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Abstract

This paper studies the integral turnpike and turnpike in average for a class of random or-
dinary differential equations. We prove that, under suitable assumptions on the matrices that
define the system, the optimal solutions for an optimal distributed control tracking problem
remain, in an averaged sense, sufficiently close to the associated random stationary optimal
solution for the majority of the time horizon.

1 Introduction

In this paper we consider an optimal control distributed tracking-type problem of linear ordinary
differential equations with random coefficients. This kind of differential equation is the stochastic
counterpart of deterministic differential equations in the most complete sense. The term random
differential equations in general refers to differential equations with random coefficients, having
either deterministic or random inhomogeneous parts and initial conditions.

Differential equations with random coefficients have been studied and used on a wide variety of
problems in engineering and science. This is because the solution of a dynamic system is a function
of the values of the parameters which constitute the system. These parameters are experimentally
determined and are usually taken to be the mean value of a set of experimental observations.
However, in reality, the observations might be measured with errors due the variability of the
conditions or because of uncertainties or lack of knowledge. Therefore, a more adequate approach
to analysis would be to consider systems with random variables as coefficients. We can mention
the earlier work on this area [2] where the author studied the propagation of sound waves of
high-frequency in the atmosphere of randomly varying refraction index. We refer to the books
[18, 19] for a complete study of this kind of equations and interesting applications in science,
engineering, physics and biomedical systems, among others.

On the other hand, in the context of optimal control, in [16] the authors studied the concept of
turnpike for the solutions of an optimal control problem subject to ordinary differential equa-
tions without randomness. The turnpike property, roughly speaking, describes that the optimal
evolutionary solution is made of three arcs, the first and the last being transient short time arcs,
and the middle piece being a long-time arc remaining exponentially close to the optimal steady
state of the corresponding stationary optimal control problem. This concept was formulated in
the earlier work [6], in the context of the econometric field.

Motivated by the previous considerations, we will investigate if any connection exists between the
average of an optimal solution of a certain optimal control problem for an ordinary differential
equation with random coefficients with the corresponding stationary random problem. Specifi-
cally, we will analyze the turnpike phenomenon for a class of random differential equations, which
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is important to understand the behavior of solutions to optimal control problems on large time
horizons. To the best of our knowledge, it is the first time that the turnpike property is studied
for random differential equations.

Stating things more mathematically, in this paper we consider a probability space (£2, F, 1) and
three random matrices A, C € C°(Q2, L(R")) and B € C°(Q, L(R™,R™)), constant in time, which
will represent the random coefficients of the equation, the random observation and the random
control, respectively. We assume that the joint probability distribution of matrices A, B and C
is specified. We consider the following optimal control problem

1 T T
i JT(u) = = )| dt / C()z(t,) — 2|72 pm) dt 1.1
i Lt =3 ([ des [ 1000~ sranat) b )

subject to z solving the following evolutionary problem

{xt +Aw)r = Bw)u t<(0,T), (1.2)

z(0,w) = xo(w),

where z € R" is a fixed target. Here z = z(t,w) € R™ represents the state and u(t) € R™ the
control of the system, respectively.

The first aim of this paper it is prove that when the time-horizon goes to infinity, the optimal
pair (u”,2T) of (1.1)-(1.2) converges in an averaged sense to (#,7) in R™ x L?(2,R"), where
(u, ™) solves the associated stationary random optimal control problem

i {7700 = 3 (Il + 1000 21z ) b (13)

uER™

subject to x solving the problem
Alw)z(w) = B(w)u, (1.4)

where z € R” is the same target of the problem (1.1). That is, we will analyze the following
limits, which are usually called integral turnpike property

1 [T 1 [T
/ ST )t — T() i L2(Q,R™), / WT()dt =T in R™.
T 0 T 0

The second main result is to show an exponential turnpike property. Namely, we will prove the
existence of two positive constants K and ¢, independent on the time-horizon T', such that the

uTT T

solutions of the extremal equations (u',z", p" ) remains exponentially close to the steady state

solution, the so-called turnpike, for the majority of the time. That is,
_ 2 _ 2 _5(T— iy
Hl’T(t7-) _x(.)HLZ(QJRn) + HSOT(tf) _(‘O(I)HLQ(Q,R") < K(e T=1) te t)v

for every t € (0,T). Here, (o7, %) represents the characterization of minimizers via the first order
necessary optimality conditions (the dual variables). In addition, as a consequence of the previous
estimate, we prove an average exponential turnpike, that is

HE(:BT(t,-) —7)|

wn @) = D) ||gn + [lu" () — |

< K(e—J(T—t) +€_5t),



for every ¢t € (0,T) and where E(z”) denotes the expected value of 7 and is given by
E(zT) = / zTdp.
Q

Let us mention that both results are based on stability assumptions for A, B and C', which are
the matrices that define the system. These assumptions are related to the existence of feedback
operators in a such way that we can ensure an ellipticity type condition. Besides, these hypotheses
allow us to establish relevant observability inequalities which play an important role in the proof
of our main results. We refer to Section 2 for a complete discussion on the subject.

There is abundant literature on the turnpike phenomenon in various contexts, see for instance
[4, 7, 8,9, 10, 11, 12, 15, 16, 17, 20, 21, 22, 23, 24, 25, 27]. Let us briefly mention some of
them. The present work is an extension of the results presented in [16], where the authors
studied the turnpike property in the context of ordinary differential equations. They established
the exponential turnpike property using the theory for Algebraic Riccati Equation associated to
the optimal control. Here, we show the exponential turnpike based on the boundedness of the
operator corresponding to the optimality system. This approach was taken from [10], where the
authors proved the exponential turnpike result for linear quadratic optimal control problems with
dynamics satisfying a particular kind of stabilizability and detectability assumption. Finally,
we mention the work [15], where the authors, motivated by reinforcement learning, studied a
similar problem to our first main result in the context of optimal control problems with uncertain
dynamics.

The rest of the paper is organized as follows. The main assumptions of this work are included in
Section 2, in which we also prove the existence and uniqueness for the optimal control problems.
Section 3 is devoted to the statement and proof of the main results, namely Theorems 3.1 and
3.2. Finally, in Section 4 we show some computational examples to illustrate the average turnpike
phenomenon.

2 Optimal control problems

In this part of the work, we analyze the optimal control problem presented in the Introduction,
both the evolutionary and stationary problem. We prove that, under some assumptions on the
matrices A, B and C which define the system, these optimal controls are well-defined and satisfy
the first order optimality condition.

Throughout the following, without any mention, we consider the spaces R™ and R™, with n,m €
N, n > m. We consider a probability space (2, F, ), where the sample space Q C R? is an
arbitrary bounded set, F represents the o-algebra, and p is the probability measure on F which
satisfies ©(2) = 1. We will use the letter K to denote an absolute positive constant which might
change even in the same line of text.

We consider the following random ODE
¢+ A(w)r = B(w)u t e (0,7),
2(0,w) = wo(w),

where w € Q corresponds the random parameter, x = z(t,w) € R™ is the state of the system,
the n x n matrix A € C%(Q, L(R™)) governs its free dynamics, u(t) € R™ is the control function



which is assumed to be independent of the randomness and acts on the system through the control
matrix B € C(Q, L(R™,R™)) which is a m x n parameter dependent matrix. The initial datum
xo(w) belongs to the space L*(Q, R™; 1), which is defined below.

Let us define the space
L2(Q,R™; p) :=
(€ Qs y(w) € R measurable + [y0)E@angy = [ I)ndnte) < oo}

which is a Hilbert space endowed with the inner product
<I’ y>L2(Q,R";,u) = /Q<IE(W), y(w)>R"d:u(w)’ Vr,y € L2(Qa R™; ,LL)
In what follows, we denote by L?(£2,R") := L2(Q, R"; u).
Additionally, we also assume that the matrices A and B are uniformly bounded with respect to

w, that is, there exists a positive constant M > 0 such that

sup |a; j(w)| <M, i,5€{1,...,n},
weN

Sup’bi,j(WMSM, iE{l,...,n},jG{l,...,m},
weN

sup |cij(w)| <M, i,5€{1,...,n},
weN

where a; j, b; j, ¢; j are the coefficient of matrices A, B and C, respectively. This assumption
allows us to ensure the integrability of the solutions of (1.2) with respect to w.

Concerning the integrability of the solutions for (1.2), we have the next result, which can be
consulted in [14].

Theorem 2.1 ([14, Corollary 2.2]). Assume the map w — (A(w), B(w)) is continuous on .
Then, for every xg € L*(Q,R"), every u € L? _(RT,R™), and every t > 0, the solution x of (1.2)

loc

satisfies x(t,-) € L*(Q,R™). In addition, the solution x can be represented by

T
z(t,w) = 4 go(w) —I—/ =AW B(w)u(s)ds, Yw e Q, te[0,T)].
0

2.1 Evolutionary problem

Let us consider first the optimal control for the evolutionary problem (1.2) with initial datum
independent of w. That is,

i JT 2.1
e (u), (2.1)

where

T T
JU@=§(A|mwﬁmﬁ+A anm»—ﬁ;mwwﬁ,

subject to z solving the following evolutionary problem

{xt + A(w)x = B(w)u te (0,T),
z(0,w) = xq,



where z € R” is a fixed target. The case of initial condition zq € L?(£2,R™) does not lead to any
essential new difficulty throughout the following. Thus, for sake of simplicity of the presentation,
we only deal with the case where z( is independent of w.

By using the direct method of the calculus of variations, and noting that the solution z of (2.2)
depends linearly and continuously in u, we obtain the existence and uniqueness result of the
optimal control. Besides, the characterization of the control can be done using the Gateaux
derivative of JT. These results are included in the following theorem.

Theorem 2.2. There erists a unique solution (u’,zT) € L?(0,T;R™) x C°([0, T;
L2(Q,R™)) to the minimization problem (2.1)-(2.2), where xT is the optimal state associated to
the control u”. In addition,

Ty =- (W)l (t,w .
Wt (1) = LLZ3()¢<“ ), (2.3)

where T € C°([0,T); L2(2, R™)) is the solution of the backward problem

{—gotT + A (W)eT = C*W)(CW)aT — 2) te(0,T), 2.4

o (T,w) = 0.

In what follows, we assume the next two conditions with respect to the dynamics and the cost
functional.

Hypothesis 1: For the pair (A,C) we assume the following condition. There exists a
feedback operator Ko € C°(€2, £(R™)) uniformly bounded with respect to w such that

da>0: ((A+ KcC)v,v)p2qpny = @ HU(')Hi?(Q,Rn) , Yoe LX(QR").  (25)

Hypothesis 2: For the pair (A*, B*) we consider the next assumption. There exists k; € R
and k9 > 0 such that

2
[ B@v@ad > mloOliam . e X@QR). (20

Rm

(A*U, ’U>L2(Q7Rn) + /‘il

These kinds of assumptions are closely related to exponential stabilizability and exponential
detectability, as mentioned in [10] for abstract differential equations. Under the previous assump-
tions we have the following “observability” estimates for #7(T) and ¢ (0).

Lemma 2.3. Let us assume that Hypothesis 1 holds. Then, there exists a constant K > 0
independent of T > 0 such that, for every t € [0,T]

T
Wﬂtﬂémw»éK(A IBOYT B2z + 1CCT (4 ) o pm| dt

+ww@) (2.7)

where (u®',x7) is the optimal pair given by Theorem 2.2.



Proof. Let 0 < t < T. Testing the equation (2.2) by 27 and integrating over (0,¢) x €, we have
1 t
§H$T(t7 NZ2pmm) + /o ((AzT, 2") paqpny + (KoCa ") 2 rny) ds

t
1
= /0 ((B’LLT’LL’T>L2(Q7RH) + <KCCJIT7IET>L2(Q7R”)) ds + 5”%0“%@,

where K is the feedback operator given by Hypothesis 1. Using again Hypothesis 1, there
exists a constant « such that

1T e+ [ 1676 s ds

t
1
< [J ((BUT7$T>L2(Q7RTL) + <KCC$T7xT>L2(Q7Rn)) ds + 5”.%0“]%@

Now, for every e1,e2 > 0 we obtain

1
S 1ot E o zm + 0 / o (5,30 < 5 / 1B ()70 ds
€1 1
+2/0 ||$T(57’)”%2(Q,R”)d8+262/0 ||KC(')C(')CCT(5")H%Q(Q,R")d‘s

t
€2 T 2 1 2
+ 2 [ o) s + 3l

Choosing €1,€2 > 0 in a such way 2a — €1 — €9 > 0, there exists a constant K > 0, independent
of ¢, such that

o ¢y + [ 5 s

< /0 1B Bz + 10O (5, By s + 0l ).

Therefore, we obtain
T 2 4 T 2 T 2
o (¢, )220 éK( /0 (1B () 22y + 1CC)T (5, Baomy | ds

ol )
for every 0 <t < T. We have shown (2.7). O

Lemma 2.4. Let us assume that Hypothesis 2 holds. Then, there exists a constant K > 0
independent of T' > 0 such that for every t € [0,T]

T
167 (¢ My < K [ [ICORT () = 21siazer

2

T(t,w)dp

R

] dt, (2.8)

where o* is the solution of (2.4).



Proof. Let 0 < t < T. Multiplying (2.4) by ¢, integrating over (¢,T) x €, and using the
Hypothesis 2, we get

1 T
ST M smm + 2 [ 167 (0 oyt

| B k)
Q

2
dt.
Rm™

T
< / <<C$T -z, C¢T>L2(97Rn) + K1
t

Then, for every € > 0 we obtain

1 € T
ST Mmn + (2= 5) [ 17 (5 Baoznyds

2
ds.
Rm

Taking € > 0 such that € < 2k9, there exists a constant K > 0, independent of T, such that

T[4 .
< / (2Hc<~>xT<s,'>—zuimn)+m / B ()" (5, w)dp
t € Q

T
167 (6 )2z, + / 167 (5, )26,y

T 2
R'm
Further,
T 2 T T 2
17 (0 sy < K [ (100" (0 = 21
2
+ ‘ / B*(w)e (s,w)dp ds,
Q Rm
for every 0 <t < T and the proof is finished. O

Remark 1. Let us mention some consequences of the previous considerations. From Hypothesis
1, it immediately follows that there exists a constant K > 0 such that the following stationary
inequality holds:

V)12 mny < K( 14|72y + ICVI1 72 (g pmy )a (2.9)

for every v € L2(Q, R"™). Indeed, following the proof of Lemma 2.3, we have

Hx(t7')‘|%2(Q,R”)
T
<8 ([ [lonte) + Aol B + 1COE sz dt + ool ) (2:10)

Then, for v € L?(Q, R") we take x(t,w) = tv(w). Applying the inequality (2.10), we have

T
T*|[vl|72(0 rny < K/o [”U(') + A2 @mm) + tQHC(')U(')H%Q(Q,R")} dt.



Therefore, we get

T3 T3
T?|[vl|72(0,rn) < K<T||UH%2(Q,R") + ?”AUH%%Q,R”) + ?HCUH%%Q,R"))'

Taking T' > K, there exists K > 0 such that

[0]172(0,mm) < fN{(HAUH%?(Q,Rn) + HCUH%Q(Q,R"))7

and the claim is proven.

2.2 Stationary problem
Now, we continue with the analysis of the stationary optimal control problem (1.3)—(1.4).

Under the Hypothesis 2 we have the following existence and uniqueness for the optimal pair
for problem (1.3)—(1.4).

Theorem 2.5. Assume that Hypothesis 2 holds true. Then the problem (1.3)—(1.4) admits a
unique optimal pair (,T) € R™ x L?(Q,R™), with T the optimal state associated to .

Proof. We observe that J° is a strictly convex and continuous functional, therefore, there exists a
unique solution w € R™ of (1.3). In addition, there exists a unique observation C'(w)z associated
to u.

Let us assume that there exist two optimal states 1 and xo associated to the optimal control ,
that is

Axy = Bu = Axs.
Since .J* is strictly convex, we obtain that C(w)z; = C(w)z in L?(Q,R").
From (2.9) we obtain
l|21(-) = xQ(')H%?(Q,R")
< K| JAQ) @1 () = 220) Baoan + 1CO@1() - 22() 3y | =0.
Namely, x1 = 2. O

Now, we define the following set
D:={ueR™ : B(w)u € Ran(A(w)), for each w € Q}. (2.11)
Theorem 2.6. Assume that Hypothesis 2 holds true and let (u,T) be the unique solution of

the optimal control (1.3)~(1.4). Then, there exists B € L*(Q,R™) such that for a.e. w € Q we
have

A*(w)p = C*(w)(C(w)T — 2), (2.12)
and



Proof. Since (w, ) is the unique optimal pair, we have
(@, v)gm +(CT — 2,CQ) 2(qrn) = 0, (2.14)

for every v € D and every ¢ € L*(Q, R") such that A(w)yp = B(w)v.

Taking v = 0 in the previous expression, then A(w)p(w) = 0. Namely, ¢(w) € Ker(A(w)). From
(2.14) we obtain

(C(CT = 2),9) 2 qmny = (CT = 2,C0) 2 pny = 0

Therefore, C*(CT — z) € Ker(A)*, which implies that C*(CT — z) € Ran(A*). That is, there
exists P(w) € Dom(A*(w)) such that
AT (w)p(w) = C"(W)(C(W)T(w) — 2).
Finally, replacing in (2.14), we get
(U, v)gm + (@, Bv) 2 g gy = 0,

for every v € D. O

3 Main results

In this section we state and prove the main results of this work. For this, let us recall the
evolutionary and stationary optimality systems. Let (u”,27) be the optimal pair of (2.1)-(2.2),
and (7,w) the optimal pair of (1.3)—(1.4) (see Theorems 2.2 and 2.6). In addition, we have that
there exist ¢! solution of (2.4), such that the optimal control u” of (2.1) is given by

W) == | B @) (tw)dn (3.)
and u the optimal control associate to (1.3) satisfies
(W, v)gm + (2, BW)v) 129, x) =0, Yv €D, (3.2)
where P is the solution of (2.12). Besides, the following optimality systems hold:

vl + Aw)2x” = Blw)u® te(0,T),
—ol + A% (W) = C*(w)(C(w)zT —2) t€(0,T), (3.3)
zT(0,w) =z, 1 (T,w) =0,

and

(3.4)

{A(w)x = B(w)u,
A*(w)p = C*(w)(C(w)T — 2).

The first main result is concerning to the average convergence of the optimal pair (u”,z”) to the
corresponding stationary ones (U, T), stated in the following theorem. The proof is based on the
result contained in [16].



Theorem 3.1. Let us assume that Hypothesis 1 and 2 hold. Then,

1 T T = . 2 n 1 4 T - m

— x (t,)dt — T(-) in L*(Q,R"), = w (t)dt —u in R™,

T Jo T Jo
as T — oo, where (u”,x7) is the optimal pair of (2.1)~(2.2), and (T,7) is the optimal pair of
(1.3)—(1.4).

Proof. We divide the proof into four steps. Since we are interested in the asymptotic behavior
when T goes to infinity, we can assume that there exists 7 > 0 such that T'> 7 > 0.

Step 1. We claim that there exist two constants K , K, independent of T' > 0, such that 27 and
! satisfy

HxT(T")Hi?(Q,R") < KT, (3.5)

A

HSDT(O")H?P(Q,R”) < KT. (3.6)

Indeed, multiplying the first equation of (3.3) by ¢! and integrating by parts over (0,7) we
obtain

T _ r * T - T
<<p (O,w),xo>Rn <C (W) (C(w)x” (t,w) — 2),x (t,w)>Rn dt

0
T
_/0 (B(w)uT (), ¢ (t,w) ) dt
T
N /0 (Clw)z"(t,w) — 2, Clw)a’ (t,w)) . di
T
- /0 (' (1), B*(@)¢" (t,w) ) dt
T . 9 -
= /0 ( [C(w)z" (t,w) — 2||gn + (Cw)z" (t,w) — Z72>Rn>dt

T
_/0 (W7 (), B (@)™ (£, 0) ) d. (3.7)

Now, integrating over 2 and using the fact that u’ only depends on ¢t € (0,T) and is given by
(3.1), we have

T
<‘PT(07')’$0>L2(Q,R”) = /o (HC(')LET(LL’ ) = ZH;(Q,RH) + <C$T - Z’Z>L2(Q,R")>dt
T

—/ <uT,/B*g0Td,u,> dt
0 Q R™
r T 2 T

:/0 (HC(')x (tv')_ZHLQ(Q,Rn)+<Cx _Z’Z>L2(Q,R")
+ HuT(t)H;m>dt.

That is,



g T 2 T 2
[ (1060 = 2l + IO )
T
= <¢T(O,w),$0>L2(Q7Rn) _/0 <Cl‘T - Z’Z>L2(Q,R") dt. (38)

Next, by Cauchy—Schwarz and Young inequalities, for every € > 0, the first term at the right-hand
side of (3.8) can be bound as

2
€ HSOT(Ov')HL2(Q,Rn) 4 ”%H%{n

<<PT(07W)7530>L2(Q,R”) = 9 2e
K T
< B2 ([ 1000 =2l + I O )
. lzollzn (3.9)
2 .

where in the last inequality we used (2.8). For the second term at the right-hand side of (3.8),
for every €1 we get

T
—/0 <CxT — Z’Z>L2(Q,R”) dt

T ||[COaT () = 2|7y pn 2
S/ 51” HLQ(Q,R )dt+THZHR”. (3.10)

Thus, replacing (3.10) and (3.9) into (3.8), we deduce

Ke

T S
/o (1 - %—61) HC(')J/‘T(ta ) - ZHi%Q,R") +(1- 2 ) HuT(t)H;m )dt

2 2 2 2
< plzllRn n [zollgn _ T'llzllgn € + &1 [[z0]lgn
- 2e1 2e 2eeq

Te+e
2eey

< max {|12/3n , 7ol } (3.11)

Then taking €, &7 in a such way that 1 — % > e1, there exists a constant K > 0 (independent of
T) such that

/ O 2Py + [ O dt < T, (3.12)

From (2.8) and (3.12), we get the desired inequality for ¢ (0), that is
l¢" (0, ’)H;(Q,Rn) < KT. (3.13)

The inequality for 27 (T,w) is a direct consequence of (2.7) and (3.12).

Step 2. We claim that the terms

1 TT 1 TT
= t,-)dt, — t)dt
T/Ox(j) ) T/Ou() )



are bounded in L?(£2,R™) and R™, respectively.
Indeed, integrating over (0,7) the first equation of (3.3) we obtain

;/OT A2 (¢, / B(w)ul (t)dt — (W) . (3.14)

T
From (3.5) we obtain that M converges to zero as T' — oo. Namely, it is bounded by a
positive constant K, independent of T in L?(£2,R™). Therefore, taking L?(Q, R") norm we get

I 208 5[

LQ(Q,R")
n (T, w) — 2o
T L2(Q,R")

1
ST HB O oiqpm dt + K

1 o2 1/2 T 1/2
< T(/o 1BCOu" (O] 2 0.mm) dt) (/O ldt)

+ K

1 T 1/2
<T</0 HB(.)uT(t)HiZ(Q’Rn)dQ VT + K.

Using (3.12), we obtain that %fOT A(w)zT (t,w)dt is bounded in L?(2,R™). Finally, from (2.9)

we get

SR -
— t.)dt
HT/O:M,)

2

L2(Q,R)

1 [T T

< K| ||= A()x (t,-)dt C’ (3.15)
T Jo L2(Q,R") L2(Q R™)

‘We observe that
1 /T T 2
C < 7, |C()="(t, -)HLQ(QR,I) dt
L2(Q R™)

and by (3.12) we obtain that the second term in the rlght hand side of (3.15) vanishing as T" goes
to infinity. Therefore, from (3.15) the term fo (t,w) dt is bounded in L?(Q, R").

The bound for u” follow again by (3.12) and Cauchy-Schwarz inequality. Indeed,

/OTUT(t)dt RmS/OTHuT(t)HRmdtS(/OTHUT(t)H%mdt)1/2</0Tdt)1/2

<VKTVT = VKT.

Step 3. In this step, we will prove that

T T
% (/0 lCC) (T (t,-) —E)HZ(QM) dt+/0 [u”(£) = |20 dt) -0, (3.16)



as T — oo.

T

Indeed, let us consider the variables v = 27 — % and p = ¢’ — @. Then, ¢ and p solve the

following problem

wt + A( ) ( )(uT ) te (OvT)a
—pt + A% (w )p C*(w)C(w)y, te(0,T), (3.17)
¢(0 ) To — T, p(Tv ) = —p.

Multiplying by p the first equation of (3.17) and integrating by parts over (0,7"), we get for each
w € N

T
(P(0,w), $(0,w))gn — (P(T,w), (T, w))gn = /0 ICC)e(t, ) n dt

T
— / (u" =7, B*o" — B*®)p,. dt. (3.18)
0
Integrating over €2, we can obtain the following

<p(07 ')a Y/J(Oa ')>L2(Q,R") - <p(T, ')7 w(Ta ')>L2(Q,R")

T T
= [ IeOwE g pn it~ [ <uT—u, [Beta- [ B*cpdu> at
0 0 Q Q R™

T 2 r T 2
= [ 1eOut gz dt+ [ a0~ d

T T
0 Q R™ 0

We observe that @ belongs to D, where we recall that D is given by (2.11). Therefore, from (3.2)
we have that (@, U)gm + (BU, ) 2(q gny) = 0. Thus,

T 2 r T 2
| 1CC iy dt+ [T (0 =l

< [P0, ) L2 rmy 1900, )l 2 rny + 1P(T, )l 2 mmy 19T ) L2 0y

T
—/ <uT,u—|—/B*gpd,u> dt. (3.19)
0 Q R™

Now, by the previous step we have that, up to subsequences, there exists y, v such that

/ Yt y(o), ;Aiﬁ@ﬁ%u

=T (T\w)—xo
T

From (3.14) and since the term converges to zero as T — oo (see (3.5)), we deduce

1 /7 1 [T T(T ) —
A@(TAaﬂnMO:B@mTAQF@ﬁ><$(¥m)%B@m
in L?(2,R™). Namely, we have that v € D and by Theorem 2.6

<Ea U>]Rm + <¢7 BU)LQ(QJR’I) =0,



which implies
1 (T . . _ -
= u,u+ | B*pdu dt - (v,u+ [ B pdu
T Jo Q Rm™ Q Rm™
= (U v)gm + (P, Bv) 2 rny = 0.
On the other hand, we observe that by (3.13)

(0, ) 1720,y = [l (0,-) = P12
< 200, )72 (@ rn) + 2P 720 rm
< KT+ 2\@(')”%2(9,11@)-

Analogously,
(T 2@ < KT+ 2120120 g0
Therefore, the first and second term at the right-hand side of (3.19) can be estimated as follows
(0, )l 20y 1900, ) 2 mmy + 1P(Ts ) 2 mmy V(T ) L2 )
< (KT + 2050 Baqan) 70 =702z
+ (KT 42070 190z,

That is, we obtain

/ 1C() ”L2 (Q,R™) dt"’/ [JuT (¢ _uHRm

(AT 42050 Bazm) 2o~ T2z
1

= (KT 4+ 2070 am) 18O 22z

—/ <u u—l—/ godu> dt — 0,

=T
+

as T — oo.

Step 4. Finally, we show that

/ Yt mi/

converge to Z(-) and @ in L?(2, R") and R™, respectively.

Indeed, from step 3, we have that

H;/OT(UT@) _a) dt

2 1 T
gt/\MWﬂ—u@mﬁ—+Q
rm 1 Jo



In a similar way,

|1 [ comenra

<1 / ICC)0 (s )2 g dE — 0.
L2(Q,R™)

Therefore,

/ t)dt — w, / c( Jdt — 0, (3.20)

in R™ and L?(£2, R"), respectively. From (3.15) and (2.9), and the previous convergence, we have

1 [T 1 [T
/ (zT(t,.) — () dt = / P(t,-)dt — 0, as T — oo,
T Jo T Jo
and the proof is finished. O

Corollary 1. Let us assume that Hypothesis 1 and 2 hold. Then, there exists a unique P
solution of (2.12). In addition, the stationary optimal control W is given by

u:—/B*cpd,u.
Q

Proof. Repeating the argument made for " in the previous theorem, it is possible to prove that

the term
1 (T
v

is bounded in L?(£2,R™). Then, up to subsequences, there exists some € L?(2, R™) such that
/ ydt — () in LA(Q,R").
Next, integrating over (0,7") and multiplying by the second equation of (3.3), we obtain

T T T
;/O A ()T (8, Yt = ;/0 C*(Ca™ — 2)dt — QDT(O). (3.21)

From the average convergence of ¢! and x”, the estimate (3.6) and the uniqueness of the limit,
we deduce that @ is a solution of (3.4).

Now, since the optimal control u! is given by v’ = — fQ B*ol'dt, using the average converge
of u”, we get that © = — Jo B*®. The uniqueness of @ follow by contradiction and the next
stationary inequality which follows directly by Hypothesis 2

2

ol < & ( | [ Bt + 1470z ) (322

Rm

for every v € L*(Q,R"). O

Our second main result, which is the following theorem, shows the average exponential turnpike
property. The proof is inspired by the results obtained in [10].



Theorem 3.2. Let us assume that Hypothesis 1 and 2 hold. Let § > 0 be a small enough
nonnegative constant. Let (ul,zT,¢T) be the solution of (3.3) and (u,T,®) the corresponding

stationary solution of (3.4). Then, there exists a positive constant K = K(0) > 0 (independent
of T') such that

HxT(t’ ) - T(')Hiﬁ(Q,R") + HSDT(t’ ) - E(')HiQ(Q,R") < K(Q_E(T_t) + 6_&)7 (3.23)
for every t € (0,T). In particular, we obtain an averaged exponential turnpike as follows
B =2l + [E" = @l + 0" = g < K(eT0 4 7),
for every t € (0,T).
Proof. We divide the proof into several steps.
Step 1. Let ¢ = 27 —Z and p = ¢! — B be the solutions of the system
vt A+ 8@ ( [ B @it <o

—pt + A*(w)p — C*(w)C(w)y = 0, (3.24)
Y(0,-) =x0 -7, p(T,")=—.

We claim that there exist K > 0, independent of T', such that

||¢||%*([0,T];L2(Q,Rn)) + ||p||20([o,T};L2(Q,Rn))
< K (10, Miz@zn) + 1P )2z )-

Indeed, applying (2.7) to ¥, noting that u” (t) = — [, B*(Q)¢” (t,w)dw and w = — [, B*(Q)p(w)dw
and that B* is a uniformly bounded matrix, we get

T
12
||¢||%([0,T];L2(Q’Rn)) < K(/o (HUT(t) — uHRm + |C()(t, .)|,2LZ(QR“) )dt

For an estimate for p, we proceed as follow. Applying the inequality (2.8) to p, noting that p
solves a differential equation with right-hand side C*(w)C(w)® and recalling that

we deduce

2
= [|Ju”(t) — @i,
R™

/Q B ()(¢" (1 w) — B(w))dp

2
Rm ‘

| B @it
Q

2 <K " — ) C(- II? d
1PIe (0,7 20y < < ; (HU (t) = al|gm + 1CC)0(t, )HLZ’(Q,Rn)) t

P Fr @z ). (3:26)

Now, let us give an estimate for the two first terms at the right hand side of (3.25). From
Corollary 1 we have that @ = — [, B*@. Therefore, using the identity (3.18) we get for every



€1,62 >0

T 3 p07 2 n
[ (1080 a0y + @), Yo < 2O 0

1900, M2 mny (T )22@mny 2 lIP(T, )72 mm)
+ + + .
261 262 2

Using the estimates given in (3.25), (3.26) at ¢t = T" and t = 0, respectively, we obtain

T
/0 (uccw, Mz + |07 () uH%m)dt

1 1

= [Wov Wiz omn (2 + 22) AT, gy
1 T

" <€21 i 2) /0 (”C(')‘b(’* Mz + [[u" () —UI@m)dt] (3.27)

€2

We can take e1,e9 > 0 such that the last term in the right-hand side of (3.27) can be absorbed
by the left-hand side. Therefore, we deduce that there exists a constant K > 0, independent of
T, such that

T
/ <||o<->w<t, Mz + 0" 0 —uu@dt
< K (190, 2gzm) + (T2 ). (3:28)

Therefore, from (3.25) and (3.28), there exists a positive constant K > 0, independent of T', such
that

19112 o.13: 222k + IP1E0.171.22(0087))
< K (190, 2zm + (T, eqn ) (3:29)

Step 2. On the other hand, we observe that the system (3.24) with arbitrary right-hand side
fi, f2 € L*(0,T; L*(£2,R™)), can be rewrite as follows

—Cc*Cc —4 4 fo
0 Er 0 ) _ | (D) 3.30
41 A B(f,B* dp) (p Aol (3:30)
Ey 0 ¥(0)

where Eyt) := ¢(0) and E7rp := p(T).

Denoting by A the matrix

-c*Cc -4 4 4
0 E
A= J 7; ,
#tA B (fQB ‘dﬂ)
Ey 0



we have that the operator A corresponds to the two homogeneous evolution equations, that is, the
adjoint equation in the first two rows and the state equation in the last two rows. Consecuently
the operador A maps the solution to their respective initial data and source terms. Now observe
that the operator denoted by A~!, maps initial data and source terms to the corresponding state
and adjoint solutions. Therefore the operator A~! is the solution operator. Since the system
(3.24) has a unique solution (by Theorem 2.2 and Corollary 1), it implies that operator A=! is
well defined as a mapping from (L2(0,T; L3(Q, R"™)) x L?(Q,R™))? to (C ([0, T]; L*(£2, R™))2.

According to what was done to prove (3.29), there exists a constant K > 0, independent of T,
such that

19112 011220k + 1PN E0.1722(00R7)) < K( 190, )1 20 )

+[Ip(T, M F20,mm) + 1111720 7:02(0) ) + Hfl”%Q(O,T;L?(Q),Rn))’ (3.31)

From (3.31) we obtain that there exists a constant K > 0, independent of T', such that

IA™ (220,122 (R x L2 (R )2, (C(0.T:L2(Q,R™))2) < K. (3.32)

In the following denote W = (L?(0,T; L*(Q,R™)) x L?(£2,R"))? and
X = C([0,T); L*(, R™)).

Step 3. In this step we will prove the turnpike property (3.23). Indeed, let us consider the
following variables

5= Y

T e—8(T—t) -5t
. 5 +e
p =

e—0(T—1) 4 e—ot’

where 6 > 0. It is immediate that QZ and P solves the system

~ ~ T _ & -
U+ Aw) = m +06h(t), te(0,T)
—Dr + A*(w)p = C*(w)C(w)Y — poh(t), te (0,T) (3.33)
~ ¢ 0, - N T, .
50,9 = 1299 = 2B
where h(t) denotes
o) = o0t _ o—0(T—1)

T et o e—0(T1)"

Using the definition of A, we can rewrite the respective equations as

h(t) 0 0
- 0 0 vy _ 1 p(T)
ATl o L < P > iy | oo | (3:34)
0 0 ¥(0)
We observe that [|P||zx2) < 1, where
h(t) 0
0 0
P= 0 —h(t)

0 0



Now, letting

0
(¢ _ ! p(T)
Z_(ﬁ>’ y_1+e—5T 0 ’
¥(0)
system (3.34) can be written as
(I-0A'P)Z=A"1Y. (3.35)

Choosing v := 0||A™"|| £ x2), which is independent of T" since the norm of A~ is independent
of T (see (3.32)), we obtain that SJA~!P is a contraction. Therefore, the existence and uniqueness
of solutions for operator equations as in (3.35) can be established in terms of Neumann series (see
Theorem 2.14 of [13]). That is,

1
e

-1
(I —6A~'P T

-1
) HL(W,XQ)
Namely, we obtain

191I% + 171l%

< H/\_J¢|E(VVV¥2) 1
- 1—7 14 97T

(160, B aen) + 10T, ) Bz )
and since X = C([0, T]; L?(2,R™)), we get that for every ¢ € [0, T]

07 () = FOaomm) + 167 (1) = PO 3aopm < K (7070 4 ), (3.36)
where K > 0 is a constant independent of 7. That is, we obtain the desired estimate (3.23).

Step 4. Finally, from (3.36) we can obtain the averaged exponential turnpike property. Indeed,

IB(T) — B(@) | = H [ o= [ i

1/2 1/2
< [ e~ edn < ( / du) ( I —wllf‘éndu>
Q (9] (9]

< K<e—6(T—t) _‘_e—dt).

Analogous, for ¢ we have
IE(T) ~ E@)ln < K (7070 4+ 7).

Finally, for the control estimate, we observe that

2
T (t) = 2 = H [ B0

Rm
< K H [ dﬂ” < Kot ) o

Therefore, from all the previous computations we get the desired result and the proof is finished.
O



We conclude this section with the following observations.

Remark 2. 1. It is immediately noted that in Theorems 3.1 and 3.2 one can also consider
the case where z¢, 2z € L2(Q, R"). The proof of both Theorems applies replacing the terms
[zol[rn, [|2llRe by [[20()l|L2(rn), 121l L2 rn), Tespectively.

2. Our main results, namely Theorems 3.1 and 3.2, are similar to those obtained in [16] in
the context of ordinary differential equations without randomness. The authors in [16]
proved their results under the assumptions that the dynamics are controllable, and the
cost functional is observable. In our setting, the right notion of control will be average
control and average observability conditions, concepts introduced in [26]. However, we do
not know if the average exponential turnpike property can be proved only assuming the
average control and average observability conditions.

3. Finally, it is interesting to note that our second main result, namely estimate (3.23) in
Theorem 3.2, means that the turnpike holds for each parameter separately. This is a strong
consequence of our main assumptions Hypothesis 1 and 2. Also, it is interesting that this
holds with an optimal control independent of the random parameter. However, it captures
at the same time, all the information of the adjoint system (in an average sense).

4 Numerical experiments

In this section, we will perform some numerical experiments to validate the turnpike property in
average. We focus our attention on the particular case A(w) = a(w)A and B(w) = B(w)B, with
A and B constant matrices and «, 8 scalar random variables. Besides, the observability matrix
will be independent of w. In addition, we consider a discrete sample space €.

4.1 Example 1

Let 2 = RT™ and 3 be a random variable with exponential distribution with parameter A\ = 7 i.e.
B ~ exp(7). We consider the following optimal control problem

in{ JT _Lr I Cx(t,-) — z|? dt
min (U)—2 ; [u(®)l[gm + ICz(t, ) = 2[l72 (k) ;

subject to x solves the system

{mt + Az = f(w)Bu t € (0,7T),
z(0) = xo,

where

=8 03) 2= 0) e=(0) = () =)

The corresponding stationary optimal control problem is

o1
win {7°0) = 3 (ol +1C20) = 21z ) |

subject to x solves the problem Az = f(w)Bu.
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Figure 1: Evolutionary v/s stationary systems.

It is a straightforward computation that matrices A, B and C satisfy the Hypothesis 1 and 2.

We compute the optimal solutions (z”,u”) in time 7' = 50, and (%, %), by using the Gekko library
on Python and considering seven realizations of the random variable 5, which was generated using
the numpy.random library on Python. Gekko is a library specializing in dynamic optima problems
for mixed-integer, nonlinear, and differential algebraic equations (DAE) problems [1]. In the case
of the evolution problem, we use the Gekko module to solve optimal control problems (imode 6)
with 100 time steps. Its module is based on simultaneous strategies for dynamic optimization
[3]. More precisely, in this mode, Gekko uses orthogonal collocation of finite elements [5] this is
a form of implicit Runga—Kutta methods.

The trajectory solutions of both problems are collected in Figure 1 (see (A) and (B)). In the
figure above, the color lines in (A) and (B) are different realizations of the random variable. We
observe that the turnpike property on average can be observed on Figure 1 (see (C)). As expected,
except transient initial and final arcs, the expected value of 27 = (xlT, acQT) remains close to the
corresponding expectation of the steady-state T = (Z1,Z2), as in Theorem 3.2. Besides, according

to Theorem 3.2, in (D) we can observe that the optimal control u’ remains close to the optimal
stationary control .



Remark 3. In this example, if we take average to the equation, we obtain the following system

Y+ Ay =Bu te(0,T),
y(0) = xo.

where y = E(z) and B = E(B). Then if the pair (A,B) is controllable, and the pair (A, C) is
observable, the turnpike property follow directly from [16].

4.2 Example 2

In this example, we consider the same functional J7 as in the previous example. However, x

solves the following system

{xt + a(w)Az = Bu te (0,7),

z(0) = xo.

The corresponding stationary system is o(w)Axz = Bu, where in this case
2 =5 5 0 1 1 0.1
A‘<5 0.5>’ B‘(?)’ C_<1 0)’ Z‘(o)’ x0_<0.1>'

Contrary to the previous case, we consider a ~ Unif([1/2,2]). Once again, the matrices A, B
and C satisfy the Hypothesis 1 and 2.
T — (27, 2L

As in the example 4.1, we compute the optimal evolutionary solution x xi, %5 ) and stationary

solution T = (T1,T2) by using Gekko library and we generate seven realizations of the random
variable using numpy.random library on Python. However, in this example, we compute the
optimal evolutionary solution in time 7" = 10. The result is drawn in Figure 2 (see (A) and (B)).
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Figure 2: Evolutionary v/s stationary systems.

As in the previous example, the colored lines in (A) and (B) are different realizations of the
random variables. Note that (see Figure 2 (A) and (C)) the average dynamics is more perturbed
than in the previous example. However, as expected, except transient initial and final arcs, the
optimal evolutionary pair (z7,u”) remains close to the steady state (Z, ).

4.3 Example 3

In this final example, we consider the same functional J7 as in example 1, however z solves the

problem

{:1:,5 + a(w)Az = f(w)Bu te (0,7),
x(0) = xo.

And the corresponding stationary problem a(w)Az = (w)Bu, where
2 =5 ) 0 1 4 0.5
=00 =) om0 =) -3

We consider «, 8 ~ Poisson(5). Again computing the optimal solution by using Gekko and
generating seven realizations of the random variables using the numpy.random library, we obtain
the following trajectories, see Figure 3, where the colored lines, in (A) and (B) are the different

realizations of the random variables.
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Figure 3: Evolutionary v/s stationary systems.

We note that the dynamics are more perturbed than in the previous two examples, because in
this case, the matrices A and B are both random. Nevertheless, we can see the turnpike property

for the average dynamics.

The code used in these numerical examples is free available in the repository https://github.
com/Martinshs/Turnpike-property GitHub—Average Turnpike Property.
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