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Abstract. We show that mixed-integer control problems for evolution type
partial differential equations can be regarded as operator differential inclusions.

This yields a relaxation result including a characterization of the optimal value
for mixed-integer optimal control problems with control constraints. The the-

ory is related to partial outer convexification and sum-up rounding methods.

The results are applied to optimal valve switching control for gas pipeline
operations. A numerical example illustrates the approach.

1. Introduction

The limitation to a finite number of possible control actions can be an impor-
tant aspect in the context of optimal control. Such integer restrictions occur for
example in autonomous driving in case of vehicles with gear shift power units [16],
in contact problems such as robotic multi-arm transport [3] or in the operation of
gas pipeline and water canal networks with valve switching [12]. Motivated by the
latter we address such mixed-integer optimal control problems involving evolution
type partial differential equations (PDEs). This problem class includes in particular
optimal control of switched systems [31, 32], but also optimization of systems with
coordinated activation of multiple actuators, for example, at different locations in
space for certain distributed parameter systems [15, 13].

We show that these problems can be regarded as operator differential inclu-
sions with set-valued but non-convex right-hand-sides. A relaxation result based
on extensions of the Filippov-Ważewski Theorem to operator differential inclusions
relates the non-convex problem to a convexified one. This yields a useful charac-
terization of the value function for such mixed-integer optimal control problems.
Multiplier-representations of the convexified problem are closely related to a refor-
mulations known as partial outer convexification [27, 28]. In this paper, we show
that this approach extends to a rather general form of constraints on the controls
of a form previously considered in [9]. It provides a convenient way to obtain near
optimal solutions, e.g., using sum-up rounding techniques as in [10, 13, 26] if the
constraints are not imposed on the integer part.

Further, we show how this approach can be applied to optimize the operation
of gas pipeline networks in non-stationary situations using valve switching as a
control. While many stationary situations can be handled with algebraic models
using tailored mixed-integer programming techniques [17], dynamic optimization
remains a challenge [12] both in control theory and in industrial practice. Based
on a recent result in [24], we show that the dynamic valve switching problem can
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be casted in the above framework. A numerical example is given to illustrate the
performance of the relaxation technique combined with sum-up rounding.

The article is organized as follows. In Section 2, we introduce the problem class
under consideration. In Section 3, we show that the problem is equivalent to a
differential inclusion. Further, we provide the relaxation result and, closely related
to that, a characterization of the optimal value function for the original problem.
In Section 4, we apply these results to gas network operation. This includes various
modeling aspects, an abstract problem formulation based on semigroup theory as
well as a numerical example. A conclusion for this article and future research
directions are given in Section 5.

2. Setting

In this section we introduce the class of optimal control problems considered in
this article.

Let Y be a separable Banach space, U and V be two complete and separable
metric spaces, and f : [t0, tf ]× Y × U × V → Y . We consider the control system

ẏ(t) = Ay(t) + f(t, y(t), u(t), v(t)), t ∈ (t0, tf ) a. e., (1)

where [t0, tf ] is a finite time horizon with t0 < tf , A : D(A) → Y is a generator
of a strongly continuous semigroup {T (t)}t≥0 of bounded linear operators on Y ,
and where u : [t0, tf ] → U and v : [t0, tf ] → V are two independent measurable
control functions. Throughout the paper we consider the Lebesgue-measure. Our
main concern will be the confinement that v shall only take values from a finite
non-empty subset V ⊂ V . Without loss of generality, we may identify V with a
set of integers {0, 1, . . . , N − 1} and, in analogy to mixed-integer programming, we
refer to (1) as a mixed-integer control system, where u represents ordinary con-
trols and v integer controls. We will denote the set of measurable ordinary control
functions u : [t0, tf ]→ U by U[t0,tf ] and the set of measurable integer control func-
tions v : [t0, tf ] → V by V[t0,tf ]. By the assumed finiteness of V we actually have
V[t0,tf ] = L∞(t0, tf ;V).

In addition to the inherent integer confinement, we consider optional control
restrictions of the form

u(t) ∈ U v(t), t ∈ (t0, tf ) a. e., (2)

where, for all v ∈ V[t0,tf ], U v is a set-valued map U v : [t0, tf ] ⇒ U and we consider
an initial condition

y(t0) = y0, (3)

where y0 is a given initial state in Y .

Definition 1. We say that y : [t0, tf ]→ Y is a solution of the mixed-integer control
system if there exists an ordinary control u ∈ U[t0,tf ] and an integer control v ∈
V[t0,tf ] such that y ∈ C([t0, tf ];Y ), satisfies the integral equation

y(t) = T (t− t0)y(t0) +

∫ t

t0

T (t− s)f(s, y(s), u(s), v(s)) ds, t ∈ [t0, tf ] (4)

and (2) and (3) hold. We denote by S[t0,tf ] the set of all such solutions y = y(u, v)
defined on [t0, tf ].

In conjunction with the mixed-integer control system we consider a cost function
Φ: C([t0, tf ];Y )×U[t0,tf ]×V[t0,tf ] → R∪{∞} and define the mixed-integer optimal
control problem as

minimize Φ(y, u, v) subject to y = y(u, v) ∈ S[t0,tf ]. (5)
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We will study the corresponding optimal value given by

ν = inf{Φ(y, u, v) : y = y(u, v) ∈ S[t0,tf ]} ∈ R ∪ {±∞} (6)

in its dependency on a parameter λ varying in an interval I ⊂ R and acting on
the initial value y0, on the control constraint Uv(t) and the cost function Φ of the
mixed-integer control problem.

3. Relaxation via differential inclusions

In this section, we show that, for the problem class of Section 2 and unlike in
general mixed-integer programming, the optimal value function coincides with the
optimal value function for a suitably defined relaxed problem.

For the control system, we assume that

(i) the map (y, u)→ f(t, y, u, v) is continuous for a. e. t ∈ (t0, tf ) and all v ∈ V
(ii) there exists a function k ∈ L1(t0, tf ) such that

(a) for a. e. t ∈ (t0, tf ), for all v ∈ V[t0,tf ], for all u ∈ U v(t) the map
y → f(t, y, u, v) is k(t)-Lipschitz on Y

(b) for a. e. t ∈ (t0, tf ),

sup
v∈V[t0,tf ]

sup
u∈U v(t)

‖f(t, 0, u, v)‖Y ≤ k(t), (7)

(iii) the map t 7→ f(t, y, u, v) is strongly measurable on [t0, tf ] for all y ∈ Y ,
u ∈ U and v ∈ V.

For the cost function, we assume that

(iv) the function Φ(y, u, v) consists of terminal and integral cost

Φ(y, u, v) = ϕ(y(tf )) +

∫ tf

t0

L(t, y(t), u(t), v(t)) dt (8)

with a locally Lipschitz-continuous function ϕ : Y → R and L : [t0, tf ]×X×
U × V → R satisfying (i)–(iii) for L in place of f .

For the control constraints, we assume that

(v) the set-valued map U v is measurable with closed, non-empty images for
all v ∈ V[t0,tf ] and for a. e. t ∈ [t0, tf ] the set⋃

v∈V[t0,tf ]

U v(t) (9)

is closed.

In particular, under these assumptions, the integral in (4) is well-defined in the
Lebesgue-Bochner sense and from the theory of abstract Cauchy problems [22] we
obtain a solution y in C([0, tf ];Y ) for all y0 ∈ Y , u ∈ U[t0,tf ] and v ∈ V[t0,tf ].

The main result below is based on rewriting the mixed-integer optimal control
problem as an operator differential inclusion. We will recall the essential aspects
from the theory of operator differential inclusions from [7, 6] and apply these to
obtain a characterization of the optimal value for the original problem my means
of a convexified problem.

Consider a set valued map G(t, y) : [t0, tf ]×Y ⇒ Y and the operator differential
inclusion

ẏ(t) ∈ Ay(t) +G(t, y(t)) a. e. in [t0, tf ], y(t0) = y0 ∈ Y. (10)

We define a solution of (10) as in [6].
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Definition 2. A function y ∈ C([t0, tf ];Y ) is called a mild trajectory of (10) if there
exists a Bochner-integrable selection g ∈ L1(t0, tf ;Y ) of the map t 7→ G(t, y(t)) and

y(t) = T (t− t0)y(t0) +

∫ t

t0

T (t− s)g(s) ds, t ∈ [t0, tf ], y(t0) = y0. (11)

We recall that the set-valued map H : Y ⇒ Y is called L-Lipschitz on K ⊂ Y if
for all y ∈ K, H(y) 6=, and

H(y) ⊂ H(ỹ) + L‖y − ỹ‖B, y, ỹ ∈ Y, (12)

where B denotes the closed unit ball in Y .
We will also need a measurable selection theorem and the direct image theorem

as stated in [7] and proved in [1]. For the convenience of the reader we restate the
results below.

Lemma 3. Consider complete separable metric spaces X and Y , a Carathéodory
map H : [t0, tf ] × X → Y and a measurable set-valued map W : [t0, tf ] ⇒ X with
closed nonempty images. Then for every measurable map h : [t0, tf ]→ Y satisfying

h(t) ∈ H(t,W (t)) a. e. in [t0, tf ] (13)

there exists a measurable selection w(t) ∈W (t) s. t.

h(t) = H(t, w(t)) for a. e. t ∈ [t0, tf ]. (14)

Lemma 4. Let X be a complete separable metric space and U : [t0, tf ] ⇒ X be a
measurable set-valued map with closed images. Consider a Carathéodory set-valued
map G : [t0, tf ]×X to a complete separable metric space Y . Then, the map

t⇒ G(t, U(t)) (15)

is measurable on [t0, tf ].

For y ∈ Y , we now consider the set-valued map

t 7→ F (t, y) = {f(t, y, ū, v(t)) : ū ∈ U v(t), v ∈ V[t0,tf ]}, t ∈ [t0, tf ] a. e. (16)

Note that the images of F are unions of infinitely many sets and are thus, in
general, not closed. Still, using the above theory, one can obtain an equivalent
representation of S[t0,tf ].

Theorem 5. We have the representation

S[t0,tf ] =

{
y ∈ C(0, tf ;Y ) :

ẏ(t) ∈ Ay(t) + F (t, y(t)), t ∈ [t0, tf ] a. e., y(0) = y0

}
. (17)

Proof. Suppose that y ∈ S[t0,tf ] according to Definition 1. Then, the function
g(t) = f(t, y(t), u(t), v(t)) is integrable and a selection of F (t, y(t)). Further, (4)
and (11) coincide for this choice. Hence, y is a solution of the differential inclusion

ẏ(t) ∈ Ay(t) + F (t, y(t)), t ∈ [t0, tf ] a. e., y(0) = y0 (18)

according to Definition 2.
Now we show the converse. Let y ∈ C(0, tf ;Y ) be a solution of (18). Let

X = U × V and define H : [t0, tf ]×X → Y by H(t, (u, v)) = f(t, y(t), u, v). Then,
by assumption (i)–(iii), H is measurable in t (by Lemma 4) and continuous in (u, v).
Moreover, with defining W : [t0, tf ] ⇒ U × V by

W (t) =
⋃

v∈V[t0,tf ]

(U v(t), {v(t)}), t ∈ [t0, tf ] a. e. (19)
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we have g(t) ∈ F (t, y(t)) = H(t,W (t)) with W being measurable with closed non-
empty images due to assumption (v) and finiteness of V. Lemma 3 then yields
the existence of a measurable selection [u, v](t) ∈ W (t), i. e., controls u ∈ U[t0,tf ]

and v ∈ V[t0,tf ] such that u(t) ∈ U v(t) and g(t) = f(t, y(t), u(t), v(t)) for a. e.
t ∈ [t0, tf ]. Again, (4) and (11) coincide for this g. Hence, y ∈ S[t0,tf ] according to
Definition 1. �

Based on a generalization of the Filippov-Ważewski Theorem one proves the
following relaxation theorem [6].

Lemma 6. The mild solutions in S[t0,tf ] are dense in the solution set S co
[t0,tf ]

defined as the set of all mild trajectories of the relaxed inclusion

ẏ ∈ Ay(t) + coF (t, y(t)),

y(0) = y0(λ),
(20)

where co denotes the closed convex hull and density is to be understood in the metric
of uniform convergence.

The density in Lemma 6 means that for every trajectory y of (20) and every
δ > 0, there exists a solution y′ of (1) such that ‖y − y′‖C([0,tf ];Y ) ≤ δ.

Moreover, we recall the following argument.

Lemma 7. Let Y be a metric space, f : Y → R be a continuous function, Ψ ⊆ Y
an arbitrary set, Ξ be a dense subset of Ψ (in the metric of Y ). Then

inf{f(y) : y ∈ Ψ} = inf{f(y) : y ∈ Ξ}. (21)

Proof. Let a = inf{f(x) : x ∈ Ψ}. Then a ≤ inf{f(y) : y ∈ Ξ}, because Ξ ⊂ Ψ.
Suppose that inf{f(x) : x ∈ Ξ} > a. Then, the sets f−1(B 1

n
(a)) are open in Ψ

(because f is continuous on X and thus on Ψ) and non-empty in Ψ (because a is
infimum of f on Ψ). By density of Ξ in Ψ, we find yn ∈ f−1(B 1

n
(a)) ∩ Ξ such that

a ≤ f(yn) ≤ a+ 1
n . Thus limn→∞ f(yn) = a, which contradicts inf{f(x) : x ∈ Ξ} >

a. �

Lemma 6 and Lemma 7 imply the following main result concerning a very useful
characterization of the optimal value in mixed-integer optimal control.

Corollary 8. The optimal value defined in (6) satisfies

ν = inf{ϕ(y(tf ) : y ∈ S co
[t0,tf ]

}, (22)

where S co
[t0,tf ]

denotes the set of all mild trajectories of the relaxed problem (20).

Remark 9. The representation (22) can be used to simplify computations of optimal
solutions. For example, in the case that control restrictions are imposed only on the
continuous control, i. e., U v being independent of v ∈ V, integer optimal controls
can be obtained numerically by sum-up rounding strategies [26, 28] applied to
multiplier-representations of the convexified right-hand-side [10, 13]. Alternatively,
gradient descent methods can be applied to parameterizations of integer controls
with switching times and mode sequences [25] or variable time transformations of
the dynamical system [4, 8, 18].

4. Application to gas network optimization

In this section, we apply the results from the previous section to gas network
operation. To this end, we introduce the relevant modeling aspects, provide an
abstract problem formulation based on semigroup theory and consider a numerical
example.



6 FALK M. HANTE†

4.1. Networks with pipes, valves, and compressors. We consider a network
of pipes modeled by a metric graph G = (V,E) with nodes V = (v1, . . . , vm) and
edges E = (e1, . . . , en) ⊆ V ×V for some m,n ∈ N. For each edge e = (v1, v2) ∈ E,
we call v1 the left node and v2 the right node of e. We exclude self-loops , i.e., we
require that v1 6= v2 for any e = (v1, v2) ∈ E. Further, for any v ∈ V , we define

the set of ingoing edges by δ+v = {(v1, v2) ∈ E | v2 = v},
the set of outgoing edges by δ−v = {(v1, v2) ∈ E | v1 = v},
the set of incident edges by δv = δ−v ∪ δ+v.

The number |δv| then is called the degree of node v ∈ V .
With each edge ej ∈ E of such a network, we associate a pipe with length Lj > 0

parameterized by x ∈ [0, Lj ]. We consider the motion of a compressible non-viscous
gas in the pipe associated with ej ∈ E being governed by the following system of
partial differential equations

∂t%
j + ∂xq

j = 0,

∂tq
j + (cj)2∂x%

j = −θj q
j |qj |
%j
− g(hj)′%j ,

(23)

where %j denotes the density in kg m−3 and qj the flux qj = %jvj with vj the velocity

in m s−1. This model assumes a constant speed of sound cj =
√
RsT

j
0Z(P j , T j0 )

for a constant gas compressibility factor Z(P j , T j0 ) and a constant temperature T j0
with Rs being the specific gas constant. Moreover, in this model gj ≈ 9.81 is the
gravitational constant and (hj)′ the slope of the pipe, θj is a friction factor with

θj = λj

2Dj , where λj is coefficient for the roughness of the pipe, and Dj is the

diameter of the pipe. Finally, in this model the gas pressure P j in kg m−1 s−2 is
given by P j = (cj)2%j .

These equations are simplifications of the one-dimensional isothermal Euler equa-
tions [30, 2, 20, 21]) used for description of the dynamics of natural gas in subsonic
regimes with typical values such as cj ≈ 340 m s−1 and rather small velocities
|v| ≤ 10 m s−1 [14].

In order to simplify technical considerations, we assume that the density (and
hence the pressure) and the flow remain within bounds % ∈ [

¯
%, %̄] and q ∈ [

¯
q, q̄] with

¯
% > 0. Such bounds are typically required in pipeline operations and may even
also be considered explicitly in the optimization [5, 29]. Moreover, we note that
this semilinear pipe model exhibits two simple characteristics speeds λ1 = −c and
λ2 = c for each edge ej ∈ E. We set

zj =

(
%j

qj

)
, Aj = −

[
0 1
c2j 0

]
, f j(z) = (0,−θj min{qj |qj |, q̄}

max{%j ,
¯
%}

)

for each j ∈ {1, . . . , n}, where %̄ > 0 and q̄ > 0 are suitable truncation parameters
to simplify theoretical considerations. Bounds on %j and qj

With this, we can summarize the pipe model as

∂tz
j = A∂xz

j + f j(zj), j = 1, . . . , n.

Furthermore, we impose coupling conditions for the gas density and flow at the
boundary of pipes corresponding to edges being incident to that node. To this end,
we define for v ∈ V and ej ∈ δv

x(v, ej) =

{
0, if ej ∈ δ−v,
1, if ej ∈ δ+v.
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For each node v ∈ V , we then impose a transmission condition for the density and
a balance equation for the fluxes at the node. The transmission condition states
that the density variables %j weighted by given factors α ∈ (0,∞)m×2 coincide for
all incident edges e ∈ δv and can be expressed as

αkx(v,ek)%
k(t, Lkx(v, ek)) = αlx(v,el)%

l(t, Llx(v, el)), ∀ ek, el ∈ δv, t ∈ [0, T ].

The nodal balance equation for a given outflow function qv : [0, T ] → R is similar
to a classical Kirchhoff condition for the fluxes qj and can be written as∑

ej∈δ+v

qj(t, Lj)−
∑

ej∈δ−v

qj(t, 0) = qv(t), t ∈ [0, T ].

The above setting is general enough to model typical components of gas networks
such as junctions, entires, exists, compressors, and valves. Junctions can be modeled
as nodes v such that qv ≡ 0 and αkx(v,ek) = 1 for all ek ∈ δv. Entires and exists

can be modeled as nodes v such that αkx(v,ek) = 1 for all ek ∈ δv, but qv 6≡ 0. We

refer to v as an entry node, if qv < 0, or an exit node, if qv > 0. Compressors
can be modeled as nodes v with qv ≡ 0 and |δ+v| = |δ−v| = 1. A description
established via the characteristic diagram based on measured specific changes in
adiabatic enthalpy Had of the compression process yields the model

Had = Z̄T0Rs
κ

κ− 1

( %l(0, t)

%k(Lk, t)

)κ−1
κ

− 1

 , ek ∈ δ+v, el ∈ δ−v, t ∈ [0, T ],

where κ is a compressor specific constant, Z̄ is the gas compressibility factor that is
assumed to be constant and Had is within flow dependent and compressor specific
bounds obtained from the characteristic diagram [19]. In consistency with the pipe
models, we assume that Had is given by a known reference H̄ad. Then we get

%l(0, t) = ᾱ%k(Lk, t), ek ∈ δ+v, el ∈ δ−v, t ∈ [0, T ]

with a compressor specific factor

ᾱ =

(
1 +

(κ− 1)H̄ad

κZ̄T0Rs

) κ
κ−1

. (24)

This yields αk1 = 1 and αl0 = ᾱ. Finally, valves can be modeled as short pipes. By
relabeling, we may assume that the edges e1, . . . , env

model valves for some nv ∈ N
with 0 < Lj � 1, j = 1, . . . , nv. For simplicity, we may also assume that (hj)′ = 0,
for all j = 1, . . . , nv, i.e., valves are horizontal network elements. For some ε > 0
sufficiently small, we consider the valve action

f j(ρ, q, wj) =

{
f j(ρ, q), if wj = 1 (valve open)
1
εf

j(ρ, q), if wj = 0 (valve closed).
(25)

This can also be expressed as

f j(ρ, q, wj) = wjf j(ρ, q) + (1− wj)1

ε
f j(ρ, q), wj ∈ {0, 1}. (26)

We then consider for each j ∈ {1, . . . , nv} the dynamics for zj = (%j , qj)> on ej
given by

zjt (t, x) +Ajzjx(t, x) = f j(zj(t, x), wj), t ∈ [0, T ], x ∈ [0, Lj ],

zj(0, x) = zj0(x), x ∈ [0, Lj ],
(27)
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and for all j ∈ {nv + 1, . . . , n} the dynamics for zj = (%j , qj)> on ej given by

zjt (t, x) +Ajzjx(t, x) = f j(zj(t, x)), t ∈ [0, T ], x ∈ [0, Lj ],

zj(0, x) = zj0(x), x ∈ [0, Lj ].
(28)

As the objective for optimization we consider a sum of costs for all pipes in the
network

J =

n∑
j=1

∫ T

0

∫ Lj

0

γj1(min{%j(t, x), %̄} − %jd(t, x))2

+γj2(min{qj(t, x), q̄} − qjd(t, x))2 dx dt,

(29)

where %jd and qjd are some desired states, and γj1, γ
j
2 ≥ 0 are given constants, j =

1, . . . , n. Of course, other cost functions are possible.

Remark 10. Valves may alternatively be modeled as controlled junctions using
α ∈ {0, 1}. This results in a mixed-integer boundary control problem for which
relaxation results such as obtained in Section 3 do, in general, not hold. For a
discussion of this and further challenges with respect to model switching, see [10,
11, 12, 24].

4.2. Abstract problem formulation. We will set up an abstract formulation of
the gas network system and present a result about the existence and uniqueness of
mild solutions. This will allow us to apply the theory from the previous section.

As the state and control space, we introduce

Y =

 n⊗
j=1

L2([0, Lj ],R2)

⊗ L2([0,∞),Rm), V = {0, 1}nv ' {0, . . . , 2nv − 1},

with a corresponding state vector

y = ((z1)>, . . . , (zn)>, qv1 , . . . , qvm)> ∈ Y
and a corresponding control vector

v = (w1, . . . , wnv ) ∈ {0, 1}nv ∈ V.
With y0 we denote the initial state

y0 = ((z10)>, . . . , (zn0 )>, qv10 , . . . , q
vm
0 )>.

Further, we introduce the operators

A =

A
1

. . .

An

 ∂

∂x
, B = 1m

∂

∂x
(30)

and the nonlinear mapping f : Y × V → Y defined by

f(y, v) = (f1(y1, w1), . . . , fnv (ynv , wnv ), fnv+1(ynv+1), . . . , fn(yn), 0, . . . , 0)>.
(31)
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Moreover, we define the block diagonal operator diag(A,B) on the domain

D

([
A 0
0 B

])
=

{
y = (z1, . . . , zn, qv1 , . . . , qvm)> ∈ Y

∣∣∣∣ y is absolutely continuous,

αkx(v,ek)z
k
1 (Lkx(v, ek)) = αlx(v,el)z

l
1(Llx(v, el)) ∀ v ∈ V, ek, el ∈ δv,∑

ej∈δ+v

zj2(Lj)−
∑

ej∈δ−v

zj2(0) = qv(0) ∀ v ∈ V
}
.

(32)

With that we can write the gas network dynamics with valve switching control
as an abstract mixed-integer control problem

ẏ(t) =

[
A 0
0 B

]
y(t) + f(y(t), v(t)), t ∈ [t0, tf ], (33)

and the initial condition y(t0) = y0 with t0 = 0.
For the homogeneous part of (33), we have the following well-posedness result

[24].

Theorem 11. The operator(
D

([
A 0
0 B

])
,

[
A 0
0 B

])
is the infinitesimal generator of a strongly continuous semigroup on Y .

We note that the function f(y, v) as defined in (31) is bounded and globally
Lipschitz-continuous in y for each fixed v ∈ {0, 1}nv . In particular, the assumptions
(i)–(iii) of Section 3 are satisfied. Moreover, we can define the following running
costs

L(t, y) =

n∑
j=1

∫ Lj

0

γj1(min{%j(t, x), %̄} − %jd(t, x))2+

γj2(min{qj(t, x), q̄} − qjd(t, x))2 dx dt.

(34)

The function L is globally Lipschitz continuous. Hence, the assumption iv) of
Section 3 is satisfied with ϕ = 0.

Finally, we do not consider constraints on v. Hence, the assumption v) of Sec-
tion 3 is obsolete in this case. Theorem 5 yields that the valve switching problem
can be regraded as a differential inclusion ẏ ∈ Ay + F (y) with the set valued map

F (y) = {f(y, v) : v ∈ {0, 1}nv}. (35)

An application of Corollary 8 yields that optimal value is the same for the relaxed
problem with a convexified function F (y). From (26) we can see that the relaxed
mixed-integer optimal control problem is of the form

min J(y) s.t. ẏ = Ay + f(y, ṽ), y(0) = y0, ṽ ∈ [0, 1]nv , (36)

that is, a problem that can be assessed with standard methods.

4.3. Numerical example. We consider a scenario with pipes of 10 km each which
are coupled by a single valve, cf. Figure 1. We choose c = 340, λ = 0.01 and impose
a zero flow condition at the two boundary nodes and positive initial data. The
objective is to close the valve as to “capture” most of the gas in the pipe on the
right, modeled by tracking with %d = 0 and qd = 0 for the left pipe.

The minimization of (29) subject to the convexified problem (36) has been solved
with a sequential quadratic programming method using finite differences for gradi-
ents and BFGS-Hessian approximations applied to an explicit finite-volume-scheme
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Figure 1. A single valve scenario.

∆t Relaxed Costs Integer Costs Relative Error
2.000 16.273 19.489 0.197
1.000 16.273 19.287 0.185
0.500 16.273 16.955 0.041
0.250 16.273 16.302 0.001
Table 1. Numerical results for a single-valve scenario.

for networked problems from [23, 24]. Integer-feasibility is then obtained via sum-
up-rounding [13, 28] using a step-size ∆t. The numerical results are reported in
Table 1. They confirm the theoretical result that the optimality gap between the
relaxed and the rounded solution vanishes with ∆t tending to zero.

5. Conclusion

We have shown that PDE mixed-integer optimal control problems can be re-
garded as non-convex operator differential inclusions. This includes a rather gen-
eral form of constraints on the controls. Convexification yields a relaxation result
and a useful characterization of the value function for such problems. Multiplier-
representations of the convexified problem are closely related to reformulations
known as partial outer convexification. Combined, for example, with using sum-up
rounding techniques the approach yields a convenient way to obtain near optimal
solutions. We demonstrated this for the application of optimized operation of gas
pipeline networks in non-stationary situations using valve switching as a control.
We illustrated the approach using a numerical example.

Future research directions concern extensions of sum-up rounding strategies and
similar decomposition techniques in order to treat more general control constraints.
Also, the proper treatment of state constraints remains an important aspect in this
context.
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