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Stochastic Optimization (SO) is a classical approach for optimization under uncertainty that
typically requires knowledge about the probability distribution of uncertain parameters. As the
latter is often unknown, Distributionally Robust Optimization (DRO) provides a strong altern-
ative that determines the best guaranteed solution over a set of distributions (ambiguity set).
In this work, we present an approach for DRO over time that uses online learning and scenario
observations arriving as a data stream to learn more about the uncertainty. Our robust solutions
adapt over time and reduce the cost of protection with shrinking ambiguity. For various kinds
of ambiguity sets, the robust solutions converge to the SO solution. Our algorithm achieves
the optimization and learning goals without solving the DRO problem exactly at any step. We
also provide a regret bound for the quality of the online strategy which converges at a rate of
O(log T /

√
T ), where T is the number of iterations. Furthermore, we illustrate the effectiveness

of our procedure by numerical experiments on mixed-integer optimization instances from pop-
ular benchmark libraries and give practical examples stemming from telecommunications and
routing. Our algorithm is able to solve the DRO over time problem significantly faster than
standard reformulations.
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1 Introduction
Many practical optimization problems deal with uncertainties in the input parameters, and it
is important to compute optima that are protected against them. Two prime methodologies to
deal with uncertainty in optimization problems are Stochastic Optimization (SO) and Robust
Optimization (RO). SO considers all uncertain parameters to be random variables, and its
solution approaches usually rely on the knowledge of the probability distribution. Classically,
SO aims to find solutions that are optimal in expectation (or more generally with respect to
chance constraints or different risk-measures, see Birge and Louveaux (1997)). RO is typically
used when knowledge about the probability distribution is not at hand or a better guarantee
of feasibility is desired (Ben-Tal et al. 2009). It strives to find solutions which perform best
against adversarial realizations of the uncertain parameters from a predefined uncertainty set.

Even if the underlying probability distributions are not at hand, they can often be estimated
from historical data. These estimates are naturally also affected by uncertainty. As such, recent
research has focused on compromising between SO and RO in order to obtain better protec-
tion against uncertainty while controlling the conservatism of robust solutions. In particular,
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Distributionally Robust Optimization (DRO) aims to solve a “robust” version of a stochastic op-
timization problem under incomplete knowledge about the probability distribution. The benefit
of DRO is that the solutions are fully protected against the uncertainty and thus outperform
non-robust solutions with respect to worst-case performance.

Current research in DRO is primarily aimed at developing efficient solution techniques for
static DRO problems, where the optimization problem is solved for a given and fixed ambigu-
ity set. However, in many practical applications, additional information about the uncertainty
becomes available over time. For example, in situations where planning processes need to be
repeated over time, each plan may want to incorporate the outcomes of the previous decisions.
Applications abound for such processes, for example in taxi or in ambulance planning. Ap-
plications also occur in iterative assigning landing time windows to aircraft such that security
distances are kept at an airport at all times even in case of disturbances which may lead to
frequent reassignments. For more details on the air traffic application, see (Heidt et al. 2016,
Kapolke et al. 2016). Naturally, it would be beneficial to include any new data into a DRO
approach as soon as it becomes available.

In this article, we present a DRO approach that iteratively incorporates such information
over time. Specifically, we provide an online learning algorithm that solves DRO problems with
limited initial knowledge about the uncertainty, but which can leverage additional incoming
data. This allows the optimal solutions to adapt to the uncertainty and gradually reduce the cost
of protection. To this end, we use scenario observations arriving as a data stream to construct
and update the ambiguity sets. These sets contain the true data generating distribution with
high confidence and converge to it over time. We also show that the solution to the DRO problem
converges to the true SO solution, as the ambiguity sets shrink to the true distribution, and
hence the online algorithm also converges to the SO solution. However, the primary goal is to
use the online algorithm to solve the DRO problem.

The main feature of our work is an integrated procedure that can iteratively solve the DRO
problem while learning reliable and time-dependent ambiguity sets. We show that our online
algorithm outperforms prior methods. We also compare different approaches to construct data-
driven ambiguity sets. In computational experiments, we evaluate our algorithm on state-of-the-
art benchmark libraries and realistic case studies. We demonstrate that our online method leads
to significantly reduced computation times with only marginal sacrifices in solution quality.

Problem Statement.

We consider the problem of minimizing a function f : X ×S → R over some (possibly non-linear
and/or mixed-integer) feasible set X . We focus on the case of finitely many scenarios which
are contained in the set S := {s1, . . . , s|S|}. Note that this is a natural modeling assumption
that appears in several applications as many real-world random events are best represented via
discrete scenarios. However, our approach is also able to treat the case of continuous random
variables by sampling a sufficient large discrete scenario set from the probability distribution.
Finite approximations such as the sample average approximation (Kleywegt et al. 2002) and
other similar scenario reduction techniques are standard in stochastic optimization. They lead
to algorithmic tractability in more general settings, which is necessary for any realistically sized
problem. Furthermore, the use of a finite number of scenarios allows us to treat the probability
distribution as a vector and hence leverage methods from first-order optimization to solve the
problem of finding the optimal distribution. The setting of infinite-dimensional ambiguity sets
for continuous distributions goes beyond the focus of this paper.

With this in mind, we define P0 := {p ∈ [0, 1]|S| |
∑|S|

k=1 pk = 1} as the |S|-dimensional
probability simplex. We start with the probability simplex as our initial ambiguity set as it
imposes no restrictions on the distributions. However, we are not restricted to this choice and
one can initialize with sets constructed using already available historical data. This would lead to
less conservative solutions in practice without changing our theoretical results fundamentally.
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Each point p ∈ P0 represents a probability distribution over the scenarios s ∈ S. Given a
probability distribution of scenarios p∗ ∈ P0, one can solve the following SO problem:

J∗ := min
x∈X

Es∼p∗ [f(x, s)] =
∑S

k=1 f(x, sk)p
∗
k. (SO)

However, if there is limited information about the probability vector p∗, we can limit the impact
of uncertainty by solving the distributionally robust counterpart of the SO problem, namely

min
x∈X

max
p∈P0

Es∼p [f(x, s)] = min
x∈X

max
s∈S

f(x, s). (DRO)

This equality holds because the worst-case probability is realized by some unit-vector
(0, . . . , 0, 1, 0, . . . , 0) ∈ P0. For this maximally large ambiguity set, the solutions to the DRO
problem may be overly conservative. Furthermore, there is typically data available in the form
of observed realizations of the uncertain parameters. The primary goal of this work is to develop
an online algorithm to solve the above DRO problem over time while progressively integrating
additional information. This is achieved by refining the ambiguity sets over time as we learn
more about the uncertainty, e.g., with new realizations. The use of DRO along with online
optimization limits the impact of adverse realizations. Simultaneously, learning ensures that we
can adapt and increase our confidence as we gather more information.

We assume that information about the probability distribution p∗ is revealed in the form of
i.i.d. realizations over time. As such, we solve a sequence of DRO problems with progressively
shrinking ambiguity sets Pt. At each time step t = 1, . . . , T over a given horizon, we construct
the ambiguity set Pt according to the confidence regions estimated from scenario observations
up to time t. Using these sets, we solve

Ĵt := min
x∈X

max
p∈Pt

Es∼p [f(x, s)] . (DROt)

In order to solve problem DROt efficiently, our online optimization approach alternates between
a gradient step (for p) and solving the minimization problem (for x). The task is to find a
solution xt for each round t. This approach can also be interpreted as a game over T rounds,
where a player tries to make optimal decisions against an adversary who chooses the probability
distribution from which to draw the uncertain realization.

In our analysis, we calculate the gap between the worst-case performance of xt (generated
by the online algorithm) over the set Pt and the performance of the optimal DRO solution at
time t. We prove that the average gap (reminiscent of the notion of dynamic regret) is bounded
as

1
T

T∑
t=1

(
max
p∈Pt

Es∼p [f(xt, s)]︸ ︷︷ ︸
our online cost at time t

− min
x∈X

max
p∈Pt

Es∼p [f(x, s)]︸ ︷︷ ︸
optimal cost in hindsight at t

)
≤ O

(√
h(T )

T

)
,

with high probability. Here, h(T ) is a bound on the path length of the distributions, i.e.,∑T
t=1

1
2∥pt − qt∥22 ≤ h(T ) for pt ∈ Pt−1 and qt ∈ Pt. We show that h(T ) ∈ O(log2 T ) for

the different categories of ambiguity sets that we consider. This bound controls the difference
between the performance of our online method and an exact DRO solver. It certifies that our
approach successfully approximates the DRO solution with an average gap that decreases over
time. We also show that the DRO solution converges to the true SO solution as the ambiguity
sets converge to the true distribution in the limit.

Related Work.

Current research in distributional robustness is mostly concerned with the appropriate choice
of ambiguity sets to obtain guarantees on solution quality (Delage and Ye 2010, Van Parys
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et al. 2021). It also focuses on the derivation of algorithmically tractable reformulations for the
resulting robust counterparts, see e.g. Wiesemann et al. (2014), as well as Calafiore and Ghaoui
(2006). Ambiguity sets can be constructed by imposing constraints on expectation (Chen et al.
2020), covariance (Delage and Ye 2010), mode (Hanasusanto et al. 2015), etc. Another op-
tion is to use distance metrics such as the Wasserstein metric (Esfahani and Kuhn 2018),
ϕ-divergence (Bayraksan and Love 2015), f -divergence (Duchi et al. 2021), kernel-based dis-
tances (Kirschner et al. 2020), hypothesis tests (Bertsimas et al. 2018), etc.

Ambiguity sets can also be defined by confidence bounds (Rahimian and Mehrotra 2019),
and many popular ambiguity sets (Bertsimas et al. 2018, Kirschner et al. 2020) have associated
probabilities of containing the true distribution. In this work, we construct the sets as the
combination of a simplex and a bounded set defined by either confidence intervals, ℓ2-norm or
kernel based metrics. These bounded sets function as confidence regions.

Online learning is an established field which provides algorithms for solving problems over
time. For a broad introduction see Hazan et al. (2016). Recently, this approach has been
leveraged to solve robust optimization problems (Ben-Tal et al. 2015, Ho-Nguyen and Kılınç-
Karzan 2018, Pokutta and Xu 2021, Chen et al. 2017). Online learning has also been applied to
DRO problems where the ambiguity set is constructed from data. Namkoong and Duchi (2016)
leverage online optimization for a DRO problem with ambiguity sets defined by f -divergences.
They use an alternating mirror descent algorithm and provide regret bounds for the same. The
authors of Qi et al. (2021) propose a duality-free online stochastic method for a class of DRO
problems with KL-divergence regularization on the dual variables. Different algorithms are
proposed and analyzed in Levy et al. (2020) for DRO problems with convex objectives with
conditional value at risk and χ2-divergence ambiguity sets. These existing works combine DRO
and online learning in order to solve a single DRO problem. This paper looks at a different
problem. The key difference between these works and ours is that we consider a planning
problem that has to be solved repeatedly in time with growing knowledge about the uncertain
parameters. Therefore, we establish an online framework to solve a series of DRO problem with
changing ambiguity sets as new information arrives. This allows us to obtain robust online
solutions while learning about the uncertainty.

In Kirschner et al. (2020), the authors also focus on a DRO problem in an online learning
context. They allow for uncertainty in the parameters and only have noisy blackbox access
to the objective function. To solve the DRO problem while learning the objective and the
ambiguity set, the authors solve a large program with convex constraints at each stage. This
was extended to more general ambiguity sets constructed with ϕ-divergences in Husain et al.
(2022). In contrast, our work primarily focuses on obtaining distributionally robust optimal
solutions in an online fashion while learning the true distribution. As a key advantage we point
out that our algorithm does not require the solution of the entire DRO problem at any step
but only computes gradient steps in the ambiguity space. Furthermore, we consider multiple
ambiguity sets and leverage the online gradient descent algorithm to allow for faster computation
and better applicability in real-world settings.

Another similar work is by Sessa et al. (2020). Therein, the authors present an online
learning approach with a multiplicative weight algorithm in order to compute strict robust
mixed-strategies over a decision set. In contrast to our work however, they do not consider a
DRO setting. Finally, Bärmann et al. (2018) and Bärmann et al. (2017) consider the problem
of learning unknown objectives in an online fashion but without any uncertainty in the models.

Contribution.

The two key differences in our work which distinguish it from regular online optimization are
(i) use of DRO while learning from data and (ii) solving the DRO problem approximately. The
first ensures that our solutions are robust to uncertainty in the knowledge of the true probability
distribution. The second allows us to obtain robust solutions without solving the DRO problem
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exactly at each step. Specifically, the key contributions of our work are:
Online Learning Algorithm for DRO. We provide an online algorithm to solve the DRO problem.
It also learns the uncertainty from scenario observations over time, shrinking the ambiguity sets.
This allows for rapid computation of the DRO solutions along with their adaptation. Thus,
reducing the cost of protection.
Stochastic Consistency. We also prove that the solution of the DRO problem converges to the
SO problem. Since our online algorithm solves the DRO problem, thus it too converges to the
solution of the SO problem.
High Probability Regret Bounds. We prove that the cumulative regret between the solutions
generated by our online method and the exact DRO solution at each time step shrinks at a rate
of O(log T /

√
T ) with high probability.

Flexibility of Uncertainty Models. We consider 3 different ambiguity models: (i) confidence
intervals, (ii) ℓ2-norm sets and (iii) kernel based ambiguity sets. These allow our approach to
adapt to the application.
Computational Results. We provide a computational study on mixed-integer benchmark in-
stances and on real world problem examples. Specifically, we compare on the MIPLIB and
QPLIB libraries and further illustrate our results with two realistic applications from telecom-
munications and routing. In both cases our approach is considerably faster than solving the full
distributionally robust counterparts.

Outline

Section 2 presents the foundations of Data-Driven DRO. We present our algorithms and theor-
etical results on DRO over Time in Section 3. Finally, in Section 4, we evaluate our methods
on benchmark instances.

2 Data-Driven DRO
In this section, we introduce ambiguity sets which form a key part of DRO problems. We also
introduce the dual reformulation which is a standard way for solving robust or DRO problems.

2.1 Ambiguity Sets
DRO can provide robust protection against scenarios generated by any distribution inside an
ambiguity set P. However, depending on the size of the set e.g., if P = P0, the protection
may be too conservative. We can reduce this conservativeness by integrating the information
gained from the data generated by the true distribution and thus shrinking the ambiguity set.
We construct the ambiguity sets as the intersection of the probability simplex and a data-
driven set which contains the true distribution (with high confidence). These data-driven sets
can be prescribed by multi-dimensional confidence intervals or metrics such as the ℓ2-norm,
kernel based deviation etc. These metrics are selected as they can provide guarantees about
containing the true distribution. Their dependence on data also ensures that with more data,
the sets converge to the true distribution.

Our data-driven ambiguity sets Pt, where t ∈ N equals the number of data points, can be
of the following two forms

Pt := {p ∈ P | lt ≤ p ≤ ut} or Pt := {p ∈ P | d(p, p̂t) ≤ ϵt} .

Here lt, ut ∈ [0, 1]|S| are lower and upper bounds of confidence intervals, p̂t is the empirical
distribution estimator for p∗ and d(·, ·) and ϵt denote a distance metric and its respective
bound. In both cases, the values of the parameters lt, ut and ϵt are selected such that the true
distribution lies inside the sets Pt with high probability i.e.,

P (p∗ ∈ Pt) ≥ 1− δt,
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where δt ∈ (0, 1). One key requirement for the ambiguity sets Pt over time t = 0, ..., T is that
they contain the true distribution inside all of them with high probability, that means

p∗ ∈
⋂

t=0,...,T
Pt,

with a probability of at least 1− δ. This is achieved by ensuring that each set Pt in round t
contains the true distribution p∗ with probability at least 1− δt such that

∑∞
t=1 δt < ∞. In

this paper, we choose δt =
6δ

π2t2 for some predefined δ ∈ (0, 1). With this in mind, we have the
following lemma.

Lemma 2.1 For ambiguity sets constructed with confidence δt := 6δ
π2t2 and δ ∈ (0, 1), it follows

that the true data generating distribution p∗ ∈
⋂

t=0,...,T Pt with a probability of at least 1− δ.

Proof: Given a sequence of events At, we can estimate the probability of their intersection with
Boole’s inequality as follows,

P

 ⋂
t=1,...,T

At

 = 1−P

 ⋃
t=1,...,T

Ac
t

 ≥ 1−
∑

t=1,...,T
P(Ac

t).

Let At be the event that the true distribution p∗ lies inside the uncertainty set Pt. By the
definition of an ambiguity set with confidence δt, we know that P(At) ≥ 1− δt. This means that
P(Ac

t) ≤ δt. This inequality and the limit of the over-harmonic series (2-series:
∑∞

t=1
1
t2 = π2

6 )
allows us to show that the probability of the event p∗ ∈

⋂
t=1...T Pt (here without t = 0) is at

least

1−
T∑

t=1
δt ≥ 1−

∞∑
t=1

δt = 1− 6δ

π2

∞∑
t=1

1
t2 = 1− δ.

Since ⋂
t=1,...,T

Pt ⊂ P = P0 ⇒
⋂

t=1,...,T
Pt =

⋂
t=0,...,T

Pt,

we conclude the proof (here with t = 0). □
Note that the above result continues to hold as T → ∞. The above lemma shows that if

the confidence probability 1− δt increases fast enough, the inclusion of the true distribution p∗

in individual ambiguity sets Pt is sufficient to guarantee uniform inclusion over all sets.

2.2 Choice of Ambiguity Sets
The choice of ambiguity sets depends on the application, the historical information available and
level of protection desired. We discuss different ambiguity sets that are easily applicable and
provide probabilistic performance guarantees. These different ways of constructing data-driven
ambiguity sets demonstrate the flexibility of our approach.

Confidence Intervals. Confidence intervals for multinomial distributions can be calculated
using various methods (see Wang (2008) for a survey). We use the analytic formula from
Fitzpatrick and Scott (1987) for the construction of multi-dimensional intervals It ⊆ [0, 1]|S|

via
Ikt = [lkt, ukt] :=

[
p̂kt −

z δt
2

2
√

t
, p̂kt +

z δt
2

2
√

t

]
, (1)
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in each round t = 1, ..., T . Here, p̂t is the maximum likelihood estimator for p∗ and z δt
2

denotes
the upper (1− δt

2 )-percentile of the standard normal distribution. The corresponding ambiguity
sets can then be the intersection of the confidence intervals and the probability simplex, i.e.,

Pt := P0 ∩ It = {p ∈ P0 | lt ≤ p ≤ ut} , t = 1, . . . , T .

The parameters lt and ut can be updated as mentioned in the definition of Ikt. The parameter
p̂t is the empirical probability distribution and can be updated by counting the observations
of each scenario up to t. Confidence intervals work well in practice and are algorithmically
preferable as they only impose linear constraints on the ambiguity sets. This provides significant
scalability to problems which use confidence intervals. However, one disadvantage of them is
that the probability guarantees that they provide only hold asymptotically. As a consequence,
we extend our method to the following two sets which provide finite sample guarantees while
being easy to reformulate.

ℓ2-norm sets. For the finite sample setting, we have the following guarantee as proven in Weiss-
man et al. (2003),

P

(
∥p̂t − p∗∥1 ≤

√
2|S| log 2/δt

t

)
≥ 1− δt.

Given this inequality, along with the observation that ∥p∥2 ≤ ∥p∥1 we can construct the following
set

Pt = {p ∈ P | ∥p− p̂t∥2 ≤ ϵt} ,

with ϵt :=
√

2|S| log 2/δt

t , which provides the containment guarantee 1− δt. For the above am-
biguity set, p̂t and ϵt are the two parameters which define the set. These can be updated by
counting the scenario observations and as per the definition of ϵt respectively.

Kernel based ambiguity sets. Kernel based ambiguity sets are another alternative that provide
similar finite sample probability guarantees while allowing for flexibility in how the different
scenarios are weighted. Given a kernel function kM (si, sj) : S × S → R defined over the
scenarios with kernel matrix M , we have the following probability guarantee (Kirschner et al.
2020),

P

(
∥p̂t − p∗∥M ≤

√
C√
t
(2 +

√
2 log(1/δt))

)
≥ 1− δt,

if kM (si, sj) ≤ C for all scenarios. Here, ∥q∥M :=
√

q⊤Mq . With this inequality, we can
construct an ambguity set similar to the ℓ2-norm case with ϵt :=

√
C√
t
(2 +

√
2 log(1/δt)). Like

ℓ2 norm ambiguity sets, kernel based sets require two key parameters p̂t and ϵt. Both can be
updated either by counting scenarios or the definition of ϵt for kernel sets.

Using these ambiguity sets, the resulting (DROt) forms a min-max problem, where the inner
maximization problem optimizes a linear objective over a finite-dimensional convex feasible set.
Therefore, (DROt) can be equivalently reformulated using duality theory as is commonly applied
in convex robust optimization. These reformulations are discussed in the following section.

2.3 Solving DRO via Reformulation
When the ambiguity set is constructed with confidence intervals, the inner maximization prob-
lem forms a linear program. Then, by strong duality, for confidence intervals, (DROt) is equi-
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valent to
min

x,z,α,β
z − ⟨lt, α⟩+ ⟨ut, β⟩

s.t. z − αk + βk ≥ f(x, sk) ∀k = 1, . . . , |S|,
α, β ≥ 0,
x ∈ X , z ∈ R, α, β ∈ R|S|.

(2)

Here, the dual variables αk and βk price the uncertainty for scenario sk ∈ S. This problem is of
the same problem class as (SO), however larger in size. The reformulated DRO problem grows
linearly with the number of scenarios which may become prohibitive if the cardinality of S is
large. Thus, the difficulty of solving (2) depends on the complexity of f and the cardinality
of S.

For the ℓ2-norm and kernel based ambiguity sets, the dual reformulation is given by

min
x,z,r

|S|∑
k=1

p̂kt (f(x, sk) + rk) + ϵt∥f (x) + ze + r∥A−1

s.t. x ∈ X , rk ≥ 0,

(3)

where the matrix A = I for the ℓ2-norm case and M for the kernel based sets. The vectors
f , e, and r denote the functions f(x, sk) for all k, the vector of all ones and the set of all rk

respectively. Although norm constraints typically remain algorithmically tractable, solving this
reformulation is practically more difficult than solving SO.

2.4 DRO over Time
We now discuss our baseline framework of DRO over Time. The iterative procedure outlined
in Algorithm 1 solves a sequence of reformulated DRO problems while learning from data.
Prior to the first round, we assume that we have no data about the scenarios and therefore
initialize the ambiguity set with the full probability simplex. As more information comes in,
the ambiguity set is updated.

Algorithm 1 DRO over Time
1: Input: functions f(·, s) for s ∈ S, feasible set X , initial ambiguity set P0
2: Output: sequence of DRO solutions x1, . . . , xT

3: for t = 1 to T do
4: xt ← solve Problem (2) or (3) for Pt−1
5: Pt ← observe data and update set parameters such as p̂t, lt, ut and ϵt as per the type of

ambiguity set.
6: end for

The following theorems show the convergence of the DRO solution Ĵt to the true solution of
the SO problem J∗. The proofs are provided in the electronic companion as they are adaptations
from Esfahani and Kuhn (2018) to our setting. In the latter, analogous results have been proven
for ambiguity sets constructed with the Wasserstein metric.

Theorem 2.2 If the feasible set X is compact, then the optimal value of DROt converges over
time to the optimal value of SO with probability 1, i.e.,

lim
t→∞

Ĵt = J∗ with probability 1.

Theorem 2.3 Let {xt}∞t=1 be a sequence of optimal solutions to the problem DROt. If the feasible
set X is compact and the function f(x, s) is continuous in x, then any accumulation point of
{xt}∞t=1 is almost surely an optimal solution to the problem SO.
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These two results show the validity of the DRO over Time paradigm and guarantee that with
a sufficient amount of data, Algorithm 1 converges to the solution of the SO problem with the
true distribution. This is important as this indicates the importance of gathering more data to
obtain better solutions.

In Algorithm 1, the DRO problem has to be solved repeatedly in each round. This is not
viable for large problems as it requires long computation times. We remedy this by introducing
a new algorithm which approximates the DRO problem over time and updates the ambiguity
sets via online learning. For this online algorithm, we can show a dynamic regret bound that
bounds the error of the approximation with sublinear expression in the number of rounds.

3 Online Robust Optimization
In this section, we introduce the online learning and optimization algorithm which is main
contribution of our work. As in Ben-Tal et al. (2015) and Pokutta and Xu (2021), we consider
robust optimization as a game between two players. The online algorithm can then be roughly
described as alternating between solving the optimization problem for each player given the
solution of the other. Thus, for each round t = 1, . . . , T , we decompose the min-max problem
into two subproblems (one for each player) and perform the following steps:

1. First, the p-player determines pt via an appropriate algorithm applied to problem

max
p∈Pt−1

Es∼p [f(xt−1, s)] ,

based on the solution xt−1 from the previous round.

2. Then, the x-player computes xt as a solution using the previously calculated pt

min
x∈X

Es∼pt [f(x, s)] .

Due to the fact that we consider probability distributions over a finite scenario set, the op-
timization problem of the p-player is finite-dimensional and therefore the Online Gradient Des-
cent (Zinkevich 2003) is a canonical choice here as a learning algorithm. Given pt−1 and xt−1,
the update rule consists of a descent step

p̃t = pt−1 + η∇pEs∼pt−1 [f(xt−1, s)] ,

with step size η > 0 and a subsequent projection step to ensure feasibility

pt = arg min
p∈Pt−1

1
2∥p− p̃t∥2.

The probability distribution in the next iteration is therefore given as the unique solution

pt = arg min
p∈Pt−1

〈
−η∇pEs∼pt−1 [f(xt−1, s)] , p

〉
+

1
2∥p− pt−1∥2.

Note that the x-player uses pt in round t to estimate xt and solves a standard SO problem
which is easier to solve than the reformulated DRO program. This pt is then used to estimate
pt+1 in round t + 1. As such, the value of xt depends on pt in round t (thus xt and pt are not
conditionally independent in round t). Therefore, as per Pokutta and Xu (2021), the learner for
pt has to be a strong learner in order to ensure sublinear regret. This paper also shows that the
online gradient descent algorithm satisfies the necessary conditions for it to be a strong learner.
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3.1 Algorithm
We provide a pseudo code of our method for DRO over Time via online robust optimization in
Algorithm 2. It combines alternating solutions of the min and max problems with the update
of the ambiguity sets. For the sake of simplicity, we assume that our algorithm starts without
any knowledge of the probability distribution over the scenarios and therefore we initialize the
ambiguity set as the full probability simplex in step 1. The algorithm can be easily modified
to incorporate any historical information. The initialization of p0 ∈ P0 and x0 ∈ X in step 4
and step 5 can be chosen arbitrarily and does not effect our theoretical results. Each round
t = 1, ..., T starts with the update of pt via projected gradient descent and of xt as the solution
of an SO problem. At the end of the round, we observe new data in form of (i.i.d.) scenario
observations and update the ambiguity set as explained in Section 2.

Algorithm 2 DRO over Time with Online Projected Gradient Descent
1: Input: functions f(·, s) for s ∈ S, feasible set X , initial ambiguity set P0
2: Output: x1, . . . , xT

3: Set P0 = {p ∈ [0, 1]|S| |
∑|S|

k=1 pk = 1}
4: Set p0 =

(
1

|S| , ..., 1
|S|

)
∈ [0, 1]|S|

5: Set x0 = minx∈X f(x, s1)
6: for t = 1 to T do
7: p̃t ← pt−1 + η∇pEs∼pt−1 [f(xt−1, s)]
8: pt ← arg minp∈Pt−1

1
2∥p− p̃t∥2

9: xt ← arg minx∈X Es∼pt [f(x, s)]
10: Pt ← observe data and update set parameters such as p̂t, lt, ut and ϵt as per the type of

ambiguity set.
11: end for

Algorithm 2 provides a sequence of solutions xt for each time step t = 0, ..., T . In order
to prove that the quality of the solutions xt improves over time, we bound the average gap
over time between the worst case performance of xt and the optimal worst case (exact DRO)
solution. Since the feasible set of the p-player changes over time it is not possible to apply
existing techniques for regret bounds on min-max problems to our setting as these techniques
have primarily focused on stationary ambiguity sets. In this paper, we extend these existing
techniques to the case of shrinking ambiguity sets by leveraging the fact that all the ambiguity
sets contain a common distribution (the true distribution).

The two main ingredients for the theoretical analysis are a constrained gradient (∇pEs∼p [f(x, s)])
and a constrained path length (

∑T
t=1

1
2∥pt− qt∥2 ≤ h(T ) for all pt ∈ Pt−1, qt ∈ Pt) for the online

gradient descent to work on non-stationary feasible sets. The former is a classical assumption
for steepest descent algorithms while the latter is commonly used in dynamic regret bounds for
online algorithms, see e.g. (Zhao et al. 2020, Mokhtari et al. 2016).

For constant ambiguity sets, it is known that for the static regret (which compares the
performance difference of online solutions to a single best action in hindsight) bounds of the
form O(1/

√
T ) can be derived (Pokutta and Xu 2021, Besbes et al. 2015). For our case, a

careful analysis of the algorithm leads to a dynamic regret bound of O(
√

h(T )/
√

T ) that is
presented in Theorem 3.1, with the corresponding bounding terms h(T ) for the path lengths
being proven afterwards. This is consistent with other findings about dynamic regret bounds
in the literature on online learning, see (Mokhtari et al. 2016). We are able to achieve a bound
for this new setting with shrinking ambiguity sets.

Theorem 3.1 (Dynamic regret bound) Let f : X × S → R be uniformly bounded, i.e., for all

(x, s) ∈ X ×S, there exists a constant G > 0 such that |f(x, s)| ≤ G. Let η :=
√

2h(T )
G2T |S| where

10



∑T
t=1

1
2∥pt − qt∥2 ≤ h(T ) for pt ∈ Pt−1 and qt ∈ Pt. The output (x1, ..., xT ) from Algorithm 2

with confidence update δt := 6δ
π2t2 and δ ∈ (0, 1) fulfills

1
T

T∑
t=1

(
max
p∈Pt

Es∼p [f(xt, s)]−min
x∈X

max
p∈Pt

Es∼p [f(x, s)]

)
≤ G

√
2|S|h(T )

T
+

2G

T
,

with probability at least 1− δ.

Proof of Theorem 3.1 Define gt(p) := −Es∼p [f(xt, s)]. An online gradient descent iteration is
given by

pt+1 = arg min
p∈Pt

⟨η∇gt(pt), p⟩+ 1
2∥p− pt∥2,

with the variational inequality

⟨η∇gt(pt), ut − pt+1⟩+ ⟨pt+1 − pt, ut − pt+1⟩ ≥ 0, for all ut ∈ Pt

as the optimality criteria. Classical theory for gradient descent (by rearranging the previous
inequality and using Cauchy-Schwarz) yields

⟨η∇gt(pt), pt − ut⟩ ≤
1
2∥pt − ut∥2 −

1
2∥pt+1 − ut∥2 +

η2

2 ∥∇gt(pt)∥2.

Summation over rounds t = 1, ..., T results in the following inequality for all ut ∈ Pt:

T∑
t=1
⟨η∇gt(pt), pt − ut⟩ ≤

T∑
t=1

η2

2 ∥∇gt(pt)∥2 +
T∑

t=1

(1
2∥pt − ut∥2 −

1
2∥pt+1 − ut∥2

)
.

Next, we bound the terms on the right side starting with

T∑
t=1

(1
2∥pt − ut∥2 −

1
2∥pt+1 − ut∥2

)
≤

T∑
t=1

1
2∥pt − ut∥2.

Note that this is, in contrast to classical steepest descent theory, not a telescoping sum. We
make use of the fact that

∑T
t=1

1
2∥pt − ut∥2 ≤ h(T ) for all ut ∈ Pt and all rounds t = 1, ..., T

with probability at least 1− δ as per Lemma 3.3. We provide the proofs for these path length
bounds in the next extra subsection. Furthermore, since gt(p) = −Es∼p [f(xt, s)] is linear in p,
we use the gradient bound

∥∇gt(pt)∥2 =
|S|∑

k=1
|f(xt, sk)|2 ≤ |S|G2,

for all t = 1, ..., T , because f is bounded. Thus we get

T∑
t=1
⟨∇gt(pt), pt − ut⟩ ≤

h(T )

η
+

η

2T |S|G2,

for all ut ∈ Pt, for all t = 1, ..., T with probability at least 1− δ. Choosing the bound minimizing
step size (minimize right-hand side with respect to η) η :=

√
2h(T )

G2|S|T yields

T∑
t=1
⟨∇gt(pt), pt − ut⟩ ≤ G

√
2|S|h(T )T .

11



Since gt(p) = −Es∼p [f(xt, s)] is linear in p for all t = 1, ..., T , it follows

T∑
t=1

(Es∼ut [f(xt, s)]−Es∼pt [f(xt, s)]) =
T∑

t=1
⟨∇gt(pt), pt − ut⟩ ≤ G

√
2|S|h(T )T .

Now we choose in each round t = 1, ..., T the worst-case ut := arg maxp∈Pt Es∼p [f(xt, s)] ∈ Pt

and recall the definition of xt = arg minx∈X Es∼pt [f(x, s)] to obtain

T∑
t=1

(Es∼ut [f(xt, s)]−Es∼pt [f(xt, s)]) =
T∑

t=1

(
max
p∈Pt

Es∼p [f(xt, s)]−min
x∈X

Es∼pt [f(x, s)]

)
.

Since pt ∈ Pt−1, we know that minx∈X Es∼pt [f(x, s)] ≤ minx∈X maxp∈Pt−1 Es∼p [f(x, s)] for all
t = 1, ..., T and thus we can conclude

T∑
t=1

(
max
p∈Pt

Es∼p [f(xt, s)]−min
x∈X

max
p∈Pt−1

Es∼p [f(x, s)]

)
≤ G

√
2|S|h(T )T ,

with a probability of at least 1− δ. We add and subtract minx∈X maxp∈Pt Es∼p [f(x, s)] on the
LHS. Rearranging the terms like this allows us to write the LHS as

T∑
t=1

(
max
p∈Pt

Es∼p [f(xt, s)]−min
x∈X

max
p∈Pt

Es∼p [f(x, s)]

)

+
T∑

t=1
min
x∈X

max
p∈Pt

Es∼p [f(x, s)]−min
x∈X

max
p∈Pt−1

Es∼p [f(x, s)] .

The last two terms telescope. Bringing them to the RHS and using the upper bound G on
|f(x, s)| we can conclude

T∑
t=1

(
max
p∈Pt

Es∼p [f(xt, s)]−min
x∈X

max
p∈Pt

Es∼p [f(x, s)]

)
≤ G

√
2|S|h(T )T + 2G w.p. 1− δ.

Dividing by T on both sides completes the proof. □
A second regret bound is also proven in the electronic companion which allows for better

dependence on the number of scenarios |S| but at a cost of worse dependence on the total
iteration count T . This is achieved by replacing the path length

∑T
t=1

1
2∥pt − ut∥2 ≤ h(T )

by
∑T

t=2 ∥pt − qt∥ ≤ h′(T ), which leads to different bounds. Numerically, it is better in the
beginning i.e., for small t but has worse asymptotic behavior.

As stated in the following Corollary, we also observe that for all considered ambiguity sets
the dynamic regret bound converges to zero.

Corollary 3.2 (Convergence of Regret) If limT →∞ h(T )/T = 0, the dynamic regret converges
to 0 with probability 1− δ i.e.,

lim
T →∞

1
T

T∑
t=1

(
max
p∈Pt

Es∼p [f(xt, s)]−min
x∈X

max
p∈Pt

Es∼p [f(x, s)]

)
= 0.

Proof of Corollary 3.2 We know that

lim sup
T →∞

1
T

T∑
t=1

(
max
p∈Pt

Es∼p [f(xt, s)] − min
x∈X

max
p∈Pt

Es∼p [f(x, s)]

)

≤ lim sup
T →∞

G

√
2h(T )|S|

T
+

2G

T

 = 0,
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with probability at least 1− δ. Thus, we can write,

lim sup
T →∞

1
T

T∑
t=1

(
max
p∈Pt

Es∼p [f(xt, s)] − min
x∈X

max
p∈Pt

Es∼p [f(x, s)]

)
≤ 0. (4)

To prove the lower bound, let x̄t be the optimal solution to the problem minx∈X maxp∈Pt Es∼p [f(x, s)].
Then we can write the inner term in the left hand side (LHS) in equation (4) as

max
p∈Pt

Es∼p [f(xt, s)]−max
p∈Pt

Es∼p [f(x̄t, s)] .

We know that x̄t is the optimal solution to the problem minx∈X maxp∈Pt Es∼p [f(x, s)], this
means that

max
p∈Pt

Es∼p [f(xt, s)] ≥ min
x∈X

max
p∈Pt

Es∼p [f(x, s)]

= max
p∈Pt

Es∼p [f(x̄t, s)] .

Thus we get

max
p∈Pt

Es∼p [f(xt, s)]−max
p∈Pt

Es∼p [f(x̄t, s)] ≥ 0. (5)

The above lower bound and the lim sup-bound (4) together prove the result. □
From the above result and Theorem 3.1, we can observe that the dynamic regret, i.e., the

average gap between the best solution in hindsight of each round and the solution evaluated in
the algorithm, decreases at a rate of O(

√
h(T )/

√
T ) and tends to zero. Therefore, we have a

performance guarantee (with sublinear regret) when solving the DRO problems approximately
over time. At the same time, Algorithm 2 is applicable to large-sized problems in contrast to
the reformulated DRO problems (2) or (3).

3.2 Bounded Path Lengths
The following lemma illustrates the high-probability path lengths for the confidence intervals,
the kernel-based and l2-norm ambiguity sets.

Lemma 3.3 Given ambiguity sets of the form specified in Section 2, we have

1
2

T∑
t=1
∥pt − qt∥2 ≤ h(T ),

for all pt ∈ Pt−1, qt ∈ Pt with probability at least 1 − δ. The functions h(T ) for different
categories of ambiguity sets are as given:

1. Confidence Intervals:
h(T ) = 8|S| log(πT )(2 + log T ).

2. Kernel based ambiguity sets:

h(T ) =
1
2

(
2 + 4

√
C

λ

)2

+
32C

λ2 log πT√
6δ

(1 + log T ),

where λ denotes the smallest eigenvalue of the kernel matrix M .

3. ℓ2-norm ambiguity sets:

h(T ) = 8|S| log πT√
3δ

(2 + log T ).
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Proof of Lemma 3.3.
Confidence Intervals. We show in the electronic companion (Lemma 6.6) that the ambiguity

sets Pt derived from (1) with confidence update δt := 6δ
π2t2 and δ ∈ (0, 1) for all rounds t = 1, ..., T

fulfill

sup
x∈P0,y∈P1

∥x− y∥ ≤
√

16|S| log π and sup
x∈Pt−1,y∈Pt

∥x− y∥ ≤

√
16|S| log(π(t− 1))

√
t− 1

,

with a probability of at least 1− δ. This allows for calculating the function h(T ):

1
2

T∑
t=1
∥pt − qt∥2 ≤

1
216|S| log π +

1
2

T∑
t=2

16|S| log(π(t− 1))
t− 1

≤ 8|S| log π + 8|S| log(π(T − 1))
T −1∑
t=1

1
t

≤ 8|S| log π + 8|S| log(π(T − 1))(1 + log(T − 1))
≤ 8|S| log(πT )(2 + log T ).

The second and third inequalities are from bounding t and from observing that
∑T −1

t=1 (1/t) ≤
1 + log(T − 1).
Kernel based ambiguity sets. We show in the electronic companion (Lemma 6.9) that given an
ambiguity set of the form Pt = {p ∈ P | ∥p− p̂∥M ≤ ϵt} with ϵt :=

√
C√
t
(2 +

√
2 log(1/δt)) with

δt =
6δ

π2t2 we have for t ≥ 2,

sup
x∈Pt−1,y∈Pt

∥x− y∥2 ≤
8
√

C

λ
√

t− 1

√
log(πt/

√
6δ),

and sup
x∈P0,y∈P1

∥x− y∥2 ≤ 2 + 4
√

C

λ
for t = 1,

with probability at least 1− δ. Calculating the function h(T ), we have

1
2

T∑
t=1
∥pt − qt∥22 ≤

1
2

(
2 + 4

√
C

λ

)2

+
T∑

t=2

32C

λ2(t− 1) log(πt/
√

6δ)

≤ 1
2

(
2 + 4

√
C

λ

)2

+
32C

λ2 log(πT /
√

6δ)
T∑

t=2

1
t− 1

≤ 1
2

(
2 + 4

√
C

λ

)2

+
32C

λ2 log(πT /
√

6δ)(1 + log T ).

Here, the first inequality arises from Lemma 6.9. The second and third inequalities are from
bounding t and from observing that

∑T −1
t=1 (1/t) ≤ 1 + log(T − 1).

ℓ2-norm ambiguity sets. We show in the electronic companion (Lemma 6.8) that given an
ambiguity set of the from Pt = {p ∈ P | ∥p− p̂∥2 ≤ ϵt} with ϵt :=

√
2|S| log(2/δt)

t and δt =
6δ

π2t2 ,
we have

sup
x∈P0,y∈P1

∥x− y∥2 ≤ 4
√
|S| log(π/

√
3δ) and sup

x∈Pt−1,y∈Pt

∥x− y∥2 ≤ 4

√
|S| log(π(t− 1)/

√
3δ)

t− 1 ,
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with probability at least 1− δ. For bound h(T ), it follows

1
2

T∑
t=1
∥pt − qt∥2 ≤

1
2 (4

√
|S| log(π/

√
3δ))2 +

1
2

T∑
t=2

16|S| log(π(t− 1)/
√

3δ)

t− 1

≤ 8|S| log(π/
√

3δ) + 8|S| log(πT /
√

3δ)
T∑

t=2

1
t− 1

≤ 8|S| log(πT /
√

3δ)(2 + log T ).

□
From Lemma 3.3, we know that the shrinking ambiguity sets yield path length bounds h(T )

that increase at a rate of O(log2 T ). Therefore, the dynamic regret bound converges to zero
with O(log T /

√
T ). It is only slightly worse than the typical O(1/

√
T ) bounds. In summary,

this novel algorithm yields the remarkable benefit that it integrates changing ambiguity sets
(which represent growing knowledge of the uncertainty) into regret bounds for online robust
optimization.

4 Numerical Results
We illustrate the performance of Algorithm 2 through numerical experiments on mixed-integer
linear and quadratic programs (MIPs & MIQPs) as well as on two real-world applications,
namely distributionally robust network design (Ghayoori and Leon-Garcia 2013) and optimal
route choice. These problems allow to demonstrate the wide applicability of our novel approach.
The latter does not assume anything about the structure of the original problem apart from
the fact that it should be algorithmically tractable, with an available solution approach. We
are thus able to apply DRO over time to both discrete and continuous optimization problems
to account for various application types.

All computations are carried out using a Python 3.8.5 implementation on machines with
Intel Core i7 CPU 2.80 GHz processor and 16 GB RAM. Each of these has four cores of 3.5
GHz each and 32 GB RAM. We utilized SCIP 7.0 as the MIP and MIQP solver (Gamrath et al.
2020) and IPOPT 3.13.3 (Wächter and Biegler 2006) to compute the projections in Algorithm 2
as the solution of a convex optimization problem. For the ambiguity sets, we choose 1− δ = 0.9.
Different values for this parameter impact the size of the resulting sets, but have no significant
impact on the ability of Algorithm 2 to learn DRO solutions. For the kernel-based ambiguity
sets, we use the Gaussian kernel function kM (si, sj) = exp

(
−∥si−sj∥2

2
2

)
.

4.1 Benchmark Instances
To validate the performance of the method, we use publicly available instances from well known
benchmark libraries MIPLIB (Gleixner et al. 2021) and QPLIB (Furini et al. 2019), which
contain a collection of MIPs and MIQPs, respectively. In all test cases, the uncertain objective
function f has the form f(x, s) = x⊤Qx + (c + s)⊤x + d, with Q ∈ Rn×n, c ∈ Rn, d ∈ R,
x ∈ X and s ∈ S. For linear problems, we have Q = 0. We generate different cost scenarios
s ∈ S ⊂ Rn, n > 0 by perturbing the coefficients of variables in the objective function randomly
by up to 50%.

We sort the problems in the libraries by increasing number of variables and choose the first
15 MIPs and the first 10 convex MIQPs with bounded variables that can be solved within an
hour of CPU time. All instances are listed in the electronic companion. The number of scenarios
in the linear test cases is set to |S| ∈ {10, 50}. As the MIQP instances are more difficult to
solve, we set |S| = 2.

Our theoretical result in Theorem 3.1 bounds the average gap between the best solution in
hindsight of each round and our online solution. Therefore, we numerically evaluate the dynamic
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regret from Theorem 3.1 and the worst-case expected value of solutions from Algorithm 2 in
comparison with the DRO solution obtained via reformulation (2). In each round, one realization
of the uncertain parameter is revealed. These realizations are drawn randomly according to the
initially generated probability distribution. Thus, the number of data points equals the number
of rounds.

Figure 1(a) shows the worst-case (or guaranteed) expected objective value in each round for
the online algorithm for T = 10000 rounds for instance blend2 from MIPLIB with |S| = 10.
Therein, the results for all three types of ambiguity sets (confidence intervals, ℓ2-norm, kernel-
based) are shown under the assumed ambiguity set in each period. The lines represent the
corresponding average values over time. One can observe that the confidence intervals (red) yield
the fastest convergence and lead to solutions with least costs. In Figure 1(b) and Figure 1(c), we
plot the error between the worst-case protection of the online solutions and the DRO solutions
or to the SO solutions, respectively. It can be observed that the distance between the lines
decreases over rounds. This means that the average error in solving the DRO problem with
Algorithm 2 shrinks and we learn the robust solution rapidly. Both solutions also converge
to the true stochastic solution. Since, the confidence interval ambiguity sets yield a better
performance and shrink faster, we focus on interval sets for the remaining experiments.

Next, we evaluate the performance of Algorithm 2. Table 1 shows the average running times
per iteration over all instances for different scenarios and ambiguity sets. It is obvious from
Table 1 that for large and difficult problems (like e.g. nonlinear mixed-integer optimization
problems), using Algorithm 2 allows for significant time savings. This becomes more and more
pronounced for increasing number of iterations, as the time savings multiply by the number of
rounds.

|S| Online
Robust

Exact
DRO

MIP (I) 10 52.4s 115.8s
MIP (ℓ2) 10 49.4s 127.5s
MIP (K) 10 56.3s 129.5s
MIP (I) 50 57.7s 176.7s∗

MIP (ℓ2) 50 60.4s 206.1s∗

MIP (K) 50 67.0s 244.4s∗

MIQP (I) 2 170.2s 271.4s∗

MIQP (ℓ2) 2 186.3s 329.5s∗

MIQP (K) 2 188.6s 359.6s∗

Table 1: Average running times per iteration. I:Interval, K:Kernel, ℓ2:ℓ2-norm. (∗) The DRO
problems k16x240b and 10004 could not be solved within a runtime limit of one hour.

In more detail, in 14 out of 15 MIP instances and in 9 out of 10 MIQP ones, Algorithm 2
was able to run an iteration on average significantly faster than solving reformulation (2). The
impact of different ambiguity sets on the solution times is negligible for our approach. However,
increasing the number of scenarios amplifies the size of the reformulated DRO problem and thus
results in challenging problems for which the online algorithm is considerably more efficient. The
main advantage of Algorithm 2 is that we avoid solving the full DROt problem in each round,
which can be algorithmically challenging. Instead, only the solution of an SO and a convex
projection problem is calculated in the learning decomposition approach. The computational
results show that our approach is able to generate high-quality solutions within a short running
time.
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Figure 1: Results for blend2 with |S| = 10 and T = 10000.
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Figure 2: Results for supportcase16 (|S| = 20, T = 100).

4.1.1 Comparison with Other Methods

In this section, we compare the performance of our novel algorithms against other approaches
that can solve DRO problems. Specifically, we focus on the ambiguity sets outlined by Esfahani
and Kuhn (2018) (Wasserstein) and Kirschner et al. (2020) (Distributionally Robust Bayesian
Optimization or DRBO), which leverage Wasserstein and Kernel based ambiguity sets respect-
ively. We implement the Wasserstein and DRBO approaches as outlined in the respective papers
with an exact computation of the corresponding distributionally-robust optimization problem.
In the numerical experiments, we observe that the interval ambiguity sets yield a solution with
a comparable worst-case expected objective as the solutions generated by the Wasserstein and
DRBO methods. We also compare our results with the worst-case performance of the stochastic
optimum using the Maximum Likelihood Estimator (MLE) in each round (running SO). This
solution convergences to the true stochastic optimum in the limit (T → ∞) but is not protec-
ted against ambiguity and has no worst-case guarantees in contrast to distributionally robust
solutions.

|S| = 10 |S| = 50

DRO 2.2s 3.5s
Wasserstein 0.4s 1.1s
DRBO 7.9s 30.9s

Online robust 0.3s 0.4s
Running SO 0.2s 0.2s

Table 2: Avg. running times for supportcase16, T = 100.

As a representative example, Figure 2 illustrates these results for the supportcase16 instance
from MIPLIB with |S| = 20 and T = 100. For all methods, the worst-case expected objective
value shrinks over time with more data. The online and exact solutions yield similar worst-case
protection as the other methods. However, the online robust solution can be calculated more
efficiently than the other DRO methods, cf. Table 2. Only the stochastic solutions with the
MLE can be computed faster. However they do not have solution quality guarantees under
ambiguity and may lead to a bad worst-case objective. Thus in total, the online robust method
is preferable. The average running times of all instances are given in Table 3 and support the
observations. Indeed, using the online robust approach, the instances all can be solved quickly
within the time limit, whereas it takes considerably longer for the other approaches that may
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already reach the time limit for some instances.

MIP
|S| = 10

MIP
|S| = 50

MIQP
|S| = 2

DRO 45.6s 55.9s∗ 271.4s∗

Wasserstein 52.3s 59.1s 299.9s
DRBO 42.7s∗∗ 66.1s∗∗ 738.3s∗

Online robust 26.8s 27.1s 170.2s
Running SO 26.6s 26.9s 172.6s

Table 3: Avg. running times for benchmark instances. (∗) One testcase could not be solved
within one hour. (∗∗) Four testcases could not be solved within one hour.

4.2 Network Design under Uncertainty
In addition to solving classical benchmark instances as performed in the last section, we next
study the solution of a practically very relevant and highly challenging combinatorial optim-
ization problem under uncertainy. Given an undirected graph G = (V , E), the goal of robust
network design (Cacchiani et al. 2016) is to compute a minimal cost network topology together
with the corresponding edge capacities f ∈ Z|E|

+ in order to fulfill a given demand b ∈ Z|V |. The
demand is assumed to be uncertain and an element of the scenario set S := {b1, ..., b|S|} ⊂ Z|V |

with (unknown) probability vector p∗ ∈ [0, 1]|S|. For every edge {i, j} ∈ E and every scenario
s ∈ S, we are given costs cijs > 0 and flow capacities dijs, d̄ij > 0. In this practical application,
it can be assumed that additional information on the demand distributions become available
over time, so that a DRO over time approach is a very natural modelling choice.

The optimization problem for distributionally robust network design is then given by

min
f

max
p∈P

∑
s∈S

∑
{i,j}∈E

cijs (fijs + fjis) ps

s.t.
∑

j:{j,i}∈E

fjis −
∑

j:{i,j}∈E

fijs = bis ∀i ∈ V , s ∈ S,

∑
s∈S

(fijs + fjis) ≤ d̄ij ∀{i, j} ∈ E,

fijs + fjis ≤ dijs ∀{i, j} ∈ E, s ∈ S,
fijs ∈ Z+ ∀{i, j} ∈ E, s ∈ S.

Here, the objective minimizes the flow costs. The first constraint ensures that demands are
satisfied. The second and third constraints limit the flows to be within arc capacities and the
final constraint ensures integral flows.

We evaluate the novel approach on the instances res8 (|V | = 50, |E| = 77), w1_100 (|V | =
100, |E| = 207) and w1_200 (|V | = 200, |E| = 775) from Altın et al. (2007) and construct the
scenarios as follows: On half the nodes, we place balanced random demands from {−10, ..., 10}.
We also restrict all flow capacities to dijs = 10, where edge costs and coupling capacity bounds
are uniformly chosen from cijs ∈ {1, ..., 10} and d̄ij ∈ {|S|, ..., 10|S|}.

In Figure 3, the worst-case expectation of solutions for instance res8 with |S| = 10 using
confidence intervals is illustrated over 10000 rounds on logarithmic axes. The online robust
solution rapidly converges to the DRO solution. Though starting with conservative outcomes
due to limited data, the online solutions improve very quickly. The running time benefit of
the online robust approach is clearly visible in Table 4. For larger instances, it is about 272
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Figure 3: Results for res8 with |S| = 10 and T = 10000.

times faster than solving reformulation (2). In summary, our method is able to generate robust
solutions with shorter running time.

|S| Online Robust Exact DRO

res8 10 0.2 s 0.5 s
res8 50 0.6 s 11.6 s
w1_100 10 0.3 s 32.0 s
w1_100 50 1.5 s 95.6 s
w1_200 10 1.2 s 38.7 s
w1_200 50 4.7 s 1282.2 s

Table 4: Average running times per iteration using confidence intervals.

4.2.1 Learning Optimal Route Choice

In this section, we consider the problem of choosing the shortest paths in a street network where
the travel times on the arcs are affected by random deviations. It is natural to assume that the
driver gradually adapts the route according to the observed travel times in order to reach the
destination in the shortest possible (expected) time, making a DRO over time approach a good
modeling choice.

This means that the driver solves the shortest-path problem on a directed graph G = (V , A)
with uncertain travel times c : A → R+. Let v1, v2 ∈ V be the origin and the destination,
respectively. We assume that there is a finite set of traffic scenarios S = {c1, c2, . . . , c|S|} ⊂ R

|A|
+

which correspond to different realizations of the travel times on the arcs, each materializing
with an unknown probability p∗

k ∈ [0, 1], k = 1, ..., |S|.
In each round t = 1, . . . , T , (e.g. every morning when driving to work), the driver chooses

a v1-v2-route given by the vector xt ∈ {0, 1}|A|, which models the edges traveled, along the
path chosen, in that round. The expected travel time in a round t ∈ T is then given by∑

s∈S p∗
s⟨cs, xt⟩. As the true scenario distribution is unknown, the driver is assumed to solve

the distributionally robust shortest-path problem in an online fashion, i.e. using Algorithm 2.
In the following, we analyse the outcome of this experiment on an aggregated version of the

real-world city network of Chicago. It is available as instance ChicacoSketch in Ben Stabler’s
library of transportation networks (Stabler et al. 2018) and has 933 nodes and 2950 arcs (of
which we ignore the 387 nodes representing “zones” as well as their incident arcs). In this
data set, each arc a has a certain free-flow time cfree,a, which we assume to be the uncongested
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Figure 4: The outcome of Algorithm 2 for learning an optimal route choice in terms of solution
quality over time for T = 5000.
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Figure 5: The outcome of Algorithm 2 for single runs that correspond to the routes given in
Figure 6.
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travel time. In addition, we generate nine congestion scenarios by perturbing cfree,a. We first
choose v1 and v2 such that the driven path would span the entire extract of the city map. Now,
for all arcs a we uniformly draw cs,a ∼ [0, 2cfree,a]. Finally, we uniformly draw a random “true”
probability distribution p∗ ∼ P.

For the above setup, we use Algorithm 2 in order to let the driver iteratively adapt to
the dynamically changing travel times. In Figure 4, we illustrate solution quality over time. In
order to show the stability of our algorithm, we additionally repeated the experiments ten times
and plot their mean solution quality as well as their standard deviation. We observe that the
online average and DRO average jointly converge towards the expected value of the minimum
expected travel time. The regret tends to zero over the long run. The non-monotonic behavior
of the solution determined using the maximum likelihood estimator (running SO) is explained
by the fact that the solutions have no protection against uncertainty. Therefore, the worst-case
performance of these solutions fluctuates.

As an illustrative example, in Figures 5(a) and 5(b), one specific run is plotted to evaluate it
in more detail. In these plots, one can see that in each of the rounds 1, 349, 860 and 3661, long
stretches of the chosen path are abruptly improved due to the discrete nature of the decisions.
There are also visible jumps in the online robust and exact DRO solution quality.

In Figure 6, we depict how route choice evolve over the rounds t ∈ T ; introducing a new
picture whenever a structurally new solution is found. At the beginning, the driver takes the
nominally optimal path, i.e. , the optimal path w.r.t. the unperturbed cost vector. We see two
subtours in which the path differs from the true stochastic solution. In the following iterations,
there remain two deviating subtours, but they change slightly in round 1 and round 349. In
round 1879, one of these subtours disappears, and after round 3661 the solution coincides with
the true stochastic optimum.

Altogether, this example shows how DRO can be used to improve performance in the face
of uncertainty by leveraging information arriving over time. At the beginning, with no or little
information available, hedging against uncertainty necessarily means to implement conservative
solutions. However, as more information on the uncertainty is gathered over time, the solution
quality improves as protection against uncertainty is less costly.

5 Conclusion
We introduce a novel method for decision-making under uncertainty over time, employing a
combination of distributionally robust optimization and online learning. In each iteration, our
algorithm solves a stochastic optimization problem in combination with the online gradient
descent algorithm. We show that our online algorithm converges to the exact solution of the
DRO problem with an increasing amount of iterations. We also show that DRO solution con-
verges to the true SO optimum in the limit. The theoretical and numerical results demonstrate
the effectiveness of this method. Indeed, it obtains high-quality robust solutions with short
computational times. Though, our work is tailored to discrete scenarios of finite dimension
and requires solving the outer minimization problem exactly, it can be applied to a wide range
of practical problems with varying uncertainty models and objective function structures. Fur-
thermore, our flexible framework can be extended, either by incorporating more stochastically
expressive ambiguity sets (e.g. for continuous distributions) or using online methods also for
the decision problem of the x-player.
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Figure 6: Map (a) shows the path of the true stochastic solution in green. Maps (b)–(f) show
the path taken by the online solution in those rounds in which the solution changes. If parts
of the path in these pictures coincide with the path of the true stochastic solution, it is shown
in green, otherwise the difference is shown in pink. The pictures show the convergence of the
online solution to the true stochastic solution as time moves on.
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Appendix
Here we present the proofs omitted from the main body of the paper as well as additional
numerical experiments.

6.1 Proofs of Theorem 2.2 and Theorem 2.3
In the following, we prove that the sequence of solutions to the problem (DROt) converge to
the true stochastic optimization (SO) problem. These results are an adaptation of the proofs
presented in Mohajerin Esfahani and Kuhn (2018) for our setting.

Lemma 6.1 Given the true distribution p∗ and the ambiguity set Pt at any time t, we have

P [p∗ ∈ Pt] ≥ 1− δt for all t = 1, . . . , T .

Proof: This is true by the construction of the set Pt, which is such that it contains the true
distribution with probability at least 1− δt. □

Lemma 6.2 (Finite sample guarantee) Given a solution xt to the problem DROt, we prove that

P [Es∼p∗ [f(xt, s)] ≤ Ĵt] ≥ 1− δt for all t = 1, . . . , T .

Proof: From Lemma 6.1, we know that p∗ ∈ Pt with probability at least 1− δt. Thus, we have

Es∼p∗ [f(xt, s)] ≤ max
p∈Pt

Es∼p[f(xt, s)],

with probability at least 1− δt.
The right hand side (RHS) term in the above equation is the definition of Ĵt. Thus,

Es∼p∗ [f(xt, s)] ≤ Ĵt,

with probability of at least 1− δt. □

Lemma 6.3 (Borel-Cantelli Lemma) Let E1, E2, . . . be a sequence of events. If
∑∞

i=1 P (Ei) <∞
then

P [an infinite number of Ei occur] = 0.

Lemma 6.4 (Convergence of Distributions) Given the ambiguity set Pt, we prove that

lim
t→∞

sup
p∈Pt

∥p− p∗∥2 = 0 with probability 1.

Proof: From Lemma 6.7, 6.8 and 6.9 we know that for any of the three given types of ambiguity
sets there exists a function r(t) which satisfies

P

[
sup
p∈Pt

∥p− p∗∥2 ≤ r(t)

]
≥ 1− δt,

and limt→∞ r(t) = 0.
This means that

P

[
sup
p∈Pt

∥p− p∗∥2 − r(t) > 0
]
≤ δt.

By construction, it follows that
∑∞

t=1 δt <∞ (as δt =
6δ

π2t2 ). Then the Borel-Cantelli Lemma 6.3
implies that

P

[
lim

t→∞
sup
p∈Pt

∥p− p∗∥2 − r(t) ≤ 0
]
= 1.
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Since limt→∞ r(t) = 0 and ∥p− p∗∥2 ≥ 0, this means that

lim
t→∞

sup
p∈Pt

∥p− p∗∥2 = 0 with probability 1.

□
Proof of Theorem 2.2 We know that xt ∈ X and

J∗ ≤ Es∼p∗ [f(xt, s)] as xt is a suboptimal solution. Applying Lemma 6.2, we obtain

P
[
J∗ ≤ Es∼p∗ [f(xt, s)] ≤ Ĵt

]
≥ P [p∗ ∈ Pt] ≥ 1− δt.

Since
∑∞

t=1 δt <∞, by the Borel-Cantelli lemma,

P

[
J∗ ≤ lim

t→∞
Es∼p∗ [f(xt, s)

]
≤ lim

t→∞
Ĵt] = 1.

Let γ ≥ 0. Since X is compact, there exists a γ-optimal solution xγ to the stochastic problem,
i.e.,

Es∼p∗ [f(xγ , s)] ≤ J∗ + γ.

Let pγ
t ∈ Pt be a γ-optimal distribution to xγ , i.e.

sup
p∈Pt

Es∼p[f(x
γ , s)] ≤ Es∼pγ

t
[f(xγ , s)] + γ.

Then we can write

lim sup
t→∞

Ĵt

≤ lim sup
t→∞

sup
p∈Pt

Es∼p[f(x
γ , s)]

≤ lim sup
t→∞

Es∼pγ
t
[f(xγ , s)] + γ

= lim sup
t→∞

Es∼p∗ [f(xγ , s)] +
∑
s∈S

f(xγ , s)(pγ
st − p∗

s) + γ

≤ lim sup
t→∞

Es∼p∗ [f(xγ , s)] + G∥pγ
t − p∗∥2 + γ

=Es∼p∗ [f(xγ , s)] + γ w.p. 1
=J∗ + 2γ w.p. 1,

where the first inequality holds because of the definition of Ĵt, the second inequality holds
because of the definition of pγ

t , the first equality holds as we add and subtract p∗ and the third
inequality holds as |f(x, s)| ≤ G for all (x, s) ∈ X ×S by assumption. The final two equalities
hold because of Lemma 6.4 and the definition of xγ respectively.

With this we conclude that lim supt→∞ Ĵt ≤ J∗. Along with the earlier assertion of J∗ ≤
limt→∞ Ĵt, we can now complete the proof that Ĵt → J∗ via the sandwich argument. □

Proof of Theorem 2.3 Let {st}∞t=1 be any sequence of scenario realizations such that limt→∞ Ĵt =
J∗. By Theorem 2.2, we have J∗ ≤ Es∼p∗ [f(xt, s)] ≤ Ĵt with probability 1. By the same the-
orem, we also know that limt→∞ Ĵt = J∗ w.p. 1. Then, we can write

lim inf
t→∞

Es∼p∗ [f(xt, s)] ≤ lim inf
t→∞

Ĵt = J∗. (6)

Consider any limit point of the sequence {xt}∞t=1. Since the set X is compact, then there exists
a limit point of {xt}∞t=1 which lies in X . WLOG let x∗ be that point and
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lim inft→∞ xt = x∗.
Then we have

J∗ ≤ Es∼p∗ [f(x∗, s)]

= Es∼p∗ [lim inf
t→∞

f(xt, s)]

=
∑
s∈S

lim inf
t→∞

f(xt, s)p∗
s

= lim inf
t→∞

∑
s∈S

f(xt, s)p∗
s ≤ J∗,

where the first inequality holds because x∗ ∈ X , the second inequality holds as lim inft→∞ xt =
x∗ and because f(x, s) is continuous in x. The second equality exploits that S is finite and the
final inequality holds because of (6). Thus, we have Es∼p∗ [f(x∗, s)] = J∗ which completes the
proof. □

6.2 Proofs of Dynamic regret bounds
In order to prove the dynamic regret bound of Theorem 3.1, we first show that the ambiguity
sets are shrinking at a rate of O(

√
log T /T ) and contain the true data generating distribution

with a high confidence. The latter is stated in the following Lemma.
A crucial point for a shrinking dynamic regret bound is that the ambiguity sets are shrinking

over time. Our ambiguity sets are constructed with increasing confidence probabilities for the
multinomial distribution. We show that the ambiguity sets are shrinking even though the
confidence 1− δt is increasing (δt =

6δ
π2t2 ).

Lemma 6.5 For the upper (1− δt
2 )-percentile z δt

2
of the standard normal distribution with con-

fidence update
δt := 6δ

π2t2 and δ ∈ (0, 1), it follows that

z2
δt
2
≤ 4 log(πt),

for all rounds t = 1, ..., T .

Proof: By the definition of the standard normal distribution, for the upper percentile 1− δt
2 ,

we have the Gaussian tail bound

1− δt

2 ≤ e
− 1

2 z2
δt
2

=⇒ log(1− δt

2 ) ≤ −
z2

δt
2

2

=⇒ z2
δt
2
≤ −2 log(1− δt

2 )

=− 2 log
(

2π2t2 − 6δ

2π2t2

)

=2 log
(

π2t2

π2t2 − 3δ

)
,

for all rounds t = 1, ..., T . Since π2t2 − 3δ ≥ 1 for all rounds t = 1, ..., T and δ ∈ (0, 1) (try
t = 1 and δ = 1), we are able write

z2
δt
2
≤ 2 log(π2t2) ≤ 4 log(πt),
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for all t = 1, ..., T . □
We now prove that the ambiguity sets Pt shrink at a rate of O(

√
log t/t) even as the

confidence requirement 1− δt increases.
Here, we provide a proof for ambiguity sets as defined by confidence intervals. The proofs

for the other sets are provided in the electronic companion.

Lemma 6.6 (Confidence Interval Sets) The ambiguity sets Pt derived from (1) with confidence
update δt := 6δ

π2t2 and δ ∈ (0, 1) for all rounds t = 1, ..., T fulfill

sup
x∈P0,y∈P1

∥x− y∥ ≤
√

16|S| log π and sup
x∈Pt−1,y∈Pt

∥x− y∥ ≤

√
16|S| log(π(t− 1))

√
t− 1

,

for all t = 2, ..., T with a probability of at least 1− δ.

Proof: As we know from Lemma 2.1 that p∗ ∈
⋂

t=0,...,T Pt with a probability of at least 1− δ,
we can compute for t = 1:

sup
x∈P0,y∈P1

∥x− y∥ = sup
x∈P0,y∈P1

∥x− p∗ + p∗ − y∥

≤ sup
x∈P0

∥x− p∗∥+ sup
y∈P1

∥p∗ − y∥

≤ sup
x,p∈P0

∥x− p∥+ sup
p,y∈P1

∥p− y∥

≤
√

2 +
√

4|S| log π ≤
√

16|S| log π,

with a probability of at least 1− δ because of supx,y∈P0 ∥x− y∥ =
√
(1− 0)2 + (0− 1)2 =

√
2

and Lemma 6.7.
Similarly for t = 2, ..., T :

sup
x∈Pt−1,y∈Pt

∥x− y∥ = sup
x∈Pt−1,y∈Pt

∥x− p∗ + p∗ − y∥

≤ sup
x∈Pt−1

∥x− p∗∥+ sup
y∈Pt

∥p∗ − y∥

≤ sup
x,p∈Pt−1

∥x− p∥+ sup
p,y∈Pt

∥p− y∥

≤ 2

√
4|S| log(π(t− 1))
√

t− 1
,

with a probability of at least 1− δ. □

Lemma 6.7 The ambiguity sets Pt derived from (1) with confidence update δt := 6δ
π2t2 and δ ∈

(0, 1) for all rounds t = 1, ..., T fulfill

sup
x,y∈Pt

∥x− y∥ ≤

√
4|S| log(πt)
√

t
.

Proof: We can compute using Lemma 6.5:

sup
x,y∈Pt

∥x− y∥2 ≤
|S|∑

k=1
(ukt − lkt)

2 =
|S|∑

k=1

z2
δt
2

t
≤ 4|S| log(πt)

t
.

□
Finally, In the following result, we prove that the distance between elements from consecutive

ℓ2-norm and kernel based ambiguity sets Pt−1 and Pt also shrinks as measured in the ℓ2-norm
while providing tighter guarantees of inclusion on the true distribution..
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Lemma 6.8 (ℓ2-norm Sets) Given an ambiguity set of the from Pt = {p ∈ P | ∥p− p̂∥2 ≤ ϵt}
with ϵt :=

√
2|S| log 2/δt

t and δt =
6δ

π2t2 , then for |S| ≥ 2 we have

sup
x∈P0,y∈P1

∥x− y∥2 ≤ 4
√
|S| log(π/

√
3δ) and sup

x∈Pt−1,y∈Pt

∥x− y∥2 ≤ 4

√
|S| log(π(t− 1)/

√
3δ)

t− 1 ,

with probability at least 1− δ.

Proof: For the case t = 1 we have

sup
x∈P0,y∈P1

∥x− y∥2 ≤ sup
x∈P0

∥x− p∗∥2 + sup
y∈P1

∥p∗ − y∥2

≤ 2 + 2
√
|S| log(π/

√
3δ)

≤ 4
√
|S| log(π/

√
3δ).

The last inequality occurs because
√
|S| log(π/

√
3δ) > 1 for |S| ≥ 2. Now for the case t > 1,

given the true distribution p∗, we can write,

∥x− y∥2 ≤ ∥x− p∗∥2 + ∥p∗ − y∥2
≤ 2ϵt−1.

Thus,

sup
x∈Pt−1,y∈Pt

∥x− y∥2 ≤ 4

√
|S| log(π(t− 1)/

√
3δ)

t− 1 .

Here, the first inequality arises from triangle inequality. The second inequality is due to the
fact that the true distribution is contained inside all sets Pt for t = 1, . . . , T with probability at
least 1− δ. □

Lemma 6.9 (Kernel Based Sets) Given an ambiguity set of the form Pt = {p ∈ P | ∥p− p̂∥M ≤ ϵt}
with ϵt :=

√
C√
t
(2 +

√
2 log(1/δt)) with δt =

6δ
π2t2 we have for t ≥ 2,

sup
x∈Pt−1,y∈Pt

∥x− y∥2 ≤
8
√

C

λ
√

t− 1
(
√

log(πt/
√

6δ)),

and sup
x∈P0,y∈P1

∥x− y∥2 ≤ 2 + 4
√

C

λ
for t = 1,

with probability at least 1− δ.

Proof: For t = 1, we have

∥x− y∥2 ≤ ∥x− p∗∥2 + ∥p∗ − y∥2

≤ 2 + 1
λ
∥p∗ − y∥M

≤ 2 + 4
√

C

λ
.

The second inequality comes from the definition of the set P0 and the definition of the norm
∥ · ∥M .
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For the case t ≥ 2, we get.

∥x− y∥2 ≤ ∥x− p∗∥2 + ∥p∗ − y∥2

≤ 1
λ
(∥x− p∗∥M + ∥p∗ − y∥M )

≤ 4
λ

√
C√

t− 1
(1 +

√
log(π(t− 1)/

√
6δ))

≤ 4
λ

√
C√

t− 1
(1 +

√
log(πt/

√
6δ)).

Here, the first inequality comes from the triangle inequality, the second from the fact that√
x⊤Mx ≥ λ∥x∥2 for any positive definite matrix M with the minimum eigen value λ. The final

inequality arises from the construction of the ambiguity set which contains the true distribution
with probability at least 1− δ. Now note that π2t2/6δ > 3 for t ≥ 2. Thus, we can write

∥x− y∥2 ≤
8
λ

√
C√

t− 1

√
log(πt/

√
6δ).

□
The properties of the confidence interval ambiguity sets mentioned previously and those of

the ℓ2-norm and kernel based sets prove in Lemmas 6.8 and 6.9 along with the cumulative path
length bounds from Theorem 6.11 enable us to prove the following shrinking dynamic regret.

Theorem 6.10 (Dynamic regret bound) Let f : X × S → R be uniformly bounded, i.e., for all

(x, s) ∈ X × S, a constant G > 0 exists such that |f(x, s)| ≤ G. Let η :=
√

3+2h′(T )
T G2|S| with∑T

t=2 ∥p− q∥ ≤ h′(T ) for p ∈ Pt−1 and q ∈ Pt

The output (x1, ..., xT ) from Algorithm with confidence update δt := 6δ
π2t2 and δ ∈ (0, 1) fulfills

1
T

T∑
t=1

(
max
p∈Pt

Es∼p [f(xt, s)]−min
x∈X

max
p∈Pt

Es∼p [f(x, s)]

)
≤ G

√
3|S|+ 2|S|h′(T )

T
+

2G

T
,

with probability at least 1− δ.

Proof of Theorem 6.10 Define gt(p) := −Es∼p [f(xt, s)]. A gradient descent iteration is
given by

pt+1 = arg min
p∈Pt

⟨η∇gt(pt), p⟩+ 1
2∥p− pt∥2,

with optimality criteria ⟨η∇gt(pt), ut − pt+1⟩+ ⟨pt+1 − pt, ut − pt+1⟩ ≥ 0 for all ut ∈ Pt. Clas-
sical theory for gradient descent yields

⟨η∇gt(pt), pt − ut⟩ ≤
1
2∥pt − ut∥2 −

1
2∥pt+1 − ut∥2 +

η2

2 ∥∇gt(pt)∥2.

Summation over rounds t = 1, ..., T results in the following inequality for all ut ∈ Pt:

T∑
t=1
⟨η∇gt(pt), pt − ut⟩ ≤

T∑
t=1

η2

2 ∥∇gt(pt)∥2. +
T∑

t=1

(1
2∥pt − ut∥2 −

1
2∥pt+1 − ut∥2

)
. (7)
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Next, we rearrange the terms on the RHS as

T∑
t=1

(1
2∥pt − ut∥2 −

1
2∥pt+1 − ut∥2

)

=
1
2

T∑
t=1

(
∥pt∥2 − ∥pt+1∥2

)
+

1
2

T∑
t=1

2 (pt+1 − pt) · ut

=
1
2

T∑
t=1

(
∥pt∥2 − ∥pt+1∥2

)
+

T∑
t=1

(pt+1 − pt) · ut.

Now consider the expression
∑T

t=1 (pt+1 − pt) · ut. We can write it as

T∑
t=1

(pt+1 − pt) · ut

= (p2 − p1) · u1 + (p3 − p2) · u2 + · · ·+ (pT+1 − pT ) · uT

= pT+1 · uT − p1 · u1 +
T∑

t=2
(ut−1 − ut) · pt.

For the other expression we have

1
2

T∑
t=1

(
∥pt∥2 − ∥pt+1∥2

)
=

1
2∥p1∥2 −

1
2∥pT+1∥2.

This then allows us to write
T∑

t=1
⟨η∇gt(pt), pt − ut⟩ ≤

T∑
t=1

η2

2 ∥∇gt(pt)∥2 +
1
2∥p1∥2

− 1
2∥pT+1∥2 + pT+1 · uT − p1 · u1 +

T∑
t=2

(ut−1 − ut) · pt.

We know that ∥p∥ ≤ 1 and for any 2 probability vectors p and q we have that 0 ≤ p · q ≤ 1.
Thus we can write

T∑
t=1
⟨η∇gt(pt), pt − ut⟩ ≤

T∑
t=1

η2

2 ∥∇gt(pt)∥2 +
1
2 + 1 +

T∑
t=2

(ut−1 − ut) · pt.

Note that

∥∇gt(pt)∥2 =
|S|∑

k=1
|f(xt, sk)|2 ≤ |S|G2,

This, along with the fact that
∑T

t=2(ut−1− ut) · pt ≤
∑T

t=2 ∥ut−1− ut∥∥pt∥ ≤
∑T

t=2 ∥ut−1− ut∥,
allows us to write

T∑
t=1
⟨∇gt(pt), pt − ut⟩ ≤

ηT

2 |S|G
2 +

3
2η

+
1
η

T∑
t=2
∥ut−1 − ut∥.

By assumption,
∑T

t=2 ∥ut−1−ut∥ ≤ h′(T ) with probability at least 1− δ for some function h′(·).
Then we have

T∑
t=1
⟨∇gt(pt), pt − ut⟩ ≤

ηT

2 |S|G
2 +

3
2η

+
h′(T )

η
,
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with probability at least 1− δ. Choosing the optimal η =

√
3+2h′(T )
T G2|S| , we can write our result as

T∑
t=1
⟨∇gt(pt), pt − ut⟩ ≤ 2

√
T

2 |S|G
2 · (3

2 + h′(T )).

Then we can write
T∑

t=1
⟨∇gt(pt), pt − ut⟩ ≤ G|S|

1
2

√
3T + 2Th′(T ).

Since gt(p) = −Es∼p [f(xt, s)] is linear in p for all t = 1, ..., T , it follows

T∑
t=1

(Es∼ut [f(xt, s)]−Es∼pt [f(xt, s)])

=
T∑

t=1
(gt(pt)− gt(ut)) =

T∑
t=1
⟨∇gt(pt), pt − ut⟩

≤ G|S|
1
2

√
3T + 2Th′(T ).

Now we choose in each round t = 1, ..., T the worst-case ut := arg maxp∈Pt Es∼p [f(xt, s)] ∈ Pt

and recall xt = arg minx∈X Es∼pt [f(x, s)] to obtain

T∑
t=1

(Es∼ut [f(xt, s)]−Es∼pt [f(xt, s)]) =
T∑

t=1

(
max
p∈Pt

Es∼p [f(xt, s)]−min
x∈X

Es∼pt [f(x, s)]

)
.

Since pt ∈ Pt−1, we know that minx∈X Es∼pt [f(x, s)] ≤ minx∈X maxp∈Pt−1 Es∼p [f(x, s)] for all
t = 1, ..., T and thus we can conclude

T∑
t=1

(
max
p∈Pt

Es∼p [f(xt, s)]−min
x∈X

max
p∈Pt−1

Es∼p [f(x, s)]

)
≤ G|S|

1
2

√
3T + 2Th′(T ),

with a probability of at least 1− δ. We add and subtract minx∈X maxp∈Pt Es∼p [f(x, s)] on the
LHS. Rearranging the terms this allows us to write the LHS as

T∑
t=1

(
max
p∈Pt

Es∼p [f(xt, s)]−min
x∈X

max
p∈Pt

Es∼p [f(x, s)]

)

+
T∑

t=1
min
x∈X

max
p∈Pt

Es∼p [f(x, s)]−min
x∈X

max
p∈Pt−1

Es∼p [f(x, s)] .

Observing that the last two terms telescope, bringing them to the RHS and using the upper
bound G on |f(x, s)| we can conclude
T∑

t=1

(
max
p∈Pt

Es∼p [f(xt, s)]−min
x∈X

max
p∈Pt

Es∼p [f(x, s)]

)
≤ G|S|

1
2

√
3T + 2Th′(T ) + 2G w.p. 1− δ.

Dividing by T on both sides completes the proof. □

Theorem 6.11 Given ambiguity sets of the form specified in Section 2, we have

1
2

T∑
t=1
∥pt − qt∥2 ≤ h(T ) and

T∑
t=2
∥pt − qt∥ ≤ h′(T ) for all pt ∈ Pt−1, qt ∈ Pt,

with probability at least 1− δ. The functions h(T ) and h′(T ) for different categories of ambiguity
sets are as given below:
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1. Confidence Intervals:
h(T ) = 8|S| log(πT )(2 + log T )

h′(T ) = 8
√
|S|T log(πT )

2. Kernel based ambiguity sets, where λ denotes the smallest eigenvalue of the kernel matrix
M :

h(T ) =
1
2

(
2 + 4

√
C

λ

)2

+
32C

λ2 log(πT /
√

6δ)(1 + log T )

h′(T ) =
16
√

C

λ

√
T log(πT /

√
6δ)

3. ℓ2-norm ambiguity sets:
h(T ) = 8|S| log πT√

3δ
(2 + log T )

h′(T ) = 8
√
|S|T log πT√

3δ

Confidence Intervals. Calculating the function h(T ), we have

1
2

T∑
t=1
∥pt − qt∥2 ≤

1
216|S| log π +

1
2

T∑
t=2

16|S| log(π(t− 1))
t− 1

≤ 8|S| log π + 8|S| log(π(T − 1))
T −1∑
t=1

1
t

≤ 8|S| log π + 8|S| log(π(T − 1))(1 + log(T − 1))
≤ 8|S| log(πT )(2 + log T ).

Here, the first inequality arises from Lemma 6.6. The second and third inequalities are from
bounding t and from observing that

∑T −1
t=1 (1/t) ≤ 1 + log(T − 1).

Now for the function h′(T ), we can calculate

T∑
t=2
∥pt − qt∥ ≤

T∑
t=2

4

√
|S| log(π(t− 1))
√

t− 1

≤ 4|S|
1
2

√
log(πT )

T∑
t=2

1√
t− 1

≤ 8|S|
1
2

√
log(πT )

√
T .

Here, the first inequality arises from Lemma 6.6. The second and third inequalities are from
bounding t and from observing that

∑T
t=2(1/

√
t− 1) ≤ 2

√
T − 1 ≤ 2

√
T .

Kernel based ambiguity sets. Calculating the function h(T ), we have

1
2

T∑
t=1
∥pt − qt∥22 ≤

1
2

(
2 + 4

√
C

λ

)2

+
T∑

t=2

32C

λ2(t− 1) log(π(t− 1)/
√

6δ)

≤ 1
2

(
2 + 4

√
C

λ

)2

+
32C

λ2 log(πT /
√

6δ)
T∑

t=2

1
t− 1

≤ 1
2

(
2 + 4

√
C

λ

)2

+
32C

λ2 log(πT /
√

6δ)(1 + log T ).
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Here, the first inequality arises from Lemma 6.9. The second and third inequalities are from
bounding t and from observing that

∑T −1
t=1 (1/t) ≤ 1 + log(T − 1) ≤ 1 + log T .

Now, for the function h′(T ), we have

T∑
t=2
∥pt − qt∥2 ≤

T∑
t=2

8
λ

√
C√

t− 1

√
log(π(t− 1)/

√
6δ)

≤ 8
√

C

λ

√
log(πT /

√
6δ)

T∑
t=2

1√
t− 1

≤ 16
√

C

λ

√
T log(πT /

√
6δ).

Here, the first inequality arises from Lemma 6.9. The second and third inequalities are from
bounding t and from observing that

∑T −1
t=1 (1/

√
t− 1) ≤ 2

√
T − 1 ≤ 2

√
T .

ℓ2-norm ambiguity sets. Calculating the function h(T ), we have

1
2

T∑
t=1
∥pt − qt∥2 ≤

1
2

(
4
√
|S| log(π/

√
3δ)

)2
+

1
2

T∑
t=2

16|S| log(π(t− 1)/
√

3δ)

t− 1

≤ 8|S| log(π/
√

3δ) + 8|S| log(πT /
√

3δ)
T∑

t=2

1
t− 1

≤ 8|S| log(πT /
√

3δ)(2 + log T ).

Here, the first inequality arises from Lemma 6.8. The second and third inequalities are proven
similar to the case of h(T ) for the interval sets.
Now for the function h′(T ), we can calculate

T∑
t=2
∥pt − qt∥ ≤

T∑
t=2

4

√
|S| log(π(t− 1)/

√
3δ)

t− 1

≤ 4
√
|S| log(πT /

√
3δ)

T∑
t=2

√
1

t− 1

≤ 8
√
|S|T log(πT /

√
3δ).

Here, the first inequality arises from Lemma 6.8. The second and third inequalities are proven
similar to the case of h′(T ) for the interval sets. □

6.3 Numerical Experiments
In this section, we provide the details for the numerical experiments conducted in Section 4. We
also provide an additional set of experiments on an optimal routing problem to further illustrate
our algorithms.

6.3.1 Benchmark Instances

All mixed-integer linear optimization problems used in our numerical experiments can be found
in Table 5. The entries show the number of variables and constraints for each problem. The
same holds for the quadratic problems listed in Table 6.
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Name Variables Constraints

All Bin. Int. Cont.

blend2 353 239 25 89 274
flugpl 18 0 11 7 19
gr4x6 48 24 0 24 34
neos-1430701 312 156 0 156 668
noswot 128 75 25 28 182
prod1 250 149 0 101 208
prod2 301 200 0 101 211
ran13x13 338 169 0 169 195
supportcase14 304 304 0 0 234
supportcase16 319 319 0 0 130
beavma 390 195 0 195 372
k16x240b 480 240 0 240 256
neos-3610040 430 85 0 345 335
neos-3611689 421 88 0 333 323
timtab1CUTS 397 77 94 226 371

Table 5: Overview of MIP instances

Name Variables Constraints

All Bin. Cont. All Quadr.

7579 300 100 200 203 1
10001 485 426 59 296 1
10002 485 426 59 296 1
10004 1058 999 59 867 1
10010 269 262 7 147 1
10003 1058 999 59 867 1
10008 845 713 132 416 1
10009 605 473 132 246 1
10011 1390 1258 132 873 1
10012 967 835 132 538 1

Table 6: Overview of MIQP instances
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