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Abstract We present two algorithms to solve the Group Lasso problem (Yuan and
Lin in, J R Stat Soc Ser B (Stat Methodol) 68(1):49-67, 2006). First, we propose
a general version of the Block Coordinate Descent (BCD) algorithm for the Group
Lasso that employs an efficient approach for optimizing each subproblem exactly. We
show that it exhibits excellent performance when the groups are of moderate size.
For groups of large size, we propose an extension of ISTA/FISTA SIAM (Beck and
Teboulle in, STAM J Imag Sci 2(1):183-202, 2009) based on variable step-lengths
that can be viewed as a simplified version of BCD. By combining the two approaches
we obtain an implementation that is very competitive and often outperforms other
state-of-the-art approaches for this problem. We show how these methods fit into the
globally convergent general block coordinate gradient descent framework in Tseng
and Yun (Math Program 117(1):387-423, 2009). We also show that the proposed
approach is more efficient in practice than the one implemented in Tseng and Yun
(Math Program 117(1):387-423, 2009). In addition, we apply our algorithms to the
Multiple Measurement Vector (MMV) recovery problem, which can be viewed as a
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special case of the Group Lasso problem, and compare their performance to other
methods in this particular instance.

Keywords Block coordinate descent - Group Lasso - Iterative shrinkage
thresholding - Multiple measurement vector - Line-search

Mathematics Subject Classification 9008 - 90C25
1 Introduction

Parsimonious models are important in machine learning because of the common occur-
rence of high dimensional data. A traditional approach to enforce sparsity in the feature
coefficients is /1-regularization (Lasso) [26]. However, it has been shown that the Lasso
tends to select only one variable from a group of highly correlated variables and does
not care which one is selected [34]. The Group Lasso [33] is a popular extension of the
Lasso, which addresses the above problem by imposing sparsity on groups of variables
(features) by via [ |-regularization. It solves the unconstrained optimization problem

J
1 2
min | Ax —bI* + 4> I, (1
j=1
where A € R™ ™ js the data matrix, and x = (x1,...,xy) € R™ is the vector of
feature coefficients to be estimated (|| - || without a subscript denotes || - ||2), with

xj € R™/ denoting a segment of x corresponding to the j-th group of coefficients.
The penalty parameter A determines the level of group sparsity to be enforced in the
solution. We denote by A ; the submatrix of A consisting of the columns corresponding
to the elements of x ;. Itis assumed that the grouping/partitioning information is given.
The Group Lasso model has been well studied recently (e.g. [1]) and has been shown
to be effective for many applications, such as micro-array data analysis [16], gene
selection [17], and birth-weight prediction [33].

Several methods have been proposed to solve problem (1) (see e.g., [5,12,15,17,
23,31-33]). In this paper we focus on two block-coordinate descent approaches -
an extension of the classical Block Coordinate Descent (BCD) method to the Group
Lasso [33], where exact minimization is performed over each group of variables and
a BCD version of a prox-gradient method in [2]. The BCD method relies on the fact
that the objective function can be efficiently optimized over one group of variables. In
[33] and [17], it is assumed that the group-blocks of A are orthonormal. In this case,
each group subproblem can be solved in closed form. The gradient-based method [15]
approximates the objective function using gradient information. This also generates
subproblems that have closed form solutions. However, as we show in our compu-
tational results, the BCD approach (when it can be applied) often outperforms the
existing gradient-based approaches.

Our contribution in this paper is the following. First, we derive the BCD algorithm
for solving the Group Lasso without requiring the blocks of A to be orthonormal.
This algorithm, after initially computing the eigen-decomposition of the matrices
AJTA jforj=1,...,J,solves the BCD subproblemsby Newton’s method, which is
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Efficient block-coordinate descent algorithms for the Group Lasso 145

very efficient as long as the group sizes are moderate. When the number of variables
in a particular group is large, the application of Newton’s method and the eigen-
decomposition can become expensive. In this case we propose another method, which
is a block-coordinate version of the (Fast) Iterative Shrinkage Thresholding Algorithm
(ISTA/FISTA) [2]. A version of FISTA is implemented for Lasso and Group Lasso in
the state-of-the-art software SLEP [15]. ISTA/FISTA are gradient-based approaches
which enjoy favorable convergence rates and produce subproblems which can be
solved in closed form. However, the practical performance of ISTA/FISTA is often
inferior to BCD as we show in Sect. 7. Our proposed block-coordinate version (ISTA-
BC) extends the desirable properties of the BCD method to the ISTA/FISTA approach,
thus expanding the range of problems for which the block-coordinate methods can be
applied. In particular, ISTA-BC steps can be applied in cases where a group with a
large number of variables is present. It is also possible to apply ISTA-BC to the Group
Lasso with logistic regression, where optimization over groups is more difficult. To
obtain a unified approach for the Group Lasso problems, we combine BCD and ISTA-
BC to yield an implementation that has good practical performance for data sets of all
group sizes. We demonstrate that our proposed algorithms are very competitive and
often outperform other approaches on test sets of Group Lasso problems and MMV
problems [3] from signal processing. Our tests include comparisons against SLEP
[15], a block coordinate gradient descent (BCGD) approach with an Armijo line-
search proposed in [28], SPARSA [31], and SPG [5]. We also show that ISTA-BC and
BCD steps fit into the globally convergent framework described in [28]; hence, our
proposed algorithms are globally convergent.

2 Block coordinate descent algorithms
2.1 BCD-GL

Block coordinate descent (BCD) algorithms optimize the objective function over one
segment (group of variables) x; at each sub-iteration, while keeping all the other
segments x; # x; fixed. The global convergence of the BCD iterates has been estab-
lished for minimizing a convex non-differentiable function with certain separability
and regularity properties [27].

For the Group Lasso (1), at the j-th sub-iteration, we need to solve

1o T
n}}_nzxj ijj+ijj+A||xj||, 2)

where M; = A;.rAj, and p; = A;.r (Zi#j Ajxi — b). Yuan and Lin [33] applied the

BCD method to solve (1) under the restrictive assumption that ATA j = 1. In this
case, each block subproblem has a closed-form solution (see (11) below). Tibshirani
et al. [10] dropped this restrictive assumption and proposed an alternative version
where the subproblems are solved inexactly by a coordinate descent method. Here, we
derive a BCD method for the general case of (1), where each subproblem is solved as
a trust-region subproblem by an efficient application of Newton’s method (we refer
to our method as BCD-GL).
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146 Z.Qin et al.

If|p;ll < A,then pijj +Allx;|l > Oforallx;.Since M; > 0, the objective function
of (2) is non-negative in this case, and clearly, x; = 0 solves (2). Conversely, if x; = 0
solves (2), then from the first-order optimality conditions for (2), p; + Ago = O for
some subgradient go of ||x;|l at x; = 0. Thus, [|p;[| = Allgoll < A since ||goll < 1.
Hence, x; = 0 is the optimal solution of (2) if and only if ||p;| < A.

When the optimal solution of (2) is x; # 0, we have from the optimality conditions
for (2) that

A
M-—I-—I)x-:—u 3)
(’ )T TP

Now, note that there exists a A > 0 for which the optimal solution of (2) is the optimal
solution of the so-called trust-region subproblem
in SxTM T 4
min Sx; Mjxj+ pjx; “)

st |xjll < A.

Hence, we can apply the techniques in [20] and [18] to solve (4). Since A >0, M;+
210 (M = 0). It follows from (3) that ||x;‘ || = A with x;.k being the unique opti-

flx; 1

mal solution to (4) (see Lemmas 2.1 and 2.3 in [18] and Theorem 4.3 in [20]). Hence,
A —1
k
Xj=—(Mj+ZI) Pj, (5)

which we can write as x;.‘ = Ay;(A), where

Vi) = —(AM; + D) p; (©)
has norm equal to 1. The optimal solution of (2) is thus of the form (5) with A chosen
to satisfy ||y;(A)|| = 1. To find the correct A, we have from the eigen-decomposition
of M; that

(g P
(AP = ! , 7
Ly ()] Z(%Aﬂ)z (7

i
where the y;’s and ¢;’s are the eigenvalues and the respective orthogonal eigenvectors
of M. Rather than applying Newton’s method to ||y;(A)|| = 1 to find the root A, we
apply Newton’s method to

d(A) =1 3

Ty

since it is well known that (8) works better in practice (see [20] Section 4.2). Note
that from (3), we are guaranteed to have a positive solution, so we are immune from
the “hard case” described in [18]. In order to compute the first derivative ¢'(A), we
use the facts that
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4 (%) = i(ny‘(A)nZ)—% = ——(||y () )—f <1 W% )
dA \lly;(l) — da ! !

and

d. o (@' P))vi
I = 2Z(AH)3

The above procedure where A and y; (A) are determined is embodied in Algorithm
2.1 below for solving (2).

Algorithm 2.1 BCD-GL

Given: x(© ¢ R™ Setk = 1, and for j =1,---,J compute the eigen-decomposition of M; = AjrAj.
repeat
x <« x*=D
forj=1,2,..., J do
4%%Z#jmm7hpeA%i

if | p]| < A then
else

Find the root A of (8), where ||y;(A)]| is given by (7), using Newton’s root-finding method.
Compute y; from (6). ¥j < Ay;
end if
end for
x® —F ok k41
until k = kg or x®) satisfies the stopping criterion.

In our experiments, the size of the problem had little effect on the number of
Newton iterations required for root finding, which is usually less than five. The eigen-
decomposition for each group is computed just once. The complexity of this step is
O(mi), where m ; is the size of the j-th group. This is typically not more expensive

than computing M ; itself, which takes O (nm?) operations. For small group sizes, this
additional work is small compared to the overall per iteration cost, but when the group
size is large, the task can be computationally costly. In this case, the orthogonalization
proposed in [33] is also expensive (O(nmﬁ)). The total storage requirement for the
eigen-decompositions is O (> j m%). When the m ;’s are small, it is approximately
linear in m. On the other hand, the additional storage required for the orthogonalized
data matrix is O (nm).

In what follows we modify the ISTA algorithm to capture the good properties of
the BCD approach, while trying to alleviate the negative ones.

3 Iterative shrinkage thresholding algorithms

Let us write the objective function in (1) as F(x) = g(x) + h(x), where g(x) =
%||Ax —b||%, and h(x) = A Z]J'=1 [l ll. Given a point x, the ISTA approach applied
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to F(x) minimizes the sum of 4(x) and a quadratic approximation of g(x) at each
iteration, i.e. the next iterate x™ = g, (x) is

¢:(x) = argmin [g(x) + Ve (e —x) + %nz —x|” +h(2)

. I ,
:argmzm Zz—tﬂzj—d(x)jﬂ +)»||Zj|| . (10)

Here, # is the step-length; d(x) = x — tAT(Ax —b) = x —1Vg(x); zjand d(x); are
the segments of the respective vectors z and d(x) corresponding to the j-th segment
of x. The optimization problem in (10) is separable, and the solution to each of the J
subproblems is given by a soft-thresholding operator [5], i.e.

gi(x); =T(d(x),1) = d); max (0, [d(x) || — 1), j=1,....J. (11)
lld(x);l

The step-length ¢ is determined (usually by a backtracking line-search) so that the
following holds

1
8(q:(x)) < g(x) + Vgx) (g (x) — x) + EIIQ:(X) —x|%. 12)

This condition ensures that the value g(g;(x)) of g at the new point g; (x) is smaller
than the value of the quadratic approximation to g(z) at the current point x given on the
right-hand-side of (12). It is easy to verify that (12) is always satisfied whent < 1/L,
where L is the Lipschitz constant for Vg(x) (in our case L = IATA|)). However,
setting 7 = 1/||AT A|| usually results in very small step sizes; hence a line search is
usually necessary. The statement of the ISTA algorithm with backtracking line-search
can be found in [2]. The complexity of ISTA to reach an e-optimal solutionis O (L /¢).

FISTA (Fast Iterative Shrinkage Thresholding Algorithm) is an extension of ISTA
that has an improved complexity of O (y/L/€) [2]. In essence, FISTA constructs the
current iterate as a linear combination of the two most recent iterates.

4 ISTA/FISTA with block coordinate step-lengths

In both ISTA and FISTA, one carries out the backtracking line-search for all the seg-
ments of x at once in each iteration, so the step-length ) at iteration & is the same
across the segments. The BCD-GL method computes the step for each block of vari-
ables separately. A natural extension of ISTA which mimics some of the properties of
block coordinate descent is to allow different step-lengths #;’s for individual segments;
i.e. we now have a vector of step lengths

t=I[t1, 1, ..., 171" (13)
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Efficient block-coordinate descent algorithms for the Group Lasso 149

and forj =1,...,J, d(x)j = dj = dj(x,tj) =X; — thg(x)j, where Vg(x)j =
AJT(Ax — b). Hence using different step lengths for each block, the solution to (10)
becomes

a(x) =191, 92, .-, qs1",

where

d.
q;j = —L—max(0, |d;|| — rt;), j=1,...,J. (14)
lld; ]

4.1 ISTA with multiple-scaling on step-lengths (ISTA-MS)

A simple case in the above setting is to consider t = 6t where t = (f1, 72, ..., 1) isa
fixed vector, for instance, given by 7; = ”A—le, and the line-search is performed on 6.
We refer to this method as ISTA-MS (for multiple scaling), and show in Theorem 1 that
the theoretical convergence rate of ISTA is preserved under this modification. The prac-
tical performance of this method is often better than that of the regular ISTA/FISTA,
except on the Nemirovski data sets (see Fig. 3). While it is still inferior to that of
BCD-GL, we should keep in mind that ISTA-MS is parallelizable.

4.2 Block coordinate iterative shrinkage thresholding (ISTA-BC)

Here we propose an extension of the ISTA algorithm where, for each segment, we
select z; by a separate backtracking line-search in conjunction with soft-thresholding
(14). Hence each (major) iteration now consists of J optimization steps, each of which
seeks ¢ that minimizes

N - A 1 "
g + Ve[ (g) = £) + 5—llgj = &1 + hj(@) (15)
J
given a vector X, and h j(g) :== Allg;j|l. The line search condition to be satisfied is
~ A AT A 1 A2
8(xX) = g(x) + Vgx); (g; _xj)+§”qj =Xl (16)
J

For the j-th sub-iteration, we set £ = [q1 ... qj—1 xj ... x;]".

This ensures that X = [q1 ... gj—1 G} Xjt1... XJ]T yields at least as good an
objective value as the quadratic approximation at the most recently computed point
X. We refer to this approach as ISTA-BC (for block-coordinate steps) and state it as
Algorithm 4.1. The global convergence of ISTA-BC is guaranteed by Theorem 2 in
Sect. 4.6 based on the results in [28].

Compared to ISTA, a disadvantage of ISTA-BC (and BCD-GL) is that we cannot
solve the subproblems in parallel, since the j-th sub-iteration depends on the previous
sub-iteration through Vg (X ). Nevertheless, as demonstrated in Sect. 7.5, ISTA-BC
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Algorithm 4.1 ISTA-BC

Given: x© e R" k= 1,1y > 0.
repeat
£ <« x&-D
forj=1,2,..., J do
Find?; < 1o forwhich (/) = [X1, - ,ij_l, q; )”Cj_,_l, e ,jfj]T satisfies the line-search condition
(16), with g ; given by (14).
PPy
end for
&) ()
k<—k+1
until k = kyqx or x®) satisfies the stopping criterion.

enjoys considerable computational advantage over ISTA/FISTA in a non-parallel set-
ting. We note that a parallelizable Jacobi-like version of the ISTA-BC algorithm could
be implemented by replacing £ with x*=1 in (15) and (16) for all sub-iterations, but
we found in our non-parallel experiments that this approach also yielded performance
inferior to ISTA-BC.

The FISTA update can be incorporated into the ISTA-BC algorithm. We have imple-
mented such an update (FISTA-BC), but it did not exhibit any computational advantage
in our tests. It is also unclear if there is any theoretical advantage in using an acceler-
ation step in the block coordinate framework.

4.3 Hybrid implementation (BCD-HYB)

We have also implemented a hybrid version of BCD-GL and ISTA-BC to overcome
BCD-GL’s weakness in scalability when a data set has large groups. Specifically, we
switch from a BCD sub-iteration to an ISTA-BC sub-iteration when a group contains
more than N variables, so that we no longer need to perform an eigen-decomposition
for that group. Clearly, this decision can be made a priori. We call this hybrid ver-
sion BCD-HYB in our experiments. The global convergence of BCD-HYB is also
established in Sect. 4.6.

Note that ISTA-BC and BCD-GL are identical when A}—A j=Ljlandt; = Ll/,
where L ; is a scalar, as in the MMV problem in Sect. 5. The proofs of the theoretical
rates of convergence of the ISTA/FISTA algorithms do not readily extend to ISTA-BC
or BCD-GL.

4.4 Randomized scheme for coordinate selection

Nesterov recently proposed a randomized coordinate selection scheme for the BCD
algorithms solving problems with a smooth objective function [19]. Specifically, the
index i of the group of variables x; to be optimized over in the next iteration is selected
with probability

0 L}
e I T (17)
o Vi ) ) s Jy

2j=i L]
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Efficient block-coordinate descent algorithms for the Group Lasso 151

where € R, and L is the Lipschitz constant of Vg (x), the gradient of g(x) with
respect to the j-th group. When o = 0, the group indices are sampled from a uniform
distribution, and when « = 1, the probability of selecting j € [1, J]is proportional to
L ;. The convergence rate results in [19] have been extended to the case of a composite
function with a non-smooth block-separable component [22], such as the Group Lasso.
We implemented several versions of ISTA-BC, BCD-GL, and BCD-HYB with this
randomized scheme for the special cases of « = 0 and 1. Note that the case of
a = 1 only applies for BCD-GL, where the entire set {L ;} ]J:] is explicitly computed.
We denote by ISTA-RBC, RUBCD-GL, RBCD-HYB, the randomized versions of
ISTA-BC, BCD-GL, and BCD-HYB respectively with a uniform distribution, and
by RBCD-GL, the randomized version of BCD-GL for the case where « = 1. We
compare the performance of the randomized versions with the original versions on
selected problems in Sect. 7, and we observe that none of the versions with a uniform
distribution provides any computational advantage. On the other hand, RBCD-GL
sometimes appears to be more efficient than BCD-GL.

4.5 Convergence rate analysis for ISTA-MS

We prove that ISTA-MS with backtracking line-search has a global convergence rate
of 0(%), where k is the number of iterations. Our arguments follow closely those
in [2].

Define

1 1 1
L=[L1,L2,...,L]]=|:—,—,...,—:|. (18)
1 b ty
Corresponding to g(-) and h(-) defined in the previous sections, we define

T

) 1
gj:ij%R, gj(Zj;x)zzz;-rA;-rAij—l- ZA,-xi—b Aij, (19)
i#]
hj :R™ — R, hj(z;)=rlzjl. (20)

Foreach j,letL(g;) = [|A; |? be the Lipschitz constant for Vg;.LetL(g) be the vector
of the J Lipschitz constants. Define L(g) = max; L(g;), L(g) = min; L(g;), Rr =

zg—g, and s; = \/L(g)).

For ISTA-MS, the optimization problem that we solve in each iteration is

J

L .
min O}(z,x) = g(x) + Vg0 T =) + 3" 2z — x> + k). Q2D
. =
whose solution is
pii(x) = Si(d(x)) = arg mzin 01°(z, x). (22)
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Hence, x*+D = pll‘fs (x®). Since (21) is strongly convex, we have the following
property for any x € R” from the optimality conditions for py™® (x):

Vg(x) +diag(L) " (pYS(x) —x) + dh(pYS(x)) = 0. (23)

From the definitions (19) and (20), it is easy to see that the objective function in the
j-th sub-problems of ISTA-MS is a quadratic approximation of g;(z;, x®) +h(z;),
where x® is the k-th iterate. Similar to Lemma 2.3 in [2], we have the following
result.

Lemma 1 Let x € R" and L > 0 satisfy
F(pi(x) < O (pr° (x), x). (24)
Then, for any y € R™,

J
F(y) = F(p* () = Z Py en = 212+ LG — )T (0 = x)).

(25)

Proof The proof follows close that in [2], except that a vector L instead of a scalar L
is used, and Lemma 2.2 in [2] is replaced with (23). O

To obtain a lower bound #,,;, for the unscaled step-length in the k-th iteration
t® (= 6 in Sect. 4.1), we observe that since Vg(x) is Lipschitz continuous with
Lipschitz constant L(g),

L(g)
g(PS(x)) < g(x) + Vg@) T (p}(x) —x) + —||P IS —x|%.
If we set t*) such that Lg.k) = ZS(—,’() > %,Ef’} = L(g) Vj, then the line-
search condition is guaranteed to be satisfied, since =% L Lg) pYS Dy — B2 <
NG . . T
> IS D) — x)2 Hence, tin = 1ot = Y2

With the above intermediate results, we now prove the 0(%) global convergence
rate for ISTA-MS.

Theorem 1 Let {x©} be the sequence generated by ISTA-MS. Then for any k > 1,
C
Fa®) = Fa®) < =, (26)

where x* is the optimal solution, and C = %«/ Rp|lx* — x©@2.
Proof Applying Lemma 1 with y = x*, x = x™ and L = L, we have
2 (F(*) = Fa™ ) = > si(lle* = x"H)2 — = x ™))

J
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Since F(x*) — F(x"tD) < 0, we can replace ™ with t,,;,,. Summing the resulting
inequality overn =0, ...,k — 1 yields

2 /T k—1
VL) (kF(x*) -2 F(x“’“’)) = 3 s (I =02 = ey —x12).
i

L(g) =
27

Now, applying Lemma 1 again with x = y = x® and L = L™, we get

1
2™ (F(x(")) - F(x<”+1>)) = > st -2,

J

Since this implies that F (x™) > F(x+D) foralln, it follows that Zﬁ;(l) F(x@+Dy >
kF (x®). Combining this with (27) yields

—2k@ * x _ LK) % 0)
L(g) (F(x ) - F(x(k))> = ;Sj (llxj —x; 1> = [lx —x](- ||2).

Ignoring the non-negative term on the RHS of the above inequality and noting that

max{s;} = y/L(g), we obtain (26) where C = 2L /Ry ||lx* — x |2, and L(g) is
the Lipschitz constant of Vg(x). O

4.6 Global convergence of BCD-HYB

We prove the global convergence of BCD-HYB by demonstrating that ISTA-BC and
BCD-GL steps satisfy the conditions on the steps of the general convergent BCGD
framework in [28].

First, we briefly describe the BCGD algorithm. The blocks x;’s are chosen in a
cyclic manner. We slightly abuse the notation by calling the iteration in which x; is
updated the j-th iteration. In the j-th iteration, we compute the search direction (in
the subspace of x )

: 1
dp;; = argmin (vg(xj)de + Ed}—Hjjdj + Mlx; +d; ||) : (28)
J

Here, H|; is some approximation of the j-th diagonal block of V2g(x), and we denote

by H'/) the approximate Hessian used in the j-th iteration with H](j] )= H jj- Once
the search direction dp;; is computed, BCGD determines an appropriate step-length
o) such that the new iterate x/) = x =1 4+ o) d() satisfies the following modified
Armijo rule:

F(x(j)) — F(x(j—l) + ot(j)d(j)) < F(x(j—l)) + ot(j)UA(j), (29)
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where d) has its j-th segment equal to dp;; and zeros everywhere else, 0 < o
<1,0<y<l,and

AW =Vg(x)Td(j) + )/(d(j))TH(j)d(j) + )\”x(.i—l) + d(./)|| _ )L”x(j—l)”. (30)

It is shown in [28] that the BCGD algorithm converges globally for any choice of
H)_if the above Armijo rule holds and if

61 > HY) =01 Vj, where 0 <6 <0. (31)

Our BCD-HYB algorithm differs from BCGD in that while BCGD computes the
search direction and the step-length in two separate stages, BCD-HYB accomplishes
both tasks in one single stage. However, as we show below, both the ISTA-BC and
BCD-GL steps in BCD-HYB can be viewed as instances of a BCGD step, and they
satisfy the two conditions [(29) and (31)] above. Hence, the convergence results of
BCGD apply to our BCD-HYB algorithm.

Let us first consider the ISTA-BC steps. We observe that in this case the optimization
problem (15) solved during the ISTA-BC steps is essentially identical to (28) solved
by BCGD steps with H;; = %I . In addition, we see that our ISTA-BC line-search

descent condition (16) agrees with the Armijo rule descent condition (29), with o) =
1Vj,o = 1,and y = 0.5. Hence, from the viewpoint of BCGD, ISTA-BC chooses
in the j-th iteration an appropriate #; so that, with the resulting H;; = %I , the search
direction dp;; from (28) satisfies the descent condition (16) automatically. The line-
search effort in this case is shifted towards choosing an appropriate ¢;.

In the case of BCD-GL, the steps (2) are equivalent to (28) with H;; = M ;, which
is the true Hessian for the j-th block. Hence, F’ @y = F(xU=Dy 4+ AU From the
previous paragraph, it is apparent that BCD-GL always satisfies the Armijo rule with
o) =1Vj,o =1,andy =0.5.

In both cases, it is easy to see that A < 0in (29), which means that if (29) is satified
with o = 1 then it also holds for any 0 < o < 1. Hence, both ISTA-BC and BCD-GL
steps satisfy the modified Armijo rule.

Now we show that steps of both types satisfy (31). Without loss of generality,
assume 79 = 1 in Algorithm 4.1. Then, #; obtained from the backtracking line-search

in the j-th iteration of ISTA-BC satisfies max{L(g;), 1} > % > 1. From the BCGD

perspective, we effectively set H() = [l,Im as explained above. Hence, we have
J

max{L(g), 1}1,, > HY) > min{L(g), 1}1,, ¥ j, and condition (31) is satisfied.

For the BCD-GL steps, we essentially set H) = diag(M, ..., M;). Unlike
the ISTA-BC case, we only have Z(g)Im = HU > 0, which may not satisfy (31).
Hence, in the cases when M is not positive definite (which only happens if columns
of A from the same group are linearly dependent), we can apply the following simple
modification: Hj; = M+ 481, where § is a small positive constant. The solution to the
perturbed subproblem still satisfies the Armijo rule, and we now have (L(g) +8)1,, >
HWW > 81, which satisfies (31). Hence we have shown that both types of steps can be
viewed as those of the BCGD framework in [28], and thus the convergence results for
BCGD apply. The computational performance of BCD-HYB is, however, significantly
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better than that of BCGD. We summarize the global convergence of BCD-HYB as
follows.

Lemma 2 Foranyt; > 0, xU=Y is a stationary point of F if and only if d" = 0.

Theorem 2 Let {xU)}, {dV}, {t;} be sequences generated by BCD-HYB. Then the
following results hold.

1. {F(x“D)} is non-increasing, and AV satisfies

—AD) > %(d(j))TH(j)d(j) > %”d(/‘)”Z v j, (32)

2. If{x(j) }ic is a convergent subsequence of{x(j) }, then {AYV} = 0 and {dV) e — 0.

3. If the blocks are chosen in a cyclic manner, then every cluster point of {x))} is a
stationary point of F.

4. Iflimj_ o0 F(xV)) > —o00, then {AV} — 0 and {d} — 0.

The condition in the last point of Theorem 2 is always satisfied since F(x®)) =
k
MAx® —p)2 2 37 16§01 > 0.

5 Multiple measurement vector recovery (MMYV)

The basic compressed sensing aims to recover an unknown sparse signal vector from
a single measurement vector [6,9] and is called the single measurement vector (SMV)
model. The MMV model [7] extends the SMV model to reconstruct a signal matrix
X = (X1 ... Xk ) from the data matrix A € R"*" and a matrix of multiple measure-
ment vectors B = (B) ... Bx ) € R"*K which are related by AX = B. The signal
(column) vectors {X ,-}l.K: | are assumed to be jointly sparse, i.e. they have non-zero
entries concentrated in common rows. The convex relaxed version of the MMV model
solves the optimization problem

min || X][1,2 (34)
s.t. AX =B,
where || X|[12 = > ; lx"]|l2 and x is the i-th row of X. Several methods have been
proposed for solving the MMV problem (34); e.g., see [3,4,25]. In [4], the noisy

version of (34),

H}}n 1 X112 (35)
s.t. |AX —B|p <o

is considered.
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5.1 Link to the Group Lasso

We can solve (34) by solving a series of sub-problems!
: 1 2
min [ X|[1,2 + 5—[[AX — Bll%, (36)
X 21

when 12 — 0. The solution X ) to the k-th sub-problem serves as the starting point for

the (k + 1)-st sub-problem. By defining g(X) = % I|AX — B||%, itis straightforward to

apply ISTA-BC to solve (36). The optimal solution to the j-th subproblem of (36) is
dJ

given by the soft-thresholding operator T'(d”, t;) = T max(0, [|d’ || — ut;), where

d’ is the j-th row of the matrix X — diag(t)AT (AX — B).

We can also cast (36) directly as an instance of the Group Lasso. Define A to be
the block-diagonal matrix with each diagonal block equal to the matrix A and X and
b to be the column-vectorized form of the matrices X and B respectively:

A X1 B

- A X2 5 B
i= B I e IV
A Xk Bk

Itis easy to see that A and b are the input data if we are to solve (36) as the Group Lasso
problem, and the corresponding solution is X. Since the rows of X are the segments,
the j-th segment in x consists of the j-th, the (n + j)-th, ..., and the (K — 1)n + j)-th
entries. We can re-arrange the columns of A so that the entries in X belonging to the
same segment are contiguous. b remains the same. Now, denoting the j-th segment of

T by ¥ = (§j1,%j2,..., k)" and letting A; be the corresponding block in A, we
have
Aj Ajxji
B A; 5 Aixio
Aj = j, and AjX; = S
Aj Ajxjk

where A is the j-th column of A.

5.2 Equivalence of ISTA-BC and BCD-GL

Since g(X) is a quadratic function in X, H = VZg(X) = AT A. Because of the
special structure of A as we have shown above, the j-th diagonal block of H, denoted
Hj;, is a multiple of the identity matrix:

! This is equivalent to a special case of what is recently known as multi-task regression with structured
sparsity [13].
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Hjj=AJAj = |Aj|PIk. (37)

Hjj is the true Hessian of the j-th block-coordinate of g(X). Hence, the BCD sub-
problem (2) has the same simple closed-form solution 7 (d/, tj) as ISTA-BC with
tj = W. In fact, it is also equivalent to BCGD with least squares loss. The equiva-
lence relationships imply that the resulting algorithm does not require the eigenvalue
decompositions in BCD-GL or the backtracking line-search in ISTA-BC (and FISTA-
BC), and hence, it can be very efficient. We state this specialized version in Algorithm
5.1 (BCD-MMV).2

Algorithm 5.1 BCD-MMV

1: Given: X© e R A ¢ Rn>xm B ¢ Rn¥K

2s; < A2, j=1,....m.

3: repeat

4: X <« x%=D

5 forj=1,2:...,mdoA ) R
6: w 5% — AJT(AX — B), where x/ is the j-th row of X.
7

7 < T(“SL/,”, %), where T (-, -) is defined in (11).

)?1

8: X0 « z

9: X < xW

10:  end for B A
11: X® « xm (= x)
122 k<« k+1

13: until k = kpqx or X®) satisfies the stopping criterion.

6 Implementation

In ISTA-BC, we use back-tracking line search to determine the value(s) for t. At
the beginning of each sub-iteration for ISTA-BC, we allow the initial step-length to
increase from the previous step size for that segment by a factor of L where0 < B < 1.

The major computational work of the line-search performed by ISTA-BC (and
FISTA-BC) lies in computing the residual » = Ax — b. In the j-th sub-iteration only
the j-th segment of x is updated. Hence, we can update the residual incrementally as
AX —b = Aj(zj — xj) + (Ax — b). The old residual Ax — b is available before the
sub-iteration, so the total work of this scheme is on average % of the work required
to compute AX — b from scratch, where J is the total number of segments. To avoid

2 This algorithm coincides with the M-BCD method proposed in [21] recently while the first version of
this paper was in preparation.

@ Springer



158 Z.Qin et al.

the accumulation of arithmetic errors over many iterations, we compute the actual
residual every J sub-iterations.

We set Ngc = 200 for our BCD-HYB implementation discussed in Sect. 4.3. In
Algorithm 2.1, the initial value of A was set at O for the first iteration of Newton’s
method. The result of each iteration was then used as the initial value for the next
iteration.

7 Numerical experiments

All numerical experiments were run in Matlab on a laptop with an Intel Core 2 Duo
CPU and 4G memory. We recorded the CPU times, the number of matrix-vector
multiplications (Aprods), and the number of major iterations (Iters) required by each
of the algorithms discussed in the previous sections on the test sets. We implemented
a version of BCGD [28] in which the blocks are chosen by the Gauss-Seidel rule,
to compare with our methods. We also ran publicly available software for SPARSA
[31], SLEP [15], and SPOR-SPG* [4] on our test problems. Both SPARSA and SLEP
solve the unconstrained formulation of the Group Lasso, while SPOR-SPG solves the
constrained version. Since the SLEP solver has its core sub-routine (the Euclidean
projection [14]) implemented in the C language, and so does SPOR-SPG for its one-
norm projection [5], the Aprods serves as a better measure of performance than CPU
times.

The stopping criterion |G¢(x)|| = ||%(x — pt(x))|| < € is suggested in [30] and
can be applied to all ISTA/FISTA versions. We observed that e = 10~2 was sufficient
to recover the sparse solutions in our experiments. However, for comparison we used a
different criterion which we explain below in Sects. 7.3 and 7.4. The penalty parameter
A was chosen as y A4y, Where A,y is the upper bound derived in [17]. We chose
y = 0.2, which we found to yield reasonable level of group sparsity in general.

For the ease of recalling the names of the algorithms introduced in Sects. 2—4, we
summarize the abbreviated names in Table 1 below.

7.1 Synthetic data sets

We tested the algorithms on simulated problems of various sizes. Tables 2, 3, and 4
present the attributes of the Group Lasso and the MMV standard data sets respectively.
Data sets yl1 to yl4 are from [33]; mgbl and mgb2 are from [17]; 1jy is adapted from
a test set in [15]; nemirovskil-4 were created by Nemirovski and made challenging
for the first-order methods, in the spirit of the worst case complexity examples. The
MMV data sets in Table 4 are the ones in the online appendix of [4], and the compre-
hensive scalability test sets are adapted from the one in [25]. We refer the readers to
Appendix A for the details of the simulated data sets.

3 We ran only the Group Lasso experiments on SLEP.
4 We ran the MMV experiments on SPOR-SPG [4] and the Group Lasso experiments on SPG in [5].
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Table 1 Summary of the

abbreviated names of the

algorithms

Table 2 Synthetic data sets

Abbrev. names Algorithms

ISTA-BC Algorithm 4.1
FISTA-BC ISTA-BC with the FISTA update

ISTA-MS ISTA with multi-scaling on step-lengths (Sect. 4.1)

BCD-GL Algorithm 2.1

BCD-HYB Hybrid version of BCD-GL and ISTA-BC (Sect. 4.3)
RBCD-GL Randomized BCD-GL with probability distribution
proportional to block-wise Lipschitz constants
RUCBD-GL  Randomized BCD-GL with uniform distribution
ISTA-RBC Randomized ISTA-BC with uniform distribution
RBCD-HYB  Randomized BCD-HYB with uniform distribution

Data set n J m (no. features) Data type
yll 50 15 153 Categorical
yl2 100 10 4x2+6x4 Categorical
yl3 100 16 16 x 2 Continuous
yl4 500 100 50 x 3450 x 2 Mixed
mgbl 200 4 I1+3x3 Continuous
mgb2 100 251 14250 x 4 Continuous
ljy 1,000 100 100 x 10 Continuous
nemirovskil 1,036 52 1,036 Continuous
nemirovski2 2,062 103 2,062 Continuous
nemirovski3 2,062 103 2,062 Continuous
nemirovski4 2,062 207 4,124 Continuous

The fourth column indicates the group sizes and the number of groups for each size. n = no. samples,
J =no. of segments

Table 3 Synthetic data sets

Data set n J m (no. features) Data type
yliL 5,000 50 47 x 10 + 3 x 1,000 Categorical
yl4L 2,000 114 50 x 344 x 1,000 + 50 x 3 4 10 x 50 Mixed
mgb2L 2,000 6 1+5 x 1,000 Continuous
ljyL 2,000 15 5 x 200 4 10 x 500 Continuous
glasso5 1,000 400 3,000 Mixed
glassoL1 2,000 242 10,000 Continuous
glassoL2 4,000 438 20,000 Continuous

These test sets have much larger groups and more samples than the ones in Table 2
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Table 4 MMV data sets

Data set A K No. nnz rows v o

mmvla 60 x 100 5 12 0.01 1.0|RI F
mmvld 200 x 400 5 20 0.01 12|R|F
mmvle 200 x 400 10 20 0.02 1.0|R| F
mmv1f 300 x 800 3 50 0.01 09||R|l g

The noisy measurement matrix B = AXg + R, where X( is the ground truth signal matrix and R is the
noise matrix with | R|| = v||[AXgll F

7.2 Breast cancer data set

To demonstrate the efficiency of our proposed algorithms on real-world data, we
used the breast cancer data set [29] to compare their performance with that of existing
algorithms on a regression task of predicting the patients’ lengths of survival. This data
set contains gene expression profiling data for 8141 genes in 295 breast cancer tumors.
We considered only those genes with known symbols. There are various approaches
in the literature for grouping the genes by their functions. We followed [11] and used
the canonical pathways from MSigDB [24], which contains 880 gene groups. 878 out
of these groups involve the genes studied in the breast cancer data set, accounting
for 3510 genes. Note that the gene groups may overlap. However, by adopting the
model proposed in [11], we were able to still solve a classical Group Lasso problem
by augmenting the design matrix as in [11], increasing the total number of features to
28,459.

7.3 Group Lasso experiments

To obtain a fair comparison of the computational performance among all the algo-
rithms, we pre-computed a reference solution x* for each problem and stopped the
algorithms when the current solution x satisfied F(x) — F(x*) < 107. For SPG,
we used x* to compute the appropriate parameter value t(= |x*||12) required by
the solver, and we set the projected gradient tolerance at 107>. The reference solu-
tions were obtained by running ISTA-BC to the point where the relative change in the
objective value is less than 10719, We also performed a convergence rate test on the
breast cancer data set.

Since the matrix-vector multiplications performed by ISTA-BC, BCD-HYB, and
BCGD involve only a block of the matrix A each time, e.g. A]Tr(r e R") and Ajx;,
we treated each of these multiplications as a fraction of a unit Aprods. Hence, the
Aprods counts for these algorithms were fractional.

7.4 The MMV experiments

For all the algorithms except SPOR-SPG, we used continuation for solving the MMV
test problems. The problems in Table 4 contain noisy measurements. Hence, the noisy
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Table 5 MMV scalability test data sets

Data set n (no. meas) m (no. groups) K (group size) sparsity
Spa 150 500 10 5:5:50
Meas 100:100:1,000 600 20 30
Compreh 10,40:40:200 4n 2n 10 % x m

The measurement matrices are noiseless. We adopt the Matlab syntax a:b:c to represent the sequence from
a to ¢ with increments of b

version (35) has to be solved. We used ISTA-BC to compute the reference solutions
for the MMV data sets in Table 4 in the same way as for the Group Lasso experiments
(with continuation), and we recorded the corresponding w’s for which the solution
obtained to problem (36) satisfies | AX — B||r < o, for the given ¢’s in Table 4. We
compared the performance of the algorithms in the same way as in the Group Lasso
experiments. Besides the standard comparisons, we performed several scalability tests
to see how the test statistics changed with variations in individual dimensions of the
problem input data. A summary of the scalability test attributes is given in Table 5, and
further details of the data generation can be found in Appendix B. The measurements
are all noiseless. For these scalability tests, we allowed the algorithms to run until the
objective function values || X || 1,2 converged to a relative accuracy of 1073. A reference
solution is not required in this case. The results for the MMV tests are summarized in
Fig. 6.

The number of matrix-vector multiplications is counted in a slightly different way
from that in the Group Lasso experiments. Here, the basic computations involved
in ISTA-BC/FISTA-BC and BCD-MMV are A;.FR for computing the gradient and

A 4-_xj for the incremental residual update, while SPARSA and SPOR-SPG both have
A' R and AX as basic computations. Recall that A; is the j-th column of A and
x/ is the j-th row of X in the MMV case. Since ATR = [ATR; ... ATRg], and
AX = [AX) ... AXk], each ATR and AX actually involves K matrix-vector mul-
tiplications. So, Aprods = K (#(AT R) + #(AX)) = g(#(AJTR) +#(Ajx))).

7.5 Results

Because of space consideration and the number of algorithms that we compared, we
present our results using the performance profiles proposed by Dolan and Moré [8].
For any given algorithm A, these profiles plot for each value of a positive factor t
the percentage of problems (from the given problem set) on which the performance
of A is within a factor of t of the best performance of any algorithm on this problem.
Hence, when the plot of algorithm A is shifted more towards the left in the figure than
another algorithm’s plot, it indicates that algorithm .4 solves more problems quicker.
If the plot is shifted more towards the top, this indicates that algorithm A is more
robust.

We present the performance profiles for the Group Lasso experiments in Fig. 1.
We also present convergence plots in Fig. 2. It should be noted that the eigen-
decompositions and Newton’s root-finding steps for BCD-GL are not reflected in
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Performance profile on Aprods (Group Lasso)
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Fig. 1 Performance profiles graph [8] for the Group Lasso data sets
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Fig. 2 Group Lasso convergence rate test on the breast cancer gene expression data set. The performances
of BCD-HYB and ISTA-BC are almost identical

Aprods. The cost of the two procedures is small compared to the total cost per iter-
ation when the group sizes are small. For data sets with large groups, Aprods for
BCD-HYB gives a more accurate representation of the CPU performance. Hence, we
have included BCD-HYB instead in Fig. 1 for better comparison. Figure 6 summarizes
the MMV test results.
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Fig. 3 Performance comparison for the small Group Lasso data sets

7.5.1 Group Lasso

The performance profile plots show that BCD-HYB and ISTA-BC clearly outperform
FISTA and BCGD overall. BCD-HYB yields some of the best results in terms of
Aprods and the number of iterations for the small data sets. The results for the large
data sets are less clear-cut, but BCD-HYB is competitive against the other existing
algorithms. This is evident from Figs. 3 and 4.

Although ISTA-BC carries out a separate line-search for each segment of x, the
considerable gain in computational performance often justifies the extra cost of the
line-search. This is, however, not the case on the Nemirovski data sets, where ISTA-
BC, ISTA-MS, and BCGD performed much worse than the rest of the group. It is
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Fig.5 Breast cancer data test results. The reference solution is computed by ISTA-BC. The target accuracy
here is 1072

interesting to observe that applying the FISTA step in the block coordinate case does
not benefit computational performance on a number of Group Lasso data sets.

On the real-world breast cancer data set, we see from the convergence plot that
BCD-HYB, ISTA-BC, and SPG are best and comparable to each other, with BCD-
HYB and ISTA-BC having a marginal advantage (see also Fig. 5). FISTA-BC, FISTA,
and SLEP show roughly the same rate of convergence, while the remaining algorithms
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Table 6 Numerical results on selected problems for the randomized algorithms and their original counter-
parts

Data sets Algs CPU (s) Iters Aprods
yl3 ISTA-BC 1.82e-001 20 8.30e+001
BCD-HYB 1.02e-001 6 2.13e+001
BCD-GL 3.29¢-001 8 2.84e+001
RBCD-GL 2.08e-001 15 4.97e+001
RUBCD-GL 1.85e-001 16 5.28e+001
ISTA-RBC 3.27e-001 20 8.13e+001
RBCD-HYB 5.75e-001 10 3.34e+001
yl4 ISTA-BC 6.63e-001 27 1.02e+002
BCD-HYB 5.21e-001 21 6.57e+001
BCD-GL 5.01e-001 21 6.67e+001
RBCD-GL 5.39e-001 15 5.45e+001
RUBCD-GL 6.67¢-001 32 9.97e+001
ISTA-RBC 1.12e+000 33 1.26e+002
RBCD-HYB 7.92e-001 30 9.27e+001
glassoL.1 ISTA-BC 7.63e+001 451 1.79e+003
BCD-HYB 5.86e+001 349 1.17e+003
BCD-GL 5.26e+001 316 1.07e+003
RBCD-GL 1.17e+002 544 1.90e+003
RUBCD-GL 1.05e+002 604 1.96e+003
ISTA-RBC 1.45e+002 810 3.20e+003
RBCD-HYB 1.17e+002 665 2.17e+003
glassoL.2 ISTA-BC 1.53e+002 232 9.31e+002
BCD-HYB 9.41e+001 164 5.84e+002
BCD-GL 9.97e+001 147 5.51e+002
RBCD-GL 2.07e+002 268 9.74e+002
RUBCD-GL 1.85e+002 285 9.74e+002
ISTA-RBC 2.39e+002 355 1.42e+003
RBCD-HYB 1.97e+002 307 1.04e+003
Breast cancer data ISTA-BC 2.60e+001 156 5.38e+002
BCD-HYB 2.59e+001 153 5.57e+002
BCD-GL 2.44e+001 165 6.09e+002
RBCD-GL 1.78e+001 44 3.00e+002
RUBCD-GL 3.33e+001 202 7.32e+002
ISTA-RBC 4.80e+001 241 8.34e+002
RBCD-HYB 4.34e+001 214 7.57e+002

ISTA-RBC, RUBCD-GL, RBCD-HYB are the randomized versions of ISTA-BC, BCD-GL, and BCD-
HYB respectively with a uniform distribution, and RBCD-GL is the randomized version of BCD-
GL with a distribution where the probabilities are proportional to the group-wise Lipschitz constants
{Li}_

j=1
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Fig. 6 MMV test results

form another group exhibiting a different convergence rate. Again, it is an interesting
observation that the FISTA group actually exhibits a lower empirical rate of conver-
gence.

We tested the randomized algorithms discussed in Sect. 4.4 on selected problems in
Tables 2 and 3 as well as the breast cancer data set. From the results in Table 6, it appears
that the randomized algorithms with a uniform distribution have no computational
advantage over their original counterparts. RBCD-GL with a distribution where the
probabilities are proportional to the corresponding group-wise Lipschitz constants
shows better performance in terms of the number of iterations, but it has the same
disadvantage of having to perform eigen-decomposition as BCD-GL on instances
with large groups.

7.5.2 MMV

We did not include the results of SPARSA in Fig. 6 because it consistently stopped at
suboptimal solutions for the scalability tests. From Fig. 6, it is clear that FISTA-BC
and BCD-MMYV outperformed the FISTA in terms of Aprods. BCD-MMV was very
competitive against SPOR-SPG and, in many cases, performed better. The “line-search
free” property of BCD-MMV and FISTA-BC when applied to the MMV problems
appeared very helpful in this case.
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8 Conclusion

We have proposed a general version of the BCD algorithm for the Group Lasso as well
as an extension of ISTA based on variable step-lengths. The combination of the two
yields an efficient and scalable method for solving the Group Lasso problems with
various group sizes. As a special case, we have also considered the MMV problem
and applied the ISTA-BC/BCD algorithm to it. Our numerical results show that the
proposed algorithms compare favorably to current state-of-the-art methods in terms
of computational performance.
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Appendix A: Simulated Group Lasso data sets

For the specifications of the data sets in Table 2, interested readers can refer to the
references provided at the beginning of Sect. 7.1. Here, we provide the details of the
data sets in Table 3.

A1ylIL

50 latent variables Zi, ..., Zso are simulated from a centered multivariate Gaussian
distribution with covariance between Z; and Z; being 0.51=J1. The first 47 latent
variables are encoded in {0, . . ., 9} according to their inverse cdf values as done in [33].
The last three variables are encoded in {0, . . ., 999}. Each latent variable corresponds
to one segment and contributes L columns in the design matrix with each column j
containing values of the indicator function 7 (Z; = j). L is the size of the encoding set
for Z;. The responses are a linear combination of a sparse selection of the segments
plus a Gaussian noise. We simulate 5,000 observations.

A2 ylL

110 latent variables are simulated in the same way as the third data set in [33]. The first
50 variables contribute 3 columns each in the design matrix A with the i-th column
among the three containing the i-th power of the variable. The next 50 variables are
encoded in a set of 3, and the final 10 variables are encoded in a set of 50, similar
to yl1L. In addition, 4 groups of 1,000 Gaussian random numbers are also added to
A. The responses are constructed in a similar way as in yl1L. 2,000 observation are
simulated.

A.3 mgb2L

5,001 variables are simulated as in yl1L without categorization. They are then divided
into six groups, with first containing one variable and the rest containing 1,000 each.
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The responses are constructed in a similar way as in yl1L. We collect 2,000 observa-
tions.

A4 lyL

We simulate 15 groups independent standard Gaussian random variables. The first
five groups are of a size 5 each, and the last 10 groups contain 500 variables each.
The responses are constructed in a similar way as in yl1L, and we simulate 2,000
observations.

A.5 glassoL.1, glassol.2

The design matrix A is drawn from the standard Gaussian distribution. The length of
each group is sampled from the uniform distribution U (10, 50) with probability 0.9
and from the uniform distribution U (50, 300) with probability 0.1. We continue to
generate the groups until the specified number of features m is reached. The ground
truth feature coefficients x* is generated from N (2, 4) with approximately 5 % non-
zero values, and we assume a N (0.5, 0.25) noise.

Appendix B: MMY scalability test sets

The data sets in Table 5 are generated in the same say with different attributes. Both
the design matrix A and the non-zeros rows in the ground truth X are drawn from the
standard Gaussian distribution. The indices of the non-zero rows in X are uniformly
sampled. The measurement matrix B is obtained by B = A Xy. The data attributes,
such as the number of measurements and the sparsity level of the ground truth, are set
to ensure that the exact solution is recoverable by the MMV model.
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