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Abstract. A basic task in the design of an industrial robot applica-
tion is the relative placement of robot and workpiece. Process points
are defined in Cartesian coordinates relative to the workpiece coordinate
system, and the workpiece has to be located such that the robot can
reach all points. Finding such a location is still an iterative procedure
based on the developers’ intuition. One difficulty is the choice of one of
the several solutions of the backward transform of a typical 6R robot.
We present a novel algorithm that simultaneously optimizes the work-
piece location and the robot configuration at all process points using
higher order optimization algorithms. A key ingredient is the extension
of the robot with a virtual prismatic axis. The practical feasibility of the
approach is shown with an example using a commercial industrial robot.
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1 Problem Statement

When programming an industrial robot application the typical workflow starts
with the workpiece that has to be processed. The process points like welding
points, drilling holes, points describing a glueing or laser contour are defined.
For handling applications also points are defined, not relative to the transported
workpiece, but to devices holding and transporting the items. The points P k are
actually frames in SE(3) relative to the workpiece frame F . Then the application
developer chooses a robot, and the workpiece location relative to the robot.

The difficulty is as follows: A typical industrial robot with up to 8 discrete
solutions, one has to be chosen individually for each process point according to
some criterion, solvability being the first. We call these solutions in axis space
configurations c ∈ C, with C a finite set coding the possible configurations like
C = {0, 1, . . . , 7}. In industrial robot programming languages frame data are
extended by a code for the configuration selection. E.g. the KRL language [6]
uses an integer named status, abbreviated S, whose bits 0,1 and 2 code sign
choices in the backward transform. A point-to-point command then looks like

PTP {X 100, Y 200, Z 300, A 40, B 50, C 60, S ’B101’}

with components A, B, C as Euler-like angles α, β, γ. Other robot languages use
different terms and syntax but the underlying mathematics is the same.
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The configuration information is not a part of the Cartesian data so actually
an additional degree of freedom comes from the backward transform. But it is not
intuitive for humans which solution falls into axis limits due to mechanical design,
which may have to be restricted further according to the cell setup or cabling
of the robot. So not all of the 8 solutions may reachable, even in an asymmetric
way as axis ranges are not symmetric around 0o. So making all points reachable
for the robot is still based on human intuition and trial-and-error. It would be
desirable to have an algorithm which, given process frames P 1, . . . , PK expressed
in a frame F , and a robot description, determines a reachable workpiece position
F in world W and suitable configurations for all P k.

In [12] we have presented an algorithm which solves the task described so far
with an extension of the 6R robot to a RRRPRRR robot with a virtual prismatic
axis that makes all of SE(3) reachable, if we drop axis restrictions in addition.
The virtual axis measures non-reachability from the original robot perspective.
If a location F is found with the virtual axis set to 0 for all positions, and all
axes are inside their ranges, then the problem is also solved for original robot.
However this algorithm only works with the restrictive assumption that all P k

are approached with the same configuration c ∈ C. In this paper we extend the
approach to different configurations ck for each P k, still determined by efficient
algorithms from differentiable optimization. Approaches with virtual axes are
also used e.g. in [3,8,11] but the configuration is explicitly held fixed in these
papers. Automatic selection of the robot configuration is new to the best of the
author’s knowledge.

The paper is organized as follows: In Section 2 we introduce notation and
briefly present the virtual axis approach. Section 3 explains the formulation of the
optimization problem with the discrete configuration set suitable for solvers using
derivatives. Numerical results with data from a industrial robot are shown in
Section 4 before we summarize and conclude with directions for further research.

2 Virtual Axis Approach

We consider a 6R robot with spherical wrist and kinematic structure typical
of many industrial robots. The robot is modelled in the Denavit-Hartenberg
convention of the Robotics Toolbox described in [1]: The frame relating the
coordinate systems of axes i and i+ 1 is

i
i+1T (ϑi, di, ai, αi, ϕi) = Rz(ϑi + ϕi)Tz(di)Tx(ai)Rx(αi)

with the usual abbreviations for translations and rotations. In addition to the
familiar ϑ, d, a, α the offset ϕ gives an additional degree of freedom to assign
the axis zero positions as the mechanical engineers prefer.

We use a KUKA KR6R900 robot [6] industrial robot with 6 kg payload
and 900 mm reach. A construction drawing with the robot in its home position
(0,−π2 ,

π
2 , 0, 0, 0) as well as the axis sense of rotation are shown in Figure 1,

parameters and axis limits in Table 1 derived from [5]. Note that axis 1 is pointing
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Fig. 1. KUKA KR6R900 dimensions and sense of axis rotation

downward in the manufacturers definition, so the kinematic chain starts with an
additional Rx(π).

This robot is mapped to a virtual robot with an additional prismatic joint
with variable v = d4 between the original axes 3 and 4, shown in the same Table
1 with tildes over the ϑ̃ variables. We distinguish between the variables of the two
robots with indices i and j, ϑ = (ϑ1, . . . , ϑ6) and q = (ϑ̃1, ϑ̃2, ϑ̃3, v, ϑ̃4, ϑ̃5, ϑ̃6)
respectively. Ignoring axis limits and singularites, the backward transform gives
up to 8 discrete solutions indexed by c ∈ C = {0, 1, . . . , 7}. The virtual robot
axis ranges are ϑ̃j ∈ (−π, π] for all rotational axes, and v ∈ (−∞,+∞) for the
virtual axis.

i j ϑi qj di = dj ai = aj αi = αj ϕi = ϕj type ϑmin,i ϑmax,i

1 1 ϑ1 ϑ̃1 -400 25 π
2

0 R −170o 170o

2 2 ϑ2 ϑ̃2 0 455 0 0 R −190o 45o

3 3 ϑ3 ϑ̃3 0 35 π
2

−π
2

R −120o 156o

4 0 v 0 0 0 0 P

4 5 ϑ4 ϑ̃4 -420 0 −π
2

0 R −185o 185o

5 6 ϑ5 ϑ̃5 0 0 π
2

0 R −120o 120o

6 7 ϑ6 ϑ̃6 -80 0 π 0 R −350o 350o

Table 1. Denavit-Hartenberg parameters and axis limits in degrees

We denote by forward : (−π, π]6 → F × C, ϑ 7→ (P, c) the forward transform
of the original robot, F ⊂ R4×4 denoting the set of frames, i. e. SE(3) in matrix
representation. forward returns the tool frame in world coordinates and also the
configuration, hereby making forward injective with an inverse backward on the
set of nonsingular axis positions. The configuration is a function c = C(ϑ); the
formulas are not explicitly presented here: Bit 0 of c is set if the wrist centre
point is behind axis 1. Bit 1 is set if the wrist centre point is below the line
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connecting axes 2 and 3. Bit 2 is set if axis 5 is directed upward. These bits are
not simply signs of axis angles because there are offsets between axis 1 and 2
as well as between axis 3 and 4, so the wrist centre point is not above axis 1 or
on the line from axis 2 to 3 if the robot is in an upright position. We overload
the meaning of forward and also write forward(q) for the 7 axis virtual robot.
Analogously, backward denotes the backward transform in world coordinates

backward : F × C →
6∏
i=1

[ϑmin,i, ϑmax,i] ∪ {∞}

(P, c) 7→ ϑ with forward(ϑ) = P and C(ϑ) = c

The special value ∞ in the range is used to signal unreachable points when the
wrist centre point is outside the working space, or a solution with the given
configuration exists, but outside the axis range.

The backward transform of the virtual robot is identical to the standard 6R
backward transform, if the TCP frame is reachable for the 6R robot. If not, the
virtual axis is elongated to the minimum length (in absolute value) necesssary
for the wrist centre point to make the target point reachable; such a solution
always exists for our robot class. This gives a well-defined function (for details
see [12], including a smoothing operation at the workspace boundary). The key
idea to replace the error signal ∞ in the non-solvable case by the quantity |v| of
the virtual robot to measure non-solvability of the original backward transform.

Our implementation can handle the class of 6R robots with the αi values
exactly as given in Table 1, and all the di, ai possibly non-zero as in Table 1.
The virtual axis could also be inserted between axes 2 and 3 with no effect on
the rest of the analysis. Other locations would not work – e. g. before axis 1 or
after axis 6 – or change the kinematic structure, e. g. between axes of the central
wrist. The approach carries over to any robot class with analytic solution and a
similar virtual axis extension.

3 Optimization with Configuration Selection

Given a workpiece frame F it is easy to check whether all process frames P k

are reachable: Evaluate the backward transform for each P k with all possible
configurations c, ϑkc = backward(WF T P

k, c), where W
F T P

k denotes the change of
coordinates from F to W. If at least one solution exists for all P k, choose any of
these solutions. If however at least one k exists such that backward(WF T P

k, c) =
∞ signals an unreachable frame for all configurations c, we have no mathematical
clue how to change F . This clue now comes from the virtual axis value v.

We explain the algorithm in three steps: First we reformulate the reachability
check for a single P as a minimization problem, without axis restrictions. Then
axis ranges are included. Finally we consider several P k and variations.

minimin problem Given a single TCP frame P , reachability for workpiece loca-
tion F can be expressed for the original robot as follows: There exists c ∈ C such
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that backward(WF TP, c) 6= ∞. For the virtual robot this is equivalent to: There
exists c ∈ C such that v(q) = 0 where q = backward(WF P, c), and v(q) is the
projection onto the v-component. Abbreviating fc(P ) = (v(backward(WF T P, c))

2,
this can be rephrased as as a minimization problem as in [12]: If minc∈C fc(P )
has minimum value 0, we have found a reachable solution. The square gives dif-
ferentiability but can be replaced by the absolute value or any other distance
function. The nondifferentiability of the absolute value can also be handled in
the optimization problem, see Section 4.

However, we have to optimize over F giving minF minc∈C fc(P ) (Note that
minc∈C minF fc(P ) is not the problem we are interested in: this means different
positions F for each configuration). This is a minimin-optimization problem
considered difficult in literature, because the minimum over a finite number of
differentiable functions is not differentiable but only continuous. This seems to
exclude optimizers using derivatives that wen want to employ for efficiency.

So we have to reformulate the problem. For unconstrained minimax problems
like the minimization of the ∞-norm there exist standard transformations to
smooth, even linear, but constrained formulations, see textbooks like [9]. For
minimin, [10, Exercise 12.6] leaves the problem unanswered, hinting that no
differentiable formulation exists. [2, Chapter 8] suggests a sequence of linear
problems, one for each c, but only for a linear original problem. A developer of
the Gorubi optimization package suggests mixed nonlinear-integer programming
[4], with a bit bc ∈ {0, 1} for each c encoding with bc = 0 whether fc attains the
minimum, and an additional constraint

∑
c∈C bc = |C| − 1 enforcing exactly one

minimizing function. This excludes a variable number of functions fc reaching
the minimum simultaneaously, and requires specialized software.

We propose a different transformation to a smooth constrained problem – as
smooth as the fc – with a convex combination which seems to be new. We state
the lemma with x as the standard optimization variable, in our application any
parametrization of the workpiece frame F = F (x) with F = F (x, y, z, α, β, γ).

Lemma 1. Consider fc : Rn → R for c ∈ C, C a finite set. Consider the
unconstrained minimization problem

min
x∈Rn

min
c∈C

fc(x) (1)

and the constrained problem

min
x∈Rn,w∈R|C|

∑
c∈C

wcfc(x) (2)

subject to
∑
c∈C

wc = 1, 0 ≤ wc ≤ 1 for all c ∈ C

Then the problems are equivalent: (1) is unbounded iff (2) is. If the problems are
bounded, then the minimum and infimum values are the same, m? = fc?(x?) for
some x?, c? if the minimum is attained.

Proof. The constraint
∑
c∈C wc = 1 enforces that at least one function attains

its minimum, if a minimum exists.
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Assume a finite minimum m? = fc?(x?) for some c? ∈ C for (1). We show
that x? and w? with w?c? = 1 and w?c = 0 for all c 6= c? is optimal for (2).
Clearly x?, w? are admissible with objective function value m?. Choose any x,w
admissible. The wc are nonnegative and sum to 1, so we get

m :=
∑
c∈C

wcfc(x) ≥
∑
c∈C

wc

(
min
c∈C

fc(x)

)
=
∑
c∈C

wcm
? = m?

Therefore x,w cannot attain a smaller objective value.
In the other direction, assume a finite minimum m? for (2) at x?, w?. If

w?cr > 0 for several cr, then all corresponding fcr (x?) must take the same value
- otherwise we could choose the minimum over r, increase the corresponding
weight w?c? , adjust the convex combination and so reduce the objective value.
But with identical function values we can move the weights in w? to a singleton
with w?c? = 1, w?c = 0 otherwise. As before x? is the minimum point for (1). The
arguments for infimum and unboundedness are similar.

Axis range restrictions Now we can include axis constraints into the smooth re-
formulation of the minimin problem. We sill consider a single process frame P ∈
F . We identify fc(x) = v2c where vc is the virtual axis value from (ϑ̃c,1, ϑ̃c,2, ϑ̃c,3, vc, ϑ̃c,4, ϑ̃c,5, ϑ̃c,6) =
backward(WF (x)T P, c), assuming no constraints on the axes, and now with F de-

pending on x. If minc∈C fc(x) = 0, then W
F (x)T P is reachable for at least one

configuration.
However the axis constraints are special: We need ϑmin,i ≤ ϑ̃c,i ≤ ϑmax,i only

for those configurations with vc = 0: If P needs an elongated virtual axis, then
P is unreachable anyway for the original robot anyway, no matter whether the
original axes restrictions are fulfilled. We model this with a slack variable mc for
the violation of the axis restrictions for configuration c, which is also included
in the objective function (we suppress the dependence of ϑ̃ on x):

min
x∈R6,w∈R|C|

∑
c∈C

wc(fc(x) +mc)

subject to
∑
c∈C

wc = 1, 0 ≤ wc ≤ 1 for all c ∈ C

ϑmin,i − ϑ̃c,i ≤ mc for all c ∈ C, i ∈ {1, . . . , 6} (3)

ϑ̃c,i − ϑmax,i ≤ mc for all c ∈ C, i ∈ {1, . . . , 6}
mc ≥ 0 for all c ∈ C

If all axis restrictions can be met with mc = 0 we have found a solution for
the original robot. With the same argument as in the minimin lemma an objec-
tive value 0 signals reachability for at P with at least one configurations. The
measures fc for violation of workspace and wc for violation of axis range are
nonnegative, yielding 0 for a reachable pose for the original robot. Summing
this up, we have replaced the test whether W

F (x)T P is reachable by a optimiza-

tion problem to find x and F (x) respectively. Individual slack variables mmin,c,i
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and mmax,c,i for all axis constraints would also do but increase the number of
variables.

If several fc? reach the same minimum value, then the proof of the Lemma
shows that any configuration c with wc > 0 can be chosen in the application,
this is still a degree of freedom.

Formulation with frame list and variations For the original problem with several
frames P 1, . . . , PK we simply add indices k to the variables wkc , mk

c , vkc , ϑ̃kc,i of
(3) (but not x, which describes the single workpiece) and sum over all frames in

the objective function
∑K
k=1

∑
c∈C w

k
c ((vkc )2 +mk

c ).

Note that then we still only have one slack mk
c variable for each configuration

at each P k, measuring axis range violations. This is the correct formulation for
path point-to-point processes like handling. For path processes with blending
contours a change of configuration must not occur on a path enclosed by two
stop points because this would mean that a singularity is crossed. However this
requirement can be modelled easily: We use one common slack variable m̄c for
all P k on the same path segment, but different variables for different segments.

User constraints on F , like a rectancle of possible positions on a table, can
be expressed in x with easily.

4 Numerical Results

We have implemented the optimization problem in MATLAB with the SQP
solver of the Optimization Toolbox. For problems around K = 30 a solution is
found in typically less than 5 minutes on a standard laptop with i7 processor,
with parallel evaluation of the computations for the P k. Figure 2 shows a typical
initial and optimized positions. The virtual axis is plotted in red, so the robot is
reaching to an unreachable point in the initial setup. In the optimized solution,
v = 0 makes the virtual axis invisible.

We have also compared minimizing the absolute value |v| instead of v2 using
the standard transformation v = v+ − v−, with v+, v− ≥ 0 from linear pro-
gramming, giving |v| = v+ + v−. Numerical experiments showed better overall
performance because v2 has small derivatives near the optimium, slowing down
progress. The additional variables vk,c+ , vk,c− for all k and c increase computation
time for derivatives but reduced the number of iterations significantly. Due to the
nonlinearity of the problem, the solver sometimes got stuck in an non-reachable
workpiece frame.

5 Conclusion and Outlook

We have presented a general purpose algorithms that places a workpiece in the
reachable workspace of a 6R industrial robot, capaple of selecting configurations
for all process points. A natural next step is a time optimal path through one
of the possible configurations of each process point in a travelling salesman ap-
proach [7]. We found no academic software that offers configuration programming
at all. In the author’s opinion, this would be a very useful functionality.
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Fig. 2. Initial and optimized position
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