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ABSTRACT. In this article, we extend the time-domain decomposition method described by Lagnese and
Leugering [15] to semilinear optimal control problems for hyperbolic balance laws with spatio-temporal
varying coefficients. We provide the design of the iterative method applied to the global first-order optimality
system, prove its convergence, and derive an a posteriori error estimate. The analysis is done entirely on
the continuous level. A distinguishing feature of the method is that the decomposed optimality system
can be interpreted as an optimality system of a local “virtual” optimal control problem. Thus, the iterative
time-domain decomposition of the optimality system can be interpreted as an iterative parallel scheme for
virtual optimal control problems on the subintervals. A typical example and further comments are given to
show the range of potential applications. Moreover, we provide some numerical experiments to give a first
interpretation of the role of the parameters involved in the iterative process.

1. INTRODUCTION

Time-domain decomposition for partial differential equations (PDEs) has been a subject of intense
research in the past. Given a PDE with time domain [0, T], the idea is to introduce a coarse time
discretization of [0, T] into a disjoint union of subintervals I := [T, T41] with [0, T] = cl(UIk(=1 (T Tie1y)
and then to iteratively decouple the PDE such that on each subinterval I, the same PDE is solved
together with conditions at the breakpoints T that couple the states at the current iteration n + 1 with
those at iteration n. We may trace back the contributions to the seminal paper [21] by J. L. Lions et al.,
in which the so-called “parareal”-scheme has been introduced. In [24, 25], the authors further developed
the scheme and applied it to quantum control problems. This scheme has then later been identified as
a variant of the common multiple-shooting method; see, e.g., [8]. These methods, which consist of a
coupling of coarse grain discrete-in-time solutions at the break points with a parallel computation of full
(respectively, small grain) solutions on the subintervals, were first developed for the mere simulation
of nonlinear PDEs. In the article [14], the authors, for the first time, considered the time-domain
decomposition of optimal control problems for the time-dependent Maxwell system. Later, in [13], a
broad number of such problems—even combined with a spatial domain decomposition for PDEs on
networked domains—have been investigated. We also refer to [11] and [28], where methods related
to multiple-shooting have been provided along with applications for the heat equation. During the
last decade, there has been an increasing interest in applying time- and space-domain decomposition
techniques to optimal control problems; see, e.g., [1, 6, 7, 23, 29, 30].

A distinguishing feature of the method in [13-15] is the fact that the iterative time-domain decomposi-
tion is applied to the optimality system of the original optimal control problem on the time domain [0, T]
in such a way that the decomposed problems are by themselves optimality systems corresponding to
so-called virtual control problems on the subintervals Ii. Thus, the fully parallel iteration can be seen as
one of optimal control problems on the subintervals. This can be utilized in applications, where solvers
for the virtual control problems, possibly on small time intervals, are available. The analysis is provided
at the continuous level, as an example of the first-optimize-then-discretize approach, leading inherently
to mesh independence when it comes to numerical realizations. The method uses the fact that the state
variables evolve forwardly in time, whereas the adjoint variable progresses backwardly. Therefore, on
the subinterval level, one can design two-point boundary value problems w.r.t. the time variable.
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To the best of our knowledge, the contributions in the literature do not include time-varying systems
so far. Moreover, time-domain decomposition for semilinear optimal control problems that posses this
distinguishing feature do not seem to be tackled as well. The goal of this article is to extend the time-
domain decomposition method of [13, 15] to optimal control problems involving semilinear hyperbolic
systems of conservation laws where the coefficients may depend on time and space. We are particularly
interested in applications that focus on processes on metric graphs or networks. As examples, we will
focus on networks of semilinear strings or rods. Systems that are related to gas flow in pipe networks
are easily seen to fit into the framework of this article—for the model; see, e.g., [10, 16]. Such problems
on metric graphs, where the edges, which are representative of the spatial domains of the corresponding
PDEs, are coupled at the vertices of the graph, can be transcribed into two-point initial boundary value
problems with a possibly large number of state variables; see Example 2 for further explanation.

The issue of existence of solutions to optimal control problems, in particular in the context of possibly
nonsmooth, say L2(0, T), boundary controls is not settled for the type of systems considered. For a class
of distributed controls, where the spatial part is fixed, we refer to [27]. Using smooth controls, one can
use the classic shifting of boundary data to the state equation to use the results of [27]. We may already
add here, for the sake of clarity, that the problem is not with the well-posedness of the PDE systems per se,
but rather with the regularity of controls interlinked with a sufficient sequential-lower-semi-continuity
property of the cost function. As for the well-posedness of the optimality system, we refer to the work [4]
of Brokate. The analysis provided in this article is based on the continuous PDE-level and hence follows
the “first-optimize-then-discretize” paradigm. Thus, we obtain mesh-independent convergence results
so that we do not aim for an efficient numerical implementation. For numerical evidence, we provide
some simple examples to give a first idea on the behavior of the different parameters involved. For a full
treatment, we have to refer to a further publication.

We also remark that the iterative time-domain decomposition considered here can be interpreted in a
way in the context of the classic Robin-Robin-type Schwarz-method introduced by P. L. Lions [22], which
has been interpreted by Glowinski and Le Tallec in [9] as a variant of their Uzawa-type saddle-point
algorithm. This algorithm, in turn, results from an augmented Lagrangian formulation of the interface
problem. Indeed, for the time-domain decomposition, say with two time intervals, one may regard the
optimality system as a second-order boundary value problem in space and time. The analogue of the
P. L. Lions algorithm with the addition of a damped-Richardson relaxation, see [3], is then related to our
method. This will be made more explicit in due course.

The article is organized as follows. We begin with the problem statement in Section 2, where we
include a detailed discussion of an example of a network of controlled strings or rods, in fact a star
graph, where a possibly local nonlinear damping term is present along some or all strings involved
together with nonlinear boundary conditions. In Section 3, we introduce the time-domain decomposition
method for the overall optimality system into systems on the subintervals and show in which way these
decomposed systems are themselves optimality systems for “virtual” optimal control problems on the
subintervals. In Section 4, we discuss the convergence of the iteration for unconstrained controls, while
the constrained case is tackled in Section 5—however, for the linear case only. As the nonlinearities are
not assumed to be explicitly given by specific functions and the corresponding Nemytskij operators, we
will rely on bounds, regularity, and smallness assumptions and use the control structure to compensate
for nonlinear effects. Section 6 contains the development of an a posteriori error estimate for our
iteration. In Section 7, we provide some numerical examples, which demonstrate first evidence for the
behavior of the iterative time-domain decomposition approach. Finally, the paper closes with some
concluding remarks in Section 8.
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2. PROBLEM STATEMENT

We consider two-point boundary value problems for systems of hyperbolic semilinear equations of
the form

oy +A(t, x)oxy = f(t,x,u,y), (t,x) € (0,T) x (0,1), (1a)
yi(t,0) =Zg?j(t,yj(t,0)), i=m+1,....d, te(0,7), (1b)

j=1

d
it 1) = > gl ui(t),y;(,1)), i=1...,m te(0T), (10)

j=m+1

y(0,x) = yo(x), x € (0,1), (1d)
u(t) € U4 a.e.in (0,T), (1e)
o(t) € U a.e.in (0,T), (1f)

where y(t,x) € Re te [0,T], x € [0,1], denotes the state,

A(t,x) = diag (A1 (£,%), ..., A (£, %), Amar (%), ..., Ag (1, x)) € R4
with

A, x) < A(tx) < < Ap(t,x) <0 < A1 (8,x) < - < Ag(t, x)
for all (¢,x) € [0, T] X [0, 1] represents the physics of the system, taken in characteristic coordinates to
make the mathematical description simpler. Moreover, f;, j = 1,...,d, g?j, i=m+1,....d,j=1,...,m,
and g}j, i=1,...,m,j =m+1,...,d, are differentiable functions to be specified below, u and v are
taken to represent distributed and boundary controls, respectively, where u(t,x) € R%, v(t) € R™,
are constrained a. e. by closed and convex sets U:d and U:d. If Ujd =RY, U;’d = R™, then controls are

unrestricted. Finally, yo(x) € R? for x € [0, 1] denotes the initial data. We should note that the boundary
conditions in (1) are in accordance with the standard formulation as in Chapter 6 of [2]. Under these
conventions, System (1) is a controlled hyperbolic and semilinear system. In addition to (1), we consider
the cost function

T p1 1 T
J(w,y) :=‘/0 ‘/0 L(t,x,u,y)dxdt+'/0 LT(x,y(T,x))dx+'/0 Ly(t,0(t),y(t, 1)) dt, (2)

with w = (u,v) and functions L, Ly, L}, that are measurable w.r.t. (¢, x), differentiable w.r.t. (u,y), y,
(v, y), respectively, with bounded derivatives on bounded sets, and uniformly continuous w.r.t. (¢, x).
The considered control problem is thus given by

min  J(w,y) st (w,y) satisfies (1). (3)
wy

This problem, even on non-cylindrical domains, has already been considered by Brokate in [4].
In order to describe the corresponding first-order optimality system for (3), we use D, D,,;, and D,
to describe the corresponding derivatives of y;, u, and v. Moreover, we use the Lagrangian

d T 1
Llwy.p)=Jmy)+ Y /0 /O (3ry + A(t, )0y — F(6x,w,9)); pi dx dt. @)
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Using integration by parts, the Lagrangian (4) reads as follows
d 1 d 1
Loy =Jw)+ Y, [ u@op@oa- ) [ uneopox i
i=1 /0 i=1 70

+

g

T d
/0 (|Ai<t,0)|y,~(t,o>pi<t,o> ) Mj(t,o>|g§?,-(t,yi(t,o>>pj(t,o>) dr

j=m+1

+

i

T m
‘/0 (|/Il(t: 1)|yl(t= l)pl(t’ 1) - ZIAJ(L 1)|g}l(t’ vi(t)’ yl(t> 1))pJ(t’ 1)) dt
1 j=1

T 1
- Z/ / (i (epi + 3 (Ai(t,x)pi)) + fi(t, x, u, y)p;) dx .
i=1 70 J0

We obtain the directional derivative of L (w,y, p) w.r.t. y in the direction of §:

9y L(w,y, p)(9)

d 1
= 3,J (w, ) () +Z/O §:(T, x)pi (T, x) dx

m T d
2 /0 (Mi(t, 0)1g: (2, 00pi(t,0) = " [A;(1,0)12yg% (1, (2, 0))3i(t, 0)p; 1, 0)) dt

Jj=m+1

d T m
s ) /O (Mi(t,l)m,-(t,l)p,-(t,l)—;M,-(t,1)|ayg}i(t,vl-<t),y,~(t,1))ai(t,1>p,~<t,1>) dt

i=m+1

d T 1 d
[ (z;i @pr+ 2t 0p) + D dy i (k5. y)yipj) dxdt,
i=1 0 JO j=1

Going further, we now take variations and derive the following optimality conditions governing the
adjoint variable p:

p +A(t,x)0xp = DyL(t,x,u,y) — (Dyf (1 x,u,y) + AL, x)) p,  (t,x) € (0,T) x (0,1),

d
AL Opi(t,0) = > 1A;(8,0)layg% (6 yi(1,0)p;(1,0), i=1...m te(0.T),

j=m+1

m 1 )
M’l(t’ 1)|Pl(ts 1) = Zl/lj(t’ 1)|aygjz(t’ Ui(t)’ yl(t’ 1))p](t9 1)

j=1
= Dy, Lp(t,o(t),y(t,1), i=m+1,....d, t€(0,T),
p(T,x) = = DyLr(x,y(T,x)), x€(0,1).

By taking the directional derivative of L(w,y, p) w.r.t. u in the direction @ we obtain

d T 1 d
uLOw i) =01 w )@ = Y [ [0 dufitn g, dx
i=1 Jj=1

and, thus, taking variations leads to

d d
> (aul.L(t, xuy) = Y dufiltxu y)pj) (ui—10;) 2 0 (6)
i=1 Jj=1
a.e.in (0,T) X (0, 1). Similarly, for v we get
d m
> (aviLb(t, 0,y(1,1)) = > 14;(6, 1)190g} (£, 05, 1 (1,1))p; (8 1))(vi ~9;) 20 (7)
i=m+1 j=1

a.e.in (0,T). We are now in the position to restate Theorem 3.4 of [4].
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Theorem 1 (Brokate, 1985). Under the assumptions above, the system consisting of (1) and (5)—(7) admits
a unique solution (w,y, p), where p € L=((0,T) x (0,1))? and (w, y) solves the optimal control problem (3).

Example 1 (Tracking-type cost functional). We are going to focus on semilinear problems as in (1) with
quadratic cost functions

x [Tt 2 P T d 2
Jonyy =5 [ [y =yl avde+ 2 [ iy n) - o2, ar
o Jo 0

. S ®
+ 5/0 /0 l[ull2, dxdt + E/0 lo(£)|2.n dt.
Hence,
DyL(t,x,u,y) = k(Y — Ya), (9a)
Dy, L (t,0(1), y(£ 1)) = p(yi(£, 1) — Y5 (1), (9b)
DyLr(x,y(T,x)) =0, (9¢)
D,L(t, x,u,y) = vu, (9d)
DLy (t,0(2),y(£, 1)) = po. (9e)

Example 2 (A network of strings). We consider a star-graph consisting of m strings or rods connected
at a multiple node located at x = 0. The individual strings are stretched along an interval [0,L]. Each
string is represented by a displacement w;(t, x) forx € [0,L] andt € [0, o). Indeed, we assume that there
is a spatio-temporal axial loading c;(t, x). These strings or rods form a network located in the plane and
w;(t, x) is either the out-of-the-place displacement of the ith string or the longitudinal displacement of the
ith rod. We assume that the strings (or rods) satisfy a semilinear damped wave equation such that at x = 0,
the displacements are equal for all times and the sum of forces is 0. At the simple nodes, i.e., at x = L, the

strings i = 2,...,m are subject to dissipative controlled boundary conditions, while string i = 1 is clamped.
The corresponding system can be written as
Orew; — By (cidxw;) + bi(9ywy)) = Bgud in (0,T)x (0,L), i=1,...,m, (10a)
w;(t,0) = w;(t,0) in(0,T), i,j=1,...,m, (10b)
m
D cilt, 002w (t,0) = 0 in(0,T),  (10¢)
i=1
wy(t,L) =0, in (0,T), (10d)
oxw;(t, L) + Bi(9rwi(t, L)) = v;(t) in(0,T), i=2,...,m, (10e)
w; (0, %) = wip(x) in(0,L),i=1,...,m, (10f)
drw;(0,x) = wip(x) in(0,L),i=1,...,m. (10g)

We now transform (10) into the format (1). In a first step, we transform (10a) into a 2 X 2-system. To this
end, we set

1 1
i =g (Oewi + Veioewi),  zip = 2 (0rw; — Veioxw;) .
Hence

1
owi = (zi1 + 2i2),  OxW; = $(zi1 —2i3)
1

and, therefore

zZi1 -V o zin) _ 1| drc++eae  —(drc+eoxc) Zi1 (1, A\t
at (Zl‘z) + 0 ’\/E] ax (Zl'z) = 4c [_(atc _ \/Eaxc) atc _ \/Eaxc ax Zis - bl 2(211 +le) 1 .
We define

yi=zi fori=1,...,m, Y =ZG-my fori=m+1,...,d.
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For the sake of simplicity, we assume that the tensions are equal at x = 0 for all times; i.e., ¢;(¢,0) = c;(¢,0)
holds for allt € [0, T]. Then, the transmission conditions (10b) and (10c) can be equivalently written as

m—2 -2 .- -2
Y1 -2 m-2 -2 (¥

.
wo==| - "0 T T e (1
Ya 2 =2 e me—2| VY

Notice that without the assumption on the axial loads at x = 0, the matrix on the right-hand side becomes
non-symmetric which, in turn, is not a problem in principle. We introduce the matrix S such that

(Sg)i = (% Z ®j = (Pi) :
=

Thus, (11) reads as Y*(0) = SY~(0). The matrix S has nice properties. It can be interpreted as a scattering

matrix. In particular,
m m
DSpi=D g SSp=¢
i=1 i=1

holds. At x = L, we have, at least formally for sufficiently regular states,
orw1(t,L) =0 = z11(t, L) + z12(t,L) =0 = y1(t,L) = —Ym1(t, L)
for the clamped string and
dxwi(t, L) + Bi(9ywi(t, L)) = vi(t)

S Zil(t! L) - ziZ(t’L) + Vci(ta L) i(zll(t! L) + ZIZ(t>L)) = Vci(t’L)Ui(t)
= (Id +ci(t,L)fi()) (z11 (2, L) + z12(, L)) = Vei(t, L)vi(1) + 2zi2(t, L)

for the other strings. Therefore, if we now assume that the functions f; are monotone, then on the left-hand
side of (10e), Id + +/c;(t, L) i (-) is invertible for each t with inverse (Id + /c;(t, L) f;(-)) ™ =: h(t,-) and
the boundary condition (10e) can be rewritten as

zi1(t,L) = —zip(t, L) + hi(t, 2z;2(t, L) + 0;(t)), i=2,...,m,

Yi(t,L) = —Ym4i(t, L) + hi (2, 2ypm4i (2, L) +0;(2)), i=2,...,m
This provides the boundary conditions at the end x = L:

y1(t,L) = =yme1 (1, 1),
yi(t, L) = _ym+i(ta L) + hi(t, Zym+i(t, L) + Ui(t)), i=2,...,m.
Thus, our example (after normalization of the length) is of the format (1).

Remark 1. We remark that there are many more examples—in particular for systems of semilinear
hyperbolic balance laws on metric graphs—that exactly fit into this framework. These are, e.g., networks of
open channels with the dynamics governed by the shallow water equations with wall friction; see, e.g., [18],
or networks of gas pipelines [16]. Moreover, networks of semilinear Timoshenko beams [17] can be written
in the framework of (1) as well.

3. TimeE-DOMAIN DECOMPOSITION

We now embark on time-domain decomposition of the optimal control problem by decomposing the
optimality system (1), (5)—(7). The procedure pursued in this article is very much inspired by the work
in [15] for the wave equation and the Maxwell equations in case of linear dynamics. The novelty of the
current article lies in the fact that we deal with first-order semilinear equations of hyperbolic type with
coefficients varying in space and time. The emphasis on the non-overlapping paradigm in time-domain
decomposition and the particular focus on the method described in [15] is due to the fact that after the
decomposition of the optimality system into subsystems on [T, Ti+1] X (0, 1) with

0=TH<Th <+ <Tp <Tpy1 <+ <Tg <Tg41 =T,

the subsystems themselves are optimality systems for suitably chosen optimal control problems on the
subdomains. By this procedure, the original optimal control problem is iteratively decomposed into



TIME-DOMAIN DECOMPOSITION FOR OCPS GOVERNED BY SEMILINEAR HYPERBOLIC SYSTEMS 7

optimal control problems on [T, Ty+1] X [0, 1], which, in turn, can be solved completely in parallel.
Another distinguishing feature is the fact that the approach is formulated completely in the continuous
space-time setting in which also a proof of convergence will be given. To the best of our knowledge,
there is no other paper in the literature meeting these requirements.

We now formulate the time-domain decomposition procedure for the general optimality system (1),
(5)-(7) and then focus on the case of unconstrained controls u, v and quadratic costs as in (8) for a
proof of convergence in the next section. To this end, we denote the restrictions of yi, pk, uk, vx to
Qk =Ir x (0,1) with Iy := (Tx, T+1) by

Yi = y|Qk’ Pk = p|Qk, U = u|Qk’ U = U|Ik~
The idea is to satisfy the continuity conditions
Yk (Tir1) = Yer1 (Ter), k=0,..., K -1,

PelTer) = pron (Tew). k=0, K~ 1, (12
in the limit of an iterative procedure. We therefore use the decoupling
yZH(TkH) + ﬁPZH(TkH) = ¢Z,k+p k=0,....K-1, (13)
yr (Te) = Pop ™ (Te) = ey k=1,... K,
together with the update rule
Dt rar = (1= 6) (U1 (Tiwr) + B (Tirn)) + € (Y (Tir) + By (Tesn)), k=0, K—1, (19)
P = (1= ) (yi_(Te) = Bpp_(Ti)) + & (y3 (To) = Bpi(Th)) k=1,...K
wheren =0,1,2,..., > 0,0 < ¢ < 1. As mentioned in the introduction, f is related to the corresponding

parameter in the algorithm of P. L. Lions [22], while ¢ can be interpreted as a classic relaxation parameter;
see [3].

Remark 2. Suppose that the iteration (13), (14) converges forn — oo, where yy., p, uk, vk solve (1), (5)=(7)
on Qy. Then, (13) holds without iteration indices n and n + 1. As a result, the iteration updates (14) and the
decoupling (13) reduce to

(1= &) (Yk(Tiesr) + Bpr(Tiewr)) = (1= ) (Yot (Tirr) + Bpreas (Tke1))
(1-28) (y(Tie) = Ppie(Te)) = (1 = &) (ye-1(Ta) = fpi-1(Tk)) »
where we may divide by (1 — €) and shift the second equation by k — k + 1 to obtain
Yi(Tier) + Por(Ter) = Yrr1 (Tesr) + Ppier (Tiewn),
Yr+1(Tier1) = Bt (Ter) = Y (Tiewr) — Bpic (The)-
Adding the last two equations leads to
Yk (Ter1) = Ykt (Terr)s Pr(Tier1) = prest (Thewr)-

Thus, (12) is satisfied and, in the limit, the continuity conditions hold. Therefore, the non-overlapping
domain decomposition (13), (14) appears reasonable.
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In view of this remark, we propose the time-domain decomposition
yp + A(t,x)oxyy = fi(t,x,up,yp),  (t.x) € Ok,
app + At x)oxp = DyL(t, x, ul, yp) — (Dyf " (t.x,ul, y}) + 05 A(t,x)) pp,  (£,x) € O,

m

yp(t0) = D gLyl (£0), i=m+1...d tel,
j=1
d

it 0)lpps(£,0) = D7 12,1 0|yl (& 4, (1, 0)pp(£0), i=1,....m, tel 5)
j=m+1 1

d
) = Y gh(tol eyl (t1), i=1...m tel,

j=m+1

14:(t, 1) Ipy; (1, 1) = lej(t, D]yg;; (8,0, (8), yi; (£ D)pg; (£,1)
j=1
—Z)ylr:iLb(t,Z)Z(t),yZ(t, 1)), i=m+1,...,d, t €.
of System (5)—(7) together with (6), (7) and (13), (14), which have to be extended by

Y5 (0.)) =yo,  pg(Tks1,) = 0.
Here, we use the sub-index notation y;’; to denote the ith element of y; and denote the derivatives
w.r.t. y on the distributed level by D, while for the boundary terms, we use 9.
Fork =1,...,K — 1, we now introduce so-called virtual controls gi x—1 (x) for x € (0, 1) in the sense
of [13, 15] and consider the following virtual control problem on Qy:

. 1
min Je(Wes yi) + =
Gk, k-1 Wi Uk 2B

st Oy + A(L, x)0xyk = fr(t, X, uk, yi),  (£,x) € Ok,

(I (Tier) = Bkl g 00 + kil 110

m
yi(1,0) = > gty (£0), i=m+1,....d tel,

=1
d (16)
yki(t, 1) = Z gllj(ta Z)ki(t), yk](ta 1))> i= 1; oy t e Ik,
Jj=m+1
Y(T, X) = Pk-1+ grk-1,  x € (0,1),
u(t) € Ujd a.e.in I,
o(t) € U;’d a.e. in I,
where Ji. (w, yx) is given by (2) restricted to Qx, i.e.,
Tres1 1 Ties1
Ko = [ [t avae [ noo.ue ) dr (17)
Tx 0 Tr

Theorem 2. Suppose that the controls gy k—1, Uk, v, and the state yi are optimal for the virtual control
problem (16). Then, there exists a unique adjoint state pr € L*(Qx)? such that yg, py satisfy (6), (7) and
(13), (14), (15). In particular, the optimal virtual control gy x— is given by

k-1 = i (Ti).
Proof. The proof is essentially an adaption of the proof of Theorem 1 (cf. Theorem 3.4 in [4]), where the
additional virtual control gx x—; now appears in the initial data, while the extra term

1
ﬁllyk(TkH) = Phfert ”iz(o,l)d
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is an adaption of Lt in the original cost function (2). The Lagrangian of Problem (16) is thus given by

L (Wk, Yk, pr)

1
= Je(We yi) + B (Ilyk(Tk+1) - ¢k,k+1”iz(0’1)d + ||gk,k—1||]2}(0’1)d)

! 1
+ Z (/O Yii (Ter1) i (b)) dx — /0 (k-1 + Grer—1)ipri(Tk) dx)

Tiew1 d
/ (Mi(t’ 0)|yki(t, 0)pi(t,0) — Z |4;(t, 0)|911-i(t, 0ki (1), yri(t,0)) pr; (¢, 0)) dt

Tk j=m+1

2

+1

+

m
i=

1
*2
1
d
m

d

T+ m
/T (Mi(t, Dlyri(t, Dpri(t,1) = Zlij(t g5 (8, yri (1, 1)) pi; (2, 1)) dt

k j=1

Tiew1 1
- Z / / (Yri (Oepri + 0x(Ai(t, x)pri)) + fiei (L, %, uk, Yi) pri) dx dt.
i=1 YTk 0

Taking the corresponding variations of Ly w.r.t. yg, uk, vk, and gi k1, we arrive at the conclusion. O

Remark 3. The virtual control problems fork = 1,...,K — 1 have to be complemented by a corresponding
problem for k = 0 and k = K, respectively. Clearly, for k = 0, no additional virtual control is needed as

Yo(To) = y0(0) = y(0) = yo
is given data, while atk = K,

px(Tkv1) = px(T) = p(T)
is prescribed and, therefore, no penalty term for the upper transmission condition is needed. We remark
that the fact that the iteration procedure can be reformulated as an iteration involving parallel virtual
optimal control problems on the sub-intervals is important for applications, where one wants to resort to
solvers for this kind of standard tracking-type optimal control problems. We will dwell on this potential in a
forthcoming publication in which the numerical realization is at the focus.

Remark 4. As for the existence of optimal controls for problem (3), we reiterate the remark from the
introduction that, in general, no such result seems to be published yet. However, for distributed controls
where the spatial part is kept fixed, a rather general existence result is given in [27], where the method
of characteristics is used. In case of time-independent coefficients, one can use semi-group theory to
achieve well-posedness in a Sobolev-space setting for the semilinear problem such that the cost function
is sequentially weakly lower semi-continuous w.r.t. sequences of pairs (u™,y™). In the given case of time-
varying coefficients, one may use the Kato framework of evolution operators; see, e.g., [12]. For the case
of quasilinear equations, which we do not study here, we refer to [2]. We also note that the theory of
semi-global classical solutions by Tatsien Li, in particular its extension to BV-solutions, might be used; see,
e.g., [19, 20]. In this article, we do not embark on this issue, and refer instead to an upcoming publication.

4. CONVERGENCE FOR THE CASE OF UNCONSTRAINED CONTROLS

In order to approach a convergence proof for the iterative time-domain decomposition (13)-(15), we
assume, for the sake of simplicity, that the controls are unrestricted and appear linearly in (1). In the
general nonlinear case, as in [4], one has to formulate appropriate conditions on the nonlinearities that
guarantee coercivity w.r.t. controls. We also refrain from taking into account control-input operators
that map the corresponding control spaces into the state space, but rather accept that where controls
are present in the state equation or at the boundary, they have full access to state variables. Again, the
general case can be handled as well but results in tedious details that are not of interest in the first place.
The same remark applies to the terms in the cost function. We thus stick to the tracking-type case as in
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Example 1. This means we consider

oryi + Ai(t, x)oxyi = fi(t, x,y) + us, i=1,...,d, (t,x) €Q, (18a)

m
yi(£,0) = )" g%, (1)y; (t,0), i=m+1,...,d, t €(0,T), (18b)

j=1

d
it 1) =u(t)+ > gty 1), i=1,...,m te(0T), (18¢c)
j=m+1

yi(0,x) = yoi(x), i=1,...,d, x€(0,1), (18d)

together with the cost function

k [T 2 p [T 2
sy =5 [ [y valaarar+ 2 [y - vao 2,
0 0 0

LA Y pofro 1
+ E /(; [ ||u||Rd dx dt + E ‘/0 ||U||Rm dt.
The control problem considered from now on thus reads
min J(w,y) st (w,y) satisfies (18). (20)
wy
We go back to the decomposed optimality system (15), which reads
Oyg + Adxyl = fi (tyx) +up, (t,x) € O, (21a)
dupy + Adxpy = k(Y —ya) — (Dyfi| +xA)p}, (t,x) € Ok, (21b)
yr(£,0) = Zg?j(t)y;;j(t, 0), i=m+1,..., teT (21c)
j=1
d
gt ) = > gh(tyl (6 1) + g (1), i=L...mtel,  (21d)
j=m+1
d
|4i(2,0)|pg;(2,0) = Z g?l.(t)Mj(t, 0)|ij(t, 0), i=1,...,m, t €I, (21e)
j=m+1
m
i (2, Dlpy; (1, 1) = Z 9y (g5 (8, yg; (£, D)1 (£, D Ipy (£, 1) (21f)
j=1
- plyp (1) =y (1), i=m+1,..., teT, (21g)
and .
yZ(Tk+1) + IBPZ(T]C+1) = Z,7C+1’ k = Os cee >K - 15 (22)
YT - BT = 617 k=1..K
together with (14) for n — 1 as well as
W= pl o, = At Dlpf (e ). 23)

We introduce the errors

~no._ o n ~no._ .n ~n o ._ .n ~no.__ . n
Ue =Yg~ Yk Pp=PE Pl U T up — Uk TS 0p Ok
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These errors solve the semilinear problems for each k =1,...,K — 1, i.e.,
Ay + Adily = fi(y) — filye) +d,  (£,x) € Ok, (24a)
aipyr + 0x(APp) = xiip — (Dyf (y0) g — (Dyfe ()" = Dyfi(ye) Dpr  (6,x) € Ok, (24b)
m
Ui (£,0) = Zg?j(t)g,'jj(t, 0, i=m+1,....d tel, (24¢)
j=1

d

Jj=m+1

d
|Ai(t, 0)|py,;(2,0) = Z g?i(t)|/1j(t,0)|ﬁ,'c’j(t,0), i=1,...,m, t €I, (24e)

Jj=m+1

st DIF () = Y 1258 D129 (1 4 (6 DI (61) = 0yl i Dpry (1)) (24D

j=1
= pi;(t, 1)), i=m+1,...,d, t e, (24g)
and ) )
QZ(TkH) + ﬁPZ(Tk+1) = d)]zj(_l*_la k= 0’ cee >K - 15 (25)
T - Bpp(T) = dpil,  k=1.. K,
together with (14) for n — 1 as well as
v = pi, - pog; = (L DI (81). (26)

In order to turn (24) into a semilinear problem just in 7}, pi', we may rewrite

Je(ty) = fie(t. 4 +yi), - Dyfie(yi) = Dyfie(Gg + ).
Notice that the decomposed optimality system (24), (25) for the errors is again the optimality system w.r.t.
a corresponding virtual control problem in analogy to (16). This implies that the iteration is well-defined,
according to Theorem 1 and 2. The following arguments follow the spirit of [15]. We introduce

X = ((¢k,k+1)f:_01 , (qﬁk,k_l)lk(:l) e X = L2(o, l)ZKd,

K-1 K (27)
XI5 = D MgkkealZeoya + D k1220100
k=0 k=1

For given iteration histories ¢ k+1 and @ k-1, i.e., for given X, we consider the unique solution y7, p;* of
(24), (25) and then define T : X — X by

TX = ((yk+1(Tk+1) +ﬁPk+1(Tk+1))11§:_01 s (Y-1(Tx) = ﬁPk—1(Tk))f:1) . (28)

As the evaluation of the states and adjoint states involves a nonlinear process, the mapping T is nonlinear,
even though the transmission conditions are linear. Thus, formally, in order to estimate the errors, we
need to write T(X") — T(X), but when we understand that in the arguments below we always consider
the solutions of the semilinear problem, no ambiguities appear if we write T(X" — X) instead. Keeping
this in mind, we replace in the sequel X" — X by X" and in fact just by X". The key for our convergence
proof is the fixed-point iteration

X™ = (1-)TX" +eX", ec[0,1). (29)

Thus, we have
X" = (7 (Thwn) + B (Ton)) oo » (37 (Ti) = BT, )

(30)
TX" = (3, (Ten) + B3, (Ten) g » (55, (T) = B (T0) )
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at iteration n. Moreover, we define the energies
K-1
&1 = 1T O e + BB e €= > EF(Tar) + &y (Tion). (31)
k=0
Now, abbreviating the norm indices by L? in place of L?(0, 1)¢, we have that

K-1 K
X1 = > G2 (Tera) + B (Tesn) 12 + Y 52 (Te) = B (T lI2,
k=1

k=0
K

—_

(HQZ(TkH)”iz + Z,BgZ(Tkﬂ)ﬁZ(TkH) + ,32“132(Tk+1)”iz)

k=0 (32)

K
+ 3 (19T, - 265 TOF T + BB TN )

k=1
K-1 K
=&"+2p (Z G (Tes)P (Tiers) = . yz@)ﬁz(m)
k=0 k=1
holds. We now multiply (24a) by p} and integration by parts then leads to
Tics1
O‘/T / (00 + Ad? — (felt, ) — filt,ye)) — ) P de dt
k
- / (2 (Tee) B () — G (TOB(T0)) dx
0
Tie+1 . 1 Tres1 5
+/ [Aygp,’:“xzodt—/ / ukpkdxdt
T Tx 0
Tie+1 . N N Tkt
[ [ @ o axar - / / (et o) — fut,ye))p de dt
k 0

. /0 (02 (Tes) B0 (Tewr) — (TR (T)) dx

_Z/ i (t, 1)|2 pkz(t 1)2 dr — Z /‘Tk+1 pykl(t 1)2 dr (33)

i=m+1

Ties1 Ties1
/ / ﬁZﬁdedt—K/ / 0y dxdt
Ty 0

Tiew1
+/ / G (Dyfi(ty)T +0xA) P+ (Dyfi(t.y) T = Dy fi(ty) ) i)
Ty 0
- (fk(t yp) — fi(t,ye))py dx dt

L Tres1
2 Zl / 1248 D (775 1) (048 (5 (1 )P (8 1) = Dyl (s (& DIpia (8, 1))
i=1 j=m+

- A1) (9l iy (1. 1) =gl (s (1. 1))
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Next, we use (33), 75 (To) = 0, and pg.(Tx+1) = pi(T) = 0 to obtain

ny 2 n . Tien ! ~n2 1 ~n2
IX"|12 =& +2ﬁZ Kl gP12a + = 152112, dx dt
k=0 Ti 0 v
Tre+1 T+
o/ S A DRF (6 02 di 4 Z |t
i=1

T+
+/Tk /0 (fiewp) = filye) = Dyf (YL Py

Tie+1
— (Dyfi(yp) - yfk(yk))ykpkdxdt—/ /ykaxAdxpkdt

(34)
Tics1
.S Z / 246 D1 (37, (51) (9yg (0 (8 1) = dygl (s (1, 1)) pf (1))
i=1 j=m+1
L T+
- / A4 DI, (1 1) Dyl (s (6 D) (1 1)
i=1 j=m+1
m d T+
-2 > / 24t DIBE (1 1) (g1 (9 (6. 1) = g8y (s (1. 1) dt)
i=1 j=m+1
E"+F"
Similarly, we have
ITX"|)5% = &" - F". (35)

Proposition 1 (Lemma 2 in [15]). Foranye € [0,1) andn € N we have
(i) 8n+1 7:n+1 < &M — (1 _ 26)7"",
(ii) &1+ Xt c(e)F! < & withei(e) =1 - 2¢, cpar(e) = 1, and cj(e) = 2(1—¢) forl =2,...,n

Proof. As the proof is on the level of relations between EML Frl gn F7 only, we refer to [15]. O

In order to utilize the crucial property (ii) of Proposition 1, we need to establish a lower bound on ",
where 7" is defined in (34). To this end, we need to compensate the nonlinear terms. In order to simplify
the presentation below, we simply assume uniform norm bounds on the distributed and the boundary
nonlinearity, respectively.

Assumption 1. There exist bounds Lf, Ly 20 such that fort € [T, Tes1], k= 0,...,K — 1, we have
() IfiCt L 1Dy filt, L, < Ly, llg' (&)1 9yg (811 < Ly,
(ii) and it holds
1(Dyfic(t, y) = Dyfic(t y )Tl < Lellge (Dl 2 14
/e (2 ) = fie(tyi) = Dy fie(ty )Gl < Lell g (Dl 2 0.4
1Byl (U (8, 1) = dygly (uis (8, D) < Lyl (1.1,
(9L, D) = gL (s (6 D) < Lyl (2, 1.
Remark 5. If we do not assume the boundedness of the derivatives of the nonlinear terms, we may use
the “Stampacchia-trick” in the sense that we first extend the corresponding derivatives outside a given ball
by constants and then show that for small enough data the solutions stay small and, hence, the extensions
are not active. This procedure, however, would substantially extend the arguments and the length of this
article as error estimates for the state and its traces would be in order. For the general concept however,

see [5]. As this is very closely related to the issue of existence of optimal controls, we defer the analysis to a
forthcoming publication. As of now, we therefore leave it to the reader to assess the validity of the remark.
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We rewrite the the last integrals and use Assumption 1 to obtain

m d Tiena
> / 124 DI (6 1) (D09 (0 (6 1P = gl (s (6 D)pra(e, D) e

i=1 j=m+1 YTk

m  d Tie+1
-2 /T 1246 DIBE (6 1) (g8 (9 (8 1)) = gl s (2 1)

i=1 j=m+1% Ik
d Tie+1
/ 23t D1 (372 (61) (948 (02 (1 1)) = Bugly (s (1. 1)) pra(e, 1))

i=1 j=m+1Y Tk
m d T+ 5
. /T i (£ DG, (1. 1) (g3 (s (8 DIBE (8, 1) de (36)
i=1 j=m+1* 1k

m  d Ti+1
-0 /T 1248 DIBE (6 1) (g2 (97 (8 1)) = gl s (2 1)

i=1 j=m+1

T I . 2 Tres1 d . 2
<Lyd=m) [T R DI 0 D Lt el [ 1 dr
2 =1 %

Jj=m+1

Tieyy 1M Tie+1 d
< Lyyy / 248 DI (6 DI e + Lya / PR
Te =1 Te  j=m+1
where, y; = d—m, M > 0, is such that the original boundary controls v; (¢) with po;(t) = |4;(¢,1)|p;(¢, 1)
satisfy

m
Z|vi(t)| <M and ay=pM+ Al (o1ye-
i=1
Notice that due to the L™ -existence result in [4] w.r.t. time and space, such a number exists. We also need
to estimate the contribution of the distributed nonlinearities (34), which corresponds to the Lipschitz
constants Ly. We have

K Tie+1 1
S L ) = it = DU D) B (Dt ) = Dofit0) ) e
k=0 ¥ ‘k

K Trt1 1
= Z/ / (Lpag G2 + LovplpyIE, ) dxd,
k=0 ¥ Tk 0
(37)

with ay = % +||plleo and yp = % As in the case of nonlinear boundary conditions, with vu = p, and
the L™ -existence result of [4], ||p]lc < M holds. We also recall the estimate (36) for the boundary
contributions, which used together with (37) in (34) leads to

K T 1 1
Fl>2p) ( /T /0 ((K — Lyap)llg|I* + (; —Lfyf) ||ﬁ,i||2) dx dt
k=0 Kk

1 Tk+1 m . d Ties1 5
+(—— gyg) /T 3 e DR (1 17 de+ (0 - Lyay) D] / |35t 1>|dr).
k

H i=1 i=m+17 Tk
Assume now that the parameters k, p are chosen sufficiently large and y, v sufficiently small such that
0 =Kk — Lray > 0, Oy = % —Lgyr >0, O3 = [ll - Lgyy, > 0,and &4 := p — Lyary > 0 holds, and/or L, Ly
are sufficiently small. Then, Proposition 1 (ii) yields

n+1

K Ties1 1
g™+ Y ale) ) ( /T [ aladiiz + sl ex
=1 k=0 k 0

Tir1 M 2151 9 Tres1 d 1 2
+ 85 /T DA DP B (8 DI de + /T > Sl (L DI de
i=1 k

k i=m+1

(38)
<&, n=12...,
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and, in turn, (38) provides
&" is bounded,

g — 0, pr — 0inL? (s L*(0,1)), (39)
(1) >0, i=1..,m gL(51) =0, i=m+1,...,d in L*(),

as | — coand for ¢ € [0, 1). We see from (39) that & — 0and &} — 0in L? (0, T; L*(0, 1))d or L2(0,T)™,
respectively. Due to the continuity of the nonlinear functions fi and ¢*, we obtain vanishing right-hand
sides in the state and adjoint equations and homogeneous boundary conditions in the limit on the entire
sequence. Due to the uniqueness of the solution of the optimality system, the initial and final data
G2 (Tie), G2 (Teewr)s pR(Tk), and pi(Ti41) converge to zero in L%(0,1)%. As the functions yi(-) and pr(-)
satisfy Conditions (12), in the limit, the transmission conditions hold. This is true even for ¢ = 0.

Theorem 3. The iteration (21)—(23) with ¢ € [0, 1) converges to (1), (5), (26) in the sense that the solutions
(yi py) of (21)~(23) strongly converge in L* (0, T; L*(0,1)) to (yx, px), which is the solution of (16), (17)
fork=0,...,K.

Remark 6. Fore € (0,1), we can derive the convergence of the initial and final data for y}', py at Ty, Tr+1
directly. To this end, we consider the identity

K-1
TX"X" = 3" (57 (Tew) + BB} (Tesn)) (B (Tewn) + Bt (Tew)
k=
' K
+ > (T - BpE(T) (G, (Te) = B, (To)
k=1

-1
=2 (!?;?(Tkﬂ)ng(TkH) + ﬁzﬁZ(Tk+1)ﬁ]’:+1(Tk+l)) .
k=0
Thus,

1
—ITX" = X"||5 = 8" - TX"X"
2
1 (40)
= Z (IIQ,’Z(Tkﬂ) = Gp o (T 132 + IR (Tiewr) — ﬁkH(Tkﬂ)Iliz) .
k=0

On the other hand, with T, := €l + (1 — €)T, we obtain that
ITPX =T/ X x = (1= )ITX" = X"[|x — 0

holds according to Schaefer’s fixed-point theorem [26] for ¢ € (0,1). This directly shows the desired
convergence.

Remark 7. It is apparent from the proof of Theorem 3 that the convergence of the iterative process (i.e., the
fixed-point iteration) and its rate depend on a proper choice of the parameters x, u, v, p determining the cost
function and B, ¢ which are defined in the iteration procedure, as well as on the bounds in Assumption 1.
In order to get a general idea of the role and the choice of  and the relaxation parameter ¢, we refer to
the analysis in [9] for  and to, e.g., [3] for €. As can be seen immediately from the proof of the theorem,
B > 0 is essential, as it is the factor of the dissipative part . Nevertheless, for f = 0, the iteration is on the
state, only, and is similar to a non-overlapping Schwarz algorithm for the state variables, while the adjoint
variables are not affected and, therefore, one cannot expect convergence at the interface. The question of how
to choose the set of parameters optimally is open on the general level and has to be answered via specific
numerical examples. A rigorous treatment is, therefore, not possible in the current article. However, an
analysis as in [6], which was conducted for a semi-discretization of a parabolic problem, may be applied for
a very particular scenario, namely, for a simple optimal control problem for a linear harmonic oscillator.
Again, the analysis is beyond the scope of this article. In Section 7, we provide some insights into the choice
of the parameters, where we focus on the wave equation as in our Example 2 (for a single link, i.e., d = 2)
with costs as in Example 1.
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Remark 8. We see from the proof of Theorem 3 that with the given nonlinearity fi, we need the distributed
control uy to compensate the appearance of the nonlinearity in the estimates. We also need the tracking
term with k > 0 being distributed over space and time. On the other hand, in this setting, we obtain stronger
convergence results than in [13, 15].

Remark 9. Distributed control with full access to the state are typically hard to implement in practice. For
boundary controls, on the other hand, full access is a not critical issue. As our convergence proofs reveals,
full access to the state is however essential to compensate the distributed nonlinear term. In this respect, we
add that one may replace the distributed control by yet another virtual control, however, at the expense of
introducing an approximation to the adjoint variable appearing in the optimality system on the decomposed
level. We do not have the space to elaborate on that variant here in detail but refer to a further publication.

5. CONVERGENCE IN THE PRESENCE OF CONTROL CONSTRAINTS AND LINEAR DYNAMICS

In this section, we consider pointwise constraints on u and v, i.e.,
d b .
u(t) €Uy, o(t) €Uy aein(0,T). (41)

However, we do not take into account nonlinearities. It turns out that the interaction of the control
bounds with the bounds on the nonlinearities is rather complicated and not fully explored up to now.
Nevertheless, we provide the convergence proof as also this extension is new in the context of optimal
control for linear hyperbolic systems. We, thus, consider the tracking-type optimal control problem (20)
together with the constraints (41). We notice that this has not been considered even in the context of
[13, 15] and, thus, extends the literature in this direction. With the cost function given by (19), the
optimality conditions (6), (7) are given by

d
Z(vui — pi(t,x)) (B —ui(£,x)) > 0 a.e.in (0,T) x (0, 1), (42a)
D (woi = |Ailpi (6, 1) (8 = 0:(1)) 2 0 a.e.in (0,T) (42b)
i=1

forall 4; € UY, 6; € UP,, or
(vu—-p)(t,x)(@—u)(t,x) =0,
where the product is understood as the scalar product. We also have

(vur = pie) (£ %) (e — uge) (£, %) 2 0

for the solutions on I X (0, 1) and, by similar arguments, for u}, p;!. Moreover, we also have

Ties1
/ / (vuy — pp) (g —up)dxdt >0 forall dy € de. (43)

For the corresponding errors we obtain (with uy € U d)

Tie+1
OS/ / (vity — py + vug — pr) (ug — uy) dx dt

Tie+1 Tie+1
/ / (vity — py) (i) dx dt — / / (vug — pr) (uf — uy) dx dt
and, therefore,

T+ Tien 1
/ / (vt — —ty) dxdt > / / (vug — pr) (uff — ug) dx dt > 0.
Te T 0
Tre+1 T+
/ / iy pp d dt > v/ / iy dx dt (44)
Tk 0 Tx 0

Hence,
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holds. By the same argument, we obtain

T M Tir1 M
/ ZM (£, )P (1, )37, (1) dt > ,1/ ka (t)%dt, (45)
Tk+1 Tre41
/ [A(t, D)1py (¢, 1) (¢) dt > y/ op ()0 (t) dt, (46)
Tk Tk
where (ul, of, p}) and (@}, 97, pit) solve (21) and (24), respectively. We recall (33) and rewrite it as

1
/ T (T B (Tesr) — 7 (TR (Te) dx
0

T M
/ D DI O 0. D e+ / AT

i=m+1

Tie+1 Tie+1
+/ /uZﬁdedt+K/ /||yk|| dx dt.
Tk

Then, according to (32) and (34), we obtain

T”:ZﬁZ( Zu (&, DIE7 (Dp (1) dt+p/ Z |12 dt
k=

Tk i=m+1

Tie+1 Ties1 1
/ / ﬁZpdedt+K/ /llg,’jll%ddxdt.
Ty 0 Ty 0

Next, using (44) and (46), we can estimate ¥ from below by

K T+ 1 Tiet1
?’nzzﬁZ(/ / kllg 12 dxdt+/ / v[apl3, dx dt
k=0 \YTe 40
Tres1 m T+
+/T #Z|5Z,~|2dt+ﬂ/ Z kallzdt)

k i=1 i=m+1
The definitions in (27)-(31) stay unchanged also in the case under consideration, whereas (34) now reads
IX"||2 = &" + F", where now F" is given by (47). By the same argument, we have | TX"||x = &" — F"
and Proposition 1 as well as (37) hold true as well. Thus, we arrive at the conclusion that

&" is bounded,

gp — 0in L? (I, L*(0, 1)),
pp — 0in L? (I, L*(0, 1)),
dy; — 0in L(Iy),

(48)

asn — oo,

Theorem 4. Suppose that the controls u and v satisfy the pointwise constraints u(t) € Uf ,o(t) € U: ,
where U:‘d c L?(o, l)d and U;’d C R™ are convex and closed. Further, let the iterates be defined as solutions
(yp. pp) of (21), (22) with (43), (45). Then, these iterates converge in the sense of (48) to the corresponding
solutions of (1), (5)—(7) together with (9). In fact, we have (42).

6. A POSTERIORI ERROR ESTIMATES

We now embark on a posteriori error estimates for the iterates discussed in Section 4. Such estimates
are important for the decisions on the choice of the breaks points T;.. Moreover, following the intention
of this article, these estimates are developed on the continuous level. In the interest of space, we
develop the estimates only for the case of unconstrained controls and nonlinearities in the state equation.
Boundary nonlinearities can be handled similarly. In order to provide the corresponding information,
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we introduce measures for global and local errors, pointwise in time, as well as measures of mismatch
at the break points. In particular, we introduce the accumulated global error

1 1
e" '= max iM%, . dx + max 512 dx
ogksK/o 19217 1 6+ max | BN

K Tpy 1
+ ,Z(; /T Z;Mi(s, 0)[37;(s,0)* + A (s, DI (5,1)? (49)

d
+ 0 il DIdiss, D + |Ai(s, 0)|fi(s,0) ds

i=m+1

and the pointwise local error on Ij

1
1) = / 157 (OI1%0 + 17 ()2, dx

d
/ Zui(s, O)gp (5,0 + > Ails, DIg;(s, 1) ds (50)
Tk i=1 i=m+1
/ ZM (s, DIpE (s, 1) + Z |2:(s, 0) 512 (s, 0)% ds.
i=m+1

We further introduce the mismatch at the break point Ty, at iteration n via

8]’;3](.‘.1 (Tier) = ”y]r:(TkH) - y,'c’ﬂ (Tk+1)“iz + ”PZ(TkH) _PZH (Tk+1)”iz (51)

and between two consecutive iterates n and n + 1 as
1 ._ 12 1 2
& (Tesn) = lYE (Tern) = vy 20 + 197 (Ter) = P (Ter) s
n,n+1

e = max |lef + e nH
[ || e L1 -

We further need energy estimates for y, 7}, p, and p;. To this end, we multiply the state equation (18a)
by y and integrate to obtain

_ /tfl(aty+Aaxy—f(t,y)—u)ydxds
-1 /0 Iyl dx+ / Z/l,yl ds— 1 / / Zlaxai||yi||§ddxds (52)
_/0'/0f(s,y)ydxds—'l /0 uy dx ds.

d
1
5 Zlm Dyi(t,1)? = 4, 0)y; (1, 0)?

Moreover, we have

m d 2 d
—%Zm(t, 1>|( ARG 1>+v,~<t>) +§ DAt Dyt 1) (53)

i=1 j=m+1 i=m+1

2
*= ZM (£,0)ly(£,0)° - = Z i, o>|(ZgU(t>y](r 0))

i=m+1
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and (53) turns (52) into

1 1 t 1 1 m t
3 [ [ paxase ) [ ol.or ds
0 0o Jo i=1 Y0

1 )
+5/0 D ils Dlyi(s, 1) ds

i=m+1

1 ! ) t prl 1 rt 1@ ,
= 5/0 ||y||Rd(0) dx+'/0‘ ‘/0' uydxd$+5'/0‘ \/O' ;ax/'{i”yi”Rddxds
1 t m d 2
1
+EA’ ;l/‘li(s, 1)| ( Z g,](s)y](s, 1)+Ui(5)) ds

Jj=m+1
1 t d m )
0
+§/0 Z |2 (s,0)] (Zgij(s)yf(s’o)) ds.
i=m+1 i=1

Furthermore, we have the estimates
d

l ‘S /11‘ S, (

2/0 ;' (s. 1) 2

18 [t d 2

EZ[ Mi(s, l)l(z( Z g}j(S)yj(s, 1)) +Ui(s)2) ds

Jj=m+1

2
9 (s)yj(s, 1) + vi(s)) ds

IA

m d

: d
O [l D g ) w1 ras?ds

i=1 j=m+1 j=m+1

t m d d m
= /0 (Mi(s, nl Y, g3j<s>z) D7 (s 1P+ Y (s, Dloi(s)* ds,
i=1 i=1

j=m+1 j=m+1

IA

Similarly,

19

(54)

(55)

1 t d m 2 1 t d m m
5 /0 ) |A,-(s,0)|(Zg?,-(s)yj(s,m) ds < o /0 (Z Mi(s,0)1 > b ()2 Y y5(5,0)%ds  (56)
j=1 j=1

i=m+1 i=m+1 j=1

holds. In order to absorb the terms (55), (56) into (54), we assume

d m S m d
2 2Dl 5 D) D g (5.0)] <

i=m+1 j=1 i=1 j=m+1

Then, (54) becomes

1 1 ) t 1
3 [ e [ [ fmyaras

+1;5/ti|/1-(s 0) i (s O)st+l;5/t Zd: (s, 1)|yi (s, 1)2 ds
2 0 L ACH yils, 2 A ilS, yils,

i=m+1

1 1 t 1 m t
35/ ||y(o)||ﬂ§ddx+/ / uydxds+Z/ I (s, 1)oi(s)2 ds
0 0o Jo = Jo
1 t p1 d ,
o3 [ ] Yol axas
0 J0 =

NS

, 1>6>0.

(57)
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We now extend the estimate to the errors gji. To this end, we use Assumption 1 and obtain

1 t m t d
[ e =0y [ 3G 0l 607 ds e =0 [ it 0l (s, 1)
0 k

i=1 Te i=m+1

1 t el mo ot
< / ||QZ(Tk)||%d dx+/ / (ﬁZ)Z dxds+22/ [A:(s, )]oi(s)* ds (58)
0 T JO i=1 YTk

t p1
+/ / (L +1+ max|8x1i|) ||g1’:,~||]%d dx ds.
T Jo $,X
Multiplying the adjoint equation (21b) by p}, which satisfy

1/~ .
= (9 s — 5T

IBZ(TkH) = ﬁ

and integrating from ¢ to Ty, we obtain
Tiew1 1
0= [ [ @it + AoBEL+ (DUAGE + o)
t
+(Dyfi ()" = Dyfi(yi)T) prpy +xippy) dxde

1

1 ! ~n 2 |Tkn 1 Tl 3 ~nosn
=3 MBI, dxe 5 | Zlaxs,x)pkipki ds (59)
i= 0
Tie+1 19
+'/t /0 EaxAﬁ,'jﬁ,’j dx + kg py’ dx ds
T+ 1 Ton = T T o
o [ DB B+ (DU ) - DUAGYT) pif drds
Similar to (55)-(57), we need boundary estimates
1 d Tiew1 9 9
- Ai(s, 1)py(s,1)% = Ai(s,0) pri(s,0)" ds
2 ;‘/t Pr Pk
2
1 Tt m . d m .
= / SIZICR VY (Zuj(s, Dlg5 ()P (s 1)) (60)
¢ i=1 i=m+1 \ j=1
m d d
)02 A 0GB (502 = > A5, 0)[p(5,0)* ds.
i=1 j=m+1 i=m+1
We have
d m ) ) 2 d m ) 5 m N ,
DA eI R D] < > Y (A Dghe) Y B 1) (61)
i=m+1 \j=1 i=m+1 j=1 =1
and
m d 2 m d s d
Z( > A;(s,o>g;?i<s>ﬁzj(s,o>) <3 (M0Ige) Y B0 (62)
i=1 \j=m+1 i=1 j=m+1 Jj=m+1
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Recalling (57), we obtain from (59) together with (60)-(62) that

1 Tir1 M T 4
[upkaace =0 [ Y i s 0t -8 [ ) G060 ds
0 t = t

i=m+1
Tie+1 11 d - 2 ! ~
S/ / Ezax/li(s,x) (B dxds+/ 157 (Tes) 1.q dx
t 0 i=1 0
Tres1 1 o ~ ~
* / / Dy feup)TBipE + (Dufi ()™ = Dy fi(ye)T) prpy + i py dx ds
t

1 Tres1 1
< [1pen otz re [ [, 112 dxds
0 t 0
(63)
holds for some C > 0 that depends on the Lipschitz constant L in Assumption 1. Since in this section, as
it was the case in Section 4 as well, we deal with unconstrained controls. Hence, (26) holds. Therefore,
(58) reads

1 B 1 B 1 t 1 . 2 t m .
[aok.acs gk g [ 1o 2 [ e 0P e
0 0 Ve JTe Jo B J1e =
t p1 d ,
+ (L+1+max|aAi]) 10112, dx ds
[ [ Swnssmsaonies

t m d
- (1-9) /T D s 0l (5,07 + D Al DGR (s 1) ds.

i=1 i=m+1
(64)
Clearly,

1 1 1 1
[ i, a= [ gk, [ @k [ mke 6)
0 0 0 0

We now apply (64) to the index k — 1 and evaluate at T, which gives

1 1
/ 13, (T 12, dx < / 13, (T 124 dx
0 0

T, m d
=0 [ GO 5.0+ Y A DI (517 ds

Ti-1 =1 i=m+1
1 Tx 1 ) 2 T m s ) (66)
+ — o7 |5, dxds + — [Ai(s, D|°pr_, (s, 1)°ds
v2 ,/Tkl/o Prea e w2 Jr, ; Prev
T 1. d
+/ Z(L+1+max|axﬂi|) 157, 112, dx ds.
T Y0 527
With w := L + 1 + max|d,4;], (64) and (65) imply
1 T m d
[ xe =0 | [ 60l 607+ D) Gl 17 s
0 k-1 =1 i=m+1
t m d
+ / D i 0l (5,07 + > A, DI 1>2ds)
T =1 i=m+1
< ' ~n 2 g T2 ~n 2 4 (67)
< 95 (T lza = 1954 (T llga + 197, (Tk—1) 15 dx
0

Tr 1 1 t 11
n 12 n 2 <12 2
. / / LB 2 + ll 12, drds + / / L2, + ollgI, dx ds
Ti—1 Y0 v T 40 14

T 2 < 3~n 2 ! 2 C 3xn 2
S DPRE (s D s+ [ 5 s DB (s 12 ds.
Tre—1 H i=1 Tie H i=1
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We can now iterate (67) by replacing the term ||§7_ (Ti-1) ||]§d using (65) for k — 1 and then (66). This
procedure leads to

1 k-1 Ty I d
[l acs a -0 (Z [ D 0.0+ ) s Dlghs 17 ds
0 1=0 1 i=1

i=m+1
d
/ ZM (5, 0) g (5,02 + D Mils, DIgR (s, 1)? ds)

i=1 i=m+1

k-1 1
S; / 13, (i) 2. = 10 (Tian) |2 dx (69)

Tin t 14 B B
+Z / / LNBTI + ollG7I2, dx ds + /T [ 0B + ol dxds
x 40
Tin t g B
+Z/ ZM (s, DPpr(s, 1)2ds+/T I?Zu,-(s, 1)[pr(s,1)% ds.
k i=1

In order to arrive at an estimate for e (¢) in (50), we take the maximum in (68) w.r.t. k:

max [ 1701 6

Tpy 1 d
+<1—5>Z / DA, 0l (s, 02 + > 1Ails, Dlg(s, 1) ds
=0 YT = i=m+1

K

Ties 1 K Ties m
< ST S elgizedcds+ Y [ LN s 0P (s 0% s
= T 0 V2 kIRd yk R4 T ,L12 i\9 ki \®>
k=0 ¥ 'k k=0 * 'k i=1

1 (69)
#3 [ IT) = 3y Tl (1 Thn) s + o () ) e
k=0 Y0

K-1 1 2 (K-1 %

< 2(2 ||17,':<Tk+1>—ng(TkH)uRddx) ( / G (Tt I + 1571 (Tee) |2, dx
k=0 V0

K

Tier1 Tk 9 2 _
+Z/T / B+ ol ddxds+Z/T 7 D (510

We now go back to (63) and focus on the adjoint variable. We proceed in the same way and obtain

/ 152 (Tewn) 2 dx / 152 TP = 150, (Tean) 2 + 150 (Tewn) I
0

1
< / 152 T2 = 150, (T2 dx + / 150, (T2, dx
0

Tiers - (70)
we [ / 152,24+ 137, 2 dx ds
Tiew1

Ti+2 d
~a-0 [ S s DIt (51 + 3 a5 01, ds.
k+1

i=1 i=m+1
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Putting the last expression on the other side and iterating (70), we arrive at

1 Ti1 M d
[usoaaee [ DI 0 ) I 0lF (.0 ds
0 t i=1

i=m+1
K Tipy M d
e 30 [T YA IR  Is 0) (5.0
=Y = i=m+1
K pTia p1 K 1
<oy [ [ g drds e Y [T (T — 13 (T I 0

1=k VT IO 1=k /0
fork =0,...,K. Again, we take the maximum w.r.t. k and use the Cauchy-Schwartz inequality as before
and get

1 K Tier1 1 d
max / pr(de+ ) /T DI DIBE (s D+ D 1Ails, 0| (,0)* ds
0 k=0 YT izl

0<k<K .
i=m+1

K-1 1 % K-1 1 %
sxfz(z / ||;3,'2<Tk+1>—ﬁkH(TkH)néddx) (Z / ||ﬁ,’:(rk+1>||2+||ﬁk+1(rk+1>||§dw) (71)
k=0 70 k=0 V0

K T+ 1
~ 2 ~ 2
0 [ ORI 1P d s
k=0 v Tk 0

We add (69) and (71) to achieve, according to (50) and (49),

1
K-1 1 2
e"sﬁ(z / ||g,':(rk+1>—yzﬂ(nu)uﬂiddx) (
k=0 Y0

K-1 2

1
/ 157 (T g + 175 (Ter) 13 dx)
k=0 V0

1
1 2

K-1 1 % 1
+ \/E (Z / “ﬁ]r(l(Tkﬂ) _ﬁk+1(Tk+1)||]2Rd dx) (Z / ”13]’;(Tk+1)”?&d + ||ﬁk+1(Tk+l)”%d dx)
k=0 ¥0 0

k=0

Tie+1 1y ) _—
/ / BRI + oll I, dxds
T 0o V

K
k= k

K Tier

v [ [ s 1 das+ Y
£ T 0 kR4 kR4
=0

K 0

m

K Ties1 2 y
* Z/ 2 lei(s, D)pp;(s,1)* ds
k=0 ¥ Tk H i=1
1 = % K T+ 2 m
< 2\/§max (1, —) VEN &En (Ter1) | + / — |4 (s, 1)|3I~)n'(s’ 1)2 ds
B ; kk+1\h+1 ; ST ; ki

K T+ 1 1
+Z‘/T /0 (C+ ﬁ) 1212 + (C+ )21 4 dx ds.
=0 ¢ Tk

There is a computable constant C > 0 such that (72) yields

(72)

K-1 7
1 .
e" < 2V2 max (1, B) ok (Z 82,k+1(Tk+1)) +CF™.
k=0

We now need an estimate of #" w.r.t. &" and &", _ (Ty41). To this end, recall (40), i.e.,

k,k+1
K-1
ITX" = X"||% = 2(&" - TX"X") < 2max (1, %) Z & s (Tean).
k=0

On the other hand, according to Proposition 1 (i), (50), and (35), we have that
20-)F" <"+ F" - (8™ +F™) < IX" - FX" [ x2(1 - ) IX" || x (73)
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holds. Here, we used the definition of X! in (29) and the fact that || X"|| x is non-increasing. Now, (73)
shows

K-1 2
F" < V2max(1, ) (E" + F) (Z SZ’kH(TkH)) .

k=0

Theorem 5. In addition to Assumption 1, we assume (57) to hold for the system data with ¢ € [0,1). Then,
the iterates defined in Section 3 satisfy the a posteriori estimate

K-1 i
e" < CYE" + Fn Z 81?,k+1(Tk+1)) , C= \/5(2 max (1, %) +émax(1,,8)),

k=0

where Ep +1(Tks1) and e are given by (51) and (49), respectively. Moreover, C is explicitly computable in
terms of the Lipschitz constant L in Assumption 1.

Corollary 1. Under the conditions in Theorem 5, E" + F" is bounded and, hence, there exists a con-
stant C > 0 depending in a computable way on the initial and tracking data, as well as on the parameters
B, K, and the initial values of the transmission data y, n such that

K-1 H
"< C (Z a;g,kﬂ(rk“))

k=0
holds fore € [0,1) andn =1,2,...

Proof. For the sake of brevity, we refer the reader to the proof of Corollary 6.3.3.1 in [13], where the
dependence of C on the data is made explicit in a special case. O

Using similar arguments as in the proof of Theorem 6.3.3.2 in [13], we can prove estimates w.r.t. the

+1 .
measures SZZ " (Tes1) and e™™1 between two iterates.
1

Theorem 6. Under the conditions in Theorem 5, for ¢ € [0, 3), we have

1
n+1 n+1 n+1 2
e < CNEMTH & (EL1 (Tiwr) + ELL (T

with a computable bound C,.

1

Corollary 2. Under the conditions in Theorem 5 and ¢ € [O, E)’ there exists a computable constant C, such

that

=

-1

n,n+1 n,n+1 n,n+1
€ < CE (ak,k+l (Tk+1) + 8k+1,k (Tk+l))
0

o~
Il

holds.

For the application of the a posteriori error estimates w.r.t. the choice of the sub-intervals Iy and the
actual numerical realization we have to refer to a forthcoming publication.

7. NUMERICAL EXPERIMENTS

We close the mathematical analysis in this article with some numerical examples, which should
provide some first evidence for the behavior of the iterative time-domain decomposition w.r.t. the choice
of the parameters and the presence of nonlinear terms. It is clear that this setup is only suitable to
provide first evidence. A full numerical treatment will be the subject of a forthcoming publication.

We consider the wave equation as in Example 2 for a single link, i.e., d = 2. Moreover, we take
f(s) = als|s, @ > 0, as the nonlinearity in the damping. We do not consider boundary controls but
assume, in fact, homogeneous Dirichlet boundary conditions. We apply a distributed control without
constraints and take two sub-intervals I; = [0,1) and I, = (1,2]. For the space discretization, we
use the standard approximations corresponding to the standard discrete Dirichlet-Laplacian Ay on
the second-order level in space. The corresponding global optimality system on the entire interval
[0, 2] and the local optimality systems on each time interval I; and I, are treated as a boundary value
problems w.r.t. the time variable. Then, we solve these problems using the MATLAB solver bvp4c
with tolerance 1078, For any initial data and tracking term, the system governing the errors gj; and
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(a) Errors of the states at t = 1 over the course of  (B) Errors of the adjoints at t = 1 over the course of
the iterations the iterations

FIGURE 1. Left-most curve: ¢ = 0.5; middle curve: ¢ = 0.4 or 0.6; right-most curve
£=0.950r 0.05

Pk is homogeneous and, hence, the local optimality systems are homogeneous up to the errors at the
transmission boundary T = 1. In particular, for vanishing initial data and target, the global optimality
system has zero as the unique solution. We take n = 10 discretization points w.r.t. the space variable
and choose 8 = 10°, k = 103, v = 10%, and ¢ = 0.5. We observe very fast convergence for that particular
choice of ¢ (almost two-step-convergence).

In order to get an idea about the role of the under-relaxation parameter ¢, we repeat the calculations
with all parameters fixed, but with ¢ € {0.95,0.6,0.4,0.05}. It turned out that the symmetric choices
(¢ = 0.95 or 0.05 and ¢ = 0.4 or 0.6) produced numerically identical results. In the plots of Figures 1,
we show the errors of the state and the adjoint for the different choices of ¢. The results show that
for a given set of parameters k, v, f, there is an “optimal” under-relaxation parameter ¢, in fact, the
value ¢ = 0.5. We notice that the size of § balances between the errors of the state and those of the
adjoint variables. The large value of ff chosen here effects the stronger decay of the adjoint errors at the
interface. We also included a nonlinear damping as in the Example 2, which did not show an adverse
effect. In fact, it has dissipative nature, which may even enhance the convergence properties as pointed
out in [13]. As noted above, a detailed treatment on the numerical realization, including a convergence
analysis on the semi-discrete level, a full treatment of nonlinearities, more break-points T, constrained
controls, more relevant examples on the level of networks as in Example 2, the use of the a posteriori
error estimates, and, finally, the treatment of the virtual control paradigm is far beyond this article and
has to be presented in a forthcoming publication. Fast convergence cannot be expected, however, in
general as the iteration is related to an Uzawa-type saddle-point method [9].

8. CoNCLUSION

In conclusion, we designed a time-domain decomposition for time-varying systems of semilinear
hyperbolic equations. We proved convergence of the iterates and provided an a posteriori error estimate.
The method extends the one originally given in [14, 15] for linear time-invariant elliptic and hyperbolic
equations. Even though the main ideas are similar, the proofs are substantially different. A complete
numerical realization of the iterative time-domain decomposition method is beyond the scope of this
article and, instead, we refer to a forthcoming publication. However, to give some first insights into the
interplay of the various parameters involved in the iteration process, we already provided some first
numerical experiments in this paper.
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