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Theory
Hydrodynamic Equations & Anisotropic Viscosity Tensor
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The Hydrodynamic Regime

Michael Mayle | CFD simulation of dipolar gases in the hydrodynamic regime 

• Hydrodynamic collisions result in fast 
local thermalization.

• Nonequilibrium thermodynamics is 
overshadowed by long wavelength 
scale fluid motion.

Continuous field variables:

Mass density 𝜌 
Flow velocity 𝑼 
Kinetic temperature 𝑇 

• Governing equations: Continuity, 
Navier-Stokes and temperature 
balance 

• Re-equilibration processes are 
encapsulated by the transport tensors 
of viscosity and thermal conductivity.

Wang & Bohn, PRA 107, 033321 (2023)
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CFD Simulations: COMSOL

Michael Mayle | CFD simulation of dipolar gases in the hydrodynamic regime 

Continuous field variables:

Mass density 𝜌 
Flow velocity 𝑼 
Kinetic temperature 𝑇 

COMSOL Documentation

! need to adapt to dipolar 
collisions !

no heat transfer for the moment

Wang & Bohn, PRA 107, 033321 (2023)

no dipolar mean 
field interaction 

𝐾𝑖𝑗 = 𝜏𝑖𝑗 = 𝜇𝑖𝑗𝑛𝑚𝜕𝑚𝑢𝑛

(Newtonian Fluid)

https://doc.comsol.com/6.3/docserver/#!/com.comsol.help.cfd/cfd_ug_fluidflow_single.06.076.html
https://doc.comsol.com/6.3/docserver/#!/com.comsol.help.cfd/cfd_ug_fluidflow_single.06.076.html
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Anisotropic Viscosity Tensor 
from Dipolar Collisions

Michael Mayle | CFD simulation of dipolar gases in the hydrodynamic regime 

Wang & Bohn 
using

Chapman and 
Enskog procedure

Wang & Bohn, PRA 106, 023319 (2022)

𝑉dd 𝒓 =
𝑑2

4𝜋𝜖0

1 − 3 ො𝒓𝑇෡𝓔
2

𝑟3 Symmetries:

Wang & Bohn
PRA 107, 033321 (2023)

Here: Non-degenerate, polar 
fermionic molecules. 
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Viscosity Tensor (for Fermions)

Michael Mayle | CFD simulation of dipolar gases in the hydrodynamic regime 

color-coded magnituderank-4 viscosity tensor

analytical expression
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General Viscosity Tensor in COMSOL

Michael Mayle | CFD simulation of dipolar gases in the hydrodynamic regime 

𝐾𝑖𝑗 = 𝜏𝑖𝑗 = 𝜇𝑖𝑗𝑛𝑚𝜕𝑚𝑢𝑛

(Newtonian Fluid)

e.g.
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Simulation Results
Two Preliminary Examples
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Flow through Orifice
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Flow through Orifice

Michael Mayle | CFD simulation of dipolar gases in the hydrodynamic regime 

inflow

outlet

Fermionic 23Na40K parameters from PRA 108, 013322 (2023)
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Flow through Orifice

Michael Mayle | CFD simulation of dipolar gases in the hydrodynamic regime 

inflow

flow−axis

field−axis
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flow−axis

field−axis
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Flow through Orifice

Michael Mayle | CFD simulation of dipolar gases in the hydrodynamic regime 

flow−axis

field−axis
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Flow through Orifice

Michael Mayle | CFD simulation of dipolar gases in the hydrodynamic regime 

flow−axis

field−axis
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Vortex Shedding

Michael Mayle | CFD simulation of dipolar gases in the hydrodynamic regime 14
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Vortex-Shedding 

Michael Mayle | CFD simulation of dipolar gases in the hydrodynamic regime 

Dipole moment 𝜇0
′ = 𝜇0/25 to show critical behavior.

inflow
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Vortex-Shedding 

Michael Mayle | CFD simulation of dipolar gases in the hydrodynamic regime 

dipole orientation Dipole 
Orientation

Viscosity 
Magnitude

Reynolds 
Number

Existence 
of Vortex 
Shedding

Dipole moment 𝜇0
′ = 𝜇0/25 to show critical behavior.



Technische Hochschule Nürnberg Georg Simon Ohm
17

No-Vortex-Shedding 

Michael Mayle | CFD simulation of dipolar gases in the hydrodynamic regime 

dipole orientation

Dipole moment 𝜇0 from Phys. Rev. A 108, 013322 (2023)
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