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Abstract

Deciding on the right method of analyzing empirical research data can be difficult – especially when
it comes to choosing specific methods of inferential statistics, where there is often not one right way,
but a variety of valid options (e.g., using an ANOVA or its non-parametric alternative for data that is
not perfectly normally distributed). Novice researchers not only lack the experience to know when a
particular hypothesis test is appropriate, but struggle to find suitable literature to familiarize themselves
(i.e., literature that is not too superficial, yet comprehensible). With the present article we provide a
remedy following the didactic method of scaffolding: We present a systematization of the most elemen-
tary inferential statistical methods, namely hypothesis tests for group differences. We start by explaining
basic terms (e.g., independent variable) and then give step-by-step instructions for choosing a proper
hypothesis test based on data properties, implementing it from scratch, and reporting or interpreting its
results. With these practical cookbook-like guidelines, this article serves as a concise starting point for
young researchers entering the field of empirical research, as a valuable resource for their instructors,
and as a basis for automating statistical procedures in a software system.
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1 INTRODUCTION

Choosing a proper statistical procedure is a challenge for many researchers – especially for beginners.
In this article, we use the didactic method of scaffolding [1] to remedy the situation: We present a 4-
step-workflow for finding a correct hypothesis test for group differences in a given setting1 – from the
choice of method to the interpretation of results. For the purposes of this article, we restrict ourselves to
the case with one independent variable and one (quasi-)metric dependent variable, as this is the most
common setting following [2]2. Furthermore, we assume typical controlled experiments: We consider
two-sided tests for the case of multiple samples.

The article begins with a contextualization within existing work and a brief description of our research
methodology. We then cover basic terminology and notation, detail our 4-step-workflow, and conclude
by outlining the contribution of the work.

2 RELATED WORK

Various sources can be found that list formulas for statistical methods – either in the form of compre-
hensive books (e.g., [9]) or thematically tailored papers (e.g., [10]). While the former offer extensive
insights, working through them is time-consuming and often difficult, especially for beginners; The latter,
on the other hand, are mostly limited to a singular detail (e.g., the computation of effect sizes in [10]).
Some sources also offer process diagrams (e.g., [11, p.958][12, p.373][13, p.274]), but these usually
cover a broader setting (e.g., also correlation analyses or the case of multiple independent variables
[11, p.958]). Accordingly, these diagrams are superficial, e.g., junctions are simply based on the fact
whether or not assumptions are met without listing the specific assumptions [11, p.958]. Moreover, even
if the assumptions to be tested are detailed, it is not indicated how they can be accessed [12, p.373][13,
p.274].

To the best of our knowledge, the present article is the only one that covers the area of two-sided
hypothesis tests for group differences with one independent variable and one (quasi-)metric dependent
variable in a compact but comprehensive and comprehensible manner.

1Note that in statistics there is usually not just one correct solution, but a multitude of possibilities.
2This statement has so far only been supported in the case of eye tracking research in the field of software engineering, the

authors’ main area of research – from modeling languages [3, 4, 5] to programming languages [6, 7, 8].
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3 METHODS

All information in this article is based on the authors’ expertise and unsystematic literature research
using Google Books or Google Scholar. In order to keep the presentation compact, derivations and
background information are omitted. Yet, where applicable, we provide references for further reading.

4 RESULTS

The present section starts with an explanation of some basic terms as well as the notation used. Af-
ter that, we detail our proposed 4-step-workflow for hypothesis tests for group differences: selecting,
conducting, reporting, and interpreting.

4.1 Vocabulary

Designing: In experimental research, two concepts play a central role: dependent variables and inde-
pendent variables. The former is the quantity that is actually measured (i.e., the sample data), the latter
is the condition that divides this data into groups [14, p.27]. Depending on the experimental design,
these groups can be paired or unpaired. In the first case, the individual sample elements of both groups
are related to each other [14, p.110], e.g., recorded on the same participant [14, p.138][15, p.307][12,
p.264].

Testing: Hypothesis testing begins with the formulation of the (so-called alternative) hypothesis to be
tested and an opposing null hypothesis. The general idea is to mathematically falsify the null hypothesis
(i.e., to prove that it is extremely unlikely given the sample at hand), which in turn confirms the original
hypothesis [15, p.205][9, p.99]. Hypothesis tests can be conducted without any, with two, or with multiple
groups within the data. In the first case, the alternative hypothesis is formulated to compare the consid-
ered dependent variable against a fixed value (i.e., one sample test); For the latter two, the considered
dependent variable is compared between the groups. For the first two cases, one can distinguish be-
tween left-sided, right-sided or two-sided tests – depending on whether the alternative hypothesis states
that the considered dependent variable is smaller, larger, or simply different than the fixed value or the
other group, respectively [15, p.219].

All hypothesis tests run in a similar way. The choice of procedure (e.g., Fisher’s ANOVA) determines the
test statistic formula and its general probability distribution for the case that the null hypothesis holds
true (e.g., the F-distribution). First, the sample data is used to calculate the respective value of the test
statistic and to parameterise its probability distribution by the so-called degrees of freedom [9, p.101][15,
p.119]. This allows the p-value to be calculated as the probability for observing the test statistic found
or an even more extreme value in the probability distribution [15, p.228][9, p.107]. With other words, the
p-value is the probability that the observation given by the alternative hypothesis is only due to chance –
if this probability is small enough (i.e., lower than the so-called significance level, usually 0.05), the test
is significant (i.e., the null hypothesis is rejected) [15, p.230][14, p.77][9, p.107][12, p.176]. However, the
test statistic increases with increasing sample size, so that even small effects can lead to significance
[14, p.118]. For this reason, we also calculate and report effect sizes – measures for the magnitude of
the observed effect [14, p.118][12, p.206][15, p.233][9, p.108].

In the case of test procedures for multiple groups, the result provides information on whether the data
differs between the groups or not, but not between which groups [14, p.168][15, p.330]. This can be
achieved by pairwise tests between two groups each, i.e., post-hoc tests [12, p.598][15, p.330][14,
p.168]. However, it is necessary to compensate for the fact that the same data is used multiple times
(e.g., using data from group A to test against group B and also to test against group C). The simplest
solution to this problem is the so-called Bonferroni correction, where the resulting p-values are multiplied
by the number of tests [15, p.331][12, p.501][9, p.232].

Deciding: Apart from the experimental design (e.g., number or pairing of groups), the decision be-
tween particular hypothesis tests is usually based on whether or not the assumptions of normality,
homogeneity of variances, or sphericity are met. The first assumption, i.e., normality, states that the
data roughly follows a normal distribution. Homogeneity of variances is given when the variances of the
sample values are practically equal between the different groups [15, p.299][12, p.303]. Sphericity holds
if the variances of the differences between the sample values of each two groups are practically equal
[12, p.506][16, p.71].
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Table 1. Main notation elements and references for further reading.

Symbol Explanation References

xi an element in the sample [19, p.467]3

x(i) the i-th element in the ascending ordered sample [9, p.27][17, p.65]
K the number of groups given by the independent variable [14, p.166][17, p.69][11, p.410]4

n the number of elements in a sample [19, p.467]
ni the number of elements in a group [20, p.66]
m joint sample size for paired data (i.e., number of participants)
m0 the number of pairings with non-zero difference for paired data
J number of ties when ranking5

Ri rank sum for elements in a group [15, p.272]

Ranking: For some procedures, we need the concept of ranking, i.e., the numbering of sample ele-
ments according to their size. If there are identical elements in the data to be ranked (i.e., ties), the mean
value of the corresponding ranks is assigned to all of them [15, p.268][16, p.27][17, p.162]. The final
ranks are then further processed in so-called rank sums – the summation of ranks of certain elements
that, e.g, elements that belong to the same group [14, p.132][15, p.269][18, p.95][16, p.140].

4.2 Notation

Notation is far from standardized in statistics literature. In the present article, we use the terminology
given in Table 1. Additionally, for determining p-values, we make use of some continuous probability
distributions, namely the z- or normal distribution [9, p.70][19, p.368][17, p.402], the χ2-distribution [9,
p.74][17, p.441], the t-distribution [9, p.75][17, p.442], and the F-distribution [9, p.76]. We also consider
some discrete distributions, i.e., the distributions of the test statistics of certain hypothesis tests: the
U-value of the Mann-Whitney-U test, the W-value of the Wilcoxon signed-rank test, the H-value of the
Kruskal-Wallis test, and the S-value of the Friedman test.

4.3 Workflow

We propose a four-step process for performing hypothesis tests for group differences. First, a suitable
test procedure is to be chosen (step 1). Then, the test quantities are to be computed (step 2) and
reported (step 3). In a final step (step 4), the results must be interpreted properly. On the following
pages, we describe these steps in more detail and provide reference material for practical use.

Step 1: Choice of procedures

The process for choosing a suitable hypothesis test is shown in Fig. 16. There, for each decision, the
basis for the decision is also listed as one of data structure, Shapiro-Wilk test, or Levene’s test. The
former states that the decision can be read directly from the data (i.e., the number of groups or the
experimental design). The Shapiro-Wilk test checks whether the data follows a normal distribution7 (i.e.,
significance rejects the normality assumption) [21, p.119][14, p.95]); Levene’s test checks whether the
assumption of homogeneity of variances is violated – here, too, significance rejects the assumption [22,
p.289][15, p.299][12, p.303]. Note that the figure distinguishes between parametric and non-parametric
test – the former fulfill certain assumptions (here normality), the latter do not require these assumptions
and also work with ordinal data, as they are based on ranked data [14, p.79][9, p.586][16, p.56].

Some of the tests resulting from the figure are available in different variants, i.e., the non-parametric ones
and the repeated-measures ANOVA. For the latter, the assumption of sphericity becomes relevant. This
is usually checked using Mauchly’s test (again, significance rejects sphericity) [16, p.72]; If sphericity
does not hold, the degrees of freedom need to be corrected by some computational factor. However, the
expressiveness of Mauchly’s test is controversial, especially for small sample sizes [16, p.72][23, p.8][24,
p.777][12, p.508], which is why corrections are recommended regardless of the result [12, p.508][16,
p.72]. For the Mann-Whitney U test, there is the option of standardizing the test statistic and using
the normality distribution to extract the p-value – this approximation becomes valid as the sample size

6Note that all the procedures presented have a common prerequisite: All elements of the sample must be independent of
each other (apart from pairing), e.g., there must not be multiple measurements per participant within one group. With a suitable
experimental design, however, this prerequisite is automatically met; Otherwise, it helps to summarize the related data values
(e.g., averaging over all measurements for one participant within the group).

7Normality can also be accessed visually with histograms [12, p.115][14, p.98] or Q-Q plots [14, p.94].
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increases; The exact threshold varies between samples size of around 20 to 40 (i.e., nA + nB = 20 [15,
p.272][12, p.328], nA ≈ nB = 20 [18, p.99], and nA > 20 or nB > 20 [16, p.141]). For strongly differing
sample sizes, a continuity correction can be applied [16, p.142]. Likewise, the Wilcoxon signed-rank
test enables such an approximation, whereby the threshold value ranges between a joint sample size
(i.e., m) of 20 [14, p.139][12, p.318] to 50 [16, p.193]; A continuity correction is recommended for a joint
sample size between 50 and 60 [16, p.193]. For the Kruskal-Wallis test, there is also the possibility
for an approximation – this time, however, it is not the test statistic that is changed, but the probability
distribution (i.e., to the χ2-distribution). This approximation becomes more accurate with increasing
sample size [25, p.205] and is already viable from a sample size of 5 per group (i.e., ni = 5) [12,
p.432f][18, p.107][16, p.159]. There is a similar option for the Friedman test; For very small samples
(i.e., K = 3 and m ≤ 9 or K = 4 and m ≤ 4 [16, p.204]), one should restrain from the approximation.

Step 2: Realization of procedures

Table 2 provides the formulas for computing all relevant quantities for the test procedures presented8; In
each case, the formulas are selected that provide the same result as common implementations in the
programming language R9 Quantities that are defined for several tests, such as degrees of freedom, are
given unique indices. All formulas are broken down to such extent that they are based on only a few
fundamental variables, i.e., mean (see formula 1 following [19, p.490][14, p.32][17, p.59][13, p.118][12,
p.54][9, p.25]), median (see formula 2 following [15, p.43][17, p.63][12, p.52f][9, p.27]), standard de-
viation (see formula 3 following [19, p.493]), pooled standard deviation (see formula 4 following [20,
p.44][20, p.67][26, p.8][14, p.115]), and the entries in the double centered covariance matrix. The latter
is a K x K symmetric matrix, which is derived from the entries of the covariance matrix (see formula 5
[19, p.615][14, p.185]) by averaging and summarizing (see formula 6 following [23, p.4]); The non-zero
eigenvalues of the matrix are referenced below as λi, while the zero eigenvalue is omitted from the
calculations.

x = µ̂ =

∑n
i=1 xi

n
(1)

x̃ =


1
2 · (x(n

2
) + x(n

2
+1)) n is an even number

x
(n+1

2
)

n is an uneven number (2)

s = σ̂ =

√∑n
i=1 (xi − x)2

n − 1
(3)

sp =


√

(nA−1)·s2
A

+(nB−1)·s2
B

nA+nB−2 K = 2√∑K
k=1

((nk−1)·s2
k
)∑K

k=1
nk−K

K > 2
(4)

sA,B =

∑m
i=1 (xA,i − xA) · (xB,i − xB)

m − 1
(5)

cA,B = sA,B −
∑K

k=1 sA,k

K
−

∑K
k=1 sB,k

K
+

∑K
k=1

∑K
l=1 sk,l

K · K
(6)

Since the table conveys information concisely, a few comments should be made beforehand. First of all,
most effect sizes are simply referred to by their assigned symbols (e.g., η2 as ”eta squared”); However,
certain effect sizes have special names: For t-tests it is Cohen’s d and Hedges’ g, for ANOVAs it is
Cohen’s f, for Friedman’s ANOVA it is Kendall’s W, for Wilcoxon signed-rank and Mann-Whitney-U tests it
is the correlation coefficient r, and for the repeated-measures ANOVA the index p is referred to as partial.
Similarly, the sphericity corrections of the repeated-measures ANOVA go by Greenhouse-Geisser ϵ or
Huynh-Feldt ϵ, respectively.

8For each procedure, if applicable, we present test statistic, degrees of freedom, p-value, effect sizes, and additional elements
(e.g., auxiliary variables). If several test statistics are specified, the first is the exact and the second is the approximated.

9Some sources deviate from the procedure presented here. For reasons of space, these deviations are largely omitted.
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Figure 1. Choice of procedures.
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Yet, there are not only comments on the naming, but also on the formulas themselves. For one, the
formula given for Hedges’ g is an approximation of the actual relationship [20, p.66][26, p.3][27, p.9],
which is based on the computationally intensive gamma function [27, p.9]. Secondly, for the Mann-
Whitney-U test and the Wilcoxon singed-rank test, the calculation of the effect size is based on the
z-value without continuity correction. Third, note that rank sums referenced in the table are calculated
differently for the different tests. For Mann-Whitney-U tests, ranking is done jointly for both groups [14,
p.132][25, p.116][12, p.326][18, p.95][16, p.140]; Rank sums are formed for each group [14, p.132][15,
p.269][18, p.95][16, p.140]; Ties are given by equal values across both groups. For Wilcoxon signed-rank
tests, ranking is done for the absolute values of the non-zero differences between the paired elements
of both groups [14, p.139][25, p.40][12, p.316][18, p.105][16, p.192]; Rank sums are formed once for
positive and once for negative differences [14, p.139][25, p.46][12, p.316][18, p.105][16, p.192]; Ties are
given by equal absolute values of differences between paired elements of both groups. For Kruskal-
Wallis tests, ranking is done jointly for all groups [14, p.176][25, p.204][12, p.427][18, p.106]; Rank sums
are formed for each group [14, p.177][25, p.204][12, p.428][18, p.106]; Ties are given by equal values
across all groups. For Friedman’s ANOVA, ranking is done separately for each participant [11, p.688][25,
p.292][12, p.520][16, p.204]; Rank sums are formed for each group across all participants [11, p.688][25,
p.292][12, p.520][16, p.204]; Ties are given by equal values within one participant.

One might notice that the table shows different effect sizes for parametric tests, but only one for each
non-parametric test. This is because for the latter, the effect sizes are not so crucial as they can be calcu-
lated directly from the test statistic and the experiment characteristics. For the former, it is recommended
to use Hedges’ g for t-tests, ϵ2p for repeated-measures ANOVA, and ϵ2 for the remaining.

Table 2. Formulas for particular hypothesis tests and references for further reading.

Element Formula References

Student’s t-test
test statistic tST =

xA−xB

sp·
√

1
nA

+ 1
nB

[14, p.115][9, p.121f][12, p.297]

degrees of freedom dfST = nA + nB − 2 [14, p.115][9, p.121]

p-value pST = 2 · P (t(dfST ) ≤ −|tST |)
effect sizes dST =

|xA−xB |
sp

[26, p.8][27, p.7][20, p.66][12, p.298]

gST = dST · 4·dfST −4

4·dfST −1 [20, p.66][26, p.3][27, p.9]

Welch’s t-test
test statistic tWT =

xA−xB√
s2
A

nA
+

s2
B

nB

[14, p.116][9, p.123][12, p.297]

degrees of freedom dfWT =
(
s2A
nA

+
s2B
nB

)2

1
nA−1

·(
s2
A

nA
)2+ 1

nB−1
·(

s2
B

nB
)2

[14, p.116][27, p.15][9, p.123][12, p.303]

p-value pWT = 2 · P (t(dfWT ) ≤ −|tWT |)
effect sizes dWT =

|xA−xB |√
s2
A

+s2
B

2

[27, p.16]

gWT = dWT · 4·dfST −4

4·dfST −1 [27, p.17]

Paired t-test

test statistic tPT =
1
m

·
∑m

i=1 (xA,i−xB,i)√
1

(m−1)·m ·
∑m

i=1
((xA,i−xB,i)−

1
m

·
∑m

i=1
(xA,i−xB,i))

2
[9, p.125][14, p.127][12, p.279]

degrees of freedom dfPT = m − 1 [14, p.127][9, p.125][12, p.279]

p-value pPT = 2 · P (t(dfPT ) ≤ −|tPT |)

effect sizes dPT =
| 1
m

·
∑m

i=1 (xA,i−xB,i)|√
1

m−1
·
∑m

i=1
((xA,i−xB,i)−

1
m

·
∑m

i=1
(xA,i−xB,i))

2
[26, p.8][27, p.7][20, p.66][12, p.298]

gPT = dPT · 4·dfPT −4

4·dfPT −1

Fisher’s ANOVA
sums of squares SSbetween,FA =

∑K
k=1 nk · (xk − x)2 [15, p.325][9, p.207][12, p.401]

SSwithin,FA =
∑K

k=1

∑nk
i=1 (xi,k − xk)

2 [15, p.326][9, p.208][12, p.401]

SStotal,FA =
∑K

k=1

∑nk
i=1 (xi,k − x)2 [15, p.324][9, p.207][12, p.401]

SStotal,FA = SSbetween,FA + SSwithin,FA [15, p.327][9, p.209][12, p.401]

mean squares MSbetween,FA =
SSbetween,FA
dfbetween,FA

MSwithin,FA =
SSwithin,FA
dfwithin,FA

test statistic FFA =
MSbetween,FA
MSwithin,FA

[15, p.327][9, p.209]

degrees of freedom dfbetween,FA = K − 1 [15, p.325f][9, p.208][12, p.404ff]

dfwithin,FA = n − K [15, p.325f][9, p.208][12, p.404ff]

p-value pFA = P (F (dfbetween,FA, dfwithin,FA)) ≥ FFA) [12, p.408f]

effect sizes η2
FA =

SSbetween,FA
SStotal,FA

[28, p.5][26, p.5][20, p.281]
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f =

√
η2
FA

1−η2
FA

[28, p.5][20, p.281][12, p.411]

ω2
FA =

SSbetween,FA−dfbetween,FA·MSwithin,FA
SStotal,FA+MSwithin,FA

[28, p.5][26, p.6][29, p.130][12, p.412]

ϵ2FA =
SSbetween,FA−dfbetween,FA·MSwithin,FA

SStotal,FA
[28, p.5][29, p.130][12, p.410]

Welch’s ANOVA
auxiliary variable wk =

nk
s2
k

[30, p.217]

sums of squares see Fisher’s ANOVA
mean squares see Fisher’s ANOVA

test statistic FWA =

1
K−1

·
∑K

k=1 wk·(xk−
∑K

l=1 wl·xl∑K
l=1

wl
)2

1+
2·(K−2)
3·dfWA

[30, p.217]

degrees of freedom dfWA = K2−1

3·
∑K

k=1
(1− wk∑K

k=1
wk

)2· 1
nk−1

[30, p.217]

pWA = P (F (dfbetween,FA, dfWA)) ≥ FWA) [12, p.408f]

effect sizes see Fisher’s ANOVA

Repeated-measures ANOVA

sphericity corrections ϵGG =
(
∑K

k=1 ck,k)2

(K−1)·
∑K

k=1

∑K
l=1

c2
k,l

[23, p.4]

ϵHF =
m·(K−1)·ϵGG−2

(K−1)·(m−1−(K−1)·ϵGG)
[23, p.6]

sums of squares SSbetween,RA = K ·
∑m

i=1 (xi − x)2 [12, p.493][9, p.286]

SSwithin,RA =
∑K

k=1

∑nk
i=1 (xi,k − xi)

2 [12, p.495][9, p.286]

SSrepeated = K ·
∑m

i=1 (xi − x)2 [12, p.496][9, p.286]

SSwithin,RA = SSrepeated + SSresidual [9, p.286][12, p.492]

mean squares MSrepeated =
SSrepeated
dfrepeated

MSresidual =
SSresidual
dfresidual

test statistic FRA =
MSrepeated
MSresidual

[15, p.327][9, p.209]

degrees of freedom dfrepeated =


K − 1 for given sphericity
(K − 1) · ϵGG for ϵGG < 0.75

(K − 1) · ϵHF for ϵGG ≥ 0.75

[9, p.301]

dfresidual =


(K − 1) · (m − 1) for given sphericity
(K − 1) · (m − 1) · ϵGG for ϵGG < 0.75

(K − 1) · (m − 1) · ϵHF for ϵGG ≥ 0.75

[9, p.301]

p-value pRA = P (F (dfrepeated, dfresidual)) ≥ FRA) [12, p.408f]

effect sizes η2
RA =

SSrepeated
SStotal,RA

[31, p.276][26, p.5]

fRA =

√
η2
RA

1−η2
RA

ω2
RA =

SSrepeated−dfrepeated·MSresidual
SStotal,RA+MSbetween,RA

[31, p.276][26, p.6]

ϵ2RA =
SSrepeated−dfrepeated·MSresidual

SStotal,RA
[31, p.276]

η2
p =

SSrepeated
SSrepeated+SSresidual

[31, p.276]

ω2
p =

SSrepeated−dfrepeated·MSresidual
SSrepeated+(n−dfrepeated)·MSresidual

[31, p.276]

ϵ2p =
SSrepeated−dfrepeated·MSresidual

SSrepeated+SSresidual
[31, p.276]

Mann-Whitney-U test

test statistic UMW = nA · nB +
nB ·(nB+1)

2 − RB

zMW =


|UMW −nA·nB

2
|−0.5√

nA·nB ·(n+1)
12

without ties
continuity correction

|UMW −nA·nB
2

|−0.5√
nA·nB
n·(n−1)

·(n3−n
12

− 1
12

·
∑J

j=1
nj ·(n2

j
−1))

with ties
continuity correction

[14, p.133][15, p.272][12, p.329][18,
p.99][16, p.142]

p-value pMW =

{
2 · P (U ≤ min(UMW , nA · nB − UMW )) exact
2 · P (z ≤ −|zMW |) approximated

[16, p.142][25, p.117]

effect sizes rMW =
zMW√

n
[13, p.238][14, p.137][10, p.23]

Wilcoxon signed-rank test
test statistic WWS = R+

zWS =



|WWS−m0·(m0+1)
4

|−0.5√
m0·(m0+1)·(2·m0+1)

24

without ties
continuity correction

|WWS−m0·(m0+1)
4

|−0.5√
m0·(m0+1)·(2·m0+1)− 1

2
·
∑J

j=1
nj ·(n2

j
−1)

24

with ties
continuity correction

[12, p.319][16, p.196]

p-value pWS =

{
2 · P (W ≤ min(WWS ,

m0·(m0+1)
2 − WWS)) exact

2 · P (z ≤ −|zWS |) approximated
[25, p.41]

effect sizes rWS =
zWS√

m
[10, p.23][12, p.321]

Kruskal-Wallis test
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test statistic HKW =


12

n·(n+1)
·
∑K

k=1

R2
k

nk
− 3 · (n + 1) without ties

12
n·(n+1)

·
∑K

k=1

R2
k

nk
−3·(n+1)

1− 1
n3−n

·
∑J

j=1
nj ·(n2

j
−1)

with ties
[25, p.204][12, p.430][18, p.107][16,
p.158]

degrees of freedom dfKW = K − 1 [25, p.204][12, p.433][18, p.107][16,
p.158]

p-value pKW =

{
P (H ≥ HKW ) exact
P (χ2(dfKW ) ≥ HKW ) approximated

[25, p.204]

effect sizes η2
KW = H−K+1

n−K [10, p.24]

Friedman’s ANOVA

test statistic χ2
FA =


12

m·K·(K+1)
·
∑K

k=1 R2
k − 3 · m · (K + 1) without ties

12
m·K·(K+1)

·
∑K

k=1 R2
k−3·m·(K+1)

(1− 1
m·K·(K2−1)

∑̇J
j=1nj ·(n2

j
−1)

with ties
[11, p.689][25, p.292][12, p.521][16,
p.204]

degrees of freedom dfFA = K − 1 [11, p.689][25, p.293][12, p.522][16,
p.205]

p-value pFA =

{
P (S ≥ χ2

FA) exact
P (χ2(dfFA) ≥ χ2

FA) approximated
[25, p.292]

effect sizes WFA =
χ2

m·(K−1)
[10, p.24]

Shapiro-Wilk test

auxiliary variables ai =



an i = n

an−1 i = n − 1 and n > 5

−an i = 1

−an−1 i = 2 and n > 5√
1−2·a2

n∑n
i=1

mi·mi−2·m2
n

· mi i ∈ [2, n − 1] and n ≤ 5√
1−2·a2

n−2·a2
n−1∑n

i=1
mi·mi−2·m2

n−2·m2
n−1

· mi i ∈ [3, n − 2] bei n > 5

[21, p.117]

an = cn + 0, 221157 · x − 0, 147981 · x2 − 2, 071190 · x3

+ 4, 434685 · x4 − 2, 706056 · x5
[21, p.117]

an−1 = cn−1 + 0, 042981 · x − 0, 293762 · x2 − 1, 752461 · x3

+ 5, 682633 · x4 − 3, 582663 · x5
[21, p.117]

ci = 1√∑n
i=1

mi·mi
· mi [21, p.117]

mi = Φ−1( i−0,375
n+0,25 ) [21, p.117]

x = 1√
n

[21, p.117]

w1 = 6
π · (sin−1(

√
WSW ) − sin−1(

√
0.75)) [21, p.118]

w2 = −ln(−2.273 + 0.459 · n − ln(1 − WSW )) [21, p.118]

µ2 = 0.5440 − 0.39978 · n + 0.025054 · n2 − 0.0006714 · n3 [21, p.118]

σ2 = e1.3822−0.77857·n+0.062767·n2−0.0020322·n3
[21, p.118]

w3 = ln(1 − WSW ) [21, p.118]

µ3 = −1.5861 − 0.31082 · y − 0.083751 · y2 + 0.0038915 · y3 [21, p.118]

σ3 = e−0.4803−0.082676·y+0.0030302·y2
[21, p.118]

y = ln(n) [21, p.118]

test statistic WSW =
(
∑n

i=1 ai·x(i))
2∑n

i=1
(xi−x)2

[21, p.117]

p-value pSW =


w1 n = 3

P (z ≥ w2−µ2
σ2

) 4 ≤ n ≤ 12

P (z ≥ w3−µ3
σ3

) 12 ≤ n ≤ 2000

[21, p.118]

Levene’s test
auxiliary variable zk,i = |xk,i − x̃k| [22, p.289]

test statistic LLE =
(n−K)·

∑K
k=1 nk·(zk−z)2

(K−1)·
∑K

k=1

∑nk
i=1

(zk,i−zk)2
[22, p.289]

degrees of freedom dfLE,1 = K − 1 [22, p.289]

dfLE,2 = n − K [22, p.289]

p-value pLE = P (F (dfLE,1, dfLE,2) ≥ LLE) [22, p.289]

Mauchly’s test

auxiliary variable d = (1 − 2·(K−1)2+(K−1)+2
6·(K−1)·(m−1)

) [24, p.777][32, p.237]

test statistic WMA =

∏
λj ̸=0 λj

( 1
k−1

·
∑k

j=1
λj)

k−1 [23, p.8]

χ2
MA = −(m − 1) · d · ln(WMA) [23, p.8]

degrees of freedom dfMA =
(K−1)·K

2 − 1 [24, p.777][32, p.237]

p-value p = P (χ2(dfMA) ≥ χ2
MA) [23, p.8][24, p.777][32, p.237]

Step 3: Reporting of results

The results computed are typically reported as depicted in Fig. 2: The test statistic with degrees of
freedom, followed by the p-value and an effect size. In accordance with the APA standard [33], the p-
value is reported with three decimal places and without leading zero (e.g., p = .003); All other quantities
are given with two decimal places (e.g., η2 = .45) with a leading zero whenever the absolute value of the
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Figure 2. Reporting of results.

Table 3. Interpretation of effect size values and references for further reading.

Quantity No effect Small effect Moderate effect Large effect References

d under 0.20 between 0.20 and 0.50 between 0.50 and 0.80 over 0.80 [20, p.25f][26, p.3][15, p.234]
ϵ2 under 0.01 between 0.01 and 0.06 between 0.06 and 0.14 over 0.14 [26, p.7][20, p.285f][12, p.411]
f under 0.10 between 0.10 and 0.25 between 0.25 and 0.37 over 0.37 [20, p.285f]
g under 0.20 between 0.20 and 0.50 between 0.50 and 0.80 over 0.80 [20, p.25f][26, p.3][15, p.234]
η2 under 0.01 between 0.01 and 0.06 between 0.06 and 0.14 over 0.14 [26, p.7][20, p.285f][12, p.411][10, p.24]
r under 0.10 between 0.10 and 0.30 between 0.30 and 0.50 over 0.50 [20, p.79f][13, p.152]
W under 0.10 between 0.10 and 0.30 between 0.30 and 0.50 over 0.50 [10, p.24]
ω2 under 0.01 between 0.01 and 0.06 between 0.06 and 0.14 over 0.14 [26, p.7][20, p.285f][12, p.411]

quantity can exceed the value one (i.e., the leading zero might be omitted from the effect sizes ϵ2, η2, r,
W, and ω2). Note that in the figure, there are two junctions. First, if given, the degrees of freedom are
reported comma-separated and enclosed in parentheses directly after the symbol of the test statistic –
in the same order as in Table 2 for the p-value. Second, if the p-value is below the significance level or
below 0.000, it is not stated exactly, but as p < significance level or p < .000, respectively.

Step 4: Interpretation of results

Although the test quantities (i.e., test statistics and degrees of freedom) are normally reported, they are
irrelevant for the interpretation of the result. The interpretation is based on the p-value and the value of
the effect size. The former indicates whether the result is significant or not, i.e., whether the assumption
could be confirmed or not. In other words, if the p-value of a hypothesis test for group differences is
less than the significance level (usually 0.05), there is a difference between the groups; If the p-value of
Shapiro-Wilk, Levene’s, or Mauchly’s test is less than 0.05, the assumptions of normality, homogeneity
of variances, or sphericity are rejected. In contrast, as the name suggests, the effect size quantifies
the extent of the effect. The respective reference points for categorization as a small, medium, or large
effect for the individual effect sizes are compiled in Table 3. Note that the interpretation of Kendall’s W
is far from consistent throughout the sources. Some (e.g., R’s effectsize package) refer to thresholds
presented in [34, p.165], yet even the authors call them arbitrary; Others (e.g., R’s rstatix package)
interpret it like the correlation coefficient as it also ranges between zero and one [10, p.24].

5 CONCLUSION

This article provides practical, cookbook-style instructions for selecting a proper hypothesis test for group
differences. For young researchers, it is primarily an introduction to statistics, but it can also serve to
take away their fear of this discipline by showing that it can be broken down into simple steps. For
instructors or researchers, it offers as a concise source of reference as well as a model for dealing with
complex topics in teaching. For us, the work is the basis for the automation of statistical procedures in a
software system (see [35][36]).
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