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Abstract. Consider a star-shaped network of strings. Each string is governed by the wave equation.
At each boundary node of the network there is a player that performs Dirichlet boundary control action
and in this way influences the system state. At the central node, the states are coupled by algebraic
conditions in such a way that the energy is conserved. We consider the corresponding antagonistic
game where each player minimizes a certain quadratic objective function that is given by the sum of a
control cost and a tracking term for the final state. We prove that under suitable assumptions a unique
Nash equilibrium exists and give an explicit representation of the equilibrium strategies.
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1. INTRODUCTION

Since 1950, when J. Nash introduced the Nash equilibrium for finite-dimensional, noncooperative games [22],
game theoretic models have been used to mathematically describe and analyse the strategic behaviour of a
(finite) number of decision makers in various fields of applications such as economics, management, political
sciences, engineering sciences, sociology and others (see e.g. [5,8,17,18,23,24]). The standard Nash game
models the following situation: Assume that there exists a finite number N € N of decision makers, so-called
players, each of which possesses a set of strategies u; and aims to minimize his/her own cost function J;. In the
standard setting, the players’ sets of strategies are independent, whereas the cost functions in general depend
on all players’ strategies. Furthermore, each player ¢ observes the strategies of the other players and chooses
his/her optimal strategy under the assumption that the others will not change their chosen strategy. In the
noncooperative Nash game it is assumed that the players do not cooperate with each other, i.e. make agreements
about the choice of their strategies.

A multistrategy vector v = (uq,...,uy) is then called a Nash equilibrium if there exists no incentive for
any player to change his/her strategy unilaterally, i.e. by a vector u* = (uf,...,u%) where each u} solves the
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minimization problem

:
Jp, Hl )

where u_; denotes the multistrategy vector of the rival players of player 3.

In contrast to their static counterparts, dynamic (or differential) games are time-dependent games in the
sense that the chosen strategies may vary at any instant of time, i.e. the sets of strategies are subsets of suitably
chosen function spaces and the cost functions are given by a cost functionals that are often given by integrals.

While Nash equilibria for Nash games governed by ordinary differential equations have already been studied
thoroughly, see for example [2] and the references therein, only recently Nash equilibria for networked hyperbolic
systems of partial differential equations have been considered. For traffic flow modelled by scalar conservation
laws, the existence of Nash equilibria has been studied in [3]. In this paper we study Nash equilibria for a
star—shaped network of strings with N rays and N players, where each player influences the system state in the
network through a Dirichlet control at one end of one of the rays.

We study a pure-strategy Nash equilibrium, where for given strategies of the other players, each player cannot
improve the value of her/his objective function. The objective functions are given by sums of squared L?-norms
with a term for the control cost and terms of tracking-type. We show that for the corresponding game a unique
Nash equilibrium exists. We determine an explicit representation of the equilibrium strategies. Our objective
function is an integral where the integrand is a quadratic function. General quadratic games with ordinary
differential equations have been considered in [9], where also the definition of a Nash equilibrium is provided.
Optimal boundary control problems with the wave equation for one player only and objective functions of the
same type have already been considered, see for example [11], [10], [6], [19].

Fluid networks appear in many engineering applications (see [25]) such as gas pipelines. A simple linear
model for the dynamics in a network of horizontal pipelines without friction for the i-th pipe ¢ € {1,..., N} is

given by
pg : ngr) =0 (1)
(1) 2 (4) _
q +a“ps’ =0

(see [1]). Here p() denotes the gas density, ¢ the flow rate of the gas and a > 0 is the sound speed. This
system implies that p(*) satisfies the wave equation

p( ) _ g, p(z)
along the pipe. The following coupling conditions are used to model the flow through a junction of N pipes
where for all adjacent pipes = 0 is the end of the junction (see [25]): Continuity of the density, that is

pl(t, 0) = pl9(¢, 0)

for all 4,5 € {1,..., N} and all ¢ in the time interval [0, T] and conservation of mass, which leads similar to
Kirchhoff’s law to the equation Z,Ij:l q(k)(t, 0) = 0. In terms of the densities, this yields the node conditions

pD(t, 0) = pli(t, 0), for alli,j e {1,..,N}; Zp(k) (t, 0) = 0.

With the system dynamics for the densities defined by the wave equation and these node conditions, we consider
a game with a star—shaped graph where each player is located at a boundary node. The application that we
have in mind is a gas pipeline network where the players represent the gas market participants, i.e. producers
or consumers.

In Nash games the preference of each player is modeled by her/his objective functional. Moreover, each
player aims to minimize her/his own object functional only. Similarly to the objective functional for an optimal
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Dirichlet boundary control problem (for a single player) used in [20] we consider for each player i the objective
functional

N

nw=3 [ RICTEE DS [ / (O )=o) + (0. 2) - )’ dw] (2)

j=1

that consists of a quadratic costs for the ith player’s control u; and a tracking type term. In this term we
assume the lengths of the pipelines to be normalized to one. Furthermore, p(Dj)l(x) denotes the density profile
that is desired by player ¢ in pipe j at the terminal time 7. Moreover, qf(Dj’)i (z) denotes the profile of the flow
rate in pipe j that is desired by player ¢ at terminal time 7. Here ¢(7, -) is determined by (1) and in such a way
that J;(u) is minimized. In the application p(Dj? ;(x) and q(Dj?i(a:) might be the desired initial states for the next
time period. Next, we give a detailed formal definition of the considered system. Instead of p in the sequel we

will use the notation w for the system state.

2. DEFINITIONS AND NOTATION

Let a time T> 4 be given. Let N > 3 be a natural number and consider N strings of length 1. We use the
notation D’((0, 1)) for the distributions on the interval (0, 1) (see [27]) and

HY0,1) = {Y € D'((0, 1)) : thereis f € L?(0,1) such that f' = Y}.

Define the set 2 = (0, T') x (0, 1). Define the set of initial states

1=

B ={" o)X, o) € 120, 1), 4 € HT1(0,1), i € {1,.. N}}.

NN
For (y(()z),yy))' ) € B and u; € L?(0, T) for i € {1,..., N} we consider the system (S) that is defined by the

1=

equations (3)—(8) below:

w0,2) = y{P(), z € (0, 1), ie{l,..,N}, (3)
w(0,2) = y(2), ze(0,1), ie{l,.,N}, (4)
wi (t,z) = wl(t,x), (tw)€Q,  i€{l,..N}, (5)
w(t,0) w9 (t,0), te(0,T7),  ije{l,..N}, (6)

0 = wM(t0)+w?(t0) +- - +wl(t0), te(0,T), (7)
wD(t, 1) = w(t), te(0,7), ie{l,.., N} (8)

System (S) is a star-shaped network of vibrating strings with Dirichlet boundary control action at the boundary
nodes. The exact controllability of networks of vibrating strings is studied in [26]. An overview on the control
of networks of vibrating strings can be found in [4]. The observation and control of vibrations in tree-shaped
networks of strings is studied in [7].

We consider dynamic games with N players that control the system by their strategies u;, i € {1,..., N}. For
i € {1,...,N} we assume that the strategy of the player i is given by a control function u; € L?(0, T). Each
player has the goal to minimize his/her own cost functional that is denoted by J;. In order to define these
objective functionals J;, let numbers v; > 0 be given that serve as the weighting factors of the control costs in
J;. For i and j € {1, ..., N} let states that are desired by player i for the terminal time T for the j—th string be

given by the desired position gg,)i(-) € L?(0, 1) and the antiderivatives of the desired velocity h%)z() € L?(0, 1).
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We consider the objective functionals

N

Jiw) = 3 / ") dreg [ / 1 (w1 2) — g @) + (V) () h@)” dx} (9)

j=1
where for i € {1,..., N} the Vi(j)(x) € L?(0, 1) are antiderivatives of wt(j)(T, x) in the sense that

(V) (@ =wf (1, 2) (10)
and such that the equation
[ V0@ = [ W@ (11)
0 0

holds (see [11]). By (10) and (11), the Vi(J ) are uniquely determined. The value of the objective function J;
depends on the system state on all N strings that is determined by all the controls u = (ug, ..., uy) although
player i decides only on the choice of u;.

This paper has the following structure. In Section 3 we present our main result in Theorem 3.1. In Section
4 we study the well-posedness of System (S) that is defined by (3)—(8). An explicit representation of the
equilibrium strategies is given in at the end of Section 7 in Theorem 7.3. In the representation, we need some
matrices that are discussed at the beginning of the section. For the proof of the main result, a transformation
of the objective function is essential that is given in Section 5. In Section 6 the system that consists of each
player’s necessary optimality conditions is stated. It allows to derive an explicit representation of the Nash
equilibrium using two intermediate Lemmas. This yields the proof of Theorem 7.3. Then Theorem 7.3 implies
Theorem 3.1.

3. MAIN RESULT: THE UNIQUE NASH EQUILIBRIUM

In this section we present our main result about the game with IV players and system (3)—(8) where the aim
of each player i € {1,..., N} is to minimize the objective function J; as defined in (9). The boundary control
game with the wave equation has a unique Nash—equilibrium. In fact we can determine the optimal strategies
explicitly. This is stated in Theorem 3.1.

Theorem 3.1. Assume that v; = ~y; for all i, j € {1,...,N}. Then there exists a unique Nash equilibrium for
system (S) that is defined by (3)—(8) with the objective functions J; given in (9). The optimal strategies are
4-periodic. An explicit representation of the optimal strategies is given in Theorem 7.3.

Remark 1. In Theorem 3.1, we have assumed that the weights v; are all equal. Hence there exists a number
v > 0 such that v; =~ for all i € {1,...,N}. In this paper, we focus on this special case since in this case
the analysis is more explicit and less technical than in the general case where the weights are allowed to differ.
Howewver, in the future we want to extend the analysis to this general case. We expect that in the general case it
is sufficient to assume that the 7y; are sufficiently large or that for all i, j € {1,2,...,N}, the distance |y; — ;|
is sufficiently small.

Assume that
T=4K+A
with K € {1,2,3,...} and A € [0,4). Let i € {1,..., N}, be given. Since the optimal strategies are 4—periodic,

it is sufficient to have explicit representations for the restrictions wu;|(o, 4) to determine the optimal strategies.
In fact, in Theorem 7.3 such an explicit representation is given.
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4. WELL—POSEDNESS

In this section we study the well-posedness of the system (3)—(8). As in [12], define the orthogonal symmetric
N x N reverberation matrix

1 2 2 2
2—N 2—N 2—N
2 T 2 2
2—N 2—N 2—N
N -2 , ,
A=—— : : : (12)
2 21 2
2—N 2—N 2—N
2 2 2
2—N 2—N 2—N

In this section we define the d’Alembert solution in the sense of characteristics for system (S) analogously to
Theorem 1 in [13].

NN
Theorem 4.1. [Well-posedness of (S)] Let the initial state (?J(()Z), yﬁ’)) . € B be given. For xz € (0,1) and
i €{1,..,N} define the functions a;, B; by N

a;(x) %yéi)(m) - % /O YOy ds, x € (0, 1), (13)
Bi(w) = %y(()i)(m) —% /OI D (s)ds, « € (0, 1). (14)

Forte (1, 2) let
ai(t) =ui(t —1) = Bi (2 1). (15)

Together with (13) this yields the values of a;(t) for t € (0, 2).
Fort € (0, 2) let the equation

Bi(—t) o (1)

2(—t ot
B (: ) _ :( ) 16)
B (—t) ax(t)

define the values of B;(t) fort € (—=2,0). Fort € (2,4) equation (15) yields the values of a;(t). Hence for
t € (0, 4) the values of a;(t) are well-defined. Now (16) defines the values of 5;(t) for t € (—4, 0).

By repeating the process we define the functions a;(t), Bi(t) inductively and obtain functions a; € L*(0, T+1)
and B; € L*>(=T, 1). Then (wD)N, given by

w (t,x) = a;(z +t) + Bi(z — t) (17)

is the unique solution of (S) in the sense described below.
The functions w® are in L*(Q). Given the family of test functions

T = {pc C*R?) : There exists a set Q = [t1,ta] X [x1, 2] C Q
such that the support of ¢ is contained in the interior of Q},

the function w® satisfies the wave equation (5) in the following weak sense:

[t eutt.a)dltn) = [ w0 t,0) o (t.2)dlt,2) for all 9 €T
Q

Q;

The functions w® satisfy (3) for almost every x € (0, 1), (6) and (8) for almost every t € [0, T] and (4) and
(7) in the sense of distributions.
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Proof. Due to (13), (14), it is easy to check that (w(V)X, satisfies the initial conditions (3), (4). Similar as
in the proof of Theorem 1 in [13], integration by parts shows that v satisfies the wave equation in the weak
sense given in Theorem 4.1. To be precise, for all ¢ € T and ¢ € {1,.., N} we have

/ Oza(t, ) a(xz +t)d(t,x) = / o (t, ) a(z + 1) d(t, x).
Q Q

The corresponding equation with S(x — t) follows analogously.
Writing the boundary conditions (8) in terms of «; and f; yields equation (15). By definition of §;(+), for
almost every ¢t > 0 we have (16). Hence we have

T e LAy o
. = . = (-4
w™(t,0) an(t) + B (1) an(t)
2 2 2 ai(t)
SO ST AN e
¥y v e

which implies the equation w(® (t,0) = w)(t,0) for t € (0, T) almost everywhere and i,j € {1,..., N}. Hence
(6) holds. Moreover, we have

wi (2,0 ol (1) + B} (~t) o (1)

w?(6,0) | BO+RE | ] O

wi™(t,0) oy (t) + By (=) oy (t)
2N—2 2 2

N—2 2-N 2—N o/l(t)

 N-2 | 2% as(t)

N : 2

2 2 o oy (t)

2—N 2—N N-—-2

This implies the equation wgl)(t,()) + wg)(t, 0)+ -+ wg(EN)(t,O) = 0 in the sense of distributions on (0, T),

hence (7) holds. The uniqueness of the solution follows from the conservation of the energy

E(t) = ;i/ol (wt(j)(t7 x))2 + (ng)(t, :1:))2 dx .

Thus we have proved Theorem 4.1. O

In Lemma 4.3, we present a recursion for the «a; that is independent of the ;. In order to write the
representation in a compact form, we introduce some auxiliary functions in the next lemma.
Lemma 4.2. Recall thatT =4 K+A with K € {1,2,3,4,...} and A € [0, 4). Forx € (0,1) such that A+xz ¢ N,
there exist unique numbers k4 (x) € {K, K+ 1}, my(z) € {0, 1}, o4 (z) € {-1, 1} and z;(z) € (0,1) such that

AK+A+z=4k1(x) +2my(x) + oy (x) 24 (x). (18)
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Moreover, for all x € (0,1), such that A —x € Z, there exist unique numbers k_(z) € {K, K + 1}, m_(z) €

{0, 1}, o_(z) € {1, 1} and z_(z) € (0,1) such that
AK+A—z=4r_(x)+2m_(x)+o0_(x) z_(x).
For x € (0,1) such that A+ 2 €N (A —x & Z respectively) we define the auxiliary functions
Ci(z) =14 04 (2) 24 (2), C(2) =140 (x) 2 ().

Then for these x € (0, 1) there is a unique j € {0, 1, 2} such that
Ci(zx)=14+A+2-25€[0,2)

and there is a unique k € {0, 1, 2} such that
C_(z)=1+A—-z—-2k€]0,2).

We have

U Ci(z)U U C_(z)=(0,1)U(1,2).

z€(0,1): A4x¢N z€(0,1): A—agZ
Hence for all u € L*(0, T) that we extend by the definition u(t) =0 for t > T we have

T o0 1
/O u2(s)ds:Z/0 W(Co () + 49)% + u(Co (@) + 4) + 22 + u(C(x) + 45) + u(C_(z) + 4j + 2)2 da.
7=0

IfCi(x) +4k4(z) <T, we have my(x) =1. Ifx € [0, 1) and C_(z) + 4k_(x) < T, we have m_(x) = 1.

Proof. Consider (18). There are five cases:
(1) A+ =z € (0, 1). Then we have 4 (z) = K,
(2) A4z € (1, 2). Then we have k4 (z) =
1+A4+2—2.

(19)

(20)

(21)

my(x)=0,04(z)=1,24(x) =A+2z,Ci(x) =1+ A+
K, my(z) =1, 04(z) = -1, 24(x) =2 - A -z, Ci(z) =

(3) A4z €(2,3). Thenwehave ki (z) = K, my(z) =1,04(z) =1, z4 () = A+z-2,Cy(z) = 1+ A+z—2.
(4) A+ =z € (3,4). Then we have ky(z) = K+ 1, my(z) = 0, op(z) = -1, z4(z) = 4 - A -z,

Ci(z)=1+A+z—4

(5) A+x € (4,5). Then we have ky(x) = K+ 1, my(x) =0, oy (x) =1, 2. () = A+x —4, Ci(x) =

1+ A+2—4.
Consider (19). There are five cases:

(1) A—z € (-1, 0). Then we have k_(z) = K,
(2) A—xz€(0,1). Then we have k_(z) = K, m_(z) =0, o_
(3) A—=z € (1,2). Then we have i (x) =

1+A—z—2.
(4) A—z € (2, 3). Thenwehaver_(z) =K, m_(x)=1,0_(z) =1, z_(z)
(5) A — =z € (3,4). Then we have k_(z) =

C_(z)=1+A—z—4.

—~

_(2)=0,0_(z)=—-1,2_(x) =2—A,C_(z) =1+ A—z.
r)=1z(x)=A—2z,C_(z) =14+ A —x.
,mo(x)=1,0_(z) = -1, z_(x) =2 —-A+2z, C_(z) =

=A—z-2,C_(2) =1+A—x—2.
K+1,m(z) =0, 0-(z) = -1, z_(x) =4—- A+ uz

Let z € (0, 1) U (1, 2) be given. Then there exists j € {1, 2, 3} such that z — A —-1+4+25 € (-1, 0) U (0,1).

Then there exists a point « € (0,1) such that z =1+ A — 25 £+ z, and (20) follows.

If C4(z) + 4 ky(x) < T, the definition of C4 (x) implies T > 4k (v) + o4 (x) 24 (x) +2m4(z) + 1 — 2m4 (2).
By (18), this implies 4 K + A+ xz+1—2m () <T =4 K + A. Thus we have 2m, (z) > 2 + 1 which implies

my(z) =1
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If C_(x)+4k_(x) <T, the definition of C_(z) implies T > 4k_(z) + o_(z) z_(z) + 2m_(z) + 1 — 2m_(z).
By (19), this implies 4 K + A —z+1—-2m_(z) <T =4 K + A. Thus we have 2m4 (z) > 1 — 2 which implies
m_(z) = 1.

0

Remark 2. If A =0, we have Cy.(z) =1+ z, ki (xr) = K and my(z) =0.
Now we consider the case A € (0,1): Then for x € (0,1 — A), we have C4(z) = 1+ x + A and for
x € (1—A,1) we have Cy(x) =x + A — 1. In both cases, we have 4 (z) = K.
If A =1, we have C4(x) =2 and C_(z) =2 — .
Now we consider the case A € (1, 2): Then for all z € (0, 1), we have C1(x) =x+ A —1 and k4 (z) = K.
If A =2, we have Cy(z) =1+ x.

Lemma 4.3. Fort > T, let u(t) = 0. Fort € (0, 1), define a(—t) = —AS(t) with 8 as defined in (14). Due
to (15) and (16) we have fort € (0, T')

aft+1)=ult) -l —-t)=ult)+Aa(t—1) and at+2)=u(t+1)+ Aa(t). (22)

This implies that for x € (0, 1) almost everywhere and m € {0, 1} we have

K-1
adK+2mtz)=A"a(xz)+mud K +1+x)+ Z ATyl + e +45) + Au(l+2+454+2)  (23)
3=0
which in turn implies
K-1
Aa(AK —x) = —B(x)+ Y u(l -z +4j) + Au(l —z+4j +2). (24)

=0

Define By (x) = C(x) — 1. Then we have the equation (T + x)

ke (z)—1
= A"+ @) o(By(z)) + ma (z) u(Ca(z) + 4 k1 (2)) + Z AV @) 4 (Co () +45) + AmE@y(Co(z) + 45 + 2).
3=0
(25)
Hence A™+®) o(T + )
it (z)—1

= a(Bx(x)) + me(z) A" u(Ce (@) +4re() + D Au(Ce(w)+47) +u(Cs(z) +45+2).  (26)
j=0

Proof. Equation (22) implies
alt+3)=u(t+2)+ Aa(t + 1) = u(t + 2) + Au(t) + a(t — 1).
By induction for k& € {1,2,3,...} this yields

k—1
at+4k— 1) =a(t—1)+ Y _ Au(t+4j) +u(t+4j+2). (27)
§=0

For t = 1 + x this yields

k-1
a(x+4k):a(a:)+ZAu(1+x+4j)+u(1+x+4j+2)
=0
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and for ¢ = 1 — x we obtain from (27)

k—1
a(—z+4k)=a(-2)+ Y Au(l—z+4j) +u(l —z+45+2).
7=0

For k = K this yields (23) for m = 0. The case m = 1 follows with (22). Lemma 4.2 and (23) imply (25). O

The proof of the main result is based upon the transformation of the objective functions J; that is presented
in the next section. The fact that the objective function is quadratic allows us to give an explicit expansion

around the equilibrium strategies vii (@ )*(x)

5. TRANSFORMATION OF THE OBJECTIVE FUNCTIONS

In this section we express the objective functionals J; (for i € {1,2,...,N}) of the players that have been
defined in (9) in terms of the traveling waves. For the transformation we will need the following definitions.
For z € (0, 1) almost everywhere, define the functions

(@)= — g8l(@) - (@), (28)
W)= g@h(@) - hE) (@) (29)
and let N N
(z) = (b () — (b))
beile) = (@) bosle) = (0%@) - (30)

Let A; denote the i-th column of the matrix A = (a;;)};_, defined in (12) and e; denote the i-th column of the
identity matrix I. For ¢ € {1, ..., N} define the numbers

=Y /O Wi(x) — hY) (x) du ay;. (31)
j=1
Let i € {1,...,N}, k €{0,...,2K} and = € (0, 1) be given.
If Ci(z)+2k € (0, T), (C_(x) + 2k € (0, T') respectively) define
v W () = wi(Co () + 26), v, (@) = i (C_(x) + 2k). (32)
Since the optimal strategies are 4—periodic, it is sufficient to have explicit representations for

0@ = w(Ce@), o7 V) = ulC_ @), (3

? 3

vV (2) = w(Co(@) +2), v V() = w(C_(z)+2) (34)

?

for z € (0, 1) almost everywhere and i € {1, ..., N} to determine the optimal strategies.
Now, we express the tracking type parts of the objective functional in terms of the travelling waves. Due to
(10) and (17) we have for j € {1,2,...,N}
ViV () = aj@ +T) = fila = T) + (35)

where the real constant ) is chosen such that (11) holds, that is

i

1
P = / hi(z) — aj(@+ T) + Bi(z — T) da. (36)
0
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(4)

The choice from (36) gives the minimal value of J; with respect to the constants r;”’ for j € {1,..., N}. Due to
(36), for all j € {1,..., N} we have
rj(-j) = /0 h%?j () —aj(z+T)+ Bj(x—T)dx. (37)
The difference of (36) and (37) yields
@0 [ 9 ()
r =i = /0 hpi(x) —hp ) (x) de.
Hence the values of 7“ ) for j # 1 are given in terms of the r](J) by 7“ = T )+ fo ’Z h( 2 ( )dzx.
Due to the deﬁnitlon (9) of J;, the traveling waves representation (17) of the state and (3 ( 5) for z €{1,2,...N}
we have
i T 1Mt )
Ji(u) = ) ui(T)QdT-f—iZ/ (aj(x—l—T)—i—ﬁj(x— T) - gp,(x )) dx (38)
0 =170
1N ; ) 2
+5 Z/ (aj(x +T) = Bi(a—T)+r? — hg?i(x)> da.
j=1"0
This yields the equation
T N 1 ) ,
) =3 fuwrar+ Y [aar 24 p6 -1+ (9) - aje+ 1) (s8)0) + 1) - 1)
0 J=179
, , N 1
55w~ T) (98)) — WG @) + ) ) K@) + 3 g9 @) + 5 ()2
In order to write J; in a more compact form, for z € (0, 1) almost everywhere we deﬁne
LS (0 @) ()
di@) =5 Y (s8:@) + (hEh@) (39)

and the vectors

Ty = (Tij)yv , hi(x) = (hg)z(x))jil

Jj=1

With the notation by ;(x) defined in (30) and ||(z1, ..., 2n5)|2 = Zjv 1(25)2, due to (28) and (29) we have

1
i 1
A = il + 3l + [ late+ DI+ 86 - Dl de

+/0 (bt,i(z) + )T oz +T) — (b—i(z) + )T Bz —T) — riT hi(x) + d;(x) dx.

Due to (16), this yields

1
i 1
Ji(u) = éHUiHQH(o,T) t3 173 +/0 (e + )3 + |A(T — 2)|3 dz
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1
+/O (b4 () + )T alz +T) + (b_i(z) + )T Aa(T — x) — riT hi(x) 4+ d;(x) dz.

In order to simplify the transformation of the objective function, we extend the functions u; € L?(0,T) by
zero for t > T', that is we define u;(t) = 0 for ¢ > T'. This allows us to extend the definition (32) of the v i’( )(x)

to all k € {0,1,2,3,...}. Note that still only a finite number of v; £ (k )( ) are not zero. Since the sum over j is
finite, equation (21) yields

||ui||2LQ(O7T):/ ZZUZ Co(x)+4j5+2m)* 4+ u(C_(x) + 45 +2m)* du. (41)

j=0m=0
We introduce the linear operator

ket (z)—1

L u(x) = ma(z) A" @ u(Co(z) + 4kt (x Z Au(Cy(z)+47) +u(Ce(x) +45+ 2).

Due to (26), we have A"+ o(T + 2) = a(Bi(x)) + L+ u(z). For z € (0,1) almost everywhere, define the
integrand

s} 1
Gi(x, u):% SN [ui(Co@) + 45 +2m)? + wi(C—(x) + 45 + 2m)?] +%||m|§_r3“hi(x)+di(x) (42)
j=0m=0
+ [ a(By(2)) + Ly u(@)|[; + a(B-(2)) + L u(@)];

+(0ri(2) +ri) T A (@B (x)) + Ly ul@)) + (b-i(x) + i) T A=) (a(B_(2)) + L ().
Due to the representation (40) of the objective function J; and the representation (41) of Hui||%2(07T) we have

u) :/0 Gi(z, u) dx. (43)

The next step in our analysis is to express the J; in terms of the controls v; .k )( ) defined in (32). With a
slight abuse of notation, we write J;(v¥) for the corresponding transformed obJective function. For z € (0,1)

. . N
almost everywhere, the corresponding integrand is a quadratic function of the vectors v(f) (x) = (’U]j’(] )(;10))’c
=1

, N
and v(J)( ) = (vk_’m(x))k:l, namely

Hi(z, U:t(x)) _ “;zg [(v;“(2j)(x))2 L (U:_7(2j+1)(33)>2 L (Ui—,(zj)(x))2 n (’Ui_)(2j+1)(33))2:| (44)

b gl = o hite) + dia)
n+(z) 1 2
+ a(BJr(x))erJr(x)AmM (2f<+ z)) Z A’U(2J) )+ (23+1)( )
2
K (z)—1 2
+ (B (@) + m_ () A= @) P g Z AP () + P (@)
2
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Ky (x)—1

+ (bpi(@) +r)T A | By (@) +my () A" @O o @) 1 3™ 40P (@) + o ()

K (x)—1
+ (@) + )T AT [ (B (@) + mo () A" D @) 4 YT A0 (@) 4 ()
j=0

Then for the objective function J; as a function of the controls vki’(j)(x) we have J;(vF) = [H;(x, v5(x)) dz.

Ct—

6. MINIMIZATION OF THE OBJECTIVE FUNCTIONS

For all i € {1,...., N}, in the integrands #;(z, v (x)) of J;(v*) as given in (44), the vectors vgf)(x) and
v(_J)(:c) for different values of x € (0,1) are not coupled. For x € (0, 1) almost everywhere the quadratic
function H;(z, -) is bounded below by zero. This can be seen from (41) and (38). Thus for = € (0,1) pointwise
almost everywhere, the matrices in the corresponding quadratic forms are positive semi—definite. Due to the
first part of #;(z, v*(x)) where ~; appears as a factor, the quadratic forms are positive definite. Hence we can
determine the choices of the v;t’ 2 (x) for which H;(x, v¥(z)) is minimal. In this way we obtain unique optimal
controls v+ (])( ) U;"(j)(x) as a function of a given vector r; € RY for z € (0, 1) almost everywhere. Then we
determlne the corresponding choice of the r; for which the integral objective function J; is minimal which is
equivalent to the system of linear equations (36). For a Nash equilibrium, this linear equation must be satisfied
for all i € {1,...,n} simultaneously. If the ; are sufficiently large or all equal, the corresponding matrix is
regular. Thus we obtain the equilibrium strategies, where for i € {1,..., N} player i solves the optimal control
problem

min mln/'HxU )dx—rnln /sz x)) dx

2K -1 N 2K—1
(Ui (])(7:)) i €R ’MER ( =+, (J)( )

We start by considering the inner level problem

1
i . +
i»(jr)nln 2K —1 A Hl(‘rv v (.’E)) dx
(vi (z))j:o

for fixed vectors rj, j € {1,..., N}. The approach to this problem is the pointwise minimization of the integrand
for z € (0,1) almost everywhere that is summarized in the following lemma. For further details on necessary
(and sufficient) conditions in the context of optimal control see e.g. the monographs [16,21,28].

Lemma 6.1. Let natural numbers i € {1,.., N} and Ny be given. For x € (0,1) almost everywhere and z € R™M
let a quadratic functional

Hi(z, 2) = 2T M;(z) 2 + mi(x)T 2 + s;(x)
be given where the Ny x Ny matrices M;(x) are symmetric and positive definite and m;(x) € RN, Forz € (0,1)
almost everywhere, define
2} (z) = arg min H;(z, -).
If Hi (-, 2*(+)) € LY(0,1)), we have

1 1
min Hi(z, z(x))dz = Hi(x, 27 (x)) dx
emin e @) de = [ e s @)

Since the integrand of J; is quadratic and strictly convex, the necessary and sufficient optimality conditions
for the minimization of H;(x, v (x)) with respect to vj’(J)( ) and v, ’(])(ac) are given by the system of linear
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equations
L?—Q(m, vE(z)) =0, L’Hi(w, vE(z)) =0, m € {0,....2 K —1}. (45)
(%j’(m) (x) (%;’(m) (x)
In the sequel we use the notation
0, .o Hi(, vE(z)) = % Hi(z, vE(2)).
) dv; " (x)

To continue our analysis, we study the structure of the equilibrium strategies. It turns out that the equilibrium
strategies are periodic with period 4 on the time interval (0, T).

Lemma 6.2. Leti € {1,...,N} be given. Every strategy u; of player i that satisfy the optimality system (45)
for given strategies u; (j # i) is 4—periodic on the time interval (0, T). Let A; denote the i-th column of the
matriz A defined in (12).

If for alli € {1,..., N} the strategies u; satisfy the optimality system (45) simultaneously, then for x € (0, 1)
almost everywhere and | € {0,1,...,k4(x) — 1} such that C4(x) +41+2 € (0, T') for every solution of (45) we
have with D = diag (7;)2

=1’

N
Ufl+1)($) - _pt ((b+7z($) + ri)T Anur(x)ei)

1=

T 2D a(By(z))
254 (2) D" 0 (@) — 2 (ky (2) + my (2)) D A0 (2) (46)

and for x € (0, 1) almost everywhere and 1 € {0,1, ...,k (x)} such that Cy(x) +41 € (0,T)

0@ = =D ((bra(e) + )" AT Ai)i1 — 2D Aa(B ()
2 (kg () + my(2)) D" 0P (2) — 26, (2) D7 AvlM (2). (47)

For z € (0, 1) almost everywhere and | € {0,1,...,k_(x)} such that C_(x) + 41 € (0, T) we have

- -p! ((b,,i(a;)—&—ri)TAm’(w))N — 2D a(B_(z))

¢ i=1

—2(k_(x)+m_(x)) D! ¥ () —2x_(z)D7? Av(})(x), (48)

and for x € (0, 1) almost everywhere and ! € {0,1,...,k_(x) — 1} such that C_(x) + 41+ 2 € (0, T) we have

N
W) = D7 (b @)+ 70" 49 4)" 2D a(B_ ()
—2k_(z) D" oW (z) = 2 (k_(z) + m_(z)) D A0V (). (49)
Proof. Let A™+®) denote the i-th column of A™=(® We use the Kronnecker notation 6F = { (1) g 5 ; z’

First we consider the case that m = 21 is even. Then for z € (0, 1) almost everywhere and

v (@) = ui(C (x) + 2m) = ui(Cy (x) + 41),
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+, (20)

equation (44) for H,(x, vE (x)) implies that for the corresponding partial derivative with respect to v, we
obtain the affine linear map
O oMi(a, v @) = v @) + (bril@) + )T A (57 m @) A7 (1= 07 ) 4)
K+(LE) 1 T
+2 (Jé(B+($)) + m+(x) Am+(ac) (2’”v+(95)) Z Av@]) 2]+1)( )
(5f+($)m+(I)A;n+(I) +(1- 5Z'f+($))Ai> '
As before, let e; denote the i-th column of the identity matrix I. If if m = 21+ 1 is odd, for
v (2) = ui(Co (x) + 2m) = wi(C () + 41 + 2)
the corresponding partial derivative of H;(z, v¥(x)) is given by the affine linear map
0, o Hlw, vE@) = 7o P @) + (b)) A Dy
fiy (z)—1 _ ‘ T
+2 | a(By(z)) + my (z) AT+ wf'”(ﬂ)(x) + Z Avfj)(x) + vfﬂﬂ)(x) €.
§=0
Thus the optimality conditions (45) imply that for all [ € {0, ..., 54 (z)} we have
1 m
0P @) = == (i) + )" A (67 D (@) AT 4 (157 0) 4) (50)
9 Ky (z)—1 T
—= | By (@) + my () A7+ () D) Z AvE (@) +0E ) (a)

(67+($)m+(m)14m+(1) + ( 6’f+(93)) Az) .

Forl € {0,...,k4(x)— 1}, we observe that the right-hand side in (50) does not depend on I. Note that Lemma
4.2 states that if Cy (z) +4k4(z) < T, we have my () = 1. In this case , we also have v;r’(Q M(I))(x) = vj’(o) (x).
If my () = 0, we have v;"®"* @ (2) = 0 . Thus we can write for all I € {0, ..., k4 (z)},

K2

U_Jr,(zl)(x) _ [(1 . 5l'€+(aD)) + 5lf€+(w) m+($)] v;r’(o)(x).

Thus for all z € (0, 1) such that C4(x)+41 € (0, T), the value of u(C4(x)+41) does not depend on [. Similarly,
we obtain

1
Uj’@l“)(x) = —= (byi(x) +7’¢)T Am+ @) g, (51)
Ky (z)—1 T

—— |aB@) +mi@ A @@ - 5 A @)+ @) | e
7 j=0
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Again, we observe that the value of vj’(QlH)(a:) is the same for all I € {0, ..., k() —1}. Thus u;(Cy(x)+4142)

does not depend on [. Since v;" (zl)(x) = vj’(o) (x) and v+’(2l+1)(:v) = v;r’(l)(a:), (51) implies

B
A %

1 " 2 ")
o2 (z) = (7}®+¢@0+mfﬁAm+@)@> <7‘On+@0Am+@ﬂ”fmﬂwkzw @)
[ =1 v =t
N N
fy(z)—1 rp (2) 1 T
2 K +,(25+1) 2 +,(25) N
v o (B4 (2)) + Z v; (z) o Z A (Ui (x))izl “
j=0 i=1 =0 =t
N T \N
— (1 (bti(x) + m)T Am+(@) ei> B <2 (mJF(x) A Uf“+(f))(x)> ei)
v i=1 Vi i=1
N T \Y
2 (o +(1) (2 FO@) ) e
- (%‘ (az(3+($)) + rit(z) v; (@))2_1 (%‘ ri(z) | A (vi (x))izl “ -

Now the definition of D implies (46). Moreover, (50) yields (47). Equations (48) and (49) follow analogously.
0

Lemma 6.2 states that the optimal strategies are 4-periodic. Due to this important observation, it suffices
to find the optimal control functions on the time-interval (0, 4). In the proof of Lemma 6.2 we have shown
that for all ¢ € {1,...,N}, I € {0,...,x+(z)} and = € (0, 1) such that Cy(z) + 4 € (0, T) almost everywhere
we have vii’(gl)(x) = Uii’(o)(as). Moreover, for all i € {1,...,N}, 1 € {0,...,6+(z) — 1} and = € (0, 1) such that
Ci(x)+4l+42 € (0, T) almost everywhere we have vii’(QlH)(m) = vii’(l)(x) .

For the 4-periodic controls, we can express the objective functions J; as functions of vii ’(O)(a:) and vii ’(1)(:1:).
Hence for all i € {1,..., N}, for equilibrium strategies v* that satisfy (45), we can restate H; from (44) as the
quadratic function

Mo, %) = (Gl 4 meo) (57 0@) s+ wae) (o7 O))
3 (@ me @) (70 @) o) (o))

1
+5 lIrill3 = i ha(@) + di(x)
2

+||a(Bs (@) + (k1. (@) + s (@) 408 (@) + w4 (2) o @) |

+ 0B @) + (@) +m (@) A @) + 5 (@) o0 )|
(bra@) + )T A (a(By (1)) + (4 (2) + o (@) A (@) + 4 (2) o ()
(b i) + )T AT (a(B(2) + (k- (@) + m-(2)) A0 (@) + (@) v ().

For all i € {1,..., N}, (47) implies

DO @) + ((bysla) + )T Am+0 4) " = (52)
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=2 (Aa(By (@) + (ks (@) + my (@) vl (@) + 1 (2) A0 ().
This yields
(D + 2k (@) + my (2)) o (@) + (br.a(e) + 1) A7+ Ai)il = —2A4a(By(2)) - 24 (z) Av} (2). (53)
Moreover, (46) implies

1 N 0
(D + 264 (@) o (@) + (b i(2) + 1) T A" )~ = —2a(B (1)) = 2 (4 (2) + mo (2) A} (@) (54)

i=1

Analogously we compute the optimal strategy vectors v(_o)(x) and v(_l)(x). Equation (48) implies

(D + 2(k_(z) + m_(2))) vV (z) + ((b,ﬂ»(a:) )T Am—meif = 2a(B_(2)) - 2k_ () AvV(z). (55)

=1
Moreover, from (49) we obtain
(D +26_(2)) vV () + ((b_,i(x) + )T Am-@) Al-)i1 = —2a(B_(2)) - 2 (k_(z) + m_(z)) Av' O (z). (56)

Now we show how we can determine the equilibrium strategies explicitly.

7. AN EXPLICIT REPRESENTATION OF THE EQUILIBRIUM STRATEGIES

In Section 4 we have represented the state in terms of traveling waves. The representation of the state from
Theorem 4.1 allows us to determine the Nash equilibrium. Before we proceed, let us consider the following
lemma where the inverse of a certain matrix is studied. As before assume that 7' = 4 K + A where K is a
natural number.

Lemma 7.1. Define the matriz

_( D+2(ks(z)+ma(x)) I 2ke(z) A
Mz (w) = ( 2(ke(x)+me(z) A DA 2ry(x)] ) (57)
and the diagonal N X N-matrix
D = diag (v)[L, - (58)

If D =~1I or~; is sufficiently large for all i € {1,.., N}, the matriz M (x) is reqular. In the case D = ~I the
inverse is given by

(0@ na(a) A
M (@) —<§I(x)A ZW) "
where
B v+ 2K+ (x)
b0+(z) = y(y+4kL(z) +2my(x)) v
ne(w) = — S "

v (v +4ke(z) +2me(z))
_ 2hkg(2) +2my(z)
SO = I T e @) (62
v+ 2k+(x) + 2my(x)

Y(y+dks(z) +2my(z))

I/i(l‘)
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Proof. To simplify the notation let us drop the dependence on x and the index 4. Next, define the number
F=0+26)(v+2(k+m)) —4k(k+m) =7(y+ 46+ 2m) .

The statement of Lemma 7.1 can be checked by computing the matrix product M. (z) M4 (z)~! with M (x)~!
from (59) which yields the identity matrix . In fact, we have

I (vy+2(k+m)) T 2Kk A (v+2r) 1 -2k A
FMM™ = ( 2(k+m)A (7+21€)I><—2(1f—|—m)A (’y—|—2(m+m))[>

y(v+4k+2m) I 0 i
0 y(y+4s+2m)I ) " T
O
Now we define another matrix that we need for the explicit representation of the equilibrium states.
Lemma 7.2. Let 1
T =
+(z) v+ 4k (x) + 2my(x)
and .
9= / 1 (m (@) + 264 ()T (2) — (m_(2) + 26 ()T () da (64)
0
and define the N x N matriz
My=091 (65)
Then the matriz My is reqular.
Proof. For all z € (0,1) , we have
1= (my(z) + 264 (2)) Ty (2) = (m—(2) + 26 (2))T - (z)
1 1
— (g @)~ 2040 Talo) + (g~ o)~ 26-(0)) T-(@)
g
= T @)+ Y @) € 0,1).
The integration on (0, 1) then yields ¢ € (0,1). Hence M, is regular. O

For the representation of the equilibrium strategies, we need the vector = € RY as defined in (77). Using Z,
an explicit representation of the equilibrium strategies is given in the next theorem.

Theorem 7.3. Let T = 4K + A for K € {1,2,3,...} and A € [0, 4). Assume that there exists a real number
~v > 0 such that y; = for alli € {1,...,N}. For rgj) as in (36), define the vector

R= (Tgi))il '

Then System (3)-(8) with the objective functions (9) has a unique Nash equilibrium that we denote by the

superscript * where
R = ( “)’*)N —1= (66)
i )L T T

with 9 as defined in (64) and Z as defined in (77). The values of rgj)’* for j # i are given by

. . 1 . .
PO = / 1Y) () — W) (x) d. (67)
0
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The optimal strategies are 4-periodic and given by

(0) _ _ . T my (x) N
oO@) g ( 2a(B () — ((byala) + )T A™+ @A) ) o
<v$> z) ) +(@) —2a(B,4(z)) — ((b+,i(x)+ TAm+<r er), (68)
(0) T m_ z
vl (x) o)1 —2a(B_(z)) — ((b—i(z) + ;)T A )e; )Z
( v () ) =M-@) < —2a(B_(z)) = ((b_i(x) +r;)T Am-() Al)i:1 ) (69)

Proof. Lemma 6.2 states that the optimal strategies are 4-periodic. Using this fact, we have constructed controls
such that for all ¢ € {i, ..., N}, the optimality conditions (45) hold. In the statement of Theorem 7.3, we assume
that the assumptions of Lemma 7.2 hold.

With the matrix M (x) as defined in (57) we can summarize (53) and (54) in the form

(O) T Amy(x N
(@) |\ _( —2 a(By(z)) — ((byi(x) + 1) T Ame( )Ai).=1
M, (x) ( vi”(w) ) < —2a(By(z)) — ((b+,¢(:r)+7’i)TAm+(I) ei)ji1 .

The matrix M (z) is regular, since D = vI. Hence, we obtain (68).
With the matrix M_(x) as defined in (57) we can summarize (55) and (56) in the form

(0) T pm_(x N
(0@ [ —20B-@) = ((b-a@) + )" A @ )T
M) < o (@) ) - ( 2a(B_(x)) — ((bs(@) + 1) Am- DAY, )

Since M _ () is regular, this yields (69).

Thus, we have also obtained the optimal strategy vectors vf) (z), vg_l)(x), v(_O)( ) and o )( ) as affine linear
functions of the r;. So due to (67) (that also holds without the exponent *) the optimal strategies can be
expressed as an affine linear function of the vector (rz( )) i—1- It remains to determine the numbers r( Y in such a
way that the values of the objective functions J; that we obtain for the strategy vectors vy (x) and v_(z) that

we have determined above are minimal. This is the case if (37) holds.

NN
In order to use these relations to derive a linear equation (equation (74)) in terms of (rE”) , we make the
i=1

following observations.
For i € {1,..., N} we have rle; = 72( )= = (IR), and due to (67)

N
TlTAl = Z?”'l(]) aij

I I
—
5 M=
S
b
.
1=
o\
>
>
oS M
\
| S
- 3
>
QU
8 %
s >
S —~
=
ISH
=
&
<

Hence
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Moreover, we have

N 1
rFAm:@)e, = (Ami 2) R) +mx(z (Z/ x) —hp)( )d““) '
0

j=1
With the notation I; from (31) we have for m € {0, 1}

rTA™A; = (A(lfm) T\’,) +(1—=m)];, rfAme; = (A™R), +ml,; . (70)

?

For D = ~I, with T4 (z) = 01 (z) + nt(z) = £+ (z) + v+ (z) as in Lemma 7.2, (68) and (69) yield furthermore

(0) T m4 (x
vy (x) o () I +ny(x)A N 2)) — R ((b+l( Am+( )A)
(v%)) S G AR ELCIERE ( (1bs )7 A7) ) ) "

B T, (z) A+ (@) | 0(z) (1 —my(2) ] +ny(z) my(z) A) N
( ;_,_(x)Ame) ) R ( gi(qj) (1-— mi(x))A—f— Vj—(l‘)mi(x) I > (Iz) -1

~.

(0) T m_(x N
v’ () o 0_(z)I+n_(x)A N o)) — o)1 ((b_J( A )61)2:
<v9><x>> - (@A )M <<<b_< )" A M)ﬁﬂ) i

( ﬁzﬁfﬁfﬁ; ) o ( b-(a) (o) I+t 1-(e) (1 = m—(s)) 4 ) 1

Now, for j =i € {1,..., N}, (37) yields a linear equation for the numbers r , that we use to obtain a system
of linear equations for the numbers rl( ). From (25) we get

T +z) = A™@a (B+( ) + ma (@) u(Cy () + 4y (2))
kg (x)—
+ Z A1 M+ (@) (Cy (2) + 45) + AT O (Co(z) + 45 +2)

= A’"*(’” a(By(z)) + my(z) u(Cy(z))

i (2) AT (Cy (2)) + R () AT Du(Co () + 2)
= A Da(By(2)) + my (z) 0] (@)

g (@) A @ O () ey (@) A 0D ()

Similarly, from (26) we get

and thus we get
Bi(x —1T) —AT (T — )

= —AT A" @ o(B_(z)) — m_(2)AT v'9 (2)

—K_ (x)eZT A= (@) vg)) () — K (m)AZT Am*(””)v(})(x) .
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Hence (37) for j =i yields

. 1 .
K0 = [ M) - A8, () - AT AP D(B_ (@) dr (73)
0

7

eva)( )+ m_ (:c)AiTv(_O) dx

|
1
_/0 kg (x)el At=m+ (@) vf) (x) + n+(x)e?Am+(z)v$)(x) dx
1
—/ k_(x)el Am-@) e (z) + r_(z)AT Am*(w)v(})(:ﬂ) dx .
0

Now we insert the expressions for (v; A (O)( NN (v A (1)($))£\L1, (v; ’(O)( NN, and (v, ’(1)( NN, from (71) and
(72) to obtain a linear system for R

( / 1 m (@)Y 4 () ACT+ @) o (@)Y - (2) AC—"= @) g (74)
0

+/0 2n+(x)T+(x)I+2/i(;v)T(x)Idac) R + E,

where the vector Z contains the remaining terms that do not depend on R. In order to obtain the explicit
representation of = we introduce the auxiliary vectors

_(0) _ B NT Ama(z) 4. _ AR
@)\ - v ( 20(By (2)) — (byi(x)" A" A+ (1 - my(2) T) 1, ) .
( ) ) ) ~20(By(x)) = (byi(a)" A™+ ) €i+m+(x)fi)iv:1 ’ i

5 T Am_(x N

1@\ _ g et [ 2B @) = (@) A et ()T
<”L~}_1)(x) ) M—( ) < 720&(8 ( ))7(1)—1( )TAm (z) A +(17 )75]\[1 > (76)
)

These vectors are derived using equations (68), (69) and (70) by setting R = 0. Insertl g (75) and (76) in (73)

yields the following equations for the N components of =:

= = /01 (hg)i(x))ll - (Am+(z)a(5+(ﬂ?)) + Al_m*”a(l&(ﬂ:))) dx

—/1 (m+(33) ﬁf) (z) +m,(x)Af)@(x)) dx (77)
- / 1 Ky () (A1*m+<w> 50 (z) + A+ @) @(j)(x)) dz
—/1/@_(x) (4m-@50 (@) + 4= 50(2)) d.

We then have

MyR =2 (78)
with the matrix My defined in (65). By Lemma 7.2 the matrix My is regular, i.e. the system of linear equations
(78) has a unique solution. In fact the solution is given by R = 9¥~!Z. This implies that the boundary control
game with the wave equation has a unique Nash—equilibrium, that consists of 4-periodic strategies.

Hence R as defined in (66) is the unique solution of equation (78). This implies that for the corresponding

©)

weights 7,7/, that equation (36) holds. Thus we have constructed a unique Nash equilibrium. O
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Now Theorem 7.3 implies Theorem 3.1.

Remark 3. In Theorem 7.3 we have given an explicit representation of the linear operator that maps the initial
state and the desired states to the corresponding Nash equilibrium. The representation implies that boundedness
of this operator as a map from the corresponding function spaces to the control space (L*(0, T))™ and thus the
stability of the Nash equilibria with respect to perturbations of the initial and the desired states.

Now, in order to illustrate our outcomings, we briefly discuss two small examples.

Example 1. If all the desired velocities are zero, that is hg?i =0, (28) and (29) imply that we have

b9 (@) = —g¥, b9 (2) = g

Thus b(j)A( )+ b(j)»( ) = 0. Moreover, (31) implies I; = 0. If we start at the zero position (that is y(()i) =0) with
zero velocity, that is with the initial velocities y =0, (13) implies a;(x) = 0. Note that for D = ~v I we have

(0 %) mew=me0 (5 %)

Assume that ky(x) = k_(z) and my(x) = m_(z). (This is the case if A =0. Then ky(x) = k_(z) = K and
) (z

my(x) =m_(z) =0.) Then we have My (x) = M_(z). This implies
—byi(x)T A”‘*(@A) A 0 o)1 — (b—i(x)" A™- (C”)e):1
-t 70 (8 e (R

_ )1 (—b+,l( )T Am+(= ) A 0 —(b_J(x)TAm () ,)Z )
= M,(z) ( _ (b_‘_"( )TAm+(r)e )}\f ) + < 0 A ) ( _ (b_J(x)TAm_(m) A1)¢:1
_ S Ba@)T A AY T (b ()T AT 4) T )
-M,(z 1
o < (byi(2)T A+ @ ) 7+ (b i(@)T A= ) D
0
- (1)

Now equation (77) implies that we have Z = 0 and (66) yields R = 0. Thus by (67) it follows that 7"1(]) =0 for
alli,j=1,..,N.

Assume that A = 0. Then we have By(x) = +x. Hence if we start with zero velocity, that is with the
initial velocities y() = 0, also for nonzero initial positions y(()i), we have a(B_(z)) = a(—z) = —AB(z) =

—Aa(x) = —Aa(B4(z)). Hence in this case we have o(B4(z)) + Aa(B_(z)) = 0. Similar as above, this yields

~(0) ~(0) )

?a)(x) + Alj(’l)(x) =0 and thus = =0 also holds if y((f) #0.
0, (x) + Ao (o)

Example 2. Assume that T = 4K (K € {1,2,3,..,}) and D = v 1 for some real number v > 0. Moreover,

assume yé])( ) =0, y(J)( ) =0, hg)l(x) =0 and N = 3. Then using the notation 6% = v(y + 4K) we have

1 -2 =2

( (y+2K) 2K A 1 [((v+2K)  —2KA
:Z _; _f ’Mi_( 2KA  (y+2K)I M = o —2KA  (y+2K) |

A=1
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Let gg))l(x) = g(Dj,)2($c) =0 and gg?g(ac) = 1. Then Ezample 1 implies that in this case rgj) =0 foralli,j=1,..,3.
We have a(z) = B(x) = 0. For each player the equilibrium strategy attains at most four values and is constant
on intervals of the length 1. Applying equation (68) we obtain

(0 @) = o
0O @) = AK . (79)
=1 3gdet 3y 8K

Moreover, comparing the associated equations for vt (M*(x), and (69) for v ©*(x) and v= D *(z) with the
one for vt ¥ () we directly get

UJ“(l)’*(:c) = —v+’(0)’*(x), Uf’(o)’*(x) = v+’(0)’*(aj) and vf’(l)"*(ac) = —v+’(0)’*(x). (80)

Next, using the transformed objective given in (44) and assuming the opponents optimal strategies are given, we
+,(0)  +.(1) =, (0) —7(1)))

obtain the following stationarity system for v; = (v, ,U; U, U,
+,(1
v+ 2K 2K Ay 0 0 S I
2K A v+2K 0 0 . 1B 0O ety
1 T -, 1
0 0  ~v+2K 2KA; K5 oD —ely,
. —,(0
0 0 2KA; ~+2K WO ATy,

whose solutions are exactly those ones given by (79) and (80), which (by the convexity properties of the objective
function) proves that these represent in fact a Nash-equilibrium.

8. CONCLUSION

We have constructed a Nash equilibrium for a Dirichlet boundary control game with N players that act on
the boundary nodes of a star of IV vibrating strings. Each player has an objective function that is the sum of a
quadratic control cost term and a quadratic tracking term for the final state at the time T'. We have shown that
if all players have the same control cost weight a unique Nash equilibrium exists. The equilibrium controls are
4-periodic. The result that the equilibrium controls are 4-periodic, also applies for the more general case where
the weights ; are allowed to differ, provided that a Nash equilibrium exists. In fact this follows directly from
the proof of Lemma 6.2. In the analysis for the general case the matrices M4 from Lemma 7.1 appear. For the
proof of the existence of a Nash equilibrium it is necessary that these matrices are regular. Then similarly as in
the proof that we have presented in this paper, a linear system MR = = can be derived, but the corresponding
matrix My has a more complicated structure. If M is regular, a unique Nash equlibrium exists.

Our results provide a basis for more involved future studies where in a multi—stage process a transportation
system operator fixes prices and trades feasible intervals with the customers. In the applications of gas networks
these would be fixed in contracts about the nominated gas consumption/delivery of the customers. These
contracts have to be made in such a way that the operator can guarantee that the obligations can be satisfied
within the technical operation range that is usually defined by box constraints for the admissible states. In
the applications, additional challenges are caused by the complicated network graphs and the fact that the gas
pressure also has to be increased at points in the network by compressors to drive the gas flow, see [14].
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