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Abstract

Varying thermal stresses influence significantly the time to failure of electric components as
used, for instance, in automotive devices. For applications as autonomous driving a high
reliability has to be guaranteed.

In this article we discuss how to combine probability distributions for failure. Discrete
and continuous changes of the probability distribution in time are both considered. It turns
out that the temporal order of the distributions, corresponding to the succession of stresses
in applications, is essential. The latter observation restricts the general applicability of the
widely used temperature collectives where only the total time of a temperature stress is
considered neglecting the order of the stresses.

An application of our results are thermal overstress tests on electric components. We may

explain yet not well understood measurements for automotive electric cables.

Keywords: Reliability, Applied Probability, Data science, OR in research and development,

Simulation

1. Introduction

Due to the trend to automated and autonomous driving, high reliability of electrical
components in cars has become mandatory (ISO 26262 (2018)). Moreover, along with the
electrification of the powertrain and electromobility, the number of electric components in
cars has multiplied in recent years, and the vehicle electrical system usually has become the
heaviest part thus competing with the demand that the car as a whole should become lighter.
Therefore, the prediction of the Time To Failure (TTF) of these components that allows for
their optimization and secure layout has become a task of today, and it is the subject of this
paper.

For this purpose the concept of Failure In Time (FIT) rates has been introduced, originat-
ing in aerospace engineering, see for instance FIDES| (2010). In recent time, the concept of
FIT rates is getting more and more attention in the field of automotive engineering (ZVEI-BI
(2021))).
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Failure rates are measured in the unit of 1 FIT = 1 failure in 10° hours and, typically, a
failure rate less than 1 FIT should be guaranteed. Just to give an idea, 1 FIT means that a
test of 10° specimen over 10* hours (i.e. longer than a year) yields only 1 failure in average.
Since measured TTF in the order of several FITs may be unavailable due to lack of time,
imperceptible failure rates, and costs, other approaches than measurements in real time are

in order:

1. Using experience, available measurements, and well-accepted models from the physics
of failures a handbook is standardized including tables and calculation regulations, for
instance MIL-HDBK-217F| (1991); SN 29500 (2004); ITEC 61709 (2017); [FIDES| (2010)).
In this relation, the computed failure rates are also called FIT rates.

2. Measurements under overstress, that either (i) accelerate the TTF or (ii) allow for a
refined prediction by gradually detected failure on a shorter time scale.

3. By statistical assessment of collected field failures from the past, see, e.g., |Ostendorf,
Wielsch & Reiniger| (2014).

The results developed in this article are designated to improve 2(i). For an overview of the
state of the art of reliability of technical systems see, e.g., Eberlin & Hock| (2014]).

Primarily, in this paper we focus on the impact of stresses on electrical components caused
by varying temperatures. Experimental data for some temperatures are available with the
help of which expected values and variances for the TTF can be estimated. Since these tests
are destructive, adapted statistical methods are required and applied. By model-based data
science approaches using the Arrhenius law for the TTF depending on the temperature, see,
e.g., Laidler| (2013), the estimation of the TTF may be extended to a large temperature range.
The phenomenological Arrhenius law describes the degradation (ageing) due to chemical re-
actions in general, it says that the logarithm of the TTF is proportional to the reciproke
absolute temperature. It holds for monomolecular as well as for macromolecular reactions.
By this means for temperature overstress significantly shorter TTF may be expected that are
more easily manageable in laboratories. We will use the Arrhenius law in several forms.

As it turns out, the temporal order of different temperatures has a significant effect on the
TTF of the component under consideration. For instance, cooling down instead of heating
up, while having the same duration of the temperature load, yields a shorter TTF of the
component accompanied with a larger variance and standard deviation, respectively. Whereas
data from accelerated tests for monotonically increasing stress have been analyzed by [Nelson
(2001)), scenarios with generally varying stresses have to the best knowledge of the authors
so far not yet been considered in the generality presented here. Our result restricts the
applicability of temperature (or other load) collectives common in engineering, see e.g. Eller,
Binner, Reister, Widdecke & Wiedemann (2015) or Knothe & Stichel (2017), where the overall
durations of each temperature stress alone are considered. But the order of the temperature
stresses may not be neglected in general. By our results for a prescribed lifetime, components
may be chosen optimally under the constraint of a certain use profile, coming along with

varying temperatures stresses.



The paper is organized as follows: In the next chapter two deterministic approaches for the
determination of the TTF of some electrical component under stresses caused by temperature
changes are presented. The first one is based on the assumption that components hold a life
capacity, a so called viability, which is, depending on the stresses, consumed over time. The
second one is derived from the kinetic theory of chemical reactions. By use of Arrhenius’ law
both approaches lead to the same forms for the temperature dependence of TTFs, and with
their help the above mentioned impact of temporal arrangements of different temperatures is
discussed.

In Chapter [3] probability distributions for the lifetime of electrical components as well
as their expected values and variances are determined, first for discrete temperature steps
and thereafter for continuous temperature changes, and the results are illustrated with the
help of the exponential lifetime distribution for a constant temperature. Also the results of
the deterministic and stochastic approaches, again using Arrhenius’ law, are compared. In
Chapter [ the results of Chapter [3are applied to the widely accepted Weibull distribution for
the lifetime. In Chapter 5 the results of some experiments on automotive cables are presented
and compared with the theoretical findings. We close with a final chapter where we discuss

the obtained results and where we give an overview of relevant applications in near future.

2. Deterministic models

In this chapter we present two deterministic approaches to the analysis of failure times
of components under stresses. The first one uses the concept of a life capacity, a so-called

viability, of a component. The second one is based on the kinetic theory of chemical reactions.

2.1. Linear consumption of viability

Let s(t) be the consumption of viability at a time ¢ (in h) under the stress 7" applied up
to t. The unit of s depends on the application. The consumption of viability adds up like

distances that are determined by velocity and time duration. We start with
Assumption 2.1. Consumption of viability

(A1) The consumed viability s depends linearly on the time duration t (in h),

where the so-called life velocity v(T) depends on the applied stress T .

(A2) The nominal consumed viability sy is the product of a life velocity v(Ty ), depending on

a nominal stress Ty, and of the nominal Time To Failure t:
su=v(Ty)ty. (2)

(A3) Let s = s(t) be the consumed viability at time t = Zszl t,, where tp, k = 1,... K,

corresponds to time intervals under stress Ty. Then fractions s, k= 1,..., K, of the



consumed viability s corresponding to intervals ty, add up linearly,

K
s = Z Sk (3)
k=1
Combining and yields
K K
=Y o(Tu)ty, t=> ty (4)
k=1 k=1

Let t = t(T) be the Time to Failure for an applied stress (typically a temperature) profile
T(t), t > 0. In contrast, let tx be a given nominal Time To Failure prescribed by a standard,
or ensured by a manufacturer declaration for a nominal stress Tl.

Thus, with and

I
]
=
o

K
=5(t) = sy =v(Ty)ty Zkatk,
k=1 k=1

describes all the initial viability consumed at the Time To Failure ¢.

For K = 2, for example, we get with to =t —#;
S# = ’U(Tl)tl + ’U(TQ)(t_— tl)

or with

_ v(Ty) v(Th)
A (N ©)

Before proceeding, let us present an intuitive example.

Example 2.2 (Viability of a car). For a car, we consider the filled up tank volume as available
(nominal) viability sy (in €) that is consumed completely at time ty when the tank is empty.
Also, let cy (in £/km) be the nominal fuel consumption corresponding to a nominal constant

velocity (stress) profile V. Then we have in analogy to (@

S# = C# V# t#. (7)

Take for example s = 600, ¢ = 0.06¢/km and V = 100km/h, then we get from @ ty = 10h,
corresponding to a travelled distance Sy = 1000km.
Let us assume now that the car travels until t1 with velocity Vi and consumption c1, and

with velocity Vo and consumption co from t1 to t. Then we have in analogy to (@

+ (Vacg — Vi )th (8)
Vaca '

|
|

For example, assume that the car travels t1 = 4h at V4 = 140km/h with a corresponding

consumption ¢; = 0.09¢/km. This yields the viability s(t1) = 50.4¢, contrary to the viability



304 in the constant velocity case. Afterty let the car travel at Vo = 80km/h with ca = 0.04¢/km.
From (@ we obtain t = Th. We observe that the travelled distance is S = S1 + So = 560km +
240km = 800km.

But if our car travels until t1 with Vo and subsequently with Vi until the tank is empty,
then we end up with t ~ 7.75h and S ~ 320km + 525km = 845km. The TTF of a tank filling
and the distance travelled is longer as in the last example. Note that s(t1) = 12.8¢.

Assume a certain standard consumption ¢y = 0.05¢/km has been stated by the the man-
ufacturer of the car. It is not precised, how ¢y depends on the velocity. If we consider the
guaranteed Su = 59 (though it might be actually filled up to 600), this prescribes a certain
radius 5’# = 1180km for the car to be ensured.

Let us return to and . For continuous changes of the stress T over time, we get

from

and therefore for ¢t = ¢ and with

5 = 0(T )ty — /O o(T(F)) dt' ()

For T'(t) = Ty for all t > 0 we get from (9) = t4 as it should be.
Let us consider now the viability of cable insulations which is the application standing
behind these theoretical considerations. According to the Arrhenius law modelling the en-

hancement of a chemical reaction caused by temperature stress we set

(T) ~ exp <— T T“TO) (10)

where T;, (in K) is the activation temperature and T, (in K) the solidification temperature.
Note that in the classical Arrhenius law, T, = 0 K is considered (see |Schill & Liess| (2017,
August))). Actually, this life velocity turns out to be an acceleration factor. In the case of

Arrhenius’ law, we see

t(T) =ty exp (T_T“TOO> (11)

where the so-called reaction kinetic period ¢, (in h) turns out to be a choice for s, the viability
that is consumed completely at failure.

Different cross sections (yielding different insulation thicknesses) or cable types have char-
acteristic invariants T,, T, and t;. Here the invariants are assumed to be given, e.g. by a
calculated fit to experimental data.

For two temperature steps we get from @

) T, T, T, T,
f= _ ¢ 1— _ t. 12
eXp( T#—TOO+T2—TOO> #+< eXp( T1—TOO+T2—TOO>) ! (12)




Also, applying ) to T'= T4 and using @ we get for continuous temperature changes

exp __da t#:/texp ) B dt’ (13)
Tw — T 0 T(t) — Teo

which represents an integral equation for the unknown Time To Failure ¢ under time dependent
stress T'(t), t > 0. We will return to in the next section.
Note that in this case the viability s, here measured in hours, is unavailable for direct

measurements. We assume sy = 1 and we see that this implies

T
ty—t e ), 14
" #eXp< T#Too) 14

Thus, instead of fixing a constant nominal stress T corresponding to a prescribed nominal
TTF ty4 we may consider ¢, as invariant. With we get from ((12))

_ T, Ty Ty
f=t __fa 1— - t. 15
ﬂexp<T2_Too>+( eXp< T1—TOO+T2—TOO>> 1 (15)

Let us conclude this approach with some remarks on the consequences of the arrangement

of stresses.

2.2. Consequences of the arrangement of stresses

When we apply a higher stress at first and switch at a time ¢; to a lower stress, we obtain
in general a shorter Time To Failure than in the other case, when we apply the lower stress
at first and switch at ¢; to the higher stress. This behaviour is observed in experiments and
we analyze, how this is reflected in the deterministic model proposed in this section.

We consider the general structure
s = w1ty +va(t12 — t1) (16)

where s is the fixed, but possibly unknown viability of the component, v; > 0 is the life
velocityﬂ corresponding to the stress T;, i = 1,2, ¢ 2 is the sought-after Time To Failure for
applying at first stress 71 and then T5, and ¢; € [0, t_l’g] is a given time at which we switch to

the second stress. If we arrange the stresses in different order, there holds
s = vat1 +vi(ta1 — 1) (17)

with Time To Failure t21 and ¢; € [0,%2,1]. We require ¢; € [0, min{s/v1, s/v2}].

From and we find
- - s 2 v > v,

tl for
vt v1 < Vg.

(18)

LA zero life velocity corresponds to a process without ageing and this is not in the scope of our study.



In Example we have

t t. = tH = 60 h
1< 740-0.09 + 80 - 0.08

#1< min{60,/140/0.09; 60/80/0.04} ~ 4.76h.

~ 3.801,

For a graphical presentation of the changes of sign, we introduce

and rewrite as

The four cases are illustrated in Fig.
1-
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Figure 1: Graphical illustration of : Depending on the (dimensionless) ratio & between switching time and
TTF under T;, ¢ = 1,2, we obtain for 71 < T <= &1 < & (i.e. beyond the angle bisector) a larger expected
value 1,2 (for heating up) than for 21 (for cooling down). We have symmetry w.r.t. the angle bisector (grey).
For the case-by-case analysis see the text. The most interesting case for applications lies above the red curve

(the latter representing identical expected values).

2.83. Reaction kinetics

Starting from the differential equation for the concentration c(t) (in mol/m?) for a certain

substance E| under a chemical reaction of order k € [0, 00)

c(0) = o,

2For instance, the concentration of the occurring polymers in the insulation of the component.



we derive an integral equation giving a deterministic description of the failure times in case
of the Arrhenius model. Here co (in mol/m?) is the given initial concentration and k(t) (in
1/h) is the rate constant of the reaction that is in general time-dependent. Equivalent to the

differential equation we obtain in the case k = 1 by integration

c(t) = cpexp < /Ot k(t") dt’) , t>0. (20)

According to Arrhenius, extended by the solidification temperature T, there holds

k(£) = Ay exp (_T(t)T—TOO> , (21)

where A is the reaction frequency factor (that is in principal available), that we assume to
be temperature-independent, and 7'(¢) is a given (time-dependent) temperature. So k only
depends on time by 7. Inserting k, i.e. , into yields

o(t) = coexp <—A7r /0 "exp (-T(t)T_TOO> dt’) . (22)

To the temperature-dependent failure time ¢(7") there corresponds a critical concentration

¢ :=c(t) = cpexp <_A7r /Otexp (_T(t’)TiToo> dt’) ) (23)

that we assume to be temperature-independent. Taking the logarithm of this expression we

here the left-hand side is temperature independent again as A .

get

As well as in , here ¢ has to be determined numerically in general. For the well-

posedness and the numerical determination, we refer to
Now let us assume T'(t) = T for t > 0 which leads to ¢ = t4. Then we get from and

(14) (o)
In (cg/C Ty
— N I
An eXp< T#—Too) A

which leads with to the same integral equation as for the first approach. More than
that: If we assume that 7'(¢) changes only at discrete time steps, we see immediately that we

get the same equations for the Time To Failure ¢, in particular for two time steps.



3. Stochastic models

We assume that the Time to Failure (TTF) of an electrical component is intrinsically
subject to randomness and therefore, describe it as a random Variableﬁ T. Subject to a

constant temperature stress T' the cumulative distribution function F(t) of 7 reads for ¢ > 0

w(T<t)=F@t)=1-W({t) = /t f(that,
0

where w represents a probability, W is the probability of survival, and f is the probability
density. The expected value of T, also called Mean Time To Failure (MTTF) is given by

z—ij—/mtﬂww

0

Under appropriate assumptions, see Lemma [A.T] this may be rewritten as

tzﬂﬂ:AmW@ﬁ

In the following we assume first, that the component under consideration is at discrete
time steps subject to constant temperatures, thereafter we consider continuous temperature
changes. In both cases, we determine the overall probability distribution and their first two

moments.

3.1. Probability distributions of failure times for discrete temperature changes

We start with the situation that for times ¢ € [0,¢;) the temperature stress 7} is applied
to the components and for ¢ € [t;,00) the temperature stress Th. t; is the switching time
between the two temperature stresses. The corresponding cumulative distribution functions
for the two temperature stresses are F} and the densities fr, £k = 1,2. The expected values
are denoted by u and the standard deviations by o, k = 1, 2.

Thus the failure distribution F'(¢) is for ¢ < ¢; given by F(t) = Fi(t). For F(t) for t > t;

we make the following assumptions:

1. F(t) is for t > t; linear in F5(¢) (what is reasonable due to F'(t) oc Fy(t) for t < ¢ E[):

F(t) = ’)/Fg(t) + 6 for t > 3. (25)

2. F(t) is continuous in ;:
F(t1) =vFy(t1) + 6 = Fi(t). (26)

3By general agreement in the theory of probabilities and statistics random variables are denoted by upper-
case latin letters, its realizations by corresponding lower-case latin letters and distribution parameters by
lower-case Greek letters. Since T denotes in our application usually a temperature, we deviate with the
notation 7 for the random variable failure time from the convention.

4A general approach with F(t) = g(F2(t)), g continuous, monotone increasing, does not allow to determine
uniquely F'. However, for small time intervals we may linearize yielding again the above approach.



3. F(t) tends to 1 as t — oc:
F(oo) =vFy(00) +0=~v+6d=1. (27)

From the conditional equations and we obtain uniquely

1— Fi(t1)
=v(t) = ———= 28
and § = 1 — ~ yielding together with (25])
Fi(t cofor0<t<t
Fy={ 0 LT (29)
YEy(t)+1—~; fort>t.

Consequently the density corresponding to F'(t) is given by

f(t)_dF(t)_{ fi(t) , for 0 <t < ty,
Vfa(t) ; fort >t

and we may validate the normalisation of f.
Rewritten for the probability of survival Wy = 1 — Fi(t), k = 1,2, that turns out to be
the essential quantity, means with

Wi(t) ; for0<t<t

yWa(t) ; fort >t
where we have

Wa(t1)
For probabilities, respectively, (30f) reads
>1 o for0<t<t
w(T >t =] T >0 R (31)
wi(T > t)wa(T >t|T >t1); fort>ty,

where wy, k = 1,2, are probabilities corresponding to the distributions Fj. In other words
the combined probability of survival after the switching point ¢; is the first probability, that
T > t1, multiplied by the second probability being a conditional probability, that 7 > ¢
under the condition that 7 > t;. This correspondence is plausible and could have been

derived intuitively as well. Moreover, the first two moments of 7 are

B(T) = /Otl L) dt+7/ootf2(t) .

t1

E(T? = /Ot1 t2f1(t) dt—i—’y/oothg(t) dt.

t1

We thus obtain for the addition of the contributions E(k)(’T), k = 1,2, on the subintervals

10



Il = [O,tl] and ]2 = (tl,OO),
E(T) = EM(T) + vE@(T). (32)

Note that E®)(T) = fIk- t fr(t)dt, k = 1,2, is no expected value, only a contribution to it.
Correspondingly, we introduce Var®)(T), k = 1,2.
If the premise in Eq. (A.1)) is fulfilled, then Lemma yields directly from

E(T) = / S Wyde - ! Wiy dt+~ [ Walt)dt, (33)
0 0 t1
E(T?) = 2/00 tW (t) dt = Q/tl tWy(t) dt + 2+ /OO tWo(t) dt. (34)
0 0 t1

The contributions from subintervals to the variance add up as
Var(T) = Var®(T) + 7 {Var®(7) - 2B0(T) ES(T) — (1 = 1) EA(T)? |

or by means of Lemma respectively,

t1

Var(T) = 2 /0 ) di - < “w dt>2

+y {2/5 £ (#) dt — ~ ( :O Wa(t) dt>2}

oy (M ar [T waya. (35)
0 t
We find that we do not need to compute the combined density f, if the premise in is
satisfied which may be demonstrated for the Weibull distribution (and thus for the exponential
distribution).
Note that we do not add directly the expected values ui or the standard deviation oy,
k = 1,2, respectively, since only a part of the integrals enters into the combined formulas and

the relevant subintervals I, depend on t;.

Example 3.1 (Exponential distribution). Consider the case that the Time To Failure T is

exponetially distributed with parameter T,

F(t)=1-W(t)=1—exp <—j> fort>0. (36)

According to (@ we have

11



and therefore, we get with and

E(T) =m+ (12 — 1) exp (-2) ; (37)
Var(T) = 712 +2(1a + t1) (12 — T1) exp (—2> — (1o — 7_1)2 exp (_22) . (38)

We will come back to these formulas in the next section.

For K > 2, K € N, temperature loads in series we may derive analogous formulas. We
consider K — 1 switching times t;, k = 1,..., K — 1 and set (as before) t; = 0 and formally
tg := 00. The corresponding weight factors are v, = Wy (tr)/Wri1(tr), k=1,..., K — 1 and
7o := 1. Then, for instance, yields

IF -ty ) Wi(t) s for thq <t < ty,
k=1,..., K.

In the case K = 2 there holds v = ~;. We briefly consider the behaviour of v as a function
of t1 for two arbitrary distributions. If Wi (t1) > Wa(t1), which is typically for 77 < T5, then
there holds v € [0,1). Else if W1 (t1) < Wa(t1), which usually holds for 77 > T, then we have
v € (1,00]. If T} > Ty, then the expected value of T is dominated by E® and, thus, by Tb,
and the variation is larger as for the case T7 < T5. In the latter case the expected value is
dominated by EW, i.e. by 7.

3.2. Consequences of the arrangement of temperature loads

Let E; and Var;, i = 1,2, denote the expected value and the variance of the Time To
Failure for a temperature load T; constant in time. If a higher temperature implies a higher
stress, as in the Arrhenius law, then 17 < T5 implies for the Mean Time To Failure the relation
Ey1 > E5 (or 71 > 79). For variances there holds that 77 < T implies Var; > Vars.

Now we consider two different temperatures T;, ¢ = 1,2, w.l.o.g. assume 77 < T5. Let
E1 9 or Var; 2 denote the expected value and the variance, if until time ¢; temperature 77 is
applied and then T3 (therefore a situation of “heating up”), otherwise (“cooling down”) we
write Ea 1 or Varg 1, respectively.

Let us switch to the variables & := t1/7;, i = 1,2. Then we get from and

B(T) _ 1, (1_1> exp(~&1),

ty - & & &
Var(T) _ 1 (1 )(1_1> _ _<1_1>2 _
R 2 &2 1 &£ & ep(=¢1) & & exp(=261)
ans therefore we get
Ei22 FEy1 < (511 - ;) (1 —exp(—&1) —exp(—&2)) 2 0
= (& —&) (1 —exp(=&1) —exp(=§2)) 20 (40)

12



and furthermore,

Varis 2Vars
= G- 26-a){Cal+&)+ (& - &) en(—&)) exp(—&)
+(26(1+8) + (@ —&)exp(-@)exp(=&)}. (1)

Moreover, we get for £ < &

Varl,g EVCLT’QJ
= L+& 2z (261 +8&)+ (&2 — &) exp(—£&1)) exp(—&1)
+ (282(1 + &1) + (61 — &2) exp(—&2)) exp(—&a).

After transition to the variables &;, we may undertake a graphical analysis in 2D, see Fig.
which corresponds to Fig. [Il There exists an intersection point between the level sets of the
equation Ej 9 = Eo; (red curve) and the equation Vary s = Varg; (blue curve) that we may
determine numerically. But this intersection point lies in such a way that &; is between 0 and
the computational accuracy whereas & is around 30000 (w.l.0.g. we consider & < &3). Thus
the latter is irrelevant in applications, since this corresponds to an unrealistic large 75> and an

unrealistic small 77 being applied to the component.

54

Figure 2: Graphical illustration of and : Depending on the (dimensionless) ratio & between switching
time and MTTF under T3, i = 1,2, we obtain for 71 < Tp <= &1 < & (i.e. beyond the angle bisector) a larger
expected value E1 2 (for heating up) or Ea 1 (for cooling down) and a larger variance Vary 2 (for heating up)
or Vary,1 (for cooling down). We have symmetry w.r.t. the angle bisector (grey). For the case-by-case analysis
see the text. The most interesting case for applications lies between the red curve (identical expected values)
and the blue curve (identical variances). For comparison, the dashed red line indicates the identical TTF in
the deterministic model.

From theory we obtain the following regions that are represented in Fig. [2}

13



I) Below the red curve: Ejo < Es; and Var;s < Varyi: When cooling down we have
a larger Mean Time To Failure with larger standard deviation than for heating up.
Interpretation: ¢ is too short for that the temperature applied at first plays a significant
role. This situation corresponds quasi to constant temperature loads: E712 ~ Fo and

Es1 ~ Eq as well as Vary; o = Vars and Vary 1 =~ Var;.

II) Between red and blue curve: Eio > Es1 and Varis < Varg;: When cooling down
we have a shorter MTTF with larger standard deviation than for heating up. This
corresponds to experimental observations in typical applications: Cooling down shortens
the MTTF in contrast to heating up, while the fluctuation margin is increased; the

intersection point of the red curve with the angle bisector is at £ = £ = In2 ~ 0.6931.

III) Above blue curve: Ei19 > FEo1 and Varys > Varg: When cooling down we have a
shorter MTTF with smaller standard deviation than for heating up. Interpretation: t;
is too large for that the temperature applied secondly plays a significant role, since too
many failures have already occurred. Corresponds quasi to constant temperature loads;

the intersection point of the blue curve with the angle bisector is at £ = & ~ 1.678.

IV) Not visible in the figure is the mentioned case (irrelevant to applications) Eq 2 < Ea1

and Vario > Vary ;.

Moreover, we have the special cases on the curves.

3.3. Probability distributions of failure times for continuous temperature changes

Now we consider a temperature stress that may change continuously, i.e. we consider
the situation that at time ¢ € [0,00) a temperature load T'(¢) acts on the components.
In generalization of the case of discrete temperature changes we denote by F(T'(t),t) and
f(T(t),t) the cumulative distribution function of the failure time and its density for the case
that for any ¢ > 0 the temperature of the component is T. Analogously, we denote by
W(T(t),t) = 1 — F(T(t),t) the corresponding probability of survival. As before we write
F(t), W(t), and f(t) for the distribution function, the probability of survival, and the density
of the failure time for an arbitrary temperature profile.

To derive a general formula we start with the special case that W is a step function with

K temperature changes as it is discussed in the last section. We write
Hi(t) :==In(Wg(t)), k=1,...,K.

From the probability of survival for K temperature steps, Eq. , together with vy = 1,
i =Wi(t))/Wiza(t;),l=1,...,K — 1, and by H(t) := In(W(t)), we obtain

Hi(t) 0<t<t,
H(t) = FMLH(Y) - Hia () + Hy(t) 5 tey <t <tp,k=2,..., K —1,
5 (Hu(t) = Hia(B) + Hie(8) 5 tre <t
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We take H;(t) = H(T'(t;),t;) and we expand the summands in the last formula by
(AT)Z = T(ti—i-l) — T(tl) and (At)l = ti—i—l — ti,

i.e. we rewrite the summands in the form

H(T(tiv1)t:) — H(T(t:), i) (AT);
+1 (AT)i (At)i (At)z

A formal limit process from differences to differentials and from the sum to an integral yields:

H(t)= - /O on (g:(Fs),s) ‘”;li‘s) ds + H(T(t), 1). (42)

We can reformulate formula for W. With

OH _ol(W) _ 1 oW
ot 9T W oT

we get from (42))

W(t) = exp (- /0 - (Tts),s) aW(gﬁ’s) dflis) ds) WT(1).1). (43)

Then the Mean Time To Failure reads

B OOeX B t 1 OW (T (s),s)dT(s) .
E(T)—/O p< /OW(T(S),S) o7 o d)W(T(t),t)dt.

Example 3.2 (Exponential distribution for continuous temperature changes). Like in Section

we consider the case that the Time to Failure T is exponentially distributed. For ease of
presentation, we write N(T'(t)) = 1/7(T'(t)), thus, there holds for t > 0

F(T,t) =1 — exp (—A(T(t))) = 1 — W(T,t).

In we replace
B 1 OW(T(s),s)dT(s) _ OA(T(s)) dT(S)s _ d)\(T(s))S
W(T(s),s) or ds orT ds ds )

Thus with

W(t) = exp (/Ot d/\(i(s))sds _ )\(T(t))t)

and by integration by parts

W(t) = exp (— /0 tA(T(s))ds) | (44)
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Note that with the definition of an averaged failure rate

A=1¢"! /Ot MT(s))ds

this can be rewritten as

W(t) = exp (—\t). (45)

Using the Arrhenius law we assume

AT(0) = e <—T(t)TTOO) (46)

with t; to be justified later, and obtain

W (t) = exp (-i /Ot exp <—T(S)T_TOO> ds) . (47)

Moreover yields

or, respectively,

B(T) = /OOO exp (—;/Otexp (-T(S)T_Too) ds> it.

We observe in passing that in case of discrete time steps the latter formulas reduce to the

formulas from Section|3. 1.

3.4. Comparison of approaches

In the following we compare first our results of the deterministic and of the stochastic
approaches for discrete changes of the temperature load and thereafter for continuous changes.
In so doing, we compare the formulas of ¢ for the deterministic approach with E(7) for the
stochastic one. Furthermore, we restrict our comparison in case of the stochastic approach to

exponentially distributed Times To Failure.

Let us consider first discrete temperature changes. From we obtain
E(T) =71+ (12 — 1) exp <—> .

Moreover, for the Arrhenius law, we have 7; = t; exp(7T,/(T; — T)) and thus

Ta Ta T‘l
E(T) =ty —2 )+t 1) - 4
m=wen(g2g) v (o0 (mom) oo (77m)

tl Ta
Xexp| — ? exp | — 1_11_71_' .
™ o
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If not too many components fail before ¢, then we may assume t; < 71 = t; exp(—1,/(T1—
Tw)). This yields for (37) approximately

2
t
e~ (210 ((2)) a9
Ty Ty Ty
=t,exp (T2 _Too> + (1—exp <_T1 T + o _Too>> t

+0 ((Zexp <_T1—TTOO)>2> . (49)

Thus, with we realize t = F(T) in good approximation in case the Arrhenius law holds
in the form which in turn justifies the factor ¢, of the exponential form.
In the case of continuous temperature changes we write for t = E(T) in the form

1 E(T) T, ,
= wEEy o (‘m) - Too> a (50)

in case that W(t) < 1 for any ¢ > 0.

Comparing with and (14)), we see that in case of W (£) = exp(—1) both equations
are the same. In the limit ¢; /71 — 0 and in particular in case of constant temperature stress
this holds indeed, thus, in that sense, the stochastic approach generalizes the deterministic
one.

Considering the arrangement of stresses, we compare Fig. [I] for the deterministic model
and Fig. [2] for the stochastic one with exponential distribution. In both cases we observe a
shorter MTTF for T1 > T3 (cooling down in case of temperature stresses) than for T} < T
(heating up in case of temperature stresses). This mathematical result is plausible from the
experimenter’s point of view.

Though the general structure is similar, the stochastic approach exhibits a different level
set, representing the change of sign in dependence of ¢;. Note that in the stochastic approach
there is no natural upper limit on ¢; and, hence, the latter level set does not cross any of the

both axes.

4. Weibull distribution

In this chapter we rephrase previous results yet obtained for the exponential distribution to
the Weibull distribution. A standard assumption for components of all kind is that the Mean
Time To Failure T obeys a Weibull distribution. It is defined for ¢ > 0 and its cumulative
distribution function F'(t) as well as its survival probability W (t) are given by

F(t)=1—W(t) = 1—exp (- C)ﬁ) (51)

with parameters 7, § € (0,00). A =1/7 and § are called scale and shape parameters.
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For the probability of survival there holds lim; ,o t*W(t) = 0 for any k& € N. Thus
according to Lemma the expected value is

1 1
I'(=)=T"(1+-=], 52
()= (1+3) 52
and the standard deviation

g (2) - (3) (o) ()

['(z) := / 2" Lexp(—xz)dr, z€C, Re(z) >0,
0

where

denotes Euler’s gamma function (that is available in tables).

For the consecutive combination of different temperature loads in a statistical model, we
require the parameters 7(7") and §(T') as a function of time. By a regression calculation on
measured data let u(7") and o(7T) be given.

For approximations of 7 and § in case of sufficiently large 5, we use the following expansion

of the gamma function for sufficiently small z (i.e. z < 1) at point 1:
T (142) ~ 1+ 2. (54)

Here v ~ 0.577 is the Euler-Mascheroni constant. From and we get

1
1+W

(1) = “’(T)> —ur) (140 (577 ) ) = o) (55)

—
/N

=
3
2
|
g

6o(T)

Example 4.1 (Two temperature steps in case of a Weibull distribution). For two Weibull

distributions with (11, 1) and (72, B2) corresponding to two temperatures, we find with the

( <t1>61 <t1>62>
y=exp(—(=) +(=
T1 T2
B
exp(—(j)l L fir0<t<t,
B1 B2 B2
exp<—<2> —i—(%) —(%) o furt > ty.

switching time t1

and thus

Ja,
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This yields
EO(T) =7 F<1+1)—f 14— <tl>ﬁl
- B B\ 11 ’
EX(T) =l 14— (“)62
? Ba \ T2 ’

where F (z,a) f v*~Yexp(—x) dx is the incomplete upper gamma function. The moments

may be computed numerically only. For instance, by (@ we obtain

1 1 ([t \™
ET)=n<sT 1+ ) 1+ — < )
M=n { < B ( CIRANG
B1 B2 B2
t t A 1 t
+ T exp (— <1> + <1> ) r (1 + —, <1> ) . (57)
1 2 B2 \ 72
By @ the variance could be stated correspondingly.

Example 4.2 (Continuous temperature changes in case of Weibull distributions). Here we
have fort >0 and 1/7 = XN(T'(t)), assuming [ being independent from T,

W(T(t),1) = exp (= (NT(0)D)°)

and we obtain with

from

By integration by parts we end up with

W (t) —exp< ﬁ/ Blds).
As expected value we find

E(T):/O exp< 6/ ))PsP 1ds> dt.

However, since the MTTF for a Weibull distribution is given by X\~'T'(141/3) this yields for
the Arrhenius model with T'(1 + z) = 2I'(2)

E(T) = /OOO exp <_t£r6(61+/15)ﬁ/ot exp (—&) §P1 ds) dt.

In case =1 we recover the result for the exponential distribution.
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We compare the result of the deterministic model, , with the outcome of the stochastic
model in case of the Weibull distribution. If the shape parameter S is sufficiently close to
1, we may expect that the Weibull distribution is well approximated by the exponential
distribution with same scale parameter 7 (and 5 = 1) for which we find agreement between
the stochastic and deterministic model (see Sect. . In fact, similarly as in Section for
the exponential distribution, in case of a Weibull distribution under constant stress we get by

a Taylor expansion w.r.t. g at 1
W (t) = exp(—(T(1+1/8))") = exp(—1)(1 + (1 — 7)(8 — 1) + O((B — 1)%)).

Thus in the case of continuous stress the stochastic approach implies the continuous approach
in the approximation 5 ~ 1.

Thus we consider in the following only the case S > 1. We focus on the interesting
situation ¢; < ming— 2 7%, i.e. we switch between the temperature stresses sufficiently early
before we reach the MTTFs corresponding to constant stresses. As in Example we
suppose fr, k = 1,2, are the densities of Weibull distributions with parameters 7, and [y,
each depending on T}.

Complementary to the upper incomplete gamma function we introduce the lower incom-
plete gamma function I'(z, z) := D(z) — D(z, 2) for & > 0 and z > 0. We need the following
expansions of the lower and upper incomplete gamma functions (see e.g. Dingle (1973)), re-
spectively, for z < 1:

I'(z,2) =T'(x)z" exp(—2)

<F(:c—|—1) * l_‘(xz—i— ) +> (58)

Pz, 2) = D(x) <1 % exp(—2) (F(xl—l— 5+ F(mi 5+ >) , (59)

where in our situation x =1+ 1/8; and 2 = (t1/7)"%, k =1 or 2.
We consider k£ =1 in and kK =2 in , yielding

(o)) (=)
(b )T () ()

B2

Exploiting the structure of the factor v, we obtain from

- B ) B2 t ) t "
E(T) =~ <ﬂ1 i (ﬁ) + Byt ™ (1 - (7_2) exp | — (ﬁ) .
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Exploiting again that ¢; /7y is small and 8y > 1, k =1, 2,
B (tl ) 1441 Bo <t1 ) 1452 (tl >ﬁ1
E(T) =~ — + 1—(— 1-(—=
(M) <ﬁ1+17—1 T ﬁz-l—lTQ Ty T
B1 B1 B2
() (- (0)) 5 ()
B1+1 T B2 +1 T1 Bo+1 Ty
2Bk
t
+ O (tl max <1> ) )
k=1,2 \ Tk

For (8 large the latter simplifies to

E(T)~ —tilnvy+ 7.

If —In~ is of order 1 — u§2 /,ufl, this equation resembles that links the stochastic to the

deterministic model.

Recall that we have pp ~ 7 for large 5 and in case of Arrhenius uy = t; exp ( Ly >,

T T —Teo
k=1,2. Since
LA S A Rl P o
“hy= - m =) (et
B Hy H2 I

6122 _<t1>52 1_<M2>ﬁ2
2 M1 ’
we see that the assumption on + is realistic in applications, e.g. for 51 ~ fs.

Under reasonable approximations, we observe that for discrete steps the stochastic ap-

proach generalizes the deterministic one for sufficiently large 5 as well.

5. Technical application: TTF of automotive electric cables

As application we present thermal overstress tests for electric components as used in
automobiles. In order to guarantee the reliability of a component over the lifetime of a car of
about 15 years, the component has to be tested for its operating time of about 8 000 h.

Chemical degradation of the insulation enveloping the cable has turned out to be the
failure mechanism that occurs first in general. As failure criterion we consider winding tests
(according to standard IEC 60216, (2021)).Let us describe shortly this test procedure: Several
identical specimens of the cable are stored in a climate cabinet at a fixed temperature. After
a specific time some of the specimens are taken out, winded up at another prescribed test
temperature, and high voltage is applied. If the insulation is damaged after this procedure,
then a short-circuit occurs. The later is defined as the failure criterion for the winding test.

Thus the winding test is destructive and we encouter a type I censoring (see, e.g., Ch. 5
in Mann, Schafer & Singpurwalla, (1974)) of the data.

Since laboratory experiments for temperatures, typically occuring under regular use, are

long (8 000 h and more) as well as expensive and since field data (e.g. from customer com-
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plaints) is not available (if at all) before serial use, it is widely accepted to consider these so
called accelerated experiments by applying temperature overstresses. However, great care is
appropriate that the overstress does not induce another chemical, mechanical etc. behaviour
that is not present at normal stress, for instance cf. [Song, Yuan & Koch (2018).

We provide numerical simulations in order to obtain characteristic values for cables from
measured data for different cross-sections. These characteristic parameters allow for a specifi-
cation of the cables by extrapolation to further temperature values. Based on these reference
data, we may predict the failure times for discrete and continuous time-dependent thermal
stresses.

Even for uniform test conditions the measured failure times are subject to a statistic
scattering. If ¢ is interpreted as expected value, then yields a deterministic failure time
for a fixed temperature T" with a confidence range related to an observed standard deviation

. A modified Arrhenius law, corresponding to the next-dominant reactions, postulates

U(T):Uﬂexp(( &O >”’> (60)

where o is a fitting parameter corresponding to the reaction-kinetic period of this side reac-
tion. Physico-chemically d € (0, 00) may be motivated as an interaction of chemical reactions
of different order, the model for the expected value corresponding to the dominant single
chemical reaction of first order. Our approach is justified by fits to experimental data,
for details see Kimmerle & Liess| (2019). For a discussion of the temperature dependence of

the standard deviation, various approaches for it, and its importance we refer to Chan| (1991).

5.1. Experimental data and statistical processing

By experiments for a specified cable subject to a constant temperature Ty (where always
N specimens are taken out at a prescribed time) we obtain so-called reference pairs (Tj, )
and (Ty,01), k =1,..., K, where t are statistically determined failure times with empirical
standard deviations &j. For details of the underlying so-called filtering methods (maximum-
likelihood-method, empirical cumulative distribution function) and dealing with censored data
see, for instance, Aggarwala/ (2001) or (Mann, Schafer & Singpurwallal [1974) Sect. 5.2 & 9.3).

For each constant temperature stress Ty, k = 1, ..., K, this allows to fit a Weibull distri-
bution with parameters 7, and () to the statistically obtained failure times ¢,. Equivalently,

we may fit the expected values pi and oy, k = 1,..., K. Note that for any temperature, by

using and the approximations and read

(1) ~ u(T) = tr exp(a(T)) (61)
T tr
BT) = e T exp ((T) — (1)) (62)

where we set z(T) =T,/(T — Tx)-
Thus, using the Arrhenius models, we may obtain by an extrapolation over [ and &y

the expected value i and the standard deviation ¢ as functions of the temperature 1. More
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precisely, we interpret for our realization (data) p as a statistical fit for ¢ and o as fit for 5. For
the extrapolation we determine the five parameters t,, Ty, Too, 07, and d by a least-square-fit.

By this means we obtain the expected value and the standard deviation as functions of
temperature within a certain interval. This yields also the corresponding Weibull parameters

7 and 8 as a function on a temperature interval, see Fig. [3]

18000

16000
14000 '
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8000 -
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TTF with confidence interval [h]
TTF with confidence interval [h]
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2000 -

" | | | | | | | | | | | i S
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Inverse absolute test temperature [1/K] x1073 Test temperature in °C

Figure 3: Extrapolation of TTF over a temperature interval for a PVC/T105 cable (i.e. a PVC cable for regular
use up to 105°C) with cross-section 0.5mm? for various constant temperature stresses. The fitting curves are
computed in a software tool from Physical Software Solutions (Kimmerle, Nolet & Dvorsky| (2019)). Expected
values to measurements (red dots) with confidence interval (blue triangles), extrapolated center curve (in red)
expected value p, upper and lower curve (both in blue) p 4 30. Left-hand side: semilogarithmic scale, at which
the regression is computed. Right-hand side: rescaled Arrhenius-type curve.

The analysis of the experimental data suggests that the parameters ¢, o, and T,, depend
significantly on the cable cross-section A by means of the related thickness of the insulation
shell, whereas for T, and d only a weak dependence on the cross-section is observed. The
parameters t;, o, and T, may be interpreted as characteristic invariants for a certain type
of cable insulation, while the parameters T, and d may be considered as being characteristic

for the chemical degradation mechanism in general.

5.2. Application to real-life problems with varying temperature stresses

Note that in our experiments the temperature stress is kept constant. However, in real-life
applications at different times different temperature loads apply. Typically for the simulation
of automotive components is a certain use profile of temperature loads dependent on time that
is periodically repeated. This is where we apply our results from Chapter[d] For the numerical
evaluation of the method described in the last section, a commercial software package, the
L-module (Kimmerle, Nolet & Dvorsky| (2019))), has been set up using MATLAB. The esti-
mated parameters, calculated internally by the software from provided experimental reference
pairs, are handed over to the outer module that returns the resulting MTTF together with
quantitative upper and lower bounds. The latter serves as a risk measure being either a factor
of the standard deviation or a confidence interval for a confidence level, e.g. 95%, selected by

the user.
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Example 5.1 (PVC insulation under two temperature loads). For two temperature steps
according to Example[].1 with a prescribed switching time t1, we obtain the survival probability
depicted in Fig. |Z| The data has been provided by a renowned cable manufactureﬂ.

We observe that the choice of the points in time t,, k = 1,..., K, where N specimens are
taken out of the climate cabinet, is crucial: We should not start too early, where no failure
s observed, and not too late, when all specimens have failed. The number K depends on the

number of specimens taken out at each t, (here N = 3) and the capacity of climate cabinets

available.

Probability of survival W [1]
o o o o o o
Mow N N

o
o

400 600 800 1000 1200 1400
TTF [h]

Figure 4: Measured interval-censored failure times (red crosses) of a PVC/T105 cable with cross section 6.0mm?
subject to two temperature steps, switching from 77 = 140°C to T> = 120°C at t; = 300h. Fit by use of the
empirical cumulative distribution function normalized to 1 on the time interval (¢;,1500h).

For another cross-section as a prediction we consider the Weibull distribution under two
temperature stresses (with a different switching time t1), see Fig. @
Moreover, we observe that the temporal order of temperatures is crucial and the data may

be explained by our novel approach from Chapter[4)

Another application of our data analysis from Section [5.1]is the extrapolation of standards

that describe minimal TTF to be guaranteed only at certain fixed temperatures.

Example 5.2 (Continuous extrapolation of standard values). The standardized TTFs to
be guaranteed for PVC/T105 are according to the standard IEC 60216 (2021) and certain

specifications of original equipment manufacturers (OEM)
(T(°C),TTF(h)): (105,3000), (130, 240), (155,6) .

As a first approximation they are independent from cross section and conducting material in
the cable.

®Name of the brand is suppressed for sake of confidentiality.
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Figure 5: Combined distribution of the TTF for a PVC cable insulation under two temperature stresses.
T = 140°C is applied until ¢; = 447.4 h (blue curves) and T3 = 120°C afterwards (orange curves). The fitted
parameters are 7(140°C) = 371, 3h, 5(140°C) = 17,97, 7(120°C) = 2165, 1h and §(120°C) = 26,45. This case
corresponds to the interesting case y1 = 0.9 where we have some failures before ¢; and some after. Left-hand
side: probability of survival W. Right-hand side: density f(t).

According to the standard, as failure criterion the winding test with winding at room tem-
perature (RT) is considered for the long time ageing over 3 000h and for the overstress for
6h, whereas the short time ageing over 240h is subject to the cold winding test with winding at
—25°C. The material invariants might differ for the winding tests with different test temper-
atures. Thus, an option is to convert the characteristic values obtained by a cold winding test
to the winding test at RT, provided that conversion formulae may be derived from sufficient
data sets. The best-before dates of the standard may be extrapolated to other temperatures as
well as the measured data from experiments with both winding tests.

Note that we observe that the standard (as well as other OEM specifications) are very

conservative in comparison to our calculated values, see Fig. [0,

6. Conclusion

In our study we have shown how to combine probability distributions for TTF depending
on different stresses. The stresses may change discretely or continuously with time. We
discussed deterministic as well as stochastic approaches.

In case of an exponential distribution, we may show for two discrete stress steps that
the stochastic approach generalizes the deterministic approach, assuming a sufficiently early
switching time t; compared to the TTF 7, or assuming a constant stress. For the Arrhenius
model a similar result may be demonstrated relating the deterministic and stochastic approach
for the continuous case.

It turns out that the temporal order of the stresses has a crucial influence on the TTEF.
For the arrangement of stresses and its consequences for the deterministic approach we refer
to the end of Section for the stochastic approach we refer to the end of Section
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Figure 6: Extrapolation (lower curve) of best-before dates to be guaranteed by standards. Computed reference
curves for a PVC/T105 cable subject to cold-winding test (center curve) and winding test at room temperature
(upper curve), both tests according to the standard.

As technical application we have considered the Arrhenius law and, particularly, the chem-
ical degradation of cable insulations. However other physical stresses might be considered as
well. For instance, for mechanical stresses the Wohler law could be examined.

We provide simulations in order to obtain characteristic values for cable insulations from
measured TTF. Based on these reference data, we may predict the failure times for various
time-dependent thermal loads using a MTTF analysis. For the evaluation of the complicated
mathematical formulae a computing tool (Kimmerle, Nolet & Dvorsky (2019)) has been de-
veloped.

By this means our method could be validated successfully for this technical application
with varying stresses that yet has not been well understood. It is expected that cable in-
sulations relying on silicone that are common for higher electric currents may be treated
similarily.

Another application (see [5.2)) is the possible extension from a discrete set of given stress
levels, prescribed by a standard, to a continuous stress function.

As an outlook, having examined cables, we will turn to other electric automotive com-
ponents as connectors, terminal lugs, fuses, grounding bolts, and then consider finally the

wiring harness as a whole. Moreover, the influence of failures by interaction of components

26



in the wiring harness are a further challenge. Our work provides an example for a tool-based
development of the wiring harness. Moreover, it illustrates that what can be measured can
be simulated. Here the nearby goal is to shift testing and validation from the road to test
benches and, finally, to simulations - allowing for shorter development cycles at reduced costs.

For applications the quantities 1 — & or i — 36 are suitable measures of risk corresponding
to a certain probability of non-failure each.

The reaction kinetic frequence A, as well as the critical concentration ¢ may be weakly
dependent on temperature. The question remains what is the influnce on our analysis and
whether this might increase the coincidence with experiments.

However, further experiments and data related to failure times will be helpful for further

validation and extension of our models, also to other applications.

Appendix A. Probability distributions of failure times

Lemma Appendix A.1. Let F : Rt — [0,1] the distribution function of a probability
distribution with density f : R™ — R and with existing k-th moment, k € N. Designate
W(t):=1—F(t), t € RY, the corresponding survival probability.
If the survival probability converges faster as polynomial with degree k to zero as time goes
to infinity, i.e. we have
lim t*W () = 0, (A1)

t—o0

then there holds for the k-th moment of a random variable T subject to this distribution

E(T") = k;/oo LW (t) dt.
0

In particular, this means that for the expected value
o0
E(T) = / W(t)dt
0
and for the variance (the square of the standard deviation o)

Var(T) = 2/000 £ (¢) dt — (/Ooo W) dt>2 (: /000(2t — B(T)W(®) dt) .

Proof. From the definition of the expected value we obtain by integration by parts

E(T*) = /OOO R f(t) dt = lim <[t'€F(t)r - k/os 1R (1) dt> .

55— 00 0

Exploiting the assumptions on the behavior for ¢ towards infinity and that E(7%) < oo, we
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find

E(T*) = lim ([t’“r - k;/os 1R (1) dt>

S§—00 0
= lim (k:/ t’“(l—F(t))dt) —k/ R (t) dt.
S§—00 0 0

O

Appendix B. Well-posedness of the integral equation appearing in reaction ki-

netics and its numerical solution

Both and come down to the equation

. t T, )
te = -2 ) at, B.1
[ == (7 r) (B.1)

For the numerical solution of this equation, we propose the following algorithm:

Algorithm Appendix B.1. Determination of failure time in the continuous deterministic

approach
Suppose the time is discretized in small time intervals of length h > 0. We consider a
sufficiently large tyq: > 0. Let T(t) be given for t € [0, timaz]-

1. Seti =0 and ty = 0.

2. Set N; = N(t;) = t;h. Compute t,(t;) = Z;-V:(éi) exp (—T(Ji“_r[m) h. (Other, e.g. non-
equidistant, discretizations of the integral on the right-hand side of may be con-
sidered as well.)

3. Check (i) t(t;) < tr and (i) t; < tmae-
a) If (i) and (ii) are true, then set i — i+ 1, increase time to t;y1 = t; + h and go to
2.
b) If (i) is true and (ii) is false, then output error message tiyit > tmar and terminate.
Restart the algorithm with an increased tyqz, if necessary.
c¢) If (i) is false and (ii) is true, then set t =t and terminate.
d) If (i) and (ii) are false, then set t = tyq, and terminate.
We establish the existence and uniqueness for a solution ¢ of , determined by Algo-

rithm under reasonable assumptions. Moreover, the following lemma yields an estimate

for the failure time.

Lemma Appendix B.2. Well-posedness of the failure time in the continuous deterministic
approach

Let tx >0 and 0 < Tppin < T(t) < Tynae for all t € [0,00).

Then Eq. has a unique solution

E S [£7r eXp(Ta/Tma:r:)’ tA7r eXp(Ta/Tmin)]
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that is found by Algorithm [B.]] for sufficiently small h > 0.

Proof. For given h, let t,(t) denote a piecewise continuously differentiable approximation of
the £ produced by the algorithm.
By definition of #.(t), we have #,(0) = 0 and #,(¢) is strictly monotone increasing. Fur-

thermore, there holds
0< exp(_Ta/Tmin) < f;r(t) < exp(_Ta/Tmax)
and by integration
exp(_Ta/Tmin)t < t~7r(t) < eXp(_Ta/Tma;U)t

and by the intermediate value theorem the existence and uniqueness follows.Moreover, this

illustrates that ¢ depends continuously on Tyuin, Tmaz, Lo and tr. O

In case T = const we recover (11)) for t; = £,. This justifies the definition of . in (24)) as

done within the continuous deterministic approach.
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