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Abstract Robustness is about reducing the feasible set of a given nominal opti-
mization problem by cutting “risky” solutions away. To this end, the most popular
approach in the literature is to extend the nominal model with a polynomial number of
additional variables and constraints, so as to obtain its robust counterpart. Robustness
can also be enforced by adding a possibly exponential family of cutting planes, which
typically leads to an exponential formulation where cuts have to be generated at run
time. Both approaches have pros and cons, and it is not clear which is the best one when
approaching a specific problem. In this paper we computationally compare the two
options on some prototype problems with different characteristics. We first address
robust optimization à la Bertsimas and Sim for linear programs, and show through
computational experiments that a considerable speedup (up to 2 orders of magni-
tude) can be achieved by exploiting a dynamic cut generation scheme. For integer
linear problems, instead, the compact formulation exhibits a typically better perfor-
mance. We then move to a probabilistic setting and introduce the uncertain set covering
problem where each column has a certain probability of disappearing, and each row has
to be covered with high probability. A related uncertain graph connectivity problem is
also investigated, where edges have a certain probability of failure. For both problems,
compact ILP models and cutting plane solution schemes are presented and compared
through extensive computational tests. The outcome is that a compact ILP formulation
(if available) can be preferable because it allows for a better use of the rich arsenal
of preprocessing/cut generation tools available in modern ILP solvers. For the cases
where such a compact ILP formulation is not available, as in the uncertain connectivity
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problem, we propose a restart solution strategy and computationally show its practical
effectiveness.

Keywords Optimization under uncertainty · Cutting planes ·
Uncertain set covering · Uncertain connectivity problems

Mathematics Subject Classification 90C5 linear programming ·
90C10 integer programming · 90C15 stochastic programming

1 Introduction

One of the main issues when solving real-world optimization problems is the determi-
nation of robust solutions, i.e., solutions that are stable with respect to certain variations
of the input parameters. An increasing amount of research has been devoted to this
subject in the last years.

Two main approaches have been proposed for dealing with uncertain data: sto-
chastic programming and robust optimization. Stochastic programming introduces
additional variables and penalizes feasible solutions that are most likely to become
infeasible due to uncertainty. Hence, it requires some knowledge of how uncertainty
will act (which is not always available in practice) and often leads to huge models that
can be extremely hard to solve in practice. Robust optimization associates uncertainty
with hard constraints restricting the solution space, i.e., one is required to find a solu-
tion that is still feasible for worst-case parameters chosen within a certain uncertainty
domain. This is a simple way to model uncertainty, but it can lead to overconserva-
tive solutions that are quite bad in terms of cost (actually, a feasible solution may not
exist at all). A main result in robust optimization is the work by Bertsimas and Sim
(BS) [8], where a compact way to model the robust counterpart of a given nominal
model is proposed. The approach requires the introduction of a polynomial number of
new variables and constraints into the nominal model, hence it does not increase the
theoretical complexity of the problem to be solved with respect to the nominal one
(e.g., the robust counterpart of a linear program remains a linear program). A heuristic
version named “light robustness” has been proposed by the authors in [16].

The starting point of our research was the observation that BS robustness can alterna-
tively be enforced by working directly on the space of the original (nominal) variables,
without the need of artificial variables, at the expenses of the addition of an exponential
number of linear constraints that reduce the feasibility region. As explained in more
details in the sequel, the separation problem for these robustness cuts can be carried
out very efficiently, as it amounts to the solution of the LP relaxation of a simple
cardinality knapsack problem for each uncertain row of the nominal problem. As a
result, an effective cutting-plane approach for robustness is conceivable, that generates
robustness cuts on the fly. This approach is not new, but as far as we know no com-
putational experiments have been performed to compare the practical performance
of the BS compact formulation and of its cutting plane counterpart. In this paper we
investigate this issue, and show through extensive computational tests that the cutting
plane approach can be significantly faster—up to 2 orders of magnitude, for certain
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LP instances. For integer linear problems, instead, the compact formulation exhibits
a typically better performance.

Besides practical considerations, the cutting plane approach has some important
features that can make it the method of choice in important applications. Indeed,
cutting planes are a valid method to handle problems whose nominal formulation is
itself noncompact as, e.g., in routing problems that involve an exponential number of
connectivity constraints. More importantly, the separation procedure for robustness
cuts can take into account uncertainty domains that are more complex than in the BS
approach. A notable case arises when the uncertainty domain involves yes-no decisions
that cannot be modeled by continuous variables (thus making the BS approach—that
relies on LP duality—unapplicable), but can be described by a knapsack constraint.
In this situation, separation can still be performed effectively in practice, though its
theoretical complexity becomes exponential. As an example of this setting, in this
paper we introduce and study a set-covering problem with chance constraints, where
the uncertain parameters follow a Bernoulli distribution. In the resulting uncertain
set covering problem (USCP), each column has a certain probability of disappearing
(a yes-no event), and each row has to be covered with a high probability. This frame-
work finds applications also in problems that can be reformulated through set covering
constraints as, e.g., in the uncertain counterpart of connectivity problems in graphs
modeled through cut conditions.

As already mentioned, our order of business is to compare the practical behavior of
cutting plane and compact formulations for dealing with uncertainty. Even if the prob-
lems considered for our comparison are quite specialized, our computational analysis
can be of help to researchers and practitioners looking for the most effective way to
deal with uncertainty in their own setting.

The paper is organized as follows. In Sect. 2 we concentrate on robust optimization
for (integer) linear programs and introduce a cutting plane approach that implements
the projection of the BS model onto the space of the original variables, showing through
computational tests the potential of this method. Section 3 introduces our USCP model,
for which two alternative formulations are presented and compared through extensive
computational tests. In Sect. 4 we address a probabilistic graph connectivity prob-
lem having a set covering formulation that allows for the application of our USCP
models. We establish the complexity of the problem and propose a restart solution
strategy whose performance is analyzed computationally. Finally, Sect. 5 summarizes
our findings and draws some conclusions.

2 Bertsimas–Sim robustness

We first concentrate on the robust counterpart of a generic “nominal” Linear Program
(LP) of the form

min
∑

j∈N

c j x j (1)

s.t.
∑

j∈N

ai j x j ≤ bi , i ∈ M, (2)

x j ≥ 0, j ∈ N , (3)
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where N = {1, · · · , n} and M = {1, · · · , m} denote the variable and constraint index
sets, respectively. Our results can be applied in a straightforward way to Mixed-Integer
(or Pure) Linear Programs as well—as a matter of fact, enumerative methods reduce
the solution of these problems to the solution of a sequence of LPs.

The first attempt to handle data uncertainty through mathematical models was per-
formed by Soyster [36], who considered uncertain problems of the form

min

⎧
⎨

⎩
∑

j∈N

c j x j :
∑

j∈N

A j x j ≤ b, ∀A j ∈ K j , j ∈ N

⎫
⎬

⎭

where K j are convex sets associated with “column-wise” uncertainty. This approach
tends to lead to overconservative models, thus to poor solutions in term of optimality.
Later, Ben-Tal and Nemirovski [3–5] defined less conservative models by considering
ellipsoidal uncertainties. Moreover, Ben-Tal and Nemirovski [3] show that the robust
counterpart of an uncertain LP is equivalent to an explicit computationally tractable
problem, provided that the uncertainty is itself “tractable”. On the contrary, when the
problem to be considered is an ILP, these nonlinear (convex) models become compu-
tationally hard problems.

Bertsimas and Sim [7,8] considered a different concept of robustness that can be
outlined as follows. It is assumed that each coefficient in the constraint matrix A can
take any value ãi j ∈ [ai j − âi j , ai j + âi j ] and the deviation of such value with respect
to the nominal one is independent of the changes of the remaining coefficients. As it is
unlikely that all coefficients take their worst value, a solution is considered robust if it
remains feasible when at most �i coefficients (chosen in any way) in row i take their
worst value. The underlying assumption here is that, when more than �i coefficients
change, their deviation will tend to compensate one each other, the net effect being
comparable with the worst-case deviation of no more than �i coefficients.

Note that �i = 0 means that robustness is not taken into account and the nominal
constraint is considered, whereas �i = |N | means that each coefficient in row i can
take its worst value, and corresponds to the conservative method by Soyster [36].

According to BS, given the nominal LP (1)–(3) one defines another LP (in an
extended space) whose optimal solution remains feasible for every change of, at most,
�i coefficients (up to their worst value) in each row i ∈ M . To this end, the i th
constraint of the nominal problem is first replaced by

∑

j∈N

ai j x j + β(x, �i ) ≤ bi (4)

where term

β(x, �i ) = max
S⊆N :|S|≤�i

∑

j∈S

âi j x j (5)

indicates the level of protection of the solution found with respect to the uncertainty
associated with row i (recall that we assume x ≥ 0). By using LP duality, the robust
counterpart of the nominal problem (1)–(3) then becomes
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min
∑

j∈N

c j x j (6)

s.t.
∑

j∈N

ai j x j + �i zi +
∑

j∈N

pi j ≤ bi , i ∈ M, (7)

−âi j xi j + zi + pi j ≥ 0, i ∈ M, j ∈ N , (8)

zi ≥ 0, i ∈ M, (9)

pi j ≥ 0, i ∈ M, j ∈ N , (10)

x j ≥ 0, j ∈ N . (11)

Note that, for the sake of simplicity, we are assuming that all �i ’s are integer,
although this is not required in the original BS approach. If this is not the case, the
expression of each term β(x, �i ) is very similar to (5), and the robust counterpart
of the nominal problem is updated accordingly. (In the same way, the cutting plane
approach described in the next section can easily handle noninteger �i ’s.)

2.1 Robust optimization through cutting planes

The robust BS formulation (6)–(11) given in the previous section has the very nice
property of being compact, in the sense that it involves a number of variables and con-
straints that is polynomial in the input size. Its projection onto the space of the original
x variables requires however an exponential number of cuts, and can be obtained along
the following lines.

Given the i th constraint of the nominal problem, the robust constraint (4) can be
expressed through the following robustness cuts:

∑

j∈N

ai j x j +
∑

j∈S

âi j x j ≤ bi , ∀S ⊆ N : |S| ≤ �i . (12)

The separation problem for robustness cuts can be stated as follows: given a solution
x∗ satisfying (1)–(3), find a set S ⊆ N such that: (a) |S| ≤ �i , and (b)

∑
j∈S âi j x∗

j is
a maximum. The former condition imposes that at most �i coefficients change with
respect to their nominal values, while the latter looks for the constraint (12) associated
with row i that is most violated by the current solution x∗.

For each row i , the above separation problem can be solved easily by associat-
ing each variable x j with a profit âi j x∗

j and by finding a maximum-profit subset
S with at most �i elements. If the sum of the profits of the selected items exceeds
bi − ∑

j∈N ai j x∗
j , a violated constraint is found; otherwise all constraints (12) asso-

ciated with row i are satisfied by x∗. The separation problem can therefore be solved
by just selecting the (at most) �i variables with largest positive profit, and requires
O(n) time by using a partial-sorting technique for determining the �i th largest entry
in the profit array [15]. It then follows that the robust BS model can be solved in poly-
nomial time also by cutting planes. Obviously, the approach leads to a branch-and-cut
algorithm when (mixed) integer LPs (as opposed to just LPs) are addressed. Note that
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each violated constraint is possibly strengthened by adding to S some indexes j with
x∗

j = 0, chosen in a greedy way, while preserving condition |S| ≤ �i .
A BS generalization was recently proposed in Chen et al. [12], where uncertainty

sets that capture the asymmetry of the underlying random variables are considered,
and a new approach to stochastic linear optimization problems with chance constraints
modeled through Second-Order Cone Programming (SOCP) is proposed. The appli-
cation of cutting planes in the resulting SOCP (as opposed to LP) framework appears
as a challenging research subject, that however is out of the scope of the present paper
dealing with (integer) linear programs, and is left to future investigation.

2.2 Computational experiments

In this section we computationally compare the performance of the original BS
approach and of our cutting plane algorithm.

Our algorithm was coded in C language and embedded into the commercial solver
IBM ILOG Cplex version 11.0 [26], by using its default parameter setting. At each
iteration, the most violated robustness cut associated with each nominal constraint is
added to the current problem. The tolerance used in our implementation for checking
robustness cut violation is 10−6, while the default setting is used for all IBM ILOG
Cplex parameters. All codes were executed on a PC Intel Q6600 CPU@2.40 GHz
with 4GB RAM.

We considered two different sets of instances, to address both LP and (mixed) ILP
models, respectively.

As to the first set of instances, as in Ben-Tal and Nemirovski [4] we considered
all NETLIB instances, available at http://www.netlib.org/lp/data/. In our model we
assume variable nonnegativity, thus we transformed each instance involving negative
variables into an equivalent problem with nonnegative variables only. As this operation
requires the definition of some new variables, the corresponding instances are marked
with an asterisk in the table. Among all instances, we considered only those that have at
least 500 variables and 500 constraints and involve, at least, one inequality constraint.
As customary, the coefficients arising in equality constraints, if any, are assumed not
to be affected by uncertainty. Finally, we disregarded instance 80bau3b because it
involves very small coefficients that lead to numerical troubles when uncertainty is
taken into account.

Uncertainty was modeled by allowing each coefficient appearing in an inequality
constraint to differ by at most 1 % from its nominal value, as in [8]. Moreover, we
considered �i = � for each row i , with � ∈ {1, 10, 50}.

The first 5 columns in Table 1 report, for the 34 instances in our test bed, the follow-
ing information associated with each nominal instance: name of the instance, number
of variables (n) and constraints (m), optimal solution value (z), and computing time, in
CPU seconds, to solve it (T ). The next four columns report information about uncer-
tainty: number of rows involving some uncertain coefficients (mu), total number of
uncertain coefficients (pu), number of variables (n′) and constraints (m′) required
by the compact formulation —all these figures do not depend on the considered
value of �.
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The remaining columns of Table 1 give, for each value of �, the percentage
increase of the robust objective value zR with respect to the nominal one (namely,
%�z = 100∗(zR −z)/|z|), the computing time tBS required for solving the BS model
(6)–(11), the computing time tC P required by the cutting plane method, along with the
number #cuts of robustness cuts added. Note that we let IBM ILOG Cplex choose
the most appropriate algorithm for solving both model (6)–(11) and the first LP within
our cutting plane scheme (i.e., the nominal problem), whereas all LPs after separation
are reoptimized by using the dual simplex. Finally, the last two lines of the table give
the average computing time (arithmetic mean) of each method over all the instances
in our testbed and over all the “infeasible” instances for which a robust solution does
not exist, respectively.

Results of Table 1 show that, for most instances, the computing time required by
our cutting plane approach is considerably smaller than that required to solve the com-
pact BS formulation, with an average speedup from 2 to 6, depending on the value
of �. A larger speedup, up to one order of magnitude, is achieved in some cases—
in particular, when the addition of a limited number of robustness cuts is enough to
prove that no robust solution exists. For these infeasible cases, our iterative cutting
plane approach also has an interesting property, namely, it provides a “last robust
solution before infeasibility” that can be useful in practice. Conversely, in some rare
cases (e.g., pilot87∗), infeasibility of the robust problem can be proved only after
several cutting plane rounds, whereas the compact formulation detects this situation
very easily—with a computing time that is even smaller than that required to solve the
nominal problem—due to a very effective preprocessing of the input instance.

We also note that, in most cases, the cutting plane approach is more effective for
� = 1 than for � = 10, due to the smaller number of robustness cuts required.
A small number of robustness cuts is often required also when � = 50, as for sparse
constraints our strengthening procedure tends to produce a unique cut where all uncer-
tain coefficients take their worst value. This is no longer the case when a large number
of uncertain coefficients exist in some rows as, e.g., in czprob, where a very large
number of robustness cuts is generated.

Our second set of instances is made by (mixed) integer linear programs from the
MIPLIB 3.0 library, available at http://miplib.zib.de/miplib3/miplib.html. Instances in
this test set are nowadays pretty easy to solve in their nominal version, but their robust
counterpart turns out to be quite hard in some cases. In particular, we addressed all the
instances that (a) were solved to proven optimality by IBM ILOG Cplex within a
180-s time limit; (b) contain at least one inequality; (c) involve only nonnegative vari-
ables; and (d) contain at most 10,000 variables and constraints. The robust counterpart
of each instance is defined in an analogous way as in the previous setting.

To handle integrality, our cutting plane algorithm was embedded into the branch-
and-cut framework provided by IBM ILOG Cplex, where, at each node of the
branching tree, cuts are separated and added to the current formulation as global
constraints. All integer solutions (including those provided by the solver’s internal
heuristics) are checked for robustness—through our separation procedure—before
updating the incumbent, and are rejected in case they happen not to be robust.

Table 2 provides, for each problem, the same information as in Table 1. A time
limit of 1,800 s was given for the solution of each instance. We removed 8 instances
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for which none of the two algorithms was able to compute, within the time limit,
the optimal robust solution value for some value of �, thus obtaining a test set of 33
problems. The last line of the table provides the average computing time (arithmetic
mean) of each algorithm, considering the time limit when an algorithm fails in solving
an instance to optimality.

Our results show that, for the MIPLIB instances in our testbed, the cutting plane
algorithm is outperformed by the compact formulation. Indeed, the cutting plane
scheme is unable to solve 6 instances, and its typical computing time is significantly
worse. As a matter of fact, there are several cases where the compact formulation
requires shorter computing time even than the nominal problem—in which cases the
cutting plane approach is clearly dominated by the compact formulation. In our view,
this is due to two main reasons. First, a more powerful preprocessing and formulation
tightening is achievable on the compact model that includes all robustness information;
in addition, relevant information for branching, such as pseudocosts, are more reliable
for the compact formulation. Second, the competitive advantage in solution speed of
a cutting plane method is large at the root node, but is partly lost at the subsequent
branching nodes where parametric reoptimization (dual simplex) is applied.

3 The uncertain set covering problem

We next move to a probabilistic setting, and introduce an uncertain version of the
well-known Set Covering Problem (SCP). Given a 0–1 m × n matrix A = (ai j ) and
an n-dimensional integer vector c = (c j ) representing the cost of each column, the
SCP requires to select a subset S of columns such that

• the sum of the costs of the selected columns is minimized;
• for each row i (i = 1, . . . , m) there exists at least one column j ∈ S such that

ai j = 1.

Set covering is a useful model for several important practical problems, and arises as
a subproblem in many applications; see Caprara et al. [10] and Gamache et al. [17] for
applications to railways and airline crew scheduling, or Balas [2] and Ceria et al. [11]
for surveys on applications of SCP to location, routing and other problems. The huge
amount of literature on SCP includes both exact and heuristic algorithms; a computa-
tional comparison of the main solution methods is reported in Caprara et al. [9].

Let N = {1, . . . , n} and M = {1, . . . , m} be the SCP column and row set, respec-
tively. Moreover, for each i ∈ M let Ji = { j ∈ N : ai j = 1} denote the set of columns
covering row i . A straightforward ILP model for SCP is as follows:

min
∑

j∈N

c j x j (13)

s.t.
∑

j∈Ji

x j ≥ 1, i ∈ M, (14)

x j ∈ {0, 1}, j ∈ N , (15)

where each variable x j takes value 1 if column j is selected, and 0 otherwise.
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We next introduce a stochastic variant of SCP that we call the Uncertain Set Cov-
ering Problem (USCP), where coefficients ai j in each column are random variables
following a Bernoulli distribution. To be more specific, we assume each column j ∈ N
has an associated probability p j ∈ [0, 1 [to disappear (i.e., that all coefficients in col-
umn j become zero), and each row i ∈ M has an associated threshold Pi ∈]0, 1]
representing a minimum required probability for row i to be covered by at least one
selected column. We assume that the random variables corresponding to column dis-
appearance are independent. The problem requires to determine a set S of columns that
minimizes objective function (13) and satisfies the i th constraint (14) with probability,
at least, Pi . USCP is strongly NP-hard, because it generalizes SCP. It arises in many
practical problems, including crew scheduling applications where columns are asso-
ciated with feasible pairings, and a column disappearing from the model corresponds
to a nonshow of a crew.

A different SCP model that also deals with uncertainty is known in the literature as
the Probabilistic Set Covering Problem (PSCP) [6], in which one wants to optimize
over the set of binary vectors x such that P{A x ≥ ξ} ≥ p, where ξ is a random binary
right-hand side vector and p is a threshold given on input. PSCP was first studied by
Beraldi and Ruszczyński [6], who proposed an exact algorithm based on the iterative
solution of deterministic SCPs. Recently, Saxena et al. [35] reformulated PSCP as a
mixed integer nonlinear program, linearized the corresponding model, and solved the
resulting MIP with a general purpose commercial code.

Using again variables x j ( j ∈ N ), our USCP can be formulated as the following
problem with chance constraints:

min
∑

j∈N

c j x j (16)

s.t. P{aT
i x ≥ 1} ≥ Pi , i ∈ M, (17)

x j ∈ {0, 1}, j ∈ N . (18)

Given a binary vector x , let us define Ji (x) = { j ∈ Ji : x j = 1} for i ∈ M .
If x satisfies the i th nominal constraint (14), the probability that the associated uncer-
tain constraint is violated is given by P{aT

i x < 1} = ∏
j∈Ji (x) p j (due to statistical

independence). Indeed, since x j ∈ {0, 1} for all j and the random ai j ’s take values
in {0, 1} as well, the event aT

i x < 1 is achieved when all columns corresponding to
x j = 1 disappear.

We then define as feasible only those solutions for which this probability is not
larger than 1 − Pi , i.e., the solutions such that, for each row i ∈ M

P{aT
i x < 1} =

∏

j∈Ji (x)

p j ≤ 1 − Pi (19)

Defining the nonnegative quantities w j = − ln p j ( j ∈ N ) and Wi = − ln(1− Pi ),
the feasibility condition with respect to row i reads

∑

j∈Ji (x)

w j ≥ Wi . (20)
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Without loss of generality we assume that, for each row i , the above condition is
satisfied in case Ji (x) = Ji , since otherwise it would be impossible to cover row i with
the required probability Pi , hence USCP would be infeasible—despite the feasibility
of the deterministic SCP (13)–(15).

3.1 Compact versus cutting plane USCP models

By using a modeling technique also exploited in Haight et al. [25], one easily obtains
the following compact ILP model for USCP:

(M1) min
∑

j∈N

c j x j (21)

s.t.
∑

j∈Ji

w j x j ≥ Wi , i ∈ M, (22)

x j ∈ {0, 1}, j ∈ N . (23)

The LP relaxation of the above model can be strengthened by exploiting the inte-
grality of the x variables appearing in (22). As a matter of fact, due to the definition of
the w j ’s, these latter constraints often lead to knapsack conditions that are very chal-
lenging for MIP solvers. (Fortunately, as shown in the computational section, the rich
arsenal of general-purpose preprocessing and cut generation procedures embedded in
modern MIP solvers turns out to be quite effective for M1.) A first trivial strength-
ening is obtained by just replacing, for each row i , each coefficient w j ( j ∈ Ji ) by
min{w j , W i }. In addition, given a positive integer k, a simple rounding argument
similar to that used to derive Gomory’s fractional cuts allows one to derive the valid
inequality

∑

j∈Ji

⌈
k − 1

Wi − ε
w j

⌉
x j ≥

⌈
k − 1

Wi − ε
Wi

⌉
= k (24)

where k ≥ 2 is an integer parameter giving the desired right-hand side value, and ε

is a small positive value. Because of their combinatorial nature, constraints (24) are
numerically more stable than (22). However, it is easy to see that no LP dominance
between (22) and (24) exists, hence we keep constraints (22) in our compact model,
while constraints (24) are treated as additional cuts possibly used to strengthen the
formulation.

A cutting plane model for USCP can instead be derived from (16)–(18) by replacing
the i th covering constraint with its “uncertain” counterpart

∑

j∈Ji

x j − β(x, Wi ) ≥ 1, (25)
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where term β(x, Wi ) represents the maximum decrease of the left-hand side associ-
ated with uncertain situations we want to take care of. In our problem, these situations
are those that can arise with a probability larger than 1 − Pi .

Constraints (25) can now be modeled in a linear way, so to obtain the following
(noncompact) ILP:

(M2) min
∑

j∈N

c j x j (26)

s.t.
∑

j∈Ji

x j −
∑

j∈S

x j ≥ 1, S ⊆ Ji :
∑

j∈S

w j < Wi , i ∈ M, (27)

x j ∈ {0, 1}, j ∈ N . (28)

Constraints (27) impose that each row i ∈ M must be covered by a subset of
columns having a small probability to disappear all together.

The exponential number of constraints in model M2 immediately suggests to adopt
a cutting plane algorithm where constraints (27) are added to the formulation on the
fly, when they are needed. Given the current (possibly fractional) solution x∗, the sep-
aration problem associated with a given row i requires to find (if any) a set S ⊆ Ji

such that
∑

j∈S w j < Wi and
∑

j∈S x∗
j >

∑
j∈Ji

x∗
j − 1, and can be solved through

the following ILP:

β(x∗, Wi ) = max
∑

j∈Ji

x∗
j di j (29)

s.t.
∑

j∈Ji

w j di j ≤ Wi − ε, (30)

di j ∈ {0, 1}, j ∈ Ji , (31)

where ε is a sufficiently small positive value. Then, let d∗ be an optimal solution
to the above separation ILP, and define S∗ = { j ∈ Ji : d∗

i j = 1}. If
∑

j∈S∗ x∗
j

(= β(x∗, Wi )) >
∑

j∈Ji
x∗

j − 1, then constraint (27) associated with row i and set
S∗ is violated by x∗ and can be added to the current formulation.

Validity of formulation M2 is stated in the following theorem.

Theorem 1 Let F(M1) := {x ∈ {0, 1}n : (22) hold} and F(M2) = {x ∈ {0, 1}n :
(27) hold} denote the set of feasible solutions to M1 and to M2, respectively. Then
F(M1) = F(M2).

Proof We first prove that any feasible solution x∗ to M1 satisfies constraint (25) for
any i ∈ M . As x∗ is feasible for M1, we have

∑
j∈Ji

w j x∗
j ≥ Wi , hence constraint

(30) imposes that not all di j variables with x∗
i j = 1 can be set to 1. This implies

β(x∗, Wi ) ≤ ∑
j∈Ji

x∗
j − 1, i.e., constraint (25) is satisfied by x∗.

Conversely we prove that, for any feasible solution x∗ to M2, all constraints (22)
are satisfied. Assume, by contradiction, that x∗ violates constraint (22) for a cer-
tain i ∈ M , i.e.,

∑
j∈Ji

w j x∗
j < Wi . An optimal solution to the separation problem
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(29)–(31) is therefore d∗ = x∗, thus β(x∗, Wi ) = ∑
j∈Ji

x∗
j , which makes constraint

(25) violated, a contradiction. 	


The link between formulations M1 and M2 is made more evident by observing that
the knapsack inequalities (22) actually model conditions (20), and imply the knap-
sack cover inequalities (27); see, e.g., [30]. In this view, the equivalence between
M1 and M2 can also be derived from a well-known property of knapsack problems,
namely, that the family of cover inequalities (together with the binary restriction on
the variables) suffices to provide a valid knapsack formulation.

Theorem 1 states that the sets of feasible solutions to M1 and M2 coincide. How-
ever, as already mentioned, this equivalence does not necessarily hold when solutions
to the LP relaxations of the two models are considered. The following example shows
that no dominance exists among the optimal solution value of the LP relaxation of M1
and the optimal solution value of the LP relaxation of model M2. Consider the SCP
instance with m = 1, n = 3, c j = 1, w j = 3 ( j = 1, . . . , 3) and W1 = 5. The LP
relaxation of M1 yields solution x1 = x2 = x3 = 5/9, with a lower bound equal to
5/3, while an optimal solution for the LP relaxation of M2 is x1 = x2 = x3 = 1/2,
having value 3/2. When considering the same instance with W1 = 4, the optimal
solution of the LP relaxation of M2 is the same, while the optimal solution of the LP
relaxation of M1 is x1 = x2 = x3 = 4/9, having value 4/3 (i.e., worse than the value
of the LP relaxation of M2).

3.2 Computational experiments

In this section we report our experiments to determine the best practical method for the
exact solution of USCP instances. We first describe a heuristic algorithm that is used
to provide an initial feasible solution, and then we give computational experiments on
a large set of instances from the literature.

3.2.1 A heuristic algorithm

We implemented an ad-hoc heuristic procedure aimed at producing an initial upper
bound value. A classical heuristic algorithm for SCP is the greedy algorithm: start from
a partial (possibly empty) solution and add the “best” column (according to certain
“scores”) to the current solution, halting the execution when the current solution is
feasible. Different methods have been proposed in the literature to compute the score
of each column. From a computational viewpoint, one of the most effective criteria
is to define the score of each column j with respect to a partial solution as the ratio
between the cost of column j and the number of currently uncovered rows that can
be covered by column j . At the end of the algorithm, a post optimization procedure
that removes unnecessary columns can be applied in case some rows are overcovered.
Although the solutions produced by the greedy algorithm can be far from optimality,
the required computational effort is generally negligible.

Our heuristic for USCP has a similar philosophy, in that it is a greedy approach
that starts from a partial solution and iteratively adds the “best” column to the current
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solution, until the solution becomes feasible. Given a current solution, we check fea-
sibility by scanning constraints (22). If the current solution is feasible, the algorithm
stops. Otherwise, a minimum-cost unselected column appearing in the first violated
constraint is added to the solution. The algorithm is executed several times, starting
from different partial solutions, so as to produce different outcomes, and returns the
best solution found to be used as initial upper bound. In our implementations, we start
with

• an empty solution, or
• the heuristic solution found by the greedy algorithm for the nominal problem, or
• the heuristic solution found by the greedy algorithm for the nominal problem

restricted to the columns with w j ≥ maxi {W i : ai j = 1}, with high-cost slack
variables added for each constraint so as to ensure feasibility. Note that if no slack
variables are used by the greedy, the associated solution turns out to be feasible
for USCP as well; for this reason, this method is likely to be quite effective for
problems with small Pi ’s.

3.2.2 Computational results

In our experiments, we considered the set covering instances publicly available at the
ORLIB library [33], and tested our ILP models on the 60 easiest ones, namely those
that could be solved to proven optimality within 600 CPU seconds using IBM ILOG
Cplex 11.0 on our computer (PC Intel Q6600 CPU@2.40 GHz, 4GB RAM).

Starting from these instances, we set the threshold probability associated with each
row i ∈ M as Pi = Pmin, where Pmin is a parameter. Probabilities p j associated
with columns j ∈ N were randomly generated according to a uniform distribution
in [0, 0.2]. As to the definition of coefficients w j (resp., Wi ), we computed the loga-
rithm of each p j (resp., Pi ), multiplied it by 1,000 and rounded the result to the nearest
integer.

Tables 3 and 4 report the outcome of our experiments for different values of Pmin ∈
{0.85, 0.90, 0.95, 0.99}. In particular, for each instance we report the following infor-
mation:

• optimal value (z∗) and solution time (T ) of the nominal problem;
• best solution found (zh) by our initial heuristic, along with the associated com-

puting time (Th),
• optimal value (zu) of the uncertain version of the problem (an asterisk indicates

that the optimal value is not known),
• computing time (TM1) for model M1,
• computing time (TM1′ ) for model M1′, i.e., model M1 when constraints (24) for

k = 2 and k = 3 are added to the initial formulation as “lazy constraints”,
• overall computing time (TM2) for model M2 and the associated separation time

(Tsep). In our implementation, the separation problem (29)–(31) is solved for each
row i at each node of the branch-and-bound tree. In case the current solution is
noninteger, separation is carried out by solving a 0–1 knapsack problem by means
of algorithm combo by Martello et al. [29], which is considered one of the most
effective codes for solving knapsack problems. On the contrary, if the current

123



256 M. Fischetti, M. Monaci

Ta
bl

e
3

R
es

ul
ts

on
un

ce
rt

ai
n

se
tc

ov
er

in
g

in
st

an
ce

s
fo

r
P
m
i
n

∈{
0.

85
,
0.

90
}

N
om

in
al

pr
ob

le
m

P
m
i
n

=
0.

85
P
m
i
n

=
0.

90

N
am

e
z∗

T
z h

T h
z u

T
M

1
T M

1′
T

M
2

T s
ep

z h
T h

z u
T

M
1

T M
1′

T
M

2
T s

ep

sc
p4

1
42

9
0.

01
64

4
0.

01
59

2
0.

02
0.

03
0.

03
0.

01
81

4
0.

01
70

1
0.

04
0.

05
0.

04
0.

00

sc
p4

2
51

2
0.

01
66

3
0.

01
61

2
0.

03
0.

04
0.

03
0.

00
91

8
0.

01
78

2
0.

04
0.

06
0.

10
0.

00

sc
p4

3
51

6
0.

00
75

8
0.

01
66

2
0.

05
0.

06
0.

12
0.

00
93

0
0.

01
83

0
0.

19
0.

24
0.

46
0.

01

sc
p4

4
49

4
0.

02
67

8
0.

01
60

2
0.

03
0.

05
0.

03
0.

00
82

2
0.

01
74

0
0.

12
0.

15
0.

26
0.

01

sc
p4

5
51

2
0.

00
70

2
0.

01
65

6
0.

09
0.

12
0.

13
0.

00
91

2
0.

01
79

7
0.

15
0.

22
0.

39
0.

00

sc
p4

6
56

0
0.

01
71

0
0.

01
65

5
0.

02
0.

04
0.

02
0.

00
90

3
0.

01
79

6
0.

07
0.

09
0.

29
0.

02

sc
p4

7
43

0
0.

01
59

5
0.

00
57

9
0.

03
0.

05
0.

03
0.

00
77

8
0 .

01
69

5
0.

03
0.

07
0.

05
0.

00

sc
p4

8
49

2
0.

03
77

9
0.

01
64

7
0.

06
0.

08
0.

17
0.

00
1,

02
0

0.
00

84
1

0.
29

0.
15

0.
52

0.
02

sc
p4

9
64

1
0.

02
91

1
0.

01
80

9
0.

06
0.

08
0.

13
0.

00
1,

12
7

0.
01

98
4

0.
11

0.
40

0.
62

0.
00

sc
p4

10
51

4
0.

01
79

1
0.

01
70

8
0.

05
0.

08
0.

09
0.

00
91

1
0.

01
81

1
0.

03
0.

06
0.

11
0.

01

sc
p5

1
25

3
0.

05
33

9
0.

01
30

2
0.

09
0.

10
0.

10
0.

00
46

1
0.

01
39

1
0.

16
0.

17
0.

56
0.

03

sc
p5

2
30

2
0.

10
42

3
0.

02
37

1
0.

17
0.

15
0.

20
0.

00
54

1
0.

02
45

9
0.

93
0.

98
1.

19
0.

06

sc
p5

3
22

6
0.

01
33

1
0.

02
30

0
0.

03
0.

04
0.

03
0.

00
40

4
0.

02
34

4
0.

05
0.

06
0.

10
0.

00

sc
p5

4
24

2
0.

03
36

5
0.

02
32

1
0.

07
0 .

08
0.

11
0.

00
44

2
0.

01
37

0
0.

08
0.

11
0.

24
0.

01

sc
p5

5
21

1
0.

02
32

1
0.

02
30

0
0.

07
0.

05
0.

04
0.

00
37

8
0.

01
35

0
0.

11
0.

07
0.

15
0.

00

sc
p5

6
21

3
0.

01
30

1
0.

02
29

1
0.

05
0.

07
0.

10
0.

00
40

6
0.

01
36

9
0.

08
0.

09
0.

24
0.

01

sc
p5

7
29

3
0.

05
41

3
0.

02
38

6
0.

10
0.

08
0.

08
0.

00
56

2
0.

02
48

0
0.

23
0.

23
0.

40
0.

03

sc
p5

8
28

8
0.

04
40

7
0.

02
35

1
0.

07
0.

10
0.

12
0.

00
49

4
0.

02
41

5
0.

08
0.

10
0.

35
0.

03

sc
p5

9
27

9
0.

03
41

9
0.

02
37

0
0.

05
0.

06
0.

04
0.

00
54

4
0.

01
47

7
0.

49
0.

44
0.

86
0.

03

sc
p5

10
26

5
0.

01
40

4
0.

01
36

0
0.

16
0.

11
0.

14
0.

01
45

5
0.

01
42

9
0.

11
0.

16
0.

23
0.

00

sc
p6

1
13

8
0.

32
16

2
0 .

01
15

3
0.

18
0.

19
0.

16
0.

00
21

8
0.

01
19

9
0.

52
0.

50
0.

59
0.

01

sc
p6

2
14

6
0.

35
19

9
0.

01
17

4
0.

47
0.

44
0.

33
0.

00
23

5
0.

01
19

9
0.

48
0.

61
0.

48
0.

03

sc
p6

3
14

5
0.

25
21

2
0.

01
16

9
0.

21
0.

18
0.

18
0.

00
27

9
0.

01
21

8
0.

65
0.

74
1.

11
0.

08

123



Cutting plane versus compact formulations 257

Ta
bl

e
3

co
nt

in
ue

d

N
om

in
al

pr
ob

le
m

P
m
i
n

=
0.

85
P
m
i
n

=
0.

90

N
am

e
z∗

T
z h

T h
z u

T
M

1
T M

1′
T

M
2

T s
ep

z h
T h

z u
T

M
1

T M
1′

T
M

2
T s

ep

sc
p6

4
13

1
0.

03
19

0
0.

01
15

7
0.

14
0.

16
0.

19
0.

00
24

9
0.

01
19

6
0.

63
0.

77
0.

61
0.

05

sc
p6

5
16

1
0.

44
25

2
0.

01
21

9
0.

80
0.

78
0.

72
0.

05
30

1
0.

01
25

1
1.

22
0.

92
1.

81
0.

20

sc
pa

1
25

3
0.

98
30

8
0.

03
29

1
0.

27
0.

27
0.

32
0.

00
41

2
0.

04
38

5
1.

47
1.

96
5.

26
0.

34

sc
pa

2
25

2
0.

71
34

9
0.

03
30

0
0.

15
0.

20
0.

22
0.

00
41

1
0.

04
36

8
0.

77
0.

65
1.

21
0.

07

sc
pa

3
23

2
0.

48
30

6
0.

03
27

8
0.

51
0.

37
0.

42
0.

00
39

1
0.

04
34

3
0.

31
0.

44
1.

12
0.

03

sc
pa

4
23

4
0.

29
30

6
0.

02
28

4
0.

62
0.

40
0.

41
0.

01
42

0
0.

04
35

9
1.

69
1.

90
4.

18
0.

26

sc
pa

5
23

6
0.

10
34

0
0.

03
31

2
0.

58
0.

51
0.

50
0.

00
41

9
0 .

04
35

9
0.

68
0.

87
1.

84
0.

08

sc
pb

1
69

0.
96

11
1

0.
03

97
2.

86
5.

01
5.

67
0.

64
12

3
0.

03
10

9
11

.7
0

16
.2

3
65

.2
2

5.
60

sc
pb

2
76

1.
58

10
1

0.
03

89
3.

01
8.

63
2.

98
0.

25
12

3
0.

03
10

1
4.

19
11

.9
4

24
.2

2
2.

61

sc
pb

3
80

0.
89

11
3

0.
03

10
0

2.
50

6.
06

2.
96

0.
25

14
1

0.
03

12
5

20
.5

9
10

3.
51

18
7.

28
11

.6
4

sc
pb

4
79

1.
95

10
8

0.
03

91
1.

50
1.

28
1.

03
0.

10
12

3
0.

04
10

9
10

.3
2

12
.4

1
72

.9
9

8.
10

sc
pb

5
72

0.
80

99
0.

02
88

1.
89

2.
22

3.
24

0.
18

11
8

0.
03

99
1.

46
1.

45
1.

74
0.

23

sc
pc

1
22

7
0.

81
32

3
0.

06
28

7
1.

65
1.

72
1.

26
0.

01
42

7
0.

06
36

0
5.

23
9.

69
32

.1
1

1.
89

sc
pc

2
21

9
1.

58
32

9
0.

05
27

5
2.

71
3 .

13
7.

29
0.

40
39

6
0.

06
34

0
6.

88
17

.9
5

34
3.

21
18

.9
8

sc
pc

3
24

3
1.

71
35

6
0.

05
31

0
2.

52
3.

59
2.

64
0.

15
43

4
0.

05
37

3
17

.2
1

12
.3

9
87

.6
2

4.
09

sc
pc

4
21

9
0.

93
30

7
0.

05
27

5
1.

97
3.

26
1.

80
0.

07
35

8
0.

05
32

8
3.

25
4.

52
11

.4
0

0.
67

sc
pc

5
21

5
0.

86
31

2
0.

05
27

8
1.

30
2.

34
1.

60
0.

06
37

5
0.

05
33

3
4.

56
8.

39
68

.6
3

4.
09

sc
pd

1
60

1.
50

85
0.

05
76

10
.8

9
12

.6
3

10
.8

0
1.

43
98

0.
06

89
6.

46
19

.0
5

43
.5

7
4.

57

sc
pd

2
66

6.
96

96
0.

05
82

15
.4

9
37

.8
3

28
.2

7
3.

06
11

1
0.

06
96

18
.3

5
32

.2
1

33
1.

71
25

.3
6

sc
pd

3
72

6.
68

10
6

0.
05

90
58

.2
0

91
.4

2
20

4.
43

20
.4

5
11

6
0.

06
10

0
26

.0
6

82
.1

0
34

6.
95

26
.0

6

sc
pd

4
62

3.
18

85
0 .

06
78

10
.6

6
10

.8
7

10
.3

0
1.

08
10

5
0.

06
91

44
.6

8
48

.7
5

70
0.

73
61

.0
9

123



258 M. Fischetti, M. Monaci

Ta
bl

e
3

co
nt

in
ue

d

N
om

in
al

pr
ob

le
m

P
m
i
n

=
0.

85
P
m
i
n

=
0.

90

N
am

e
z∗

T
z h

T h
z u

T
M

1
T M

1′
T

M
2

T s
ep

z h
T h

z u
T

M
1

T M
1′

T
M

2
T s

ep

sc
pd

5
61

0.
98

86
0.

05
81

10
.2

9
12

.6
4

21
.5

5
2.

73
99

0.
05

91
4.

62
7.

81
22

.7
3

2.
94

sc
pe

1
5

0.
26

5
0.

00
5

3.
18

0.
19

23
.7

0
0.

36
5

0.
00

5
1.

43
2.

82
42

.7
6

0.
55

sc
pe

2
5

0.
27

6
0.

00
5

0.
25

0.
22

0.
69

0.
00

7
0.

00
5

0.
15

0.
17

1.
36

0.
03

sc
pe

3
5

0.
29

8
0.

00
5

0.
27

0.
33

0.
76

0.
00

8
0.

00
5

0.
15

0.
12

1.
08

0.
00

sc
pe

4
5

0.
26

7
0.

00
5

0.
27

0.
25

0.
64

0.
01

8
0.

00
5

0.
17

0.
18

1.
18

0.
02

sc
pe

5
5

0.
26

5
0.

00
5

0.
28

4.
32

0.
55

0.
00

5
0.

00
5

2.
08

0.
16

1.
58

0.
01

sc
pn

re
1

29
64

.6
9

42
0.

08
33

12
1.

12
54

1.
78

47
4.

74
46

.4
4

46
0.

09
40

1,
74

3.
26

T
.
L
.

T
.
L
.

11
6.

76

sc
pn

re
2

30
23

2.
01

40
0.

08
32

71
.5

5
10

2.
52

21
4.

09
21

.5
3

45
0.

09
38

65
8.

24
T
.
L
.

T
.
L
.

12
0.

76

sc
pn

re
3

27
73

.8
6

41
0.

08
31

71
.7

7
36

1.
34

36
8.

96
39

.1
1

44
0.

09
35

14
6.

83
37

0.
09

T
.
L
.

13
0.

65

sc
pn

re
4

28
77

.9
2

42
0.

08
33

15
5.

02
29

8.
65

T
.
L
.

19
3.

47
48

0.
10

38
1,

58
7.

92
T
.
L
.

T
.
L
.

12
2.

70

sc
pn

re
5

28
28

.7
1

42
0.

08
32

28
.0

1
51

.5
2

10
4.

55
11

.5
1

44
0.

09
40

a
T
.
L
.

T
.
L
.

T
.
L
.

15
4.

80

sc
pn

rf
1

14
49

.9
5

20
0.

10
14

15
.3

3
29

.9
5

40
.7

3
9.

24
21

0.
09

16
40

.7
1

11
7.

60
1,

54
6.

97
14

7.
69

sc
pn

rf
2

15
39

.8
9

20
0.

08
16

23
.1

4
32

.3
8

94
.5

0
20

.3
0

22
0.

09
19

17
2.

69
66

9.
52

T
.
L
.

15
4.

84

sc
pn

rf
3

14
25

.9
2

19
0.

09
15

14
.7

7
20

.7
1

59
.7

8
12

.8
6

23
0.

09
19

20
1.

25
1,

00
8.

18
T
.
L
.

13
9.

66

sc
pn

rf
4

14
93

.9
9

18
0.

10
15

78
.3

5
22

6.
32

80
4.

98
10

9.
03

22
0.

09
17

18
5.

67
67

6.
83

T
.
L
.

12
3.

91

sc
pn

rf
5

13
37

2.
68

20
0.

08
14

28
4.

48
98

7.
07

T
.
L
.

25
2.

37
23

0.
09

15
63

.4
1

14
4.

03
T
.
L
.

14
4.

92

A
ri

th
.m

ea
n

18
.2

8
0.

03
16

.6
7

47
.7

5
10

1.
56

12
.4

5
0.

04
11

3.
36

17
6.

52
33

6.
01

25
.6

1

#
op

t.
60

60
60

58
59

56
51

a
O

pt
im

al
va

lu
e

is
no

tk
no

w
n

123



Cutting plane versus compact formulations 259

Ta
bl

e
4

R
es

ul
ts

on
un

ce
rt

ai
n

se
tc

ov
er

in
g

in
st

an
ce

s
fo

r
P
m
i
n

∈{
0.

95
,
0.

99
}

N
om

in
al

pr
ob

le
m

P
m
i
n

=
0.

95
P
m
i
n

=
0.

99

N
am

e
z∗

T
z h

T h
z u

T
M

1
T M

1′
T

M
2

T s
ep

z h
T h

z u
T

M
1

T M
1′

T
M

2
T s

ep

sc
p4

1
42

9
0.

01
1,

02
6

0.
01

92
1

0.
06

0.
12

0.
59

0.
03

1,
57

8
0.

01
1,

42
1

0.
67

0.
50

T
.
L
.

78
.9

4

sc
p4

2
51

2
0.

01
1,

15
6

0.
01

98
3

0.
11

0.
15

1.
94

0.
08

1,
54

5
0.

01
1,

37
9

0.
77

0.
60

1,
36

0.
97

48
.5

4

sc
p4

3
51

6
0.

00
1,

11
2

0.
01

1,
04

8
1.

30
1.

39
29

.0
1

2.
65

1,
83

8
0.

01
1,

52
6

1.
64

1.
43

T
.
L
.

72
.4

9

sc
p4

4
49

4
0.

02
1,

10
6

0.
01

97
7

0.
36

0.
30

3.
59

0.
40

1,
58

8
0.

01
1,

38
8

0.
60

0.
37

12
4.

32
4.

93

sc
p4

5
51

2
0.

00
1,

15
4

0.
01

1,
06

5
0.

81
0.

67
5 .

45
0.

37
1,

61
6

0.
01

1,
42

9
0.

93
0.

58
38

9.
81

13
.5

5

sc
p4

6
56

0
0.

01
1,

23
5

0.
01

1,
11

3
0.

50
0.

41
25

.3
4

1.
62

1,
70

0
0.

01
1,

52
2

2.
47

2.
17

T
.
L
.

41
.8

8

sc
p4

7
43

0
0.

01
1,

04
6

0.
01

97
5

0.
07

0.
21

1.
41

0.
11

1,
45

0
0.

01
1,

33
7

0.
69

0.
77

64
9.

03
31

.8
5

sc
p4

8
49

2
0.

03
1,

18
1

0.
01

1,
05

4
0.

54
0.

51
4.

19
0.

30
1,

75
8

0.
01

1,
46

2
1.

38
1.

57
T
.
L
.

69
.8

4

sc
p4

9
64

1
0.

02
1,

32
3

0.
01

1,
22

2
1.

11
1.

49
23

8.
35

11
.7

1
2,

02
7

0.
01

1,
64

7
1.

46
0.

95
T
.
L
.

55
.1

4

sc
p4

10
51

4
0.

01
1,

23
3

0.
01

1,
11

7
0.

28
0.

25
1.

51
0.

10
1,

81
3

0.
01

1,
63

8
2.

47
2.

86
T
.
L
.

61
.0

6

sc
p5

1
25

3
0.

05
52

0
0.

02
46

7
0.

58
0.

39
5.

69
0.

44
80

7
0.

02
68

2
0.

84
0.

54
T
.
L
.

64
.8

3

sc
p5

2
30

2
0.

10
65

6
0.

02
56

7
0.

66
0.

73
25

2.
73

16
.2

9
92

1
0.

02
78

6
2.

23
1.

37
T
.
L
.

49
.8

4

sc
p5

3
22

6
0.

01
53

7
0.

01
44

6
0.

04
0.

06
0.

70
0.

03
81

8
0.

02
69

6
1.

31
1.

29
T
.
L
.

92
.0

9

sc
p5

4
24

2
0.

03
55

0
0.

02
46

6
0.

33
0.

33
11

.0
8

1.
06

73
5

0.
02

67
2

1.
81

1.
11

T
.
L
.

66
.4

3

sc
p5

5
21

1
0 .

02
46

6
0.

01
42

5
0.

15
0.

15
0.

59
0.

03
72

0
0.

02
64

0
0.

65
0.

50
24

6.
64

16
.7

8

sc
p5

6
21

3
0.

01
51

7
0.

02
46

5
0.

44
0.

32
3.

96
0.

32
82

9
0.

02
72

3
3.

27
4.

39
T
.
L
.

52
.8

6

sc
p5

7
29

3
0.

05
69

1
0.

02
59

7
0.

13
0.

21
7.

57
0.

72
1,

00
6

0.
02

87
3

1.
81

1.
66

T
.
L
.

58
.7

0

sc
p5

8
28

8
0.

04
58

4
0.

02
52

7
0.

40
0.

36
27

.4
3

2.
92

81
5

0.
02

75
3

1.
83

1.
40

T
.
L
.

62
.4

0

sc
p5

9
27

9
0.

03
67

4
0.

02
57

8
1.

40
1.

11
28

.4
8

1.
33

97
9

0.
02

82
3

3.
41

2.
52

T
.
L
.

51
.6

1

sc
p5

10
26

5
0.

01
58

6
0.

02
53

7
0.

88
0.

56
5.

63
0.

44
88

1
0.

02
76

2
1.

41
0.

62
T
.
L
.

56
.6

0

sc
p6

1
13

8
0.

32
25

5
0.

01
23

6
0.

74
0.

75
7.

88
0.

78
39

5
0.

01
34

0
2.

29
2.

79
T
.
L
.

56
.5

1

sc
p6

2
14

6
0.

35
28

3
0.

01
25

3
1.

12
1.

06
25

.1
9

2.
57

37
1

0.
01

34
1

2.
34

1.
65

1,
06

1.
53

33
.9

6

sc
p6

3
14

5
0.

25
32

6
0.

01
27

5
1.

56
1.

63
69

.5
6

3.
90

43
8

0.
01

37
0

9.
06

8.
01

T
.
L
.

40
.0

2

123



260 M. Fischetti, M. Monaci

Ta
bl

e
4

co
nt

in
ue

d

N
om

in
al

pr
ob

le
m

P
m
i
n

=
0.

95
P
m
i
n

=
0.

99

N
am

e
z∗

T
z h

T h
z u

T
M

1
T M

1′
T

M
2

T s
ep

z h
T h

z u
T

M
1

T M
1′

T
M

2
T s

ep

sc
p6

4
13

1
0.

03
28

6
0.

01
23

5
1.

11
1.

27
4.

59
0.

31
38

5
0.

01
33

8
6.

07
3.

92
T
.
L
.

56
.6

6

sc
p6

5
16

1
0.

44
32

1
0.

01
31

1
1.

31
1.

35
14

4.
22

9.
17

47
9

0.
01

44
1

28
.4

5
29

.1
3

T
.
L
.

35
.8

6

sc
pa

1
25

3
0.

98
52

4
0.

04
47

2
3.

71
6.

60
39

8.
47

20
.4

3
78

1
0.

05
67

6
67

.1
0

10
2.

76
T
.
L
.

29
.0

4

sc
pa

2
25

2
0.

71
50

4
0.

04
45

2
2.

20
3.

10
44

6.
15

34
.2

3
76

9
0.

04
66

1
7.

48
4.

01
T
.
L
.

43
.9

7

sc
pa

3
23

2
0.

48
49

0
0.

04
44

2
2.

86
3.

03
T
.
L
.

10
5.

27
72

7
0.

04
63

0
21

.9
4

20
.8

0
T
.
L
.

36
.0

0

sc
pa

4
23

4
0.

29
50

0
0.

03
44

8
4.

89
5.

68
T
.
L
.

94
.8

7
72

3
0.

04
61

7
26

.1
7

19
.2

8
T
.
L
.

40
.1

5

sc
pa

5
23

6
0.

10
51

9
0.

04
44

7
1.

92
2.

33
T
.
L
.

12
0.

09
75

0
0.

05
65

8
16

.2
3

16
.1

9
T
.
L
.

34
.9

5

sc
pb

1
69

0.
96

13
3

0.
03

12
5

8.
45

4.
24

T
.
L
.

10
6.

66
20

0
0.

04
17

6
42

3.
98

47
4.

54
T
.
L
.

37
.0

1

sc
pb

2
76

1.
58

15
5

0.
03

11
8

4.
31

7.
54

30
0.

83
20

.5
0

19
6

0.
04

16
7

20
2.

08
26

3.
30

T
.
L
.

48
.4

2

sc
pb

3
80

0.
89

15
6

0.
03

14
1

14
.1

0
29

.3
4

T
.
L
.

10
6.

79
20

9
0.

03
19

1
55

.0
2

64
.3

9
T
.
L
.

36
.2

8

sc
pb

4
79

1.
95

15
4

0.
03

13
5

27
.7

7
75

.8
4

T
.
L
.

10
6.

88
20

8
0.

04
18

5
67

.6
6

77
.6

2
T
.
L
.

32
.3

3

sc
pb

5
72

0.
80

14
0

0.
03

12
2

2.
46

4.
42

20
7.

13
17

.2
2

19
7

0.
04

17
0

41
.2

7
47

.4
2

T
.
L
.

43
.4

3

sc
pc

1
22

7
0.

81
50

7
0.

06
44

2
39

.2
7

35
.7

6
T
.
L
.

72
. 5

3
69

5
0.

07
61

1
T
.
L
.

1,
29

6.
43

T
.
L
.

29
.3

8

sc
pc

2
21

9
1.

58
46

6
0.

06
40

4
40

.0
8

47
.8

2
T
.
L
.

71
.4

3
66

3
0.

07
58

3a
T
.
L
.

T
.
L
.

T
.
L
.

28
.6

8

sc
pc

3
24

3
1.

71
54

0
0.

06
45

5
10

7.
92

45
.1

1
T
.
L
.

68
.3

9
71

0
0.

06
63

1a
T
.
L
.

T
.
L
.

T
.
L
.

30
.3

8

sc
pc

4
21

9
0.

93
46

1
0.

06
41

7
10

3.
58

14
8.

79
T
.
L
.

74
.5

8
63

1
0.

06
56

1
18

8.
19

17
2.

16
T
.
L
.

24
.4

3

sc
pc

5
21

5
0.

86
48

2
0.

06
42

2
44

.5
3

53
.1

9
T
.
L
.

71
.3

0
65

9
0.

07
56

5
40

.6
6

27
.4

7
T
.
L
.

27
.7

6

sc
pd

1
60

1.
50

11
6

0.
06

10
6

26
.9

8
34

.0
4

T
.
L
.

12
0.

02
16

4
0.

06
14

5
38

0.
53

99
2.

55
T
.
L
.

40
.1

2

sc
pd

2
66

6.
96

12
7

0.
06

11
6

10
5.

56
18

2.
26

T
.
L
.

10
9.

09
17

6
0.

07
15

7a
T
.
L
.

T
.
L
.

T
.
L
.

45
.8

2

sc
pd

3
72

6.
68

13
7

0.
06

12
4

17
5.

48
50

3.
07

T
.
L
.

90
.2

0
19

1
0.

07
16

4a
T
.
L
.

T
.
L
.

T
.
L
.

39
.6

8

sc
pd

4
62

3.
18

12
5

0.
06

10
8

47
.5

4
62

.0
5

T
.
L
.

11
1.

91
16

4
0.

06
14

8
T
.
L
.

1,
59

8.
90

T
.
L
.

41
.1

8

sc
pd

5
61

0.
98

13
1

0.
07

11
8

40
.1

8
68

.2
6

T
.
L
.

12
2.

76
17

9
0.

06
15

6
17

2.
89

48
3.

81
T
.
L
.

45
.5

9

123



Cutting plane versus compact formulations 261

Ta
bl

e
4

co
nt

in
ue

d

N
om

in
al

pr
ob

le
m

P
m
i
n

=
0.

95
P
m
i
n

=
0.

99

N
am

e
z∗

T
z h

T h
z u

T
M

1
T M

1′
T

M
2

T s
ep

z h
T h

z u
T

M
1

T M
1′

T
M

2
T s

ep

sc
pe

1
5

0.
26

10
0.

00
6

0.
19

0.
29

27
.3

0
0.

17
13

0.
00

8
0.

60
0.

90
T
.
L
.

3.
33

sc
pe

2
5

0.
27

7
0.

00
6

0.
25

0.
62

46
.6

3
0.

31
9

0.
00

7
0.

72
0.

20
T
.
L
.

3.
69

sc
pe

3
5

0.
29

9
0.

00
5

0.
04

0.
03

0.
96

0.
03

12
0.

00
7

0.
21

0.
25

T
.
L
.

3.
67

sc
pe

4
5

0.
26

10
0.

00
6

0.
25

0.
62

39
.5

0
0.

49
13

0.
00

7
0.

65
0.

85
T
.
L
.

3.
15

sc
pe

5
5

0.
26

9
0.

00
6

0.
28

1.
15

55
.3

1
0.

52
12

0.
00

7
0.

20
0.

23
T
.
L
.

3.
33

sc
pn

re
1

29
64

.6
9

54
0.

09
45

48
5.

43
T
.
L
.

T
.
L
.

96
.6

2
65

0.
11

58
a

T
.
L
.

T
.
L
.

T
.
L
.

50
.8

3

sc
pn

re
2

30
23

2.
01

49
0.

09
44

52
4.

58
T
.
L
.

T
.
L
.

11
0.

34
64

0.
10

56
a

T
.
L
.

T
.
L
.

T
.
L
.

55
.5

3

sc
pn

re
3

27
73

.8
6

50
0.

09
40

83
.7

2
39

1.
18

T
.
L
.

10
4.

90
61

0.
10

52
a

T
.
L
.

T
.
L
.

T
.
L
.

50
.8

0

sc
pn

re
4

28
77

.9
2

54
0.

10
44

73
6.

23
1,

70
9.

17
T
.
L
.

10
3.

18
64

0.
10

56
a

T
.
L
.

T
.
L
.

T
.
L
.

54
.3

8

sc
pn

re
5

28
28

.7
1

52
0.

09
46

1,
41

5.
73

T
.
L
.

T
.
L
.

11
3.

75
72

0.
10

58
a

T
.
L
.

T
.
L
.

T
.
L
.

58
.7

1

sc
pn

rf
1

14
49

.9
5

21
0.

09
19

40
.9

7
11

8.
53

T
.
L
.

19
2.

37
26

0.
10

23
24

5.
05

45
1.

10
T
.
L
.

80
.9

7

sc
pn

rf
2

15
39

.8
9

24
0.

10
21

46
.8

9
12

5.
33

T
.
L
.

14
5.

36
31

0.
10

26
49

2.
66

55
8.

23
T
.
L
.

61
.9

3

sc
pn

rf
3

14
25

.9
2

24
0.

08
21

73
.4

7
23

1.
84

T
.
L
.

13
3.

67
30

0.
11

26
62

7.
35

1,
24

5.
31

T
.
L
.

77
.0

8

sc
pn

rf
4

14
93

.9
9

24
0.

09
20

30
4.

69
1,

03
7.

93
T
.
L
.

13
9.

41
30

0.
12

24
1,

65
9.

12
T
.
L
.

T
.
L
.

72
.9

4

sc
pn

rf
5

13
37

2.
68

22
0.

10
18

45
3.

80
58

6.
95

T
.
L
.

15
5.

60
29

0.
10

23
a

T
.
L
.

T
.
L
.

T
.
L
.

73
.9

8

A
ri

th
.m

ea
n

18
.2

8
0.

04
83

.1
1

18
2.

36
82

0.
48

49
.9

9
0.

04
44

0.
29

46
3.

19
1,

68
3.

87
44

.3
7

#
op

t.
60

60
57

34
48

49
6

a
O

pt
im

al
va

lu
e

is
no

tk
no

w
n

123



262 M. Fischetti, M. Monaci

solution is integer, separation can be carried out in linear time, by selecting di j

variables according to increasing weights, until the maximum threshold Wi is
reached.

To avoid an incorrect update of the incumbent by solver’s internal heuristics, all
integer solutions that do not pass our robustness check are rejected. A time limit of
1,800 CPU seconds was given to each model. The last rows of each table report, for
each solution method, the average computing time, in seconds (arithmetic mean; for
the unsolved instances, the time limit is considered) along with the number of instances
solved to proven optimality within the given time limit.

Computational results show that model M1 qualifies as the best method to solve
our USCP instances. This compact formulation is able to solve all instances but 13,
with a reasonable average computing time. Note that increasing the value of Pmin

from 0.85 to 0.99 leads to increasingly difficult problems and, as expected, to worse
solution values—making the associated problem more constrained.

As to the cutting plane model M2, it is not able to solve 91 instances out of 240,
although the separation procedure itself is quite efficient, as it requires less than 10 % of
the overall computing time, on average. However, as already observed in the previous
section, for integer programs the cutting plane approach has the main disadvantage of
hiding some relevant information on the solution structure, thus weakening powerful
ingredients of modern MIP solvers such as preprocessing, branching on pseudocosts,
cut generation, symmetry detection, etc. As a result, the compact formulation is typi-
cally preferable for USCP.

Quite surprisingly, the addition of constraints (24) in M1′ did not improve the over-
all performance—actually, it produced a certain slow-down. This behavior is due not
only to the extra time required to handle the additional cuts, but also to the effective-
ness of the general-purpose preprocessing and cut generation procedures embedded
in IBM ILOG Cplex. Indeed, these procedures were able to squeeze automatically
most of the information conveyed by the additional cuts (24).

To quantify the impact of preprocessing and cut generation on the performance of
models M1, M1′ and M2, we deactivated these features from the IBM ILOG Cplex
solver and reran our tests. Table 5 gives a summary of the outcome of this experiment
and reports, for each value of Pmin, the average computing time (arithmetic mean)
and the number of instances solved to proven optimality when using models M1, M1′
and M2 with and without preprocessing and cut generation, respectively. According to
the table, the ranking among the three models radically changes when preprocessing
and cuts are deactivated. As expected, the performance of M2 is almost unchanged,
whereas for both M1 and M1′ it deteriorates significantly. In the new setting, model M2
has a better performance than model M1′, the latter clearly outperforming model M1.

4 The uncertain graph connectivity problem

In this section we consider an application of USCP to the uncertain counterpart of a
graph connectivity problem.
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Given an undirected graph G = (V, E) with nonnegative edge costs ce, the classical
Minimum Spanning Tree Problem (MSTP) requires to find a minimum-cost set of
edges so that the associated subgraph is connected. By associating each edge e ∈ E
with a binary variable xe taking value 1 iff edge e is selected, a set covering model for
MSTP is as follows:

min
∑

e∈E

ce xe (32)

s.t.
∑

e∈δ(S)

xe ≥ 1, S ⊂ V, S �= ∅, (33)

xe ∈ {0, 1}, e ∈ E . (34)

In many practical applications arising in communications networks, survivability
of the network is a major issue. Hence, one has to take care of possible link failures,
which is often modeled by solving a variant of MSTP in which the set of selected
edges must provide (at least) k edge-disjoint paths between each pair of nodes, k
being an input parameter; see, e.g., Monma et al. [31], Grötschel and Monma [23],
and Grötschel et al. [24].

Alternatively, and perhaps more realistically, possible failures in the connections
can be modeled by associating each edge e ∈ E with a failure probability pe ∈ [0, 1[
and requiring a minimum probability P ∈]0, 1] for connectivity. A same reasoning
as for USCP shows that, assuming statistical independence of the random variables
corresponding to edge failures, an uncertain version of the problem can be stated as:

(M1G) min
∑

e∈E

ce xe (35)

s.t.
∑

e∈δ(S)

wexe ≥ W , S ⊂ V, S �= ∅, (36)

xe ∈ {0, 1}, e ∈ E, (37)

where we = − ln(pe) (e ∈ E) and W = − ln(1 − P).
Despite the deterministic version of the problem is polynomially solvable, our

uncertain graph connectivity problem turns out to be strongly NP-hard, as stated by
the following theorem.

Theorem 2 The uncertain graph connectivity problem is strongly NP-hard.

Proof We prove NP-hardness of our problem by reduction from the min-cost k-edge
connected subgraph problem (kECSP), which requires to find a k-edge connected sub-
graph for a given undirected and weighted graph G = (V, E). kECSP is known to be
NP-hard also in case k = 2 [18], and remains so even when edge costs satisfy the trian-
gle inequality. Indeed, finding a Hamiltonian cycle on an undirected graph G = (V, E)

corresponds to finding a 2ECSP solution having cost equal to n on a complete graph
with n = |V | nodes and costs equal to 1 for edges in E and 2 otherwise.

Given a 2ECSP instance, we define an instance of uncertain graph connectivity as
follows: each edge has probability 1/2 of disappearing and the required probability for
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connection is equal to 3/4. This imposes that at least two edges are selected for each
cut, and makes the set of feasible solutions coincide with the set of 2ECSP feasible
solutions. 	


The exponential number of constraints (36) makes it natural to use a branch-and-
cut algorithm based on cutting planes. Given a solution x∗, the separation problem
for constraints (36) calls for the determination of a subset S∗ of nodes for which∑

e∈δ(S∗) wex∗
e is a minimum: if such value is smaller than W , a violated constraint

is found and the process is iterated. Otherwise x∗ is the optimal solution of the LP
relaxation of the current subproblem. Thus, the separation problem amounts to finding
a minimum-capacity cut in an undirected graph with edge capacities wex∗

e , and can
be solved in polynomial time through max-flow techniques—very much in the spirit
of separation of subtour elimination constraints for the TSP; see, e.g., Crowder and
Padberg [13].

4.1 Model strengthening: a restart strategy

One of the most effective ingredients in modern ILP solvers is preprocessing and cut
generation at the root node. However, its applicability to models where the initial for-
mulation is not complete is problematic because the solver has only a limited view of
the entire set of constraints. In order to avoid such troubles, we implemented a restart
procedure that iteratively solves ILP model M1G (35)–(37) from scratch, each time
enhancing the formulation. In particular, our restart approach for solving uncertain
graph connectivity instances is as follows:

Restart
begin
1. compute an initial feasible solution using heuristics;
2. define an initial ILP relaxed M1G model as (32)–(34);
3. repeat
4. solve the current ILP model with a short time limit, separating and

storing cuts (36) and possibly updating the incumbent;
5. add all stored cuts to the current ILP model;
6. until some halting condition is met;
7. solve the resulting model with the remaining time limit, possibly

updating the incumbent.
end.

The same heuristic algorithm of Sect. 3.2.1 is used in Step 1 to provide initial heu-
ristic solutions for the uncertain graph connectivity problem. At each execution of
Step 4, we solve only the root node of the current formulation, so as to collect some
relevant cuts in a reasonable amount of time. Note that the aim of this step is not to
necessarily obtain an optimal solution of the problem, but to provide effective cuts that
can be used in the subsequent iterations, and possibly to improve the current upper
bound. The repeat-until loop is executed at most 9 times (or until the time limit is
reached), so that the last execution of the solver (Step 7) works with a formulation
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266 M. Fischetti, M. Monaci

where most of the “relevant” connectivity constraints (36) are included. When such
constraints are included in the formulation and can be handled by preprocessing, the
MIP solver IBM ILOG Cplex is usually able to produce in short time tight lower
bounds on the optimal solution value, possibly proving the optimality of the current
incumbent solution.

Restarting the solution of a MIP model is not a new idea in the literature. This
technique is in fact very popular in the Constraint Programming community since the
seminal papers by Luby et al. [28] and Gomes et al. [21]. Indeed, restart is routinely
used within modern SAT solvers; see, e.g., Moskewicz et al. [32], Eén and Sörensson
[14] and Goldberg and Novikov [19]. Recent advances on restarting techniques have
been proposed by Williams et al. [38], Gomes [20] and Gomes and Walsh [22]. Restart
can also be effective for solving hard MIP instances by using, e.g., the SCIP solver
[1,34]. Recently, Karzan et al. [27] exploited a restart strategy where information
on fathomed nodes before restart are collected so as to derive a “good” strategy for
branching variable selection. Our perspective here is however quite different in that
restart is intended to strengthen the formulation because a full model is not available at
the beginning. This is also the reason why a similar restart technique did not produce
a considerable speedup when applied to the USCP instances of Sect. 3.2.

4.2 Computational experiments

In our computational experiments, we considered all the TSPLIB [37] symmetric
instances with at most 50 nodes. In order to simulate practical networks, for each
instance defined by graph G = (V, E) and edge costs ce, we defined a sparse graph
G = (V, E) whose edge set is defined as follows. We start with E = ∅, compute
a minimum cost spanning tree T of G, and set E = E ∪ T and E = E\T . This
procedure is executed (at most) 5 times.

Each selected edge e ∈ E has cost ce = ce. Probabilities p j associated with edges
were randomly generated as in Sect. 3.2.2, i.e., according to a uniform distribution in
[0, 0.2], and were used to determine coefficients w j and W in the same way.

Tables 6, 7, 8 and 9 give, for each instance and for each value of Pmin ∈ {0.85, 0.90,

0.95, 0.99}, the following information:

• best solution found (zh) by our initial heuristic—the associated computing times
are omitted because they are always negligible,

• best solution found (z), best lower bound (L B), ratio z/L B, and computing time
(T ) for model M1G defined by (35)–(37),

• best solution found (z), best lower bound (L B), ratio z/L B, and computing time
(T ) for model M1′

G, in which the globally-valid constraints (24) with k = 2 and
k = 3 are separated, at each node, by solving two additional min-cut problems
with modified edge capacities. As to constraints (36), for numerical reasons we
prefer not to generate them, unless this is required for the correctness of the method
because the solution to be separated happens to be integer.

• best solution found (z), best lower bound (L B), ratio z/L B, and computing time
(T ) for the restart procedure described in Sect. 4.1 embedding model M1′

G.
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A time limit of 1,800 s was given to each run. The last row of each table reports,
for each solution method, the average computing time, in seconds (arithmetic mean;
for the unsolved instances, the time limit is considered), and the number of instances
solved to proven optimality within the given time limit.

Computational results clearly show that separation of constraints (24) before sepa-
ration of (36) plays a relevant role for this problem. Indeed, model M1G is able to solve
only 16 instances (out of 56) within the given time limit, whereas model M1′

G solves
32 instances to optimality. On average, M1′

G is about 40 % faster than M1G, with an
average gap (z − L B)/L B of about 7 % (whereas for M1G the gap is about 23 %).

Results are even better for the restart procedure, which finds the optimal solution of
39 instances (including all the 32 instances solved by M1′

G), with an average computing
time of about 650 seconds (20 % faster than M1′

G). In addition, model M1′
G+Restart

finds better solutions and lower bounds than models M1G and M1′
G, the average gap

(z − L B)/L B being about 4 %.
The improved performance of the restart procedure is not surprising, in that more

and more information on the solution structure is added to the model after each restart,
so the MIP solver can take full advantage of it since the beginning of the solution
process.

As in the USCP case, the initial heuristic is very good for Pmin = 0.85, and is
improved only once (for fri26) within the time limit. As a matter of fact, in 6 out
of 14 cases the initial solution turns out to be optimal, as certified by M1′

G+Restart.
As expected, however, the heuristic performance becomes worse for larger values of
Pmin. If we let L B∗ denote the best lower bound available for an instance, the average
error (zh − L B∗)/L B∗ is 10, 12, 25, and 32 % for Pmin = 0.85, 0.90, 0.95, and 0.99,
respectively.

5 Conclusions

In this paper we have computationally analyzed the use of cutting planes for the solu-
tion of (integer) linear programs where the exact value of some input data is not known
in advance.

Building upon the well-known concept of robustness due to Bertsimas and Sim [8],
we have first analyzed a cutting plane solution approach for uncertain (integer) linear
programs, pointing out situations where this method has a practical performance sig-
nificantly better than the Bertsimas–Sim one—up to 2 orders of magnitude for some
LP instances.

We have then considered problems whose uncertainty domain involves yes-no deci-
sions that cannot be modeled by continuous variables, and analyzed alternative math-
ematical formulations for these uncertain problems. In particular, we have introduced
a version of the well-known set covering problem arising when each column has a
positive probability of disappearing and each row must be covered with a given prob-
ability. For this problem we have proposed two alternative (noncompact and compact,
respectively) ILP models, and have computationally analyzed their performances. We
have also studied an uncertain version of the classical minimum-cost graph connectiv-
ity problem, arising when edge failures occur with a certain probability and connec-
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tivity has to be guaranteed with high reliability. We have established the complexity
of the problem, analyzed ad-hoc heuristics and proposed a sound restart procedure
whose effectiveness has been proved through extensive computational tests.

A lesson learned from our experiments is that the cutting plane approach performs
quite well for linear programs, but a compact formulation is preferable for (mixed)
integer linear programs because it allows for a better use of the rich arsenal of prepro-
cessing/cut-generation/branching tools available in modern MIP solvers. For the cases
where such a compact ILP formulation is not available, our restart solution strategy
may be a valid option.
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