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Theory

Hydrodynamic Equations & Anisotropic Viscosity Tensor
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The Hydrodynamic Regime

 Hydrodynamic collisions result in fast
local thermalization.

* Nonequilibrium thermodynamics is
overshadowed by long wavelength
scale fluid motion.

Continuous field variables:

Mass density p
Flow velocity U
Kinetic temperature T

 Governing equations: Continuity, dp
Navier-Stokes and temperature a9t + 0j(pUj) =0,
balance
o et + 0;(pU;Ui) = 0jTij — ;P — Eovar,n,
 Re-equilibration processes are == m
encapsulated by the transport tensors d(pT) 2m
of viscosity and thermal conductivity. af +0;(pT'Uj) = %[(ﬂ — P0ij)o;U; — ES,-B}-T],

Wang & Bohn, PRA 107, 033321 (2023)
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CFD Simulations: COMSOL

VN COMSOL Continuous field variables:

Mass density p

~ Equation

Show equation assurming: FlOW VelOCity U
j::dy 3D Time Dependent, Time Dependent Kl] — Tl] :. ‘L[l]nm amun Klnetlc temperature T
Pop AUV =Y [ortxl+F (Newtonian Fluid)

dp no dipolar mean

91 +9j(pUj) =0, field interaction

% L V. (ow =0 :
R I need to adapt to dipolar
K=p(Vu+ @) -5u7-1 J collisions !

> Model Input # 0 is the density (S] unit: kgfm3)
~ Fluid Properties u is the velocity vector (S| unit: m/s) a (p Uf ) p
Density: 2 is pressure (S unit: Pa) a _I_ aj (pUjUI) — aj I.I_.." o a.','P T (r5 r)‘l‘
P From material = 1 is the identity matrix (unitless) r m
P=p I:p A'T) K is the viscous stress tensor (51 unit: Pa)

Constitutive relation

o ecife dvmamic viscos . F is the volume force vector (Sl unit: N/m®) no heat tranSfer for the moment

pecify dy ity
H From material -
Lo 4 20l Eonurenizhar Wang & Bohn, PRA 107, 033321 (2023)
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https://doc.comsol.com/6.3/docserver/#!/com.comsol.help.cfd/cfd_ug_fluidflow_single.06.076.html
https://doc.comsol.com/6.3/docserver/#!/com.comsol.help.cfd/cfd_ug_fluidflow_single.06.076.html
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Anisotropic Viscosity Tensor
from Dipolar Collisions

d? 1-3(#78)°

Vaa(r) =

41eg

Wang & Bohn, PRA 106, 023319 (2022)

Wang & Bohn
using
Chapman and
Enskog procedure

Wang & Bohn
PRA 107, 033321 (2023)
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Here: Non-degenerate, polar

Hi111 =

1113 =

Hi1ez =

Hi133 =

1212 =

1233 =

Hiz1z =

Higes =

1333 =

Hazaz =

Hazzg =

H32323 =

3333 =

fermionic molecules.

Hd —— (117 cos(40) + 84 cos(20) + 415),

hl12
34
512

Ig;{Ecns{EB) +11),

Hd
~E13 ——(117 cos(40) + 107),

g
9% ——(5cos(20) 4 9),

45;;
198 sin(20),

?’“‘f (13 cos(40) — 29).
512
21 pg
128
3pid
512

sin(20),

TTpd,
THd (3 0s(20) — 11),
128
ptd
9),

_ﬁ{S cos(20) —

512

(39s5in(40) + 14s5in(20)),

Symmetries:
Hijmn = Hjimn,
Hijmn = Hjinm
Hijmn — Hmnij

#ijmnﬁij — P;ijmﬂﬁmn — I-Lijmngijmn =0

(39sin(40) — 14sin(20)),

{117 cos(40) — 84 cos(20) + 415).
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Viscosity Tensor (for Fermions)

rank-4 viscosity tensor

f
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analytical expression

mud (415 + 84 Cos [2 theta] + 117 Cos [4 theta])
8

‘ -2 mue (14 5in[2 theta] + 39 5in [4 theta])
]

‘ -2 nua (14 5in[2 theta] + 325in[4 thetal)
8

a

2]

[:]

[:]
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2
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2
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a

11213
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a -* muB (14 Sin[2 theta] - 39 Sin[4 theta]] ‘
B8

® -1 mu@ (187 + 117 Cos [4 theta])
B8
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2 -% mu@sin[2 theta)
2
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General Viscosity Tensor in COMSOL Ko = proaan D5t i 0,0 a9 v

+/M44419\{4‘{' * MarL QYV tm 7’\/

Settings Properties B /MMZ 9%4« -t/AM 2t 9% v t /("41 22 ka
Equation View
cR= T e W g Ve, Ly
v~ Study

_(J
Show equation view assuming: /Q/M,,?_‘u\/ T//l/"’f'?/?,“/y T/MA'LZ'Z' WY

Study 30 Time Dependent, Time Dependent
? .
/(—44‘1 17 MZ‘ 't//l/-"?ll‘vz- '(‘/44121 _ua_

~ Variables
e g/"
(13 . . -
Mame Expression Unit Description

A\ | spfK_stress_tensono K_stress_tensor_tuning®[mul 111w mul112%uy+mu1113*uz+ mu 1125 mu1122%y+muo1123%z+mo 1131w mu1132%0y+mo1133%z) | | N/m® | Viscous stress tensor, 1 component
A spf.K_stress_tensonyx K_stress_tensor_tuning®™(mu 117w+ mu2112%uy+ mu2113%uz+ mu 121 mu2 122%y+mu2 123%z+ mu2 137w mu2 132%wy+ mu2 133%wz) M/m* Viscous stress tensor, yx-component
A spf.K_stress_tensorz K_stress_tensor_tuning®(mu311 1w mu3 11 2%uy+ mu3113%uz+ mu312 1% mu3d 1 22%y+ mud 1 23%vz+ mu313 1 wees mo3132%y+ mu3133%wz) M/m* Viscous stress tensor, m-component
A spf.K_stress_tensorncgy K_stress_tensor_tuning®(mul211*wes mu1212%uy+ mu1213%uz+ mol 221 mul 222%y+ mul 223%vz+ mo1 231 wees mo1232%y+ mu1233%wz) M/m® Viscous stress tensor, xy-component
A spf.K_stress_tensoryy K_stress_tensor_tuning®(mu2] 1 ux+ mud2 1 2%uy+ mud213%uz+ mud22 15+ mud 2225y +mud 22 3%vz+ mud23 T wees mudd327%wy+ mu2233*wz) M/m* Viscows stress tensor, yy-component
A spf.K_stress_tensorzy K_stress_tensor_tuning®™(mu321 1 ux+ mu32 1 2%uy+ mu321 3% uz+ mu322 5+ mu3 2225y +mu322 3 vz+ mu323 T wees mu32327%wy+ mu3233 wz) M/m* Viscous stress tensor, zy-component
ﬂ, spf.K_stress_tensonaz K_stress_tensor_tuning™(mul317 wx+mu1312%uy+ mul313%uz+ mul 3215 mu1 3227%y+mul 323%z+ mu1 337w mu1 3327%wy+ mu1333%wz) M/m* Viscous stress tensor, xz-component
A spf.K_stress_tensoryz K_stress_tensor_tuning®™(mu31 7w+ mu2 3 2%uy+ mu231 3% uz+ mu2 321 mu2 3225y + mu2 323%z+ mu233 17 wees mu2 3325wy + mu2333%wz) M/m* Viscous stress tensor, yz-component
A spf.K_stress_tensorzz K_stress_tensor_tuning®(mu331 7 we+ mu33 2¥uy+ mu331 3 uz+ mu332 e mu3322%y+mu3323%vz+ mu333 T wees mu3332%wy+ mu3333%wz) M/m* Viscous stress tensor, zz-component

Kij = Tij = WijnmOmln
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Simulation Results

Two Preliminary Examples
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Flow through Orifice
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Flow through Orifice

inflow

Fermionic 23Na“%K parameters from PRA 108, 013322 (2023)
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Flow throu

flow—axis

field—axis
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Vortex Shedding
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Vortex-Shedding

Dipole moment ugy = 1y /25 to show critical behavior.

inflow
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Vortex-Shedding

Dipole moment u, = uy/25 to show critical behavior.
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No-Vortex-Shedding

Dipole moment u, from Phys. Rev. A 108, 013322 (2023)
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