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Abstract We report and analyze the results of our computational testing of branch-
and-cut for the complementarity-constrained optimization problem (CCOP). Besides
the MIP cuts commonly present in commercial optimization software, we used inequal-
ities that explore complementarity constraints. To do so, we generalized two families of
cuts proposed earlier by de Farias, Johnson, and Nemhauser that had never been tested
computationally. Our test problems consisted of linear, binary, and general integer
programs with complementarity constraints. Our results on the use of complementar-
ity cuts within a major commercial optimization solver show that they are of critical
importance to tackling difficult CCOP instances, typically reducing the computational
time required to solve them tremendously.
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1 Introduction

Given a set of variables, the constraint that at most one of them is allowed to be
nonzero in a feasible solution is one of the most recurrent in the field of mathematical
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366 I. R. de Farias et al.

optimization. It is usually called complementarity or multiple-choice, and the set of
variables is called a special ordered set of type 1 (SOS1 for short. The multiple-choice
constraint is also commonly called SOS1). When the variables are binary, complemen-
tarity is often called generalized upper bound (GUB). Complementarity constraints are
present in an enormous number of applications. Two examples are location of stores
in shopping malls [3] and nurse scheduling [10]. We refer to the book by Williams
[26] and references therein for a list of applications. See also Cottle et al. [4].

Due to its importance, all main commercial optimization solvers contain special
facilities for SOS1. Yet, despite major improvements in recent years, typically they are
capable of solving only toy instances of the complementarity-constrained optimiza-
tion problem (CCOP) to proven optimality. One feature that is missing is the use of
cutting planes that specifically take SOS1 into account (henceforth called SOS1 cuts)
in branch-and-cut (B&C). To justify the absence of SOSI cuts, it is often argued that
complementarity can be formulated by using binary variables [7] (note that this is only
true when the variables in the SOS1 are bounded [18, 19]), in which case mixed-integer
programming (MIP) cutting planes, such as Gomory or MIR, can be used to tackle
CCOP through B&C.

We investigate the importance of SOS1 cuts for solving CCOP. Specifically, we
investigate the efficiency of two families of SOS1 cuts proposed earlier by de Farias
et al. [8], which were never tested computationally, and which we generalize here.
We show that, contrary to general belief, the use of SOS1 cuts can reduce the time
required to solve CCOP tremendously, even when MIP cuts are used. As a matter of
fact, we show that SOS1 cuts are also important when CCOP is an integer program
(IP, i.e. all variables are integer).

We note that recently Zhao and de Farias [28] and de Farias et al. [9] investigated
the use of special ordered sets of type 2 (SOS2) cuts on piecewise linear optimization.
There, as in here for SOS1 on CCOP, the use of SOS2 cuts enhanced considerably
our ability to solve difficult instances of the piecewise linear optimization problem to
proven optimality through B&C.

1.1 Notation, cutting plane approach, and assumptions
Let m be a positive integer and M = {1, ..., m}. For each i € M, let n; be a positive

integer and N; = {1, ..., n;}. We denote as ij the ordered pair (i, j) and any set with
one element by the element itself. Let 0 < u;; < ooVj € N;, i € M. CCOP is:

maximize E E CijXij

ieM jeN;
s.t. Ax < B (1)
{xil,...,xini}iSSOSI,i eM (2)
Xij € [0, u,'j], jEN;,ieM. 3)

We denote d = ZiGM n;,i.e. d is the number of variables. Also, I = U;cpr (i X Nj),
i.e. I is the set of indices of x. For T C I, My = {i € M :ij € T for some j € N;}.
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Branch-and-cut for complementarity-constrained optimization 367

Finally, if {a;} is a sequence of real numbers, then R = ¥ = >, _pa; = 0 and
p>q= Z?ZPai =0.

Our cutting plane approach for tackling CCOP through B&C follows that of Crow-
der et al. [5]. Specifically, we use as cuts inequalities valid for the convex hull of the set
defined by one of the inequalities of (1), the complementarity constraints (2), and the
bound constraints (3). In other words, our polyhedron of interest is the SOS1 knapsack
polytope P = conv(S), where

S ={x e R : x satisfies (2), (3), and (4)},

with

Z Z ajjxij < b. 4

ieM jeN;

Here, (4) is one of the inequalities of (1), which is determined by the separation
algorithm (to be discussed in Sect. 3) of the B&C scheme.

The linear programming relaxation (LPR) of § is obtained by dropping (2) from
the constraint set of CCOP, i.e.,

LPR(S) ={x € R : x satisfies (3) and (4)}.

To the best of our knowledge, the inequality description of P was first studied by
de Farias et al. [8]. There, among other results, two families of facet-defining inequal-
ities were given. In this paper we generalize these inequalities and use them within
B&C to solve difficult instances of CCOP. We evaluate their impact on the performance
of B&C.

We also analyzed the impact of formulation choice (“usual” MIP [21], LOG for-
mulation [24,25], or SOS1 approach [2]), to be reported in a follow-up paper. Because
the results for the “usual” MIP formulation were far superior to LOG and the SOS1
approach, here we report results for the “usual” MIP formulation only.

We assume that:

Assumption 1. n; > 2 for some i € M

Assumption 2. ZieM max{a;1u;1, ..., Aip;Uin;} > b
Assumption 3. b > O and a;; > 0Vij € I

Assumption 4. x;;, ij € I, 1s scaled so thata;; < b and u;; =1
Assumption 5. ;1 > ajp > -+ > a;jp, Vi € M.

If Assumptions 1 and 2 do not hold, the problem is trivial, so there is no loss of gener-
ality in them. Assumption 4 can be made without loss of generality once Assumption
3 is made. There is loss of generality in Assumption 3. However, even in the presence
of Assumption 3, CCOP can be interesting and difficult [3,10,26]. There is no loss
of generality in Assumption 5 since we are dealing with a single knapsack inequality,
and we make this assumption to simplify the presentation in Sects. 2 and 3. Once
Assumptions 3, 4, and 5 are made, Assumption 2 can be rewritten as Zi ey Gil > b.
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368 I. R. de Farias et al.

1.2 Previous work

As already mentioned, P was first studied by de Farias et al. [8]. Some of the results
given there are reviewed in Sect. 2. We note that the complementarity knapsack problem
was introduced by Ibaraki et al. [16], see also Ibaraki [14].

To the best of our knowledge, the first cutting plane results on CCOP were given by
Ibaraki [15]. There, it is shown how to derive from the tableaux of the LPR of CCOP
an inequality valid for the feasible set of CCOP, which cuts off the basic solution of
the tableaux in case it does not satisfy (2).

Another early result on the inequality description of the convex hull of the feasible
set of CCOP was given by Jeroslow [17]. There, a simple procedure is given to derive
a full inequality description of it.

Recently, Nguyen et al. [22] extended reformulation—linearization [23] to the fol-
lowing special case of the feasible set of CCOP:

Ax+By+Cs=b ®)
{yi,si} is SOS1 Vi 6)
y,s>0. @)

Finally, Mitchel et al. [20] studied the convex hull of the feasible set of CCOP for
the special case considered by Nguyen et al. [22] (i.e. with constraints (5), (6), and
(7)) with A = 0 and C = [I. Unlike the other aforementioned studies, [20] gives
computational results on the use of their inequalities to solve instances of their special
case of CCOP.

The remainder of the paper is organized as follows. In Sect. 2 we review some
of the results of [8] and we generalize its two main inequalities. In Sect. 3 we give
separation heuristics for the two inequalities. In Sect. 4 we specify the platform used in
the computational tests, the instances tested, and what was tested. In Sects. 5 through 9
we give and analyze the results of our computational experiments. Finally, in Sect. 10
we give conclusions and directions for further research.

2 Polyhedral results

We now review the concepts and results introduced in de Farias et al. [8] that will

be most relevant here. We also generalize two families of facet-defining inequalities

for P given in [8]. The generalized inequalities are the ones used as cuts in our B&C

approach to CCOP (besides the underlying optimization solver’s built-in MIP cuts).
We start with the most basic facts about P.

Proposition 1 P is full-dimensional.
Proposition 2 The inequalities x;; > 0 are facet-defining for PYj € N;,i € M.

Proposition 3 Inequality (4) is facet-defining for P iff > ;cp_ait + @i, >
bVi'e M.
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Branch-and-cut for complementarity-constrained optimization 369

Proposition 4 Fori € M,
PIETES )
JEN;

is valid for P. It defines a facet of P iff ain, < b.

We now extend the concepts of cover and cover inequality, originally introduced in
the context of 0—1 programming by Balas [1], Hammer et al. [12], and Wolsey [27], to
the context of complementarity optimization. The two SOS1 cuts we use in our B&C
approach to CCOP are lifted cover inequalities.

Definition 1 Let C = {i{ji,...,ixjx} € I, with iy, ..., i all distinct. The set C is
called a cover if >, a;j > b. Given a cover C, the inequality
Z ajjxij < b )
ijeC

is called a cover inequality.

Clearly, (9) is valid not only for P but also for LPR(S). Therefore, (9) cannot be used
as a cutting plane. To obtain a cut, (9) needs to be liffed. The details of /ifting in the
context of complementarity-constrained optimization, which we illustrate below, are
given in [8].

Example 1 Letm =5, ny =ny =n3 = ns5 =2, ng = 3, and (4) be given by

(6x11 + x12) + (2x21 + x22) + (4x31 + 3x32)
+(8x41 4 6x42 4 x43) + (9x51 + 4x52) < 13. (10)

Then, C = {11, 21, 32,42} is a cover and
6x11 + 2x21 + 3x32 + 6x4p < 13 (11)
is a cover inequality. Inequality (11) and constraints (2) imply that
(6x11 4+ 2x12) + 2x21 + 3x32 + 6x40 < 13 (12)

is valid for P. Note that (12) is not valid for LPR(S). Inequality (12) cuts off, for
example, x1; = %, X2 = ‘5—‘, X21 = x32 = x42 = 1, and x;; = 0 otherwise, which
is a vertex of LPR(S) N {x € %R : x satisfies (8)Vi € M}. Here, (11) was lifted with

respect to x1.

By lifting (9), de Farias et al. [8] obtained two families of facet-defining inequalities,
which we now give.
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370 I. R. de Farias et al.

Theorem 1 Let C be a cover, and suppose that j = 1Vij € C. Additionally, assume
that 3i" € M¢ and j' € Ny such that

> aintaj <b. (13)

ieMc—i’

Then,

n;
ZZmax aij, b — z agy ¢ xij <b (14)

ieMc j=1 keMc—i
is valid and facet-defining for P.

Example 1 (Continued) The set C = {41,51} is a cover that satisfies (13) for
i"=4, j)=3(ori’ =5, j/ =2). Thus,

(8x41 + 6x42 4+ 4x43) + (9x51 + Sx52) <13 (15)

is valid and facet-defining for P.
Inequality (15) cuts off, for example, x41 = 1, x51 = %, X5 = %, and x;; = 0
otherwise, which is a vertex of LPR(S) N{x € R4 : x satisfies (8)Vi € M }.

We now give the second family of facet-defining inequalities derived in [8].

Theorem 2 Let C be a cover and i’ j' € C with j' < n;. Suppose that j = n; Vij €

C —i'j'. Finally, suppose that 3 ;.. ain; < b. Then,

E max a,vj,b— E Akny x,'/j

JEN; keMc—i’

ni ..
+ 2 Zainimax[l, = ]xijfb (16)

b— i a
ieMc—i’ j=1 2kemc—i Wy

is valid and facet-defining for P.

Example 1 (Continued) The set C = {22,32,43,51} is a cover that satisfies the
assumptions of Theorem 2 with i’j’ = 51. Thus,

8 6
(x21 + x22) + (Bx31 + 3x32) + <§x41 + 350 + x43) + Oxs51+8xs52) <13 (17)

is valid and facet-defining for P.
Inequality (17) cuts off, for example, xp0 = x32 = x43 = 1, x51 = ‘5—1, X5 = %, and
x;j = 0 otherwise, which is a vertex of LPR(S) N {x € N9 : x satisfies (8) Vi € M}.
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Inequalities (14) and (16) are valid and facet-defining under fairly general condi-
tions, and indeed, in our preliminary tests, their use within B&C to solve difficult
instances of CCOP was encouraging. It appeared to us, however, that the assumptions
that j = 1Vij € C in Theorem 1 and j = n; Vij € C — i’j’ in Theorem 2 were,
at times, restrictive, limiting too much the number of separated inequalities. We then
generalized Theorems 1 and 2 to drop the assumptions. The resulting inequalities,
which we give next, turned out to be considerably more efficient than (14) and (16).
They are the inequalities we used in the computational tests that we report in the paper.

The validity of the inequalities is a consequence of Theorems 1 and 2 and Propo-
sitions 5 and 6.

Proposition 5 Let T C I. Suppose that

> aijxij <y (18)

ijeT
is valid for P = P N {x € W : x;; = OVij € I — T}. Then, (18) is valid for P.

Proof Let x* € S, and x € %< be given by

o [ e
] 0, otherwise.

Clearly,

Z(x,-jx;"j = Zaijiij. (19)

ijeT ijeT

Because of Assumption 3, x € P, and so it satisfies (18). It then follows from (19)
that x* satisfies (18). Therefore, (18) is valid for P. O

Proposition 6 Let M C M, and, foralli € M, let ri, t; € Nj with r; < 1. Suppose
that

t
Z 2 aijxij < b (20)

ieM J=ri

is valid for P. Let R = {i € M : iy, =aiand T = {i € M : Qi = ajs; ). Then,

ri—1 t; n;
> D ainxij+ D D aixij+ Yy, > aijxi <b 21
ieR j=1 ieM j=ri ieT j=t;+1

is valid for P.
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372 I. R. de Farias et al.

Proof Let x* € S, and x € % be given by

xl*] ifie[\_l,je{ri,...,t,-},andxl.*j>0
_ X7, ifi e R, j=r;, andx}; > O0forsomel/ e {l,...,r; — 1}
X;i; = s . . .
L (%’xl.*l, ifieT,j=1t, andx}; > O0forsomel € {t; +1,...,n;}
i
0, otherwise.
Clearly,
r,-—l t; n; 1
D2 i T 2L D ey > D ayxl = > i (22)
i€R j=1 ieM J=ri ieT j=ti+1 ieM Jj=ri

It is also easy to see that x € S. So, X satisfies (20). It then follows from (22) that x*
satisfies (21). Therefore, (21) is valid for P. O

We now give the first family of inequalities we used in our computational tests.
Theorem 3 Let C be a cover. Denote the elements of C as ir; (Vi € Mc¢). Assume

that ZieMc—i’airi +ajjr < bforsomei’ € Mc and j' € {j € Ny :riy < j' < njr}.
Then,

ri—1 n;

Z Zairixij + Z Zmax ajj, b — z Qiry  Xij < b (23)
ieMc j=1 ieMc j=r; keMc—i

is valid for P. Inequality (23) is facet-defining when r; = 1Vi € Mc.

Proof By applying Theorem 1 we see that

n;
ZZmax aij, b — Z Qg f Xij < b (24)

ieMc j=r; keMc—i

is valid for PN{x € %’ : x;; = 0 wheni € M¢ and j < r; }. By applying Proposition
5, it follows that (24) is valid for P. Finally, we apply Proposition 6 with M = M¢
and t; = n; Vi € M¢ to obtain (23) (note that R = M and that T is irrelevant, since
t; = n; Vi € Mc, and consequently the third term of (21) is not present). That (23) is
facet-defining when r; = 1Vi € M¢ follows directly from Theorem 1. O

Example 1 (Continued) The set C = {42,51} is a cover that satisfies (13) for
i"’=4, j’=3(ori’ =5, j/ =2). Thus,

(6x41 + 6x42 + 4x43) + (9x51 + Tx52) < 13 (25)

is valid for P.

@ Springer



Branch-and-cut for complementarity-constrained optimization 373

Inequality (25) is facet-defining for P and cuts off, for example, x2p = x40 =
1, x51 = %, X50 = %, and x;; = 0 otherwise, which is a vertex of LPR(S) N{x € R .
x satisfies (8) Vi € M}.

Finally, we give the second family of inequalities we used in our computational
tests. We omit the proof of Theorem 4, since its idea is similar to that in the proof of
Theorem 3.

Theorem 4 Let C be a cover and i’ j' € C with j' < n;. Denote the elements of C
otherthan i’ j' asit; Vi € M¢ —i’). Suppose that ZieMc—i’ aiy; + ajmm, < b. Then,

Z max ai'j, b— E Akt ( Xi’j

JEN; keMc—i’

n

.
+ E E aj; max 11, xij+ E ajjxij | <b
ieMc—i' | j=1 b~ 2 , Gkye — Qi Jj=ti+l
keMc—1{i,i')

(26)
is valid for P. Inequality (26) is facet-defining when t; = n; Vi € M¢ —i'.

Example 1 (Continued) The set C = {21,31,43,51} is a cover that satisfies the
assumptions of Theorem 4 with i’j = 51. Thus,

8
(2x21 4+ x22) + (4x31 4+ 3x32) + (5)&11 + 2x40 + X43) + (9x51 4+ 6x52) <13 (27)

is valid for P.

Inequality (27) is facet-defining for P and cuts off, for example, x31 = x43 =
1, x51 = %, X5 = %, and x;; = O otherwise, which is a vertex of LPR(S) N{x €
N : x satisfies (8) Vi € M}.

3 Separation

We do not know of polynomial-time separation algorithms for inequalities (23) and
(26). As a matter of fact, because 0—1 cover separation is NP-Complete (see [21])
and (23) and (26) are lifted cover inequalities, we conjecture that their separation is
NP-Complete. We then used simple separation heuristics for them, which we now
describe.

Let x* be the optimal solution to the LPR of the current branch-and-bound (B&B)
node. Suppose that x* does not satisfy (2) for some SOS 1. For each knapsack constraint
within Ax < B (i.e. each row of A), we attempt to find an inequality (23) and an
inequality (26). To simplify the presentation, assume that the entries of the row of A
being considered satisfy Assumption 5. We also omit the index of the row.
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Let My ={i € M : a;jx;jj > O forsome j € N;} and M, = {i € M : x;; > O for
some j € N;}. Suppose that M; # () and M, # (. For each i € M let

ri = mln{j eN;: QajjXij > 0},
and for each i € M, let
ti =max{j € N; : x;j > 0}.

To separate (23), we form the set C = {ir; : i € Mi}. If X ;;ccaij > b, Cisa
cover. We then search, in increasing order of i € M¢ and j € {r;, ..., n;}, apairi’j’
satisfying ZieMC—i’ ajr; + ayrjp < b. If none is found, we quit. Otherwise, for the
first pair found we form an inequality (23). If x* violates the resulting inequality (23)
by at least 0.01 (the difference between the left-hand-side and the right-hand-side of
(23)), we add the inequality to the cut pool. Otherwise, we quit. We separate at most
1,000 inequalities (23). The minimum violation and maximum number of cuts were
determined after preliminary tests, where these values gave the best computational
results.

To separate (26), we first test whether Zi e, dit; > b. If no, we quit. If yes, let
s € M be such that

Zam <b and Zaiti > b.

ieMp ieMp
i<s i<s
We search, in increasing order of i € {k € M : k <s}and j € {1,...,}, apairi’j’

satisfying

Z ajs;, +ajrjr > b.
ieMy—i’

1<s
If none is found, we quit. Otherwise, for the first pair found we form the set C =
{it; i e My—1i’, i <s}Ui’j, whichis a cover. We then apply Theorem 4 to derive
an inequality (26). As before, and for the same reason, if x* violates the resulting
inequality (23) by at least 0.01, we add the inequality to the cut pool. Otherwise, we
quit. We separate at most 1,000 inequalities (26).

4 Platform, problems and instances, and tests conducted

We performed our computational tests in the Texas Tech High Performance Computing
Center’s Intel Xeon E5450 3.0GHz CPU with 16GB RAM nodes (two CPUs on a single
board for each node) [13]. We used the callable libraries of GUROBI 5.0.1, which we
ran on a single thread. The reason for single thread is that results on multiple threads
are not reproducible, as the number of enumeration nodes may vary in this case. We
allowed a maximum computational time of 3,600 s of CPU for each instance.
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4.1 Problems and instances

We tested three types of CCOP, complementarity-constrained: Linear Programming
(LP), binary IP (or BIP), and IP with general integer variables (or GIP). We generated
1,800 LP, 1,800 BIP, and 5x 1,800 = 9,000 GIP (total of 12,600) instances of CCOP
(the 5 different groups of GIP instances are explained below). In all LP instances
xij € [0,1]1Vj € N;,i € M; and for a given GIP instance, x;; € {0,...,u} Vj €
N;,i € M, where u is a positive integer. In other words, the upper bound to all integer
variables of a GIP is the same. When the upper bound to the variables of a GIP instance
is u, we refer to it as a u-IP. Finally, for a given instance, n; = nVi € M, where n is a
positive integer. In other words, the number of elements of every SOS1 of an instance
is the same. We denote N = {1, ... n}.

We denote as ¢ the number of rows of A. For the instances generated, £ € {120,
160, 200}, m € {60, 80, 100, 120}, n € {5, 10, 15, 20, 25, 30, 35, 40, 45, 50}, and, for
the GIP instances, u € {2, 10, 100, 1,000, 10,000} (the 5 different values of u give the
5 different GIP instance groups; we generated 1,800 u-IP instances for each ). In our
initial computational tests we also considered n = 2. But these instances proved too
easy (almost all solved at the root node with or without SOS1 cuts), and so we discarded
them. We call the SOS1s with n = 5 “small” and the ones with n > 10 “large”.

We define the density of the constraint matrix A to be the product of the expected
number A of SOSIs in a given row that have at least one positive coefficient, and
the expected number of positive coefficients § in a SOS1. In our initial computational
tests, instances with A = 5 % proved too difficult (almost all of them unsolved after
3,600 s of CPU time, with or without SOS1 cuts). On the other hand, instances with
8 =25 % proved too easy (almost all solved at the root node with or without SOS1
cuts). Therefore, we took A = 3 % and 6 € {50, 75,100 %}. For each problem
type, i.e. continuous, BIP, and each u-IP, we generated 5 instances for each quadruple
5,2, m,n).

The instances were generated as follows. Let v;; ~ Unif{l,...,4}i € M j € N.
The objective function coefficients were generated as:

Cii = Vin, lfj =n
Y Ci(j+1) + Vij, otherwise.

We now describe how the entries of each row of A were generated. Let D; ~
Unif[0, 1],i e M, and d;; ~Unif[0, 1],i e M, j € N.Let w;;, ~ Unif{l,...,3},i €
M, and w;; ~ Unif{l,...,5},i € M, j € N — n. Finally, let
wjj, if j=n
cij = w;ij + [M—‘ , otherwise.
Ci(j+1)

Then,

P 0, ifD,'ZAOI‘d,‘jZS
Y Zij, otherwise,
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376 I. R. de Farias et al.

and

b:max[1+max{aij i eM,je N}, LI.S'ZainJ].

ieM

The instances generated can be interpreted as a production planning problem, in
which an SOS|1 represents a machine (or a production line) where no more than one
product can be manufactured at the same time, and we wish to allocate, in a given
time window, products to machines, with the objective of maximizing total profit.

Specifically, m is the number of machines in a manufacturing plant, and n; is the
number of different products that can be produced in machine i, for all i € M. For
every ij € I, x;; is the amount of product i j manufactured, in the case of continuous
and general integer variables; in the case of binary variables, x;; is 1 if a batch of
product ij is manufactured, and O otherwise.

Every row of the constraint matrix A represents a restriction on a type of resource,
with b as the total amount of the resource available, and a;;, ij € I, the amount of
the resource used per unit (or batch) of product x;; manufactured. (We note that the
constraint matrix has ¢ rows with different b’s and a;;’s in each one of them. For
simplicity, and be consistent with the rest of the text, we omit the extra index here.)
Finally, ¢;; is the unit profit associated with x;; ij € 1.

The data was generated in a way to make the instances as challenging as possible,
so as to test the effectiveness of inequalities (23) and (26) on difficult instances.

4.2 Tests conducted

We evaluated GUROBI’s performance, i.e. required computational time and number
of enumeration nodes, when solving CCOP to proven optimality. We compared the
performance that results when:

e SOSI cuts are used or not
e the “usual” MIP model, LOG model, or SOS1 approach is used to enforce (2).

The results on formulation comparison will be the topic of a follow-up paper. Because
the “usual” MIP model was the most efficient in the vast majority of cases, it is the
formulation we report our results on.

In [9] we observed that, many times, the best results were obtained with GUROBI
with all its MIP facilities off (i.e. with MIP default cutting planes, preprocessing, and
primal heuristics off) plus the addition of SOS2 cuts; we called such strategy B&B +
SOS2 cuts. Here we make a similar assessment, i.e. we do not just compare GUROBI in
default setting (which we call Default) against Default + SOS1 cuts; we also compare
Default against B&B + SOS| cuts.

For the remainder of the paper, a

e strategy will refer to one of the following cutting plane strategies: GUROBI with all
its MIP facilities off (which we call B&B), and so no cuts; B&B + SOS1 cuts, and
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so SOSI1 cuts only; Default, and so GUROBI MIP cuts only; and Default + SOS1
cuts, and so GUROBI MIP cuts and SOS1 cuts

e strategy is more efficient than another for a CCOP instance when the computational
time required to solve the instance is smaller for that strategy

e CCOP instance is solved when it is solved to proven optimality.

5 Computational results

We now give and analyze our computational results. We break them by problem type,
i.e. continuous, BIP, and u-IP CCOP. As we will see, within a given problem type,
the instances with large SOS1s (n > 10) are typically harder than the ones with small
SOS1s (n = 5). Because of this, we report separately results on instances with small
and with large SOS1s. We now give a number of results and make a few observations
that hold for all problem types.

We tested adding (23) and (26) separately and simultaneously. Individually, (23)
performed better than (26) in terms of computational time in most cases. However,
adding them simultaneously was consistently better than individually. So we only
report results with them added simultaneously. We also tested adding (14) and (16)
instead of (23) and (26). The latter combination reduced the computational time of
the former, on average, by 7 %.

When separating inequalities implied by knapsack constraints, such as 0—1 cover,
one typically chooses knapsacks that are satisfied at equality by the LPR optimal
solution, see for example Gu et al. [11]. Surprisingly, for our SOS1 cuts, separating
inequalities implied by all knapsacks, satisfied at equality by the LPR optimal solution
or not, turned out to be the best option. So, for the results reported, the cuts were
obtained this way.

Although we discuss other important results, such as number of enumeration nodes
and cutting planes separated, to avoid an excessive number of tables, we omit tables
that show information on number of nodes, and present rather concise tables displaying
number of cutting planes used. We only present more detailed tables that give averages
of computational times and number of instances solved, and we also present graphs
on computational times.

6 CCOP with continuous variables
6.1 Number of instances solved

In Table 1 we give the number of instances solved for different strategies and different
problem sizes. The table is color-coded to reflect the number of instances solved:
the entry is darker if the number of solved instances is smaller. The columns list the
instances by strategy, and for each strategy by n. The rows list the instances by §, for
each § by ¢, and for each pair 6.¢ by m.

B&B was able to solve only 235 instances, or 13 % of the total number of instances.
B&B + SOSI cuts solved 607, or 34 %. This was slightly better than Default, which
solved 601, or 33 %. The best strategy in terms of number of instances solved was
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Default + SOS1 cuts, which completed enumeration for 694, or 39 % of the instances.
Such small percentages show the difficulty of solving CCOP exactly.

As shown in Table 1, CCOP becomes harder as § increases. For B&B, 189, or 32 %
of the instances with § = 50 % were solved; 30, or 5 % of the instances with § =75 %
were solved; 16, or 3 % of the instances with § = 100 % were solved. The reduction in
number of instances solved with increasing § is bigger for large than for small SOS1s.

For B&B + SOSI cuts, 419, or 60 % of the instances with § = 50 % were solved;
136, or 23 % of the instances with § = 75 % were solved; 52, or 9 % of the instances
with § = 100 % were solved.

For Default, 471, or 79 % of the instances with § = 50 % were solved; 104, or 17 %
of the instances with § = 75 % were solved; 26, or 4 % of the instances with § = 100 %
were solved.

Finally, for Default + SOS1 cuts, 487, or 81 % of the instances with § = 50 % were
solved; 152, or 25 % of the instances with § = 75 % were solved; 55, or 9 % of the
instances with § = 100 % were solved.

Table 1 also shows that the number of instances solved depends on n (last row of
the table). There is a sharp decrease when the size of the SOS1 changes from small
(n = 5) to large (n > 10). Specifically, the percentage of instances solved decreases
from 38 % to a maximum of 14 % for B&B; 74 % to a maximum of 42 % for B&B
+ SOSI1 cuts; 63 % to a maximum of 37 % for Default; and 74 % to a maximum of
45 % for Default + SOSI cuts. This is followed by a slow, not monotone, decrease
with increasing n.

6.2 Reduction in computational time

We now report and analyze the reduction in computational time due to the use of SOS1
cuts. Specifically, we compare B&B + SOSI1 cuts and Default + SOS1 cuts against
Default. The percentage time reduction of B&B + SOS1 cuts for an instance is

Comp. time Default — Comp. time B&B + SOSI1 cuts

%Red. B&B + SOS|1 cuts=
one + cus Comp. time Default

9

(28)

and similarly for the percentage time reduction of Default + SOS1 cuts.

Since the goal of this section is to analyze the reduction in computational time,
here, and in all forthcoming sections where we discuss computational time, we only
consider instances that were solved by at least one of Default, B&B + SOSI cuts, or
Default + SOS1 cuts. The total number of instances considered here is then 703, of
which: 491 with § = 50 %, 155 with § = 75 %, and 57 with § = 100 %. When an
instance is not solved by a strategy, we take the computational time of the strategy for
that instance to be 3,600 s. This means that, in some cases, what we report as reduction
is actually a threshold for the reduction (e.g. if the instance is not solved by Default,
but it is solved by Default + SOSI cuts in 1,800 s, we give as reduction 50 %, which
is less than the actual reduction).
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Figures 1 and 2 give an overview of computational time reduction. In both figures
the individual instances are represented as dots. The horizontal component of a dot is
the computational time of Default. In Fig. 1 (resp. Fig. 2) the vertical component is
%Red. B&B + SOS1 cuts (resp. %Red. Default + SOS1 cuts). (Note that this value can
never be less than —3, 600/(comp. time Default), which causes some points to lie on a
“curve” at the lower right corner of the graphs.) Instances with comp. time Default = 0
are not plotted, and, for instances with a reduction smaller than —100 %, we give as
vertical component —100 %. Note that it is possible, and not unlikely, that more than
one instance occupies the same dot. The percentages next to a graph in Fig. 1(resp. 2)
are the fraction of instances for which %Red. B&B + SOS1 cuts (resp. %Red. Default
+ SOS1 cuts) is positive (upper percentage) and negative (lower percentage). The
percentage of ties is 100 % minus their sum (these are the dots plotted on the horizontal
axis).

Figures 1 and 2 show that, for CCOP with continuous variables, either strategy that
uses SOSI cuts is more efficient than Default for the vast majority of instances. For
n = 5, the fraction of instances for which B&B + SOS1 cuts is more successful than
Default is the same as that for Default + SOS1 cuts (although the fraction of instances
for which it is less successful is slightly bigger). For n > 10, however, Default + SOS1
cuts clearly gives a better outcome.

Figure 1 (resp. 2) also indicates that for a significant fraction of instances with
positive %Red. B&B + SOS1 cuts (resp. %Red. Default + SOS1 cuts), the reduction
is of 50 % or more. This is indeed the case. For n = 5, both %Red. B&B + SOS1 cuts
and %Red. Default + SOS|1 cuts are at least 50 % in 81 % of the cases where they are
positive. For n > 10, %Red. B&B + SOS1 cuts is at least 50 % in 84 % of the cases,
and %Red. Default + SOS1 cuts in 76 % of the cases.

It is widely believed that adding cutting planes in a B&C system to solve instances
that would otherwise be solved within a few seconds results in an increase in com-
putational time. However, recent technologies have brought about the need to reduce
further the computational time of such instances. This is true, for example, in the case
of search engines, see [6]. Figures 1 and 2 indicate that, for CCOP with continuous
variables, SOS1 cuts, in many cases, reduce the computational time of these instances.
We now give results specifically for instances that Default was able to solve within
10 s of CPU time.

For n = 5, Default solved 32 instances in 10 s or less. B&B + SOS1 cuts was more
efficient than Default for 19 of them, was less efficient for 1, and tied for the other 12.
On average, B&B + SOS1 cuts reduced Default’s computational time by 45 %; and
the reduction was of 50 % or more for 50 % of the instances. Default + SOS1 cuts was
more efficient than Default for 20 instances, was less efficient for 2, and tied for the
other 10. On average, Default + SOS1 cuts reduced Default’s computational time by
51 %; and the reduction was of 50 % or more for 51 % of the instances.

For n > 10, Default solved 88 instances in 10 s or less. B&B + SOS1 cuts
was more efficient than Default for 51 of them, was less efficient for 8, and
tied for the other 29. On average, B&B + SOSI cuts reduced Default’s com-
putational time by 44 %; and the reduction was of 50 % or more for 49 %
of the instances. Default + SOS1 cuts was more efficient than Default for 53
instances, was less efficient for 3, and tied for the other 22. On average, Default
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+ SOSI1 cuts reduced Default’s computational time by 56 %; and the reduction
was of 50 % or more for 57 % of the instances. So contrary to current wisdom,
SOSI1 cuts have the potential to considerably reduce the computational time of
instances that state-of-the-art B&C software solves within a few seconds of CPU
time.

In Tables 2 and 3 we give the average reductions in time for the instances with
small and large SOS1s, respectively. In both tables we list the instances in the same
order as the rows of Table 1, i.e. by 4, for each § by ¢, and for each pair 6.¢ by
m. So, the tables should be read from top to bottom, and within a row, first the
left, then the right entry. The column “Time Def.” gives the computational time
averages for Default. The columns “%Red. BB + C” and “%Red. D + C” give
the percentage reduction of the computational time averages for B&B + SOSI1
cuts and Default+ SOS1 cuts, respectively, over the average computational time of
Default.

For the instances with small SOS1s, all average reductions for both B&B + SOS1
cuts and Default + SOS|1 cuts are positive, except the Default + SOS1 cuts reduction
for §.£.m = 50.160.100, which is 0. With B&B + SOSI cuts, the average reduction
was at least 50 % in 56 % of the entries of Table 2; while with Default + SOS1 cuts,
the average reduction was at least 50 % in 69 % of the entries. In a face-off, however,
B&B + SOSI1 cuts emerges slightly better than Default + SOS1 cuts: they tie 4 times,
B&B + SOS1 cuts performs better 16 times, and Default + SOS1 cuts wins 12 times.
The overall average reduction for B&B + SOS1 cuts was 57 %, and the overall average
reduction for Default + SOS1 cuts was 54 %.

Table 2 Average solution time with Default and % Reduction with B&B + SOS1 cuts and Default + SOS 1
cuts—continuous variables and n = 5

§.L.m Time % Red. % Red. §.L.m Time % Red. % Red.
Def. BB +C D+C Def. BB +C D+C
50.120.60 1 50 50 50.120.80 1 40 60
50.120.100 38 65 71 50.120.120 99 55 68
50.160.60 1 43 57 50.160.80 22 46 63
50.160.100 256 19 0 50.160.120 1,131 39 18
50.200.60 6 40 23 50.200.80 144 52 66
50.200.100 1,401 36 14 50.200.120 480 14 57
75.120.60 10 72 56 75.120.80 39 74 68
75.120.100 545 85 82 75.120.120 829 50 62
75.160.60 36 67 67 75.160.80 776 86 84
75.160.100 2,954 46 18 75.160.120 2,897 15 21
75.200.60 788 77 70 75.200.80 2,709 20 34
100.120.60 139 93 90 100.120.80 1,342 93 93
100.120.100 2,511 67 76 100.120.120 3,600 93 93
100.160.60 1,097 96 93 100.160.80 3,600 65 73
100.160.100 2,032 17 10 100.200.60 1,192 90 88
100.200.80 3,600 71 49 100.200.100 3,600 11 2
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Table 3 Average solution time with Default and % Reduction with B&B + SOS1 cuts and Default + SOS1
cuts—continuous variables and n > 10

§.8.m Time % Red. % Red. 5.4.m Time % Red. % Red.
Def. BB +C D+C Def. BB +C D+C

50.120.60 3 50 39 50.120.80 43 77 83
50.120.100 155 —13 58 50.120.120 450 =241 -6
50.160.60 27 79 83 50.160.80 191 22 67
50.160.100 1,004  —107 -2 50.160.120 1,846 —95 —14
50.200.60 130 73 78 50.200.80 1,084 —49 10
50.200.100 2,568 —34 3 50.200.120 2,566 —40 —40
75.120.60 1,113 84 88 75.120.80 2,371 31 51
75.120.100 2,692 9 59 75.120.120 3,600 3 18
75.160.60 2,706 46 54 75.160.80 2,073 74 69
75.200.60 2,715 52 49 100.120.60 2,995 55 68
100.120.80 3,600 83 84 100.160.60 3,600 35 40
100.200.60 3,600 0 2

For the instances with large SOS1s, the average reductions for B&B + SOS1 cuts
are positive in 70 % of the entries of Table 3; while for Default + SOS1 cuts, they are
positive in 83 % of the entries (note that the number of entries in Table 3 is smaller
than in Table 2: 23, as opposed to 32). With B&B + SOSI cuts, the average reduction
was at least 50 % in 35 % of the entries of Table 3; while with Default + SOS1 cuts,
the average reduction was at least 50 % in 57 % of the entries. In a face-off, Default +
SOSI cuts is the clear winner: Default + SOS1 cuts performs better 20 times, B&B +
SOSI1 cuts performs better 2 times, and they tie once. The overall average reduction
for B&B + SOS1 cuts was —3 %, and the overall average reduction for Default +
SOSI1 cuts was 38 %.

6.3 Number of cutting planes and reduction in number of enumeration nodes

As in Sect. 6.2, here, and in all forthcoming sections where we discuss number of
cutting planes and number of enumeration nodes, we only consider instances that
were solved by at least one of Default, B&B + SOSI1 cuts, or Default + SOSI cuts.
First, we give the number of cutting planes separated and used. Then, we give the
average reduction in number of enumeration nodes.

The GUROBI MIP cuts used were flow cover, MIR, and Gomory. Table 4
shows the average number of cuts used with Default, Default + SOSI1 cuts, and
B&B + SOSI cuts. There, and in subsequent tables, “FC” stands for flow cover
cuts, “MIR” stands for MIR cuts, and “Gom.” stands for Gomory cuts. “Sep.”
shows the average number of SOS1 cuts separated, and “Used” shows the aver-
age number of SOSI1 cuts in fact used (GUROBI filters user cuts, and typically
the number of cuts used is considerably smaller than the number of cuts sepa-
rated).
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Table 4 Average number of cuts—continuous variables

) Default Default + SOS1 cuts BB + SOSI cuts
FC MIR Gom. FC MIR Gom. Sep. Used Sep. Used
50 118 208 39 103 97 26 1,543 288 1,678 446
75 190 404 34 163 137 19 1,979 377 1,980 534
100 107 189 47 55 63 21 1,998 205 1,999 282

We now give the average reduction in number of enumeration nodes due to the
use of SOSI cuts. As with computational time, we compare B&B + SOSI1 cuts
and Default + SOS1 cuts against Default. The percentage enumeration node reduc-
tion is calculated similarly to the percentage computational time reduction. For
n = 5, Default’s average number of nodes was 230,157. The average number of
enumeration node reductions for B&B + SOS1 and Default + SOS1 were simi-
lar, 74 and 68 %, respectively. This is in accordance with the similar performance
of B&B + SOSI cuts and Default + SOS1 cuts in terms of computational time.
For n > 10, Default’s average number of nodes was 96,371. The average num-
ber of enumeration node reduction for B&B + SOS1 was 32 %, while for Default
+ SOS1 cuts was 70 %. This is in accordance with the superior performance, in
terms of computational time, of Default + SOS1 cuts relative to B&B + SOS1
cuts.

We believe that the success of the SOS1 cuts here is due to GUROBI’s lacking
of cutting planes that take into account SOS1 constraints with continuous variables.
Inequalities (23) and (26) fill this gap and cut off vertices of the LPR of the problem
that are not violated by the default cuts derived by the solver. As we will see in the
next section, this situation changes with binary variables: the default cuts generated
by GUROBI are much more efficient than the SOS1 cuts.

We conclude that the strategies using SOS1 cuts were considerably more efficient
than Default (which was considerably more efficient than B&B). Plenty of times B&B
+ SOS1 cuts was more efficient than Default + SOS1 cuts. But overall, Default + SOS1
cuts was the best strategy for CCOP with continuous variables, both in terms of number
of instances solved as well as computational time.

7 CCOP with binary and 2-IP variables

Starting now, and for the remainder of the paper, we present and analyze our results
on CCOP with integer variables (both binary and general integer). The presentation
is organized as: binary and 2-IP, 10-IP and 100-IP, and 1,000-IP and 10,000-IP. The
integer variables in a pair are not just the closest by range, but by efficiency of the SOS1
cuts as well. As a matter of fact, the results for 10-IP and 100-IP and for 1,000-IP and
10,000-IP are combined. As we will see, as compared with Default, the strategies using
SOSI cuts are terribly inefficient for BIP, partially efficient for 2-IP (not as efficient
as for continuous CCOP), efficient for (10, 100)-IP (closer to continuous CCOP), and
absolutely efficient for (1,000, 10,000)-IP (more efficient than for continuous CCOP).
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Remember that SOS1 cuts were developed for continuous CCOP. So, the nega-
tive results for BIP are not surprising, especially after taking into account the mature
state-of-the-art of 0—1 cover and GUB cover implementation. The positive results
for GIP, though, came to us as a surprise, especially the ones for 1,000-IP and
10,000-IP. The reason is that cuts developed for LP with combinatorial constraints
(such as SOS1 cuts) are seldom efficient for IP, even when they are efficient for
LP.

7.1 Binary CCOP

Unlike in the previous and forthcoming sections, here, Default is considerably more
efficient than the strategies using SOS1 cuts. First, we discuss number of instances
solved.

7.1.1 Number of instances solved

Table 5 shows that B&B is once more the strategy that solved the least number of
instances, 437, or 24 % of the total, followed by B&B + SOS|1 cuts, which solved 645,
or 36 %. Default and Default + SOS1 cuts solved the greatest number of instances:
1,152, or 64 % for the first, and 1,147, or 64 % for the second. The fact that the number
of instances solved by Default and Default + SOS1 cuts were so close, and so much
higher than the number of instances solved by B&B + SOS1 cuts is the first sign of
the importance of the GUROBI MIP cuts and the minor role played by the SOS1 cuts
in this case.

As before, CCOP becomes harder as § increases. For B&B, 332, or 55 % of the
instances with § = 50 % were solved; 83, or 14 % of the instances with § = 75 % were
solved; and 22, or 4 % of the instances with § = 100 % were solved. The reduction
in number of instances solved with increasing § is again bigger for those with large
SOS s than for instances with small SOS1s.

For B&B + SOSI1 cuts, 458, or 76 % of the instances with § = 50 % were solved;
161, or 27 % of the instances with § =75 % were solved; and 26, or 4 % of the instances
with § = 100 % were solved.

For Default, 600, or 100 % of the instances with § = 50 % were solved; 421, or
70 % of the instances with § = 75 % were solved; and 131, or 22 % of the instances
with § = 100 % were solved.

Finally, for Default + SOS1 cuts, 600, or 100 % of the instances with § =50 % were
solved; 416, or 69 % of the instances with § = 75 % were solved; and 131, or 22 % of
the instances with § = 100 % were solved.

As before again, the number of instances with small SOS1s solved was higher
than the number of instances with large SOS1s. The percentage of instances solved
decreases from 51 % to a maximum of 24 % for B&B; 60 % to a maximum
of 37 % for B&B + SOS1 cuts; 97 % to a maximum of 74 % for Default;
and 97 % to a maximum of 74 % for Default + SOS1 cuts. Next, we dis-
cuss computational time, number of enumeration nodes, and number of cutting
planes.
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Table 5 Number of instances solved—binary variables
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7.1.2 Computational time, number of enumeration nodes,
and number of cutting planes

Here, the total number of instances considered is 1,159, of which: 600 with § = 50 %,
424 with § = 75 %, and 135 with 6 = 100 %. For the instances solved by at least
one of B&B or B&B + SOS1 cuts (645 total), B&B + SOS1 cuts was more efficient:
the overall computational time reduction of B&B + SOS1 cuts over B&B for them
was of 25 %. However, as clearly shown in Fig. 1, Default was considerably more
efficient than B&B + SOSI1 cuts. Overall, the computational time reduction of B&B
+ SOS1 cuts over Default was of —1,023 %. As for number of enumeration nodes,
on average B&B enumerated 7,472,191 nodes. B&B + SOSI1 cuts reduced over the
average number of nodes of B&B by 92 %. On the other hand, the reduction over the
average number of enumeration nodes for Default was of —1,098 %.

Default + SOS1 cuts was considerably more efficient than B&B: the overall com-
putational time reduction over B&B, for the instances solved by at least one of them
(1,147 total), was of 94 %. However, as shown in Fig. 2, again, Default was more effi-
cient than Default + SOS1 cuts. Overall, the computational time reduction of Default +
SOS1 cuts over Default was of —20 %. As for number of enumeration nodes, Default
+ SOS1 cuts reduced over the average number of nodes of B&B by 99 %. On the other
hand, the reduction over the number of enumeration nodes for Default was of —17 %.

For 154 instances, Default + SOS1 cuts turned out to be more efficient than Default.
That, of course, does not make Default + SOS1 cuts competitive with Default. What
might be interesting though is that 9 of them were not solved by Default but were
solved by Default + SOS1 cuts. So there may be situations when the use of SOS1 cuts
for solving BIP CCOP is advantageous.

Clearly, the reason Default for BIP is so much more efficient than the strategies
using SOS1 cuts is in the MIP cuts used here. For both Default and Default + SOS1
cuts, the MIP cuts used were: clique, cover, flow cover, MIR, Gomory, GUB cover,
0— % and Mod k. We conjecture that such cuts as cover, GUB cover, and clique
dominated the SOS1 cuts. We note that for BIP there are many more different types
of MIP cuts than for continuous CCOP.

Table 6 shows the average number of cuts used with Default, Default + SOS1 cuts,
and B&B + SOS1 cuts. There, “CL.” stands for clique cuts, “Cv.” stands for cover cuts,
and “GUB?” stands for GUB cover cuts. Because the number of 0 — % and Mod k cuts
applied was very small in comparison with the others, we omit their values.

Table 6 Average number of cuts—binary variables

$ Default Default + SOS1 cuts BB + SOSI cuts
Cl. Cv. MIR GUB Cl. Cv. MIR GUB  Sep. Used  Sep. Used

50 30 55 24 15 30 49 24 16 210 21 1,589 561

75 86 111 98 74 89 97 96 75 1,444 54 1,995 820

100 42 45 126 87 42 33 123 85 991 40 2,000 454
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7.2 CCOP with 2-IP variables
7.2.1 Number of instances solved

As in the previous cases, from Table 7, B&B was the strategy that solved the least
number of instances, 186 or 10 % of the total, of which: 180, or 30 % with § = 50 %;
6,0r 1 % with § =75 %; and 0, or 0 % with § = 100 %.

For B&B + SOS1 cuts, 414 or 23 % of the total number of instances was solved, of
which: 367, or 61 % of the instances with § = 50 %; 45, or 8 % of the instances with
8 =75 %; and 2, or 0.3 % of the instances with § = 100 %.

For Default, 616 or 34 % of the total number of instances was solved, of which:
509, or 85 % of the instances with § = 50 %; 90, or 15 % of the instances with § =
75 %; and 17, or 3 % of the instances with § = 100 %.

Finally, Default + SOS1 cuts was the strategy that solved the greatest number of
instances, 624 or 35 % of the total number of instances was solved, of which: 516, or
86 % of the instances with § = 50 %; 91, or 17 % of the instances with § = 75 %; and
17, or 3 % of the instances with § = 100 %.

Regarding the dive in number of instances solved from small to large SOS1s, the
percentage of instances solved decreased from 16 % to a maximum of 11 % for B&B;
51 % to a maximum of 34 % for Default; and 50 % to a maximum of 34 % for Default
+ SOS1 cuts. For B&B with SOS1 cuts, the percentage remained flat, around 22 %.

7.2.2 Computational time, number of enumeration nodes, and number of cutting
planes

Here, the total number of instances considered is 635, of which: 519 with § = 50 %,
98 with § = 75 %, and 18 with § = 100 %. From Fig. 1, it appears that, just as with
BIP, Default was more efficient than B&B + SOS1 cuts for CCOP with 2-IP. Indeed,
B&B + SOSI cuts reduced over the average computational time of Default by —210 %
forn = 5 and by —161 % for n > 10.

On the other hand, Fig. 2 shows that Default + SOS1 cuts was more efficient than
Default for the majority of instances. The figure also indicates that for n > 10 a
significant fraction of the positive reductions by Default + SOS1 cuts over Default
was of 50 % or more. That was indeed the case: Default + SOS1 cuts reduced over
the computational time of Default by at least 50 % in 63 % of the instances for which
%Red. Default + SOS1 cuts was positive.

Figure 2 indicates that, for n > 10, Default + SOS1 cuts was more efficient than
Default for the instances solved by Default within 10 s a considerable number of times.
Indeed, for n > 10, Default solved 130 instances in 10 s or less. For these instances,
Default + SOS1 cuts was more efficient than Default for 69 of them, was less efficient
for 12, and tied for the other 49. On average, for these instances, Default + SOS1
cuts reduced Default’s computational time by 33 %, and the reduction, for those with
positive %Red. Default + SOS1, was of 50 % or more for 34 % of them.

In Tables 8 and 9 we give the average reductions in time for the instances with small
and large SOS|1s, respectively. For both tables, the reductions for B&B + SOS1 cuts
were negative in almost all entries, the overall reduction being —210 % forn = 5 and
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Table 8 Average solution time with Default and % Reduction with B&B + SOS1 cuts and Default + SOS1
cuts—2-IP variables and n = 5

§.L.m Time % Red. % Red. S.L.m Time % Red. % Red.
Def. BB +C D+C Def. BB +C D+C
50.120.60 1 —175 25 50.120.80 3 —3,976 12
50.120.100 38 —4,138 58 50.120.120 68 —4,216 40
50.160.60 1 —86 43 50.160.80 55 —2,394 61
50.160.100 1,525 —100 33 50.160.120 578 —523 40
50.200.60 23 —2,425 53 50.200.80 261 —1,004 —86
50.200.100 1,929 —87 45 50.200.120 1,715 —110 —34
75.120.60 158 —512 35 75.120.80 2,082 -73 52
75.120.100 214 —1,580 30 75.120.120 1,747 —106 -5
75.160.60 614 —268 —-19 75.160.80 2,182 —65 26
75.160.100 2,853 —26 —26 75.200.60 1,132 —149 -27
75.200.80 3,137 —15 —15 100.120.60 1,096 —212 39
100.120.80 1,499 —140 40 100.120.100 292 —1,133 —47
100.160.60 919 —240 13 100.200.60 1,599 —125 —16

Table 9 Average solution time with Default and % Reduction with B&B + SOS1 cuts and Default + SOS1
cuts—2-IP variables and n > 10

§.L.m Time % Red. % Red. 8.4.m Time % Red. % Red.
Def. BB +C D+C Def. BB +C D+C
50.120.60 2 20 30 50.120.80 21 28 70
50.120.100 77 —394 63 50.120.120 259 —681 —18
50.160.60 16 38 62 50.160.80 123 —204 60
50.160.100 650 —286 14 50.160.120 1,574 —129 -20
50.200.60 80 —63 60 50.200.80 653 —236 -29
50.200.100 1,665 —116 —16 50.200.120 3,142 —15 2
75.120.60 642 —98 46 75.120.80 1,913 —88 8
75.120.100 2,014 -79 -79 75.160.60 2,071 —64 14
75.200.60 1,977 —-82 0 100.120.60 566 —536 78

—161 % for n > 10. On the other hand, the reductions for Default + SOS1 cuts were
positive in almost all entries, the overall reduction being 14 % forn = 5 and 0.2 %
forn > 10.

As for number of enumeration nodes, on average Default enumerated 60,301 nodes.
B&B + SOS1 cuts reduced over the average number of nodes of Default by 25 %; and
Default + SOS1 cuts reduced over the average number of nodes of Default by 70 %.

Regarding cutting planes, both Default and Default + SOS1 cuts used the same MIP
cuts as BIP: clique, cover, flow cover, MIR, Gomory, GUB cover, 0 — %, and Mod k;
and, on the top of them, implied bound. Here, however, by far, the most used cut in
either case was MIR.
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Table 10 Average number of cuts—2-IP variables

§ Default Default + SOS1 cuts BB + SOSI cuts

FC MIR Gom. 0-1 FC MIR Gom. 0-1 Sep. Used Sep. Used

50 48 214 38 46 47 186 28 35 1,407 166 1,672 555
75 48 907 33 50 41 713 21 32 1,986 128 1,999 638
100 32 403 54 9 16 387 38 5 2,000 158 2,000 433

Table 10 shows the average number of cuts used with Default, Default + SOS1
cuts, and B&B + SOSI1 cuts. There, “0 — %” stands for zero-half cuts. Because the
number of clique, cover, GUB cover, and implied bound cuts applied was very small
in comparison with the others, we omit their values.

We conclude that, for CCOP with binary variables, Default was clearly the best
strategy. B&B + SOS1 cuts and Default + SOS1 cuts were surely better than B&B.
Default + SOS1 cuts was better than B&B + SOSI1 cuts: it solved more instances
and it was more efficient. In terms of number of instances solved, Default was only
slightly better than Default + SOS1 cuts. However, as far as computational time goes,
Default was notably more efficient than Default + SOS1 cuts. We believe that the MIP
cuts, especially cover and GUB cover played a major role here, as opposed to the
insignificant role played by the SOSI cuts.

For CCOP with 2-IP variables, Default + SOS1 cuts was the best strategy. It was
slightly better than Default in terms of number of instances solved; in terms of com-
putational time, it was more efficient than Default. Default, on the other hand, solved
more instances than B&B + SOS1 cuts and was more efficient than it.

8 CCOP with 10-IP and 100-IP variables

In order to contain the report, here and in Sect. 9, we combine GIPs with different
integer variable ranges. In this section we combine the results of CCOP with 10-IP
and 100-IP. By examining Figs. 1 and 2, we see that the strategies using SOS1 cuts
perform slightly better for 100-IP than for 10-IP. The difference, however, seems to
be small enough that combining the two classes of instances does not appear to be
unreasonable.

8.1 Number of instances solved

Table 11 gives the number of instances solved for each strategy (now the maximum
value for an entry in the table is 10). B&B solved 416 or 12 % of the total, of which:
372, or 31 % with § = 50 %; 34, or 3 % with § = 75 %; and 10, or 0.8 % with § =
100 %.

For B&B + SOSI cuts, 1,067 or 30 % of the total number of instances were solved,
of which: 828, or 69 % of the instances with § = 50 %; 205, or 17 % of the instances
with § =75 %; and 34, or 3 % of the instances with § = 100 %.
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For Default, 1,036 or 29 % of the total number of instances were solved, of which:
880, or 73 % of the instances with § = 50 %; 137, or 11 % of the instances with § =
75 %; and 19, or 2 % of the instances with § = 100 %.

Finally, for Default + SOSI1 cuts, 1,115 or 31 % of the total number of instances
were solved, of which: 891, or 74 % of the instances with § = 50 %; 192, or 16 % of
the instances with § = 75 %; and 32, or 3 % of the instances with § = 100 %.

As for the reduction in the percentage number of instances solved from small to
large SOS1s, the percentage decreased from 24 % to a maximum of 12 % for B&B;
46 % to a maximum of 30 % for B&B + SOS1 cuts; 45 % to a maximum of 29 % for
Default; and 51 % to a maximum of 30 % for Default + SOS1 cuts.

So, the strategy that solved the greatest number of instances was Default + SOS1
cuts, followed by B&B + SOS1 cuts, then by Default, and finally B&B. Here, as in
the previous cases, CCOP becomes harder with increasing §, and the decrease in the
number of instances solved with § is bigger for large than for small SOS1s. Also, the
number of instances solved decreases when the SOS1s are large, and the number of
instances solved decreased as we changed from small to large SOS1s.

8.2 Reduction in computational time

Here, the total number of instances considered is 1,152, of which: 903 with § = 50 %,
214 with § = 75 %, and 35 with § = 100 %. Figures 1 and 2 give the fraction of
instances for which B&B + SOSI cuts and Default + SOS1 cuts, respectively, were
more or less efficient than Default, for 10-IP and 100-IP separately. Except for 10-
IP and n = 5, the strategies using SOS1 cuts were more efficient than Default for
considerably many more instances. Note that, the number of times Default + SOS1
cuts was more efficient than Default was greater than the number of times B&B +
SOSI cuts was more successful than Default.

For n = 5, B&B + SOSI cuts reduced over the computational time of Default
by at least 50 % in 48 % of the cases where %Red. B&B + SOSI1 cuts was posi-
tive; Default + SOS|1 cuts reduced over the computational time of Default by at least
50 % in 57 % of the cases where %Red. Default + SOS1 cuts was positive. For
n > 10, B&B + SOS1 cuts reduced over the computational time of Default by at
least 50 % in 86 % of the cases where %Red. B&B + SOS1 cuts was positive; and
Default + SOS1 cuts in 83 % of the cases where %Red. Default + SOS1 cuts was
positive.

As in continuous CCOP, the use of SOSI cuts here improved the computational
time of the instances solved by Default within a few seconds of CPU time. Forn = 5,
Default solved 48 instances in 10 s or less. B&B + SOS1 cuts was more efficient than
Default for 17 of them, was less efficient for 12, and tied for the other 19. On average,
B&B + SOSI1 cuts reduced Default’s computational time by —78 %; and the reduction
was of 50 % or more for 6 % of the instances. Default + SOS1 cuts was more efficient
than Default for 18 instances, was less efficient for 10, and tied for the other 20. On
average, Default + SOS1 cuts reduced Default’s computational time by 10 %; and the
reduction was of 50 % or more for 23 % of the instances.
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Table 12 Average solution time with Default and % Reduction with B&B + SOS1 cuts and Default +
SOS1 cuts—10-IP and 100-IP variables and n = 5

§.L.m Time % Red. % Red. §.l.m Time % Red. % Red.
Def. BB +C D+C Def. BB +C D+C
50.120.60 2 —42 33 50.120.80 4 —80 25
50.120.100 408 —45 22 50.120.120 1,171 27 58
50.160.60 3 6 12 50.160.80 92 -92 62
50.160.100 778 —19 60 50.160.120 1,183 —84 22
50.200.60 23 —182 27 50.200.80 524 —104 31
50.200.100 2,283 16 45 50.200.120 1,088 —-12 65
75.120.60 104 —13 29 75.120.80 556 -73 39
75.120.100 1,974 43 70 75.120.120 1,789 22 55
75.160.60 926 —18 —6 75.160.80 1,203 22 41
75.160.100 2,467 82 79 75.160.120 3,600 74 32
75.200.60 1,162 10 51 75.200.80 65 —1066 34
100.120.60 508 -3 67 100.120.80 2,018 67 72
100.120.100 2,494 44 56 100.120.120 3,600 53 53
100.160.60 2,560 66 75 100.160.80 3,600 34 17
100.160.100 2,754 67 88 100.200.60 1,785 69 63

Forn > 10, Default solved 158 instances in 10 s orless. B&B + SOS1 cuts was more
efficient than Default for 116 of them, was less efficient for 3, and tied for the other
39. On average, B&B + SOS1 cuts reduced Default’s computational time by 56 %;
and the reduction was of 50 % or more for 64 % of the instances. Default + SOS1 cuts
was more efficient than Default for 129 instances, was less efficient for 0, and tied for
the other 29. On average, Default + SOS1 cuts reduced Default’s computational time
by 51 %; and the reduction was of 50 % or more for 54 % of the instances.

In Tables 12 and 13 we give the average reductions in time for the instances
with small and large SOS1s, respectively. For the instances with small SOS1s, 50 %
of the average reductions with B&B + SOS1 cuts are positive; all average reduc-
tions with Default + SOS1 cuts are positive, except one. With B&B + SOSI cuts,
the average reduction was at least 50 % in 23 % of the entries of Table 12; while
with Default + SOS1 cuts, the average reduction was at least 50 % in 47 % of the
entries. In a face-off, they tie in one entry, B&B + SOS1 cuts performs better 3 times,
and Default + SOS1 cuts wins 26 times. The overall average reduction for B&B +
SOS1 cuts was 17 %; and the overall average reduction for Default + SOS1 cuts was
50 %.

For the instances with large SOS1s, the average reductions for B&B + SOS1 cuts
are positive in 78 % of the entries of Table 13; while for Default + SOS1 cuts, they are
positive in 83 % of the entries (note that the number of entries in Table 13 is smaller than
in Table 12: 18, as opposed to 30). With B&B + SOS1 cuts, the average reduction was
atleast 50 % in 67 % of the entries of Table 13; with Default + SOS1 cuts, the average
reduction was at least 50 % in 44 % of the entries. In a face-off, B&B + SOS1 cuts
wins over Default + SOS1 cuts this time: B&B + SOS1 cuts performs better 11 times,
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Table 13 Average solution time with Default and % Reduction with B&B + SOS1 cuts and Default +
SOS1 cuts—10-IP and 100-IP variables and n > 10

§.8.m Time % Red. % Red. 5.4.m Time % Red. % Red.
Def. BB +C D+C Def. BB +C D+C
50.120.60 4 65 59 50.120.80 48 80 81
50.120.100 175 34 59 50.120.120 577 -89 10
50.160.60 35 85 79 50.160.80 256 63 60
50.160.100 1,040 —40 -2 50.160.120 1,555 —120 —66
50.200.60 195 80 74 50.200.80 1,279 8 18
50.200.100 1,435 —110 =72 75.120.60 1,738 82 74
75.120.80 2,964 52 44 75.120.100 3,600 65 84
75.160.60 3,172 68 41 75.160.80 2,810 68 25
75.200.60 3,219 65 33 100.120.60 2,991 61 49

Table 14 Average number of cuts—10-IP and 100-IP variables

) Default Default + SOS1 cuts BB + SOSI cuts

FC MIR Gom. FC MIR Gom. Sep. Used Sep. Used

50 95 452 42 82 222 31 1,442 353 1,482 693
75 87 1,077 25 66 711 17 1,977 316 1,969 878
100 62 632 51 28 509 39 2,000 326 1,999 438

while Default + SOS1 cuts performs better 7 times. The overall average reduction for
B&B + SOS1 cuts was 25 %; and the overall average reduction for Default + SOS1
cuts was 33 %.

8.3 Number of cutting planes and reduction in number of enumeration nodes

The GUROBI MIP cuts used were flow cover, MIR, Gomory, 0 — %, and Mod k. Table
14 shows the average number of cuts used with Default, Default + SOS1 cuts, and
B&B + SOSI cuts. Because the number of 0 — % and Mod k cuts applied was very
small in comparison with the others, we omit their values. Note that the set of cuts
used here is similar to the set of cuts used for continuous CCOP. In particular, no cover
cuts were used.

We now give the average reduction in number of enumeration nodes due to the
use of SOS1 cuts. For n = 5, Default’s average number of nodes was 132,286. The
average number of enumeration node reduction for B&B + SOS1 was 88 %, and 85 %
for Default + SOS1. For n > 10, Default’s average number of nodes was 50,821. The
average reduction for B&B + SOS1 was 24 %, and 74 % for Default + SOS1 cuts.

We conclude that the strategies using SOS1 cuts were more efficient than Default,
which was more efficient than B&B. Overall, Default + SOS1 cuts was the best strategy
for CCOP with 10-IP and 100-IP variables, both in terms of number of instances solved
as well as computational time.
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9 CCOP with 1,000-IP and 10,000-IP variables

We now present the combined results of CCOP with 1,000-IP and 10,000-IP. These
were the instances SOS1 cuts performed best.

9.1 Number of instances solved

Table 15 gives the number of instances solved for each strategy. As in Table 11, the
maximum value for an entry in the table is 10. B&B solved 477 or 13 % of the total,
of which: 387, or 32 % with § = 50 %; 60, or 5 % with § =75 %; and 30, or 3 % with
6 =100 %.

For B&B + SOSI cuts, 1,241 or 34 % of the total number of instances were solved,
of which: 870, or 73 % of the instances with § = 50 %; 287, or 24 % of the instances
with § =75 %; and 84, or 7 % of the instances with § = 100 %.

For Default, 941 or 26 % of the total number of instances were solved, of which:
747, or 62 % of the instances with § = 50 %; 150, or 13 % of the instances with § =
75 %; and 44, or 4 % of the instances with § = 100 %.

Finally, for Default + SOS1 cuts, 1,214 or 34 % of the total number of instances
were solved, of which: 870, or 73 % of the instances with § = 50 %; 257, or 21 % of
the instances with § =75 %; and 87, or 7 % of the instances with § = 100 %.

As for the reduction in the percentage number of instances solved from small to
large SOS1s, the percentage decreased from 24 % to a maximum of 12 % for B&B,;
46 % to a maximum of 30 % for B&B + SOS1 cuts; 45 % to a maximum of 29 % for
Default; and 51 % to a maximum of 30 % for Default + SOS1 cuts.

So, the strategy that solved the greatest number of instances was B&B + SOS1
cuts, followed by Default + SOS1 cuts, then by Default, and finally B&B. Note that
B&B + SOS| cuts increased the number of instances solved by Default by 32 %. This
is the first sign of the major role played by SOS1 cuts, as opposed to the minor role
played by the MIP cuts. Here, as in the previous cases, CCOP becomes harder with
increasing §, and the decrease in the number of instances solved with § is bigger for
large than for small SOS1s. Also, the number of instances solved decreases when the
SOS1s are large. Also, the number of instances solved decreased as we changed from
small to large SOS|s.

9.2 Reduction in computational time

Here, the total number of instances considered is 1,257, of which: 880 with § = 50 %,
288 with § = 75 %, and 89 with § = 100 %. Figures 1 and 2 give the fraction
of instances for which B&B + SOS1 cuts and Default + SOS1 cuts, respectively,
were more or less efficient than Default, for 1,000-IP and 10,000-IP separately. The
strategies using SOS1 cuts were more efficient than Default for considerably many
more instances. Note that, on this respect, B&B + SOS|1 cuts and Default + SOS1 cuts
performed similarly.

Forn =5, B&B + SOS1 cuts reduced over the computational time of Default by at
least 50 % in 75 % of the cases where %Red. B&B + SOS1 cuts was positive; Default
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+ SOS1 cuts reduced over the computational time of Default by at least 50 % in 76 %
of the cases where %Red. Default + SOS1 cuts was positive. For n > 10, B&B +
SOST1 cuts reduced over the computational time of Default by at least 50 % in 90 %
of the cases where %Red. B&B + SOSI1 cuts was positive; and Default + SOS1 cuts
in 90 % of the cases where %Red. Default + SOS1 cuts was positive.

As in continuous, 10-IP, and 100-IP CCOP, the use of SOS1 cuts here improved the
computational time of the instances solved by Default within a few seconds of CPU
time. For n = 5, Default solved 58 instances in 10 s or less. B&B + SOS1 cuts was
more efficient than Default for 36 of them, was less efficient for 3, and tied for the other
20. On average, B&B + SOSI1 cuts reduced Default’s computational time by 33 %;
and the reduction was of 50 % or more for 29 % of the instances. Default + SOS1 cuts
was more efficient than Default for 40 instances, was less efficient for 3, and tied for
the other 15. On average, Default + SOS1 cuts reduced Default’s computational time
by 40 %; and the reduction was of 50 % or more for 55 % of the instances.

Forn > 10, Default solved 149 instances in 10 s or less. B&B + SOS 1 cuts was more
efficient than Default for 113 of them, was less efficient for 1, and tied for the other
35. On average, B&B + SOS1 cuts reduced Default’s computational time by 65 %;
and the reduction was of 50 % or more for 71 % of the instances. Default + SOS1 cuts
was more efficient than Default for 104 instances, was less efficient for 0, and tied for
the other 45. On average, Default + SOS1 cuts reduced Default’s computational time
by 58 %; and the reduction was of 50 % or more for 61 % of the instances.

In Tables 16 and 17 we give the average reductions in time for the instances with
small and large SOS1s, respectively. For the instances with small SOS1s, all aver-
age reductions with B&B + SOS1 cuts are positive, except one; all average reduc-
tions with Default + SOS1 cuts are positive. With B&B + SOS1 cuts, the average
reduction was at least 50 % in 59 % of the entries of Table 2; while with Default
+ SOSI cuts, the average reduction was at least 50 % in 72 % of the entries. In
a face-off, they tie in one entry, B&B + SOSI1 cuts performs better 19 times, and
Default + SOS1 cuts wins 12 times. The overall average reduction for B&B + SOS1
cuts was 71 %, and the overall average reduction for Default + SOS1 cuts was
60 %.

For the instances with large SOS1s, the average reductions for both B&B + SOS1
cuts and Default + SOS1 cuts are positive in all entries of Table 3; (note that the number
of entries in Table 3 is smaller than in Table 2: 20, as opposed to 32). With B&B +
SOSI cuts, the average reduction was at least 50 % in 85 % of the entries of Table 3;
while with Default + SOS1 cuts, the average reduction was at least 50 % in 75 % of
the entries. In a face-off, Default + SOS1 cuts performs better 7 times, B&B + SOS1
cuts performs better 12 times, and they tie once. The overall average reduction for
B&B + SOS1 cuts was 70 %, and the overall average reduction for Default + SOS1
cuts was 63 %.

9.3 Number of cutting planes and reduction in number of enumeration nodes

The GUROBI MIP cuts used here were flow cover, MIR, and Gomory. Table 18 shows
the average number of cuts used with Default, Default + SOS1 cuts, and B&B + SOS1
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Table 16 Average solution time with Default and % Reduction with B&B + SOS1 cuts and Default +
SOS1 cuts—1,000-IP and 10,000-IP variables and n = 5

§.8.m Time % Red. % Red. §.0.m Time % Red. % Red.
Def. BB +C D+C Def. BB +C D+C
50.120.60 1 33 56 50.120.100 53 68 68
50.120.80 4 41 74 50.120.120 104 30 62
50.120.120 104 30 62 50.160.60 3 27 50
50.160.80 37 49 66 50.160.100 450 16 62
50.160.120 1,146 20 34 50.200.60 10 39 31
50.200.80 217 53 66 50.200.100 2,320 63 58
50.200.120 554 —17 51 75.120.60 14 66 51
75.120.80 62 76 64 75.120.100 742 82 68
75.120.120 1,201 48 69 75.160.60 37 35 40
75.160.80 1,221 84 77 75.160.100 2,188 54 36
75.160.120 3,600 87 72 75.200.60 1,016 55 47
75.200.80 1,820 40 0 100.120.60 137 84 75
100.120.80 1,808 90 78 100.120.100 2,645 72 71
100.120.120 3,600 90 86 100.160.60 1,751 95 85
100.160.80 3,600 75 30 100.160.100 818 85 86
100.200.60 1,434 79 59 100.200.80 3,600 82 35

Table 17 Average solution time with Default and % Reduction with B&B +

SOS1 cuts and Default +

SOS1 cuts—1,000-IP and 10,000-IP variables and n > 10
§.L.m Time % Red. % Red. 5.4.m Time % Red. % Red.
Def. BB +C D+C Def. BB +C D+C

50.120.60 4 70 62 50.120.100 511 85 87
50.120.80 55 86 86 50.120.120 1,681 55 62
50.120.120 1,681 55 62 50.160.60 40 89 87
50.160.80 642 89 88 50.160.100 2,626 69 63
50.160.120 3,600 29 32 50.200.60 466 93 92
50.200.80 2,731 72 65 50.200.100 2,971 34 38
75.120.60 2,181 92 86 75.120.80 2,867 62 45
75.120.100 3,261 56 55 75.160.60 3,038 68 38
75.160.80 2,760 78 60 75.200.60 3,313 74 47
100.120.60 3,073 54 65 100.160.60 3,600 15 50

cuts. Note that the set of cuts used here is the same as the set of cuts used for continuous

CCOP.

We now give the average reduction in number of enumeration nodes due to the use
of SOS1 cuts. Forn = 5, Default’s average number of nodes was 202,318. The average
number of enumeration nodes reductions for B&B + SOS1 and Default + SOS1 were
similar, 87 and 84 %, respectively. This is in accordance with the similar performance
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Table 18 Average number of cuts—1,000-IP and 10,000-IP variables

) Default Default + SOS1 cuts BB + SOSI1 cuts
FC MIR Gom. FC MIR Gom. Sep. Used Sep. Used
50 90 265 32 41 90 22 1,395 494 1,392 725
75 71 770 22 26 367 13 1,949 507 1,929 978
100 22 414 26 8 236 21 2,000 561 1,995 686

of B&B + SOSI cuts and Default + SOS1 cuts in terms of computational time. For
n > 10, Default’s average number of nodes was 79,271. The average number of
enumeration nodes reduction for B&B + SOS1 was 44 %, while for Default + SOS1
cuts was 78 %. This is in accordance with the superior performance, in terms of
computational time, of Default + SOS1 cuts relative to B&B + SOS1 cuts.

In Figs. 1 and 2 we observe that, for u-IP variables, the efficiency of SOS1 cuts
increases as u increases. In particular, the 1,000-IP and 10,000-IP instances were the
ones in which SOS1 cuts had the most significant impact.

We conclude that the strategies using SOS1 cuts were considerably more efficient
than Default. Overall, B&B + SOS1 cuts was the best strategy for CCOP with 1,000-IP
and 10,000-IP variables, both in terms of number of instances solved as well as being
more efficient than Default + SOS1 cuts. Here, the SOS1 cuts improved considerably
our ability to solve CCOP, while the outcome of using MIP cuts was negative.

10 Summary of conclusions and further research

Regarding CCOP, it appears that increasing the cardinality of the SOS s, and especially
the average number of variables in a set with a nonzero coefficient in the constraint
matrix, makes it harder. At first, this may seem obvious, since it ultimately means
increasing the number of variables. However, the statement is not trivial, since at most
one variable in each set is allowed to be nonzero.

Regarding cutting planes,

e it seems that adding (23) and (26) simultaneously is better than adding just one of
them

e contrary to general belief, we found that separating our cover inequalities from all
knapsacks was better than from just the ones active at the current LPR optimal
solution

e SOSI cuts proved critical in solving a wide variety of CCOPs:

— For BIP CCOP, the important cutting planes were the MIP cuts. However, for the
other CCOPs, SOS1 cuts reduced considerably the computational time required
to solve them

— for 1,000-IP CCOP and 10,000-IP CCOP the best strategy was to use SOS1 cuts
only (i.e. to turn off MIP cuts). This is particularly surprising, as their structural
variables are integer (as opposed to the binary variables added to continuous
CCOP to enforce complemetarity)
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e surprisingly, SOS1 cuts reduced considerably the computational time of instances
solved by Default within a few seconds of CPU time
e for u-IP, SOS1 cuts seem to become more efficient as u increases.

We are now investigating the polyhedron that results when Assumption 3 is lifted.
Several other research directions are possible from here. Three examples are:

e developing further the theory and computational methods for the “simple” cuts of
Ibaraki [15] and Jeroslow [17]

e developing algorithms and computational facilities for lifting cover inequalities on-
the-fly, in the spirit of Gu et al. [11], rather than using closed form inequalities as
here

e strengthening our inequalities for GIP.
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