = |E5,3‘ = €max—€ = 1—¢, |E5,4| = |E5,5‘ =
|E: 6| = €. In this way the dependence of the solutions to the
state equation with respect to the small parameter € — 0 is
explicitly given in the weak form of the state equation.

Fig. 5. Tripod directed network with a cycle with domain decomposition.

The model defined on G, is —w; = 0 on E.;. We
determine on G, the Dirichlet-to-Neumann nonlocal operator
given by a matrix (A.)sxs by the solution for the boundary
conditions

w;(0) = w;i(Qi) = a;

and
b= —Aaq,
where a = col{ai,as,as3}, b = col{by, ba, b3}, by =
dw,- d’UJZ
% 0) = D qy)

We need the Green’s formula for a single beam E; =
Qi — P; in order to identify the Steklov-Poincaré operator.
We assume that the vertex (); is a boundary vertex and the
vertex P; is the interior vertex for the subgraph G..

Let us return to Green’s formula for the bilinear form
a;(w;, ¢;) associated with the system. We have

L; L;
=L;
/ widh = — / wigi + (Njwi ¢i)e=y™, (19
0 0
where w; — N;w; is the Neumann operator N; on E;. Here,

Proposition 1. If we know the exact solution vy, for the
Dirichlet problem on the graph G. with the polynomials on
the edges, it follows that the associated energy for such a

solution takes the form a(yq,y.) = —a' A, -a, thus the energy
functional for the graph G reads

¢ a(Q,0) =a(Q¢,¢) — (L —1)TA. - (L —1).

The restriction of the state equation to Q° can be considered

under assumption that the control w is supported in 2° and

the state is observed in Q0. Thus, the state equation becomes:
Find y € H(Q) such that

a(Q%y, ¢) = y(L = 1) TAc - (L = 1) = (L(u), $)ao, (20)
for all test functions ¢ € H(Q°).

Remark 1. It is surprising that the vector a = col(1,1,1)7
i.e., such that a1 = as = a3z = 1, is in the kernel of A..
Indeed, the associated energy on G for the constant solutions
on edges equals zero,

—a'"A.-a=0.

On the other hand, the bilinear form on the left hand side of
elliptic state equation (20) is coercive provided that there is
at least one Dirichlet boundary vertex of the graph GO°.

Now we combine the coupling conditions at inner vertices
to compute A.. It’s easy to know that the solutions on F, ; =
[0, L. ;] are given by

wi(x) = a;x + By, x € [0, Le 4] -

So a; = w;(0) = Bi,b; =
0a; =w;0) =4 Ir

Ap.
Considering the Kirchroff and continuity at Py, Ps, Py re-
spectively, we have

=, b=ANa<= a=

(1—¢)ag + f1 =caqg+ (1 —e)az + s,
(1—e)as + B2 =cas + (1 —e)as + f1,
(1—e)az+ Ps =cag + (1 —e)as + Po,

2n
a1+ a4 —as =0,
as + as —ag =0,
ag + ag —ay = 0.
Then we get
a; = _—25§jf§+ﬁ3’a2 — _51_225/8723_‘_53’0‘3 — _51-‘:-;:27—3253.
(22)
Hence
1 2 -1 -1
c=73 3 -1 2 -1 (23)
€ -1 -1 2

Remark 2. A. is negative semidefinite because with the
identical Dirichlet conditions, the solution is constant so the
energy is zero.

The cost functional is



Finally, the optimality system becomes
3 L;—1 0
S0y widi +a(Q0p, 9)
i=1

3, Li—1
—¢(L—1)TAp(L—1) = ; Jo" =i,

a(QO;ya(vb) —p1(0)¢1(0)
—y(L = 1)TAcp(L —1) = =(1(0).

We use the finite element method to solve the optimality
system for control problem. Set { = 1,9 = 0.5. The optimal
value of the cost is depicted in Figure 6. It can be seen that
cost functional is zero when € = 3. And the derivative of
J with respect to € is less than 0 as e approaches 0. This is
the information which allows for the topology variations by
nucleation of a small cycle at an interior vertex of the graph.

0 0.2 0.4 0.6 0.8 1
Fig. 6. The shape functional for € € [0, 1]

VII. CONCLUSIONS

The bilevel optimization problems are considered on metric
graphs. The state equation is the second order wave equation.
The steady state problems are ordinary differential equations.
The optimal control problems are solved by solution of op-
timality systems. For the steady state problems, the topolog-
ical derivatives are obtained for the topology variations by
nucleation of a small cycle. Numerical results of optimization
are presented for the wave equation and for the steady state
problem.

The domain decomposition technique is used in mathemat-
ical modeling of distributed parameter systems defined on
graphs. Such a system is called a network and its model
includes a graph G = {V, E} along with the state equations
on edges F. Such a model is used e.g., in the analysis of
real life large scale gas networks with quasilinear hyperbolic
equations on the edges. At the interior nodes of the graph there
are prescribed two conditions, the continuity of solutions as
well as the continuity of fluxes, the latter condition is called
the Kirchhoff condition. The geometrical domain associated
with the system is denoted by (2 and the shape and topology
optimization problems are considered on the network. The
shape functional is given by an optimal cost of control problem
defined on the network. Thus, the optimization problem is
bilevel, at a lower level an optimal control problem, and at
a higher level a shape and topology optimization problem.

The topology optimization means the variations of the net-
work form e.g., by nucleations of cycles. Therefore, the state
equation at the higher level, for the shape and topology opti-
mization takes the form of the optimality system for optimal
control problem. Domain decomposition technique allows us
to replace the singular domain perturbation of (2 by a regular
perturbation of the bilinear form for the elliptic problem
considered on QY. The perturbation of bilinear form is given
by the Dirichlet-to-Neumann operator which is also called the
Steklov-Poincaré operator. In the case considered the nonlocal
operator is represented by a semidefinite positive matrix — A,
which is determined explicitly (23). In this way the evaluation
of topological derivatives for the shape functional becomes
simple and it does not require e.g., the compound asymptotic
method used for the purposes of asymptotic analysis in singu-
larly perturbed domains. The domain decomposition technique
for networks on graphs is employed to obtain the topological
derivative of shape function. The topological derivative is
defined as the limit for ¢ — 0T of the shape cost derivative
with respect to €, see Figure 6.
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