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Abstract

Doubly nonnegative (DNN) relaxation usually provides a tight lower bound for a
mixed-binary quadratic program (MBQP). However, solving DNN problems is chal-
lenging because: (1) the problem size is 2((n + [)?) for an MBQP with n variables
and / inequality constraints, and (2) the rank of optimal solutions cannot be estimated
a priori due to the absence of theoretical bounds. In this work, we propose RINNAL+,
a Riemannian augmented Lagrangian method (ALM) for solving DNN problems. We
prove that the DNN relaxation of an MBQP, with matrix dimension (n + [ + 1), is
equivalent to the SDP-RLT relaxation (based on the reformulation-linearization tech-
nique) with a smaller matrix dimension (n 4 1). In addition, we develop a hybrid
method that alternates between two phases to solve the ALM subproblems. In phase
one, we apply low-rank matrix factorization and random perturbation to transform the
feasible region into a lower-dimensional manifold so that we can use the Riemannian
gradient descent method. In phase two, we apply a single projected gradient step to
update the rank of the underlying variable and escape from spurious local minima
arising in the first phase if necessary. To reduce the computation cost of the projected
gradient step, we develop pre-processing and warm-start techniques for acceleration.
Unlike traditional rank-adaptive methods that require extensive parameter tuning, our
hybrid method requires minimal tuning. Extensive experiments confirm the efficiency
and robustness of RINNAL+ in solving various classes of large-scale DNN problems.
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1 Introduction
1.1 Mixed-binary nonconvex quadratic program

In this paper, we consider the following mixed-binary quadratic program:

WP = min{xTQx +2¢Tx:Ax=b, Gx<d, x; €{0,1}, Vi€ B, x € R’jr},
(MBQP)

where Q € S", c e R", A e R™" G e R'*" p e R", d € R, B C [n] is the
index set of p binary variables. Without loss of generality, we assume that A has full
row rank and b > 0. Problem (MBQP) is general because it includes both binary
and continuous nonnegative variables, as well as equality and inequality constraints.
The objective function features both quadratic and linear terms, allowing it to model
a broad range of optimization problems. This formulation encompasses key problems
such as 0-1 mixed-integer programming (MIP), non-convex quadratic programming
(QP), binary integer nonconvex quadratic programming (BIQ), and more.

Since (MBQP) is generally nonconvex and NP-hard, solving it to global optimality
is computationally intractable in most cases. As a result, numerous convex relax-
ations have been developed to approximately solve it efficiently [13, 16]. Among
these, semidefinite programming (SDP) relaxations have been particularly effective
due to their ability to provide tight lower bounds and, in some cases, exact solutions
under specific conditions [3, 19, 26, 60]. Beyond stand-alone approximations, convex
relaxations also play a crucial role in global optimization frameworks, such as branch-
and-bound and branch-and-cut methods [36, 39]. In these frameworks, relaxations are
used to derive valid bounds that help prune the search space, significantly improving
computational efficiency. The strength of the relaxation directly impacts the overall
performance of such global approaches, making SDP relaxations a key ingredient in
state-of-the-art exact algorithms for nonconvex quadratic optimization [15, 28, 34].

In the next subsection, we introduce several widely used SDP relaxations, with a
particular emphasis on the SDP-RLT relaxation. We discuss their formulations, the
quality of their respective bounds, and numerical challenges associated with their
implementation in deriving tight lower bounds for (MBQP).

Remark 1 The algorithm we propose in this paper is not limited to just solving the
DNN relaxation of (MBQP). It can also handle the relaxations of QCQP problems
with additional general quadratic constraints:

XTAix+b;rx+ci§05 i=17‘~'5m15 (1)

xTij+b]-Tx+Cj=O, j=mi+1,...,mo,
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where A; # 0,x, for all i € [m;]. By introducing the new variable X € S| to
represent xx T, we obtain the following convex relaxation of (1):

(Ai, X)+b/x+¢ <0, i=1...,m, ()
(Aj. X)+bjx+c;j=0, j=m+1 ... m. A3)

For instance, complementarity constraints are a special class of quadratic constraints
defined by x;x; = O for (i, j) € E, where E C {(i, j) | 1 <i < j < n} represents
the set of complementary index pairs. By lifting these constraints using (3), we obtain
Xij = 0, Y(i, j) € E. By incorporating (2) and (3) into the set Z and £ defined in
the subsequent subsection, respectively, our results for (MBQP) extend naturally to
general QCQP problems. For simplicity, we exclude additional quadratic constraints
of the form (1) in (MBQP) throughout this paper.

1.2 SDP-RLT relaxations of (MBQP)

Shor relaxation. A commonly used convex relaxation of general QCQP problems is
the Shor relaxation [53], which is obtained by replacing the quadratic term xx T with a
matrix X and introducing a positive semidefinite constraint X —xx | > 0. The explicit
formulation of the Shor relaxation (SHOR) of (MBQP) is given in Subsection 2.1.
While the Shor relaxation can be exact under certain conditions [19, 60], it often yields
weak lower bounds for most instances of (MBQP). In some cases, the bound can even
be unbounded below. Therefore, additional constraints are necessary to strengthen the
relaxation and improve bound quality.
DNN relaxation. To address this limitation, researchers have explored the doubly
nonnegative (DNN) relaxation, which extends the Shor relaxation by incorporating
nonnegativity constraints on X. Initially proposed by Burer [17, 18] and further ana-
lyzed in [11, 30, 33], the DNN relaxation generally provides a significantly tighter
relaxation than the Shor relaxation. The explicit formulation of the DNN relaxation
(DNN) of (MBQP) is given in Subsection 2.1. However, deriving (DNN) requires con-
verting all inequality constraints into equality constraints via the introduction of slack
variables. This transformation can substantially increase both the matrix dimension
and the number of constraints in the resulting relaxation. For instance, if the number of
inequality constraints / equals the variable dimension #, the matrix dimension of the
DNN relaxation increases to 2n, significantly increasing computational complexity.
SDP-RLT relaxation. To address the high dimensionality of (DNN) while main-
taining its bound quality, we consider the SDP-RLT relaxation of (MBQP). Unlike
(DNN), which increases the problem size by introducing additional slack variables, the
SDP-RLT relaxation preserves the original problem dimension by deriving quadratic
constraints from the linear constraints of (MBQP). Specifically, it integrates the
reformulation-linearization technique (RLT) [48, 51] with the Shor relaxation (SHOR),
yielding a tighter bound than (SHOR). In fact, we will further show that it achieves
the same bound as (DNN).

To systematically construct the SDP-RLT relaxation of (MBQP), we first apply
the RLT technique to obtain the quadratic constraints. These constraints are derived
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by multiplying pairs of linear inequalities, including x > 0, and by multiplying each
equality constraint with a decision variable. Next, we replace the quadratic term xx "
with X and introduce the variable z = 1 to homogenize all constraints. The derivation
process is shown as follows:

4 )
Ax—b=0, d—Gx>0, x>0
l(RLT)
(Ax = b)x' =0, d—Gx)x' >0, d—Gx)d—-Gx)' >0, xx' >0
l(LIFT)
AX —bx" =0, dx'=GX >0, GY)>0, X>0, z=1,
1\ J
Z XT 1 . 1 I -
where ¥ := . x|€ S"*1 and the mapping G : S"*! — §' is defined as

G(Y):=GXG" —Gxd" —dx"G" +zdd". 4)

Finally, by incorporating these constraints into the Shor relaxation, we obtain the
SDP-RLT relaxation as follows:

SDPRIT . o {(C Y): Y e FNZg NSt n Nn+1} , (SDP-RLT)

where the cost matrix C = [0, cTie, 0] € S"+1 The sets defined by equality and
inequality constraints, denoted by F and Zy respectively, are given by

.
y:;:{[fc xX}ES"“:Ax:b, AX =bx", x; = X;;, Vi € B, z:l},

-
Tk :={[i XX:|€Sn+1 :G(Y)>0,dx' —GX >0, zd—zeO}.

Here ST’I denotes the cone of positive semidefinite matrices in $"*!, and N"*!
denotes the cone of nonnegative matrices in R”'*+ D>+ Note that the last constraint
zd — Gx > 0in Zp is redundant, provided that at least one component of x is bounded
in the feasible set {x € R’i 1 Ax = b, Gx < d}, see [52, Proposition 8.1]. Compared
with the lower bounds provided by (SHOR) and (DNN), we prove in Theorem 1 that

USHOR < UDNN — USDP—RLT < UPI.

Thus, (SDP-RLT) achieves the same lower bound as (DNN) while maintaining the
same variable dimension as (SHOR). This result can be applied to two important
problem classes: the strengthened MBQP and sparse QP with an /p-norm constraint,
as discussed in subsection 2.3. A detailed theoretical and numerical comparison of
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these relaxations is provided in Section 2 and Subsection 5.1, respectively. Our analysis
demonstrates that (SDP-RLT) is generally more computationally efficient than (DNN).
Given this advantage, the primary focus of this paper is to develop an efficient method
for solving the (SDP-RLT) relaxation. The next subsection reviews existing algorithms
for (SDP-RLT) and identifies their limitations.

1.3 Challenges in solving (SDP-RLT)

Our main question is how to efficiently solve (SDP-RLT). Renowned SDP solvers
like SDPT3 [59], SeDuMi [54], and DSDP [8], which utilize interior point methods,
are rarely used for solving SDP-RLT or DNN problems due to their high compu-
tational costs per iteration, scaling as (’)(n6). Instead, first-order methods based on
the alternating direction method of multipliers (ADMM) [21, 63] are preferred for
these problems. Although solvers such as SDPNAL+ [55, 63, 64], which employ the
augmented Lagrangian method (ALM), have been quite effective in solving medium-
size problems (with n < 2000), solving large-scale instances (say with n > 3000)
remains a highly challenging task. This difficulty arises primarily from the costly
eigenvalue decompositions required by ADMM-type or ALM-type methods to per-
form projections onto S’} , as well as slow convergence issues caused by the degeneracy
of solutions.

A closely related work is [30], where the authors proposed RNNAL (which we
rename as RINNAL here for ease of pronunciation), a method for solving DNN prob-
lems by leveraging their solutions’ potential low-rank property. RINNAL is a globally
convergent Riemannian ALM that penalizes the nonnegativity and complementar-
ity constraints while preserving all other constraints in the ALM subproblem. After
applying the low-rank decomposition to the ALM subproblem, the resulting feasible
region becomes an algebraic variety with favorable geometric properties. In [30], it
was demonstrated that RINNAL can substantially outperform other state-of-the-art
solvers in solving large-scale DNN problems. However, RiINNAL still has several
limitations:

1. RINNAL is not applicable for solving general (SDP-RLT) problems with the
inequality constraints imposed by Y € T, which arise from the conditions Gx < d
and x > 0. While RiNNAL can solve (DNN) (whose equivalent reformulation is
(SDP-RLT)), the variable dimension of (DNN) increases significantly with the
number of inequality constraints, resulting in higher computational costs.

2. Most low-rank decomposition algorithms [30, 40, 57, 61, 62] including RINNAL
require frequently tuning the rank of the factorized variable. On one hand, when
the dual infeasibility of the KKT system is large, the rank needs to be increased
to escape from the saddle points of the factorized ALM subproblem. However, the
appropriate rank increment is a challenging hyperparameter to tune: overly large
increments will unnecessarily enlarge the problem size, while insufficient incre-
ments will require repeated updates to achieve convergence. On the other hand,
rank reduction is equally important for saving memory and reducing computa-
tional costs, typically achieved by dropping near-zero singular values and their
corresponding singular vectors from the factored variable. However, selecting the
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threshold for this reduction is another difficult hyperparameter to tune. A large
threshold may cause significant changes to the iteration matrix, leading to jumps
in the objective function and harming convergence, while a small threshold results
in slow rank reduction and incurs unnecessary computational costs. Both the fre-
quency and magnitude of rank updates are often performed heuristically, varying
across different cases, and the parameter selection can greatly affect the perfor-
mance of RiNNAL.

3. When encountering non-smooth points in the Riemannian gradient descent inner
loop for solving the ALM subproblem, RiNNAL needs to reformulate the DNN
relaxation problem equivalently into a higher-dimensional problem to ensure
the linearly independent constrained qualification (LICQ). However, solving the
higher-dimensional reformulated problem significantly increases the correspond-
ing computational time.

The goal of this paper is to propose a suite of techniques, from various perspectives,
to resolve the above-mentioned issues and enhance the computational performance of
our previous algorithm RiNNAL. We will state our techniques and contributions in
the next two subsections.

1.4 A hybrid method for solving ALM subproblems

In Section 3, we propose RiINNAL+, an enhanced version of our previous algorithm
RiNNAL to solve general SDP relaxation problems including both (SDP-RLT) and
(DNN). The similarities and distinctions in applying RINNAL+ to these relaxations are
discussed in Subsections 3.4 and 5.2. For clarity, we use (SDP-RLT) as a representative
example to illustrate the core ideas of RINNAL+ in this subsection. The primary
innovation in RiINNAL+ is its hybrid approach, which consists of two phases for
solving the following ALM subproblem:

min {{C. ¥} + S — €y =P : Y eFsi (v

where C(Y) > [ denotes all the inequality constraints of (SDP-RLT) imposed by
Y € TRNN"T!, 11 is the corresponding Lagrangian dual multiplier, and o is the penalty
parameter. RINNAL+ switches between two phases to efficiently solve (CVX).
Low-rank phase. Suppose that the subproblem (CVX) has an optimal solution of
rank r, where r is a positive integer. To fully utilize the potential low-rank property of
the solutions to (CVX), we apply a special low-rank factorization proposed in [30] to
the variable Y and simplify (CVX) to the following equivalent model:

min {(C, RRT)+ %nm(a—lu —C@RRTY=1)I?: Re M,} . @R)

where R € R"*" is the matrix variable, R := [e?; R] € R®+DX7 5 the factor matrix
with e being the first standard unit vector in R”, and M, (derived from the low-rank
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formulation of F N S’}FH) is defined as
M, = {R e R"™" : AR = be], diagg(RR") = RBel} .

We refer the reader to Subsection 1.7 for the meaning of the notation diagz(-) and
Rp. Here and in other parts of this paper, given two matrices P and Q with the
same number of columns, the notation [ P; Q] denotes the matrix that is obtained by
appending Q to the last row of P. The set M, has many favorable properties so that
the corresponding projection and retraction can be computed efficiently. Although this
has been discussed in detail in [30, 58], for reader’s convenience, we summarize these
properties below:

1. M, contains only mr linear constraints and p spherical constraints, making it eas-
ier to handle than the original one (F N Si“) consisting of a positive semidefinite
constraint and m(n + 1) 4+ p + 1 equality constraints.

2. Reformulating constraints into M, helps mitigate the violation of Slater’s condi-
tion for the primal (SDP-RLT) problem.

3. The metric projection onto the algebraic variety M,, although non-convex, can
be transformed into a tractable convex optimization problem under the LICQ
condition.

Based on the good geometric properties of M,., RINNAL applies the Riemannian

gradient descent (RGD) method to solve (LR). However, as mentioned in the previ-
ous subsection, the reformulation technique to ensure LICQ property will increase the
dimension and reduce the algorithm’s efficiency. To overcome this issue, in RINNAL+,
we use a random perturbation strategy to directly achieve smoothness without increas-
ing the dimensionality. This approach, initially studied in [56], is detailed further in
Subsection 4.2. The low-rank phase plays a central role in reducing the objective value
of (CVX).
Convex lifting phase. Once the iterate R; in the low-rank phase reaches near-
stationarity, the algorithm transitions to the convex lifting phase. In this phase, we
perform a projected gradient (PG) step on (CVX), initializing from Y; = R,I/?\;r . The
PG step employs a semismooth Newton (SSN) method to compute the next iterate
Y;4+1. After that, we factorize Y;41 to get R;41, which serves as the starting point for
the next low-rank phase. This convex lifting phase has two advantages:

1. Unlike the rank-tuning strategies discussed in the previous subsection, the PG step
automatically updates the rank without requiring parameter tuning. In our numerical
experiments, we observe that this approach performs remarkably well and typically
identifies the correct rank after just a few PG steps. For instance, we test this on a
BIQ problem with dimension n = 500. As shown in Figure 1, the evolution of the
rank demonstrates that the PG method converges to the correct rank significantly
faster than traditional rank-tuning strategies.

2. The PG step consistently decreases the function value, whereas the rank-tuning
method may increase the function value when we truncate small singular values.
This monotonic decrease ensures the convergence of the subproblem.

@ Springer



DiHou et al.

500 —@ T T T
—#— Adaptive
450 + —e—PG 1

400 -

350 -

300 |

250

—— Adaptive i
—e—PG

Rank

200 -

100 -

50 -

0 5 10 15 20 25 30 35 40 45 0 5 10 15 20
Iteration Iteration

(a) Initial rank r = 2. (b) Initial rank r = 500.

Fig.1 Comparison of rank evolution between PG and traditional rank-tuning strategies

The idea of using a PG step to update rank has been explored in the earlier work [37].
In this paper, we further develop a preprocessing technique, which will be introduced
in subsection 4.1, to significantly reduce the computational cost of the PG step. This
preprocessing step is particularly beneficial for SDP problems with constraints ¥ €
FnN S’_‘J], as it enables the metric projection onto the feasible region in the PG step
to be efficiently solved via the SNN method with significantly fewer iterations. Since
the set F N Sﬁ_‘“ is widely encountered in SDP relaxations with RLT constraints,
this technique can be used as a subroutine in various solvers to efficiently handle such
constraints. Beyond preprocessing, we also develop a warm-start technique, which will
be discussed in subsection 4.3. This warm-start technique recovers the dual variable
from the low-rank phase and uses it as the initial value for the PG step in the convex
lifting phase. This warm-start technique can substantially reduce the time required to
solve the projection subproblem, further improving the efficiency of RINNAL+.

1.5 Summary of our contributions

Our contributions in this paper are summarized as follows:

1. We provide a comprehensive comparison of the bound tightness, constraint
type, and numerical behavior among several commonly used SDP relaxations of
(MBQP), namely, (SHOR), (SDP-RLT), (DNN) and (COMP). In particular, we
establish the theoretical equivalence between the (SDP-RLT) and (DNN) relax-
ations.

2. We introduce RiNNAL+, a Riemannian ALM to solve general SDP relaxation
problems (P), which encompasses (SDP-RLT), (DNN), and (COMP) as special
cases. Our approach employs a hybrid two-phase framework to efficiently solve the
ALM subproblem: the low-rank phase reduces the objective value, while the convex
lifting phase automatically adjusts the rank of iterates to reduce computational costs
and ensure global convergence.

3. Unlike prior methods that require reformulating (SDP-RLT) into a higher-
dimensional SDP problem [30], we circumvent nonsmoothness issues by intro-
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ducing a small random perturbation to the constraints in M., thereby improving
computational efficiency without increasing dimensionality.

4. In contrast to existing low-rank algorithms that adaptively adjust the solution rank
[30, 57, 61, 62], we employ a single PG step to automatically tune the rank for the
low-rank phase. This strategy reduces variable dimensionality, helps escape saddle
points, and ensures global convergence. Additionally, we enhance the efficiency of
the PG step through specially designed preprocessing and warm-start techniques.

5. We conduct numerous numerical experiments to evaluate the performance of
our RiNNAL+ algorithm for solving SDP relaxations of various MBQP problem
classes. While previous SDP solvers based on low-rank factorization perform well
only when the problem has a low-rank optimal solution, RINNAL+ demonstrates
strong performance even for (SDP-RLT) and (DNN) relaxations whose optimal
solution ranks are not necessarily small.

1.6 Organization

This paper is structured as follows. Section 2 introduces several SDP relaxations of
MBQP, including (SHOR), (SDP-RLT), and (DNN), and establishes the theoretical
equivalence between the last two relaxations. Section 3 presents RINNAL+, a hybrid
augmented Lagrangian method designed to solve general SDP relaxations of QCQP.
Section 4 introduces computational enhancements, such as preprocessing, random
perturbations, and warm-start techniques, to improve the efficiency and stability of
RiNNAL+. Section 5 provides extensive numerical experiments to evaluate the per-
formance of RINNAL+. Finally, we conclude the paper in Section 6.

1.7 Notations

Let (A,B) := Tr (ABT) denote the matrix inner product and | - || be its induced
Frobenius norm in S”. Define e as a column vector of all ones, and e¢; as a column
vector with 1 as its first entry and zero otherwise. Let R’} and R’ | denote the sets
of nonnegative and positive real vectors in R”", respectively, and let IT4(-) be the
projection onto R’} . For amatrix X € R™*", vec(X) denotes the vector in R™" formed
by stacking the columns of X. We use o to denote the element-wise multiplication
operation between two vectors/matrices of the same size. We use 6¢(-) to denote the

indicator function of a set C. Let [n] := {1, 2, ..., n} for any positive integer n. For a
matrix X € $"*!, we denote its block decomposition as follows:
X X R Rb»
X = |:X21 Xzz] € |:]Rn><l N . (5)

Next, we define some operators. Given an index set B C [n] with its cardinality
denoted by |B|, define diagp : R"*" — R!B! such that diagp (X) = (Xii);ep- The
index set B is omitted if B = [n]. For a matrix R € R"*" let R; € R'*” denote its
i-throw, and let Rz € RIB*" be the submatrix of R consisting of the rows indexed by
B. Define R := (elT; R), which augments R with the first standard basis row vector.
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2 Relaxations

In this section, we first introduce three commonly used SDP-type relaxations: the Shor
relaxation, the SDP-RLT relaxation, and the DNN relaxation in subsection 2.1. We
then demonstrate that the latter two relaxations are actually equivalent in subsection
2.2. Finally, we apply these findings to two significant problem classes: the strength-
ened MBQP and sparse quadratic programming (QP) with an /p-norm constraint in
subsection 2.3.

2.1 Relaxation formulation

Shor relaxation. By replacing the quadratic term xx | with a matrix X and introducing
a positive semidefinite constraint X — xx ' > 0, we obtain the Shor relaxation [53] of
(MBQP) as follows:

vSHOR = min {(C, ¥): ¥ e FynTgnsy], (SHOR)

where C is defined after (SDP-RLT), Fs and Zg are defined by

Z xT n+1 .
Fs = . X esS : Ax=b, x; =X;;,VieB, z=1y,

To:=1{|° x! eS"l: zd—Gx >0, x>0
s=1ly x Dz >0, x>0}.

The Shor relaxation provides a lower bound vSHOR of the optimal value v of
(MBQP). However, the gap between vSHOR and v”1 may be large, and in certain
cases, the lower bound vSHOR can even be unbounded below. Thus, we need to add
extra constraints to make the relaxation tighter.

SDP-RLT relaxation. The SDP-RLT relaxation integrates the reformulation-
linearization technique (RLT) [51] with Shor relaxation (SHOR), hence providing a
tighter bound. The RLT technique generates additional quadratic constraints implied
by the linear constraints of (MBQP). The explicit formulation (SDP-RLT) is provided
in Subection 1.2.

DNN relaxation. To derive the DNN relaxation of (MBQP), we first convert all the
inequality constraints in (MBQP) into equality constraints by introducing nonnegative
slack variables. The resulting problem is

min’xTQx—l—Zch tAx=b, Gx+s=d, x; €{0,1}, Vie B, x eR}, s GRZ_‘_],
which can be expressed in the following compact form:

v?2 .= min {x’TQ’x’ +2 T A =V, x; €{0,1}, Vie B, x' € R'_ﬁl} ,
(P2)
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where

/ 0 Op 1 ’ A Opxi ’ c ’
= , Al = , ¢ = , b
Q [len 0]><l:| |:G I ] ¢ |:Ol><1i|

Then the DNN relaxation of (P,) is given by

Il
1
Qo
_
X\
Il
| — |
v
—_

VPN = min {(C'¥): ¥ e Fpn g A, (DNN)
where C' := [0, (¢))"; ¢/, Q'], and Fp is defined as

/ nT
Fp = {[i, ("X)/ ] e S A =0, AX =0 ()T, diagg(X) =}, 2 = 1}.

There are several equivalent reformulations of Fp, but we adopt this particular form
because it preserves the sparsity structure of the constraint matrices and has the small-
est duality gap among other DNN reformulations, see [11, 30] for more detailed
explanations. (DNN) can be also viewed as the SDP-RLT relaxation of (P,).

2.2 Tightness comparison

In this subsection, we compare the tightness of the lower bounds provided by the
three different relaxations: (SHOR), (SDP-RLT), and (DNN). Specifically, we prove
in Theorem 1 that (SDP-RLT) and (DNN) provide the same bound, which is tighter
than that of (SHOR). To prove this result, we first denote

Fp = FNIZgNS ANt gl

Fp:=FpN Sr_;_+l+l N Nn+l+l c Sn+l+l’

which are the feasible regions of (SDP-RLT) and (DNN), respectively. Next, define

the linear map @ : S"+! — §"+/+1 such that for any ¥ = < XX e §"*H it holds
that
1 Opxn 1 O’ z xT (zd — Gx)T
W) =01 In |Y|O0ux1 In = x X @dx"-6x)T |, (6)
d -G d -G zd —Gx dx' —GX G(Y)

where the mapping G is defined in (4). The following lemma characterizes the one-
to-one correspondence between Fg and Fp.

Lemma 1 The mapping ® is bijective from Fg to Fp.

Proof 1t is sufficient to prove that:

xT

4
(1) Forany Y := |:x %

] € Fp, it holds that ®(Y) € Fp.
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(2) @ is surjective.
(3) @ isinjective.

Proof of (1): assume that Y € Fp = FNZIx N ST] N N**! Since z = 1, we have
that

1 x' 5T 1 X' d-Gx)T
oY) :=|x X ZzZ'|= X X dxT —G6x)7 .
s Z d

w —Gx dx"—GX GXG' —GxdT —dx"GT +dd"

-

First, by the definition of ®(Y) in (6), Y > 0implies that ®(Y) > 0. Next, the relation
Y € I implies that s > 0, Z > 0, W > 0. Also, the relation Y € NrH implies that
x >0, X > 0. Thus, we have ®(Y) € N***!_ Finally, denote x” := [x; s]. Then

A Omxi||x| | Ax bl
ve=lg )=o) = e =

where the third equality follows from the definition of s. Similarly,
Ay —[A Oma|[X z"l [ Ax AZT
|G L ||z W] |GX+Z GZT+W
bxT  bsT ST
o [de dsT] =b&)

where the third equality follows from the definitions of s, Z and W. Furthermore,
diagg (X') = diagg(X) = xp = x.

Thus, we have ®(Y) € Fp. According to the relations above, we proved that (YY) €
Fp.

Proof of (2): we prove that for any Y’ € Fp, there exists some ¥ € Fg such that
®(Y) = Y'. Denote

1 x' 7
Y:=|x X Z"|ePFp,
s Z w

then it is sufficient to prove that the submatrix Yy := [1, xT; x, X] € Fg and it satisfies
®(Yp) = Y’'. By the relation Y’ € Fp, we have

Ax | _[b AX AZT T [bxT bsT o
Gx+s| |d|” |GX+Z GzZT+wW|  |dxT dsT|’
which implies that
1 x! (d—Gx)"
DY) = X X dx" -G6x)7
d—Gx dx" —GX GXG' —Gxd" —dx"G" +dd"
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1 xT T
frd X X ZT = Y/.
s Z w

Thus, we only need to show that Y € Fg. First, the relation Yy € S’ﬁl N N+ holds
because Y’ € S'j_”“ N N*t+1 Second, denote x” := [x; s], the relation Yy € F
follows from the first m rows of (7) and

diagg (X) = diagg(X') = xj3 = x5.

Finally, the relation Yy € Zp is equivalentto s > 0, Z > 0, W > 0, which holds
because Y’ > 0. Thus, we have Y € Fg.

Proof of (3): we prove that if ®(Y;) = ®(Y>) for any Y1, Yo € Fg, then Y1 = Y>.
This can be directly proven by noting that Y1 and Y, are the submatrices of ® (Y1) and
e (12). O

With Lemma 1, we can prove the equivalence between (SDP-RLT), and (DNN).

Theorem 1 The optimal values of different reformulations and relaxations of (MBQP)

satisfy

USHOR DNN _ vSDP—RLT P

<v <Pt =P,
Proof Since (MBQP) and (P,) differ only by the slack variables, it follows that P =
v"2. Additionally, since (SHOR) shares the same objective function as (SDP-RLT) but
has a larger feasible region, we have vSHOR < SPP-RLT gince (DNN) is a relaxation
of (P,), we have vPNN < P2 Thus, we only need to prove that pSPP-RLT _ ,DNN By
Lemma 1, there exists a bijective mapping & from the feasible set Fr of (SDP-RLT)
to the feasible set Fp of (DNN). Furthermore, for any pair ¥ € Fg and Y’ € Fp such
that ®(Y) = Y’, the objective function values of (DNN) and (SDP-RLT) are the same,

ie., (C’, Y/) = (C, Y). Thus, we have pSPP-RLT — ,DNN, O

Remark 2 (Applications) The equivalence outlined in Theorem 1 between (SDP-RLT)
and (DNN) generalizes several established results in the literature. For example, [6, 52]
establish this equivalence for (MBQP) restricted to box constraints. [2, 12] mentioned
similar equivalence results under the mapping &, but their DNN relaxation does not
incorporate slack variables, making it different from (DNN). Theorem 1 also serves
as an efficient tool to directly verify the equivalence between different relaxations. For
example, we can directly confirm the equivalence between the DNN relaxation of a
sparse standard QP and its reduced-dimensional form demonstrated in [10, Section 3].
Similarly, we can confirm the equivalence between the DNN relaxation of a concave
QP and its reduced-dimensional form demonstrated in [49, subsection 2.2].

Remark 3 (Tightness) Numerical examples, presented in Subsection 5.1 and discussed
in [33, Section 6], demonstrate that the inequality pSHOR -, SDP-RLT may indeed be
strict. Additionally, Subsection 5.1 further compares the relative gap of these different
relaxations.
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Table 1 Comparison of constraints for different formulations

Problem # conic constraints # equality constraints # inequality constraints
(SHOR) st m+p+1 I+n

(SDP-RLT) st et mm+1)+p+1 1Qn+1+1)/2
(DNN) SEHH A Nt m+Dn+1+1)+p+1 0

n: variable dimension p: binary variables m: equalities [: inequalities

Remark 4 (Constraints) Theorem 1 indicates that (SDP-RLT) and (DNN) are theoreti-
cally equivalent. However, these two relaxations differ in variable dimensions, as well
as the type and number of constraints, which will affect the numerical performance of
algorithms used to solve these relaxations. As shown in Table 1, although (SDP-RLT)
has a smaller variable dimension than (DNN)), it contains more inequality constraints,
especially when the number of inequalities of (MBQP) is large. The numerical perfor-
mance comparison of RINNAL+ and SDPNAL+ for different relaxation formulations
is further studied in subsection 5.2.

2.3 Examples

In this subsection, we highlight two significant classes of (MBQP) derived from the
strengthened equality-constrained MBQP and sparse QP with /p-norm constraint.

Example 1 (Strengthened equality-constrained MBQP) Consider the following
equality-constrained MBQP without inequality constraints:

min {xT Ox+2¢Tx: Ax=bh, xg €{0,1}", x € R’;} . (MBQP-E)

The DNN and SDP-RLT relaxations of (MBQP-E) are the same and have been exten-
sively analyzed in prior works [11, 18, 30]. However, they may still lack sufficient
tightness. To further strengthen these relaxations, we can introduce redundant con-
straints based on the binary condition xp € {0, 1}? [38, 42]. Specifically, we add the
redundant bound constraint xg < e to (MBQP-E), leading to the following equivalent
problem:

v .= min {xTQx +2c¢"x: Ax=b, xg <e, xp €{0,1}7, x € Rﬁ} .
(SMBQP-E)
Although (MBQP-E) and (SMBQP-E) are equivalent, the SDP-RLT relaxation of the
latter is expected to be tighter due to the additional bound constraint xp < e. This is

confirmed in subsection 5.1, where we compare the SDP-RLT lower bounds of both
formulations and demonstrate that incorporating this redundant constraint significantly

@ Springer



RiNNAL+: a RALM solver for SDP-RLT relaxations...

strengthens the SDP-RLT relaxations. To obtain the DNN relaxation of (SMBQP-E),
we introduce a slack variable s and reformulate (SMBQP-E) as follows:

vF2 :=min[xTQx+20Tx : Ax=b, xp+s=e, xp{0,1}, xeR?, s € Rf_},
(®)
which aligns with the structure of (P>), enabling us to obtain the corresponding DNN
relaxation. Furthermore, we can replace the binary constraints xp € {0, 1} in (8) by
the complementarity constraints xp os = 0, leading to another formulation as follows:

v ::min{xTQx—i-Zch: Ax =b, xp+s=e, xpos =0, x e R"”, seRﬁ}.
(P3)

This formulation is in the form of QCQP, differing from the structure of (MBQP) due
to the additional complementarity constraints xp o s = 0. However, as discussed in
Remark 1, we can still derive the SDP-RLT relaxation as follows:

pCOMP . i {(c/, Y): Y eFenéenstrtin N"+P+1} . (COMP)

where the sets F¢ and Z¢ are defined as

7 ()T n+p+1 ’ 1Ayt 1o NT
Fc = vy eSS AN =0, AX =0 (X)), =1

Z/(X/)T n+p+1 / . .
Ec = o e s"P :XijzoforzeB,]e{n+1,...,n+p} .

Denote the optimal values of the Shor, SDP-RLT and DNN relaxations of (SMBQP-E)
as vSHOR ySDP=RLT 'and yPNN respectively. The following result shows that the
three different relaxations, namely the SDP-RLT, DNN, and COMP relaxations, are
all equivalent.

Theorem 2 The optimal values of different reformulations and relaxations of
(SMBQP-E) satisfy

USHOR < USDP-RLT — ,DNN _ UCOMP < vPl P3.

v =2 =y
Proof Since (SMBQP-E), (8) and (P3) are equivalent, we have vF'! = vP2 = oP3,
Also, it is proven in [32] that vPNN = yCOMP Combined with Theorem 1, we

complete the proof. O

Remark 5 Table 2 presents a comparison of the constraints across the four relaxations
of (SMBQP-E). Notably, while (DNN) and (COMP) share the same variable dimen-
sions and number of constraints, the nature of these constraints differs, which has
a substantial impact on the performance of our proposed algorithm. A detailed per-
formance comparison is provided in subsection 5.2, demonstrating that (SDP-RLT)
is the preferred choice for our algorithm, as compared to either (DNN) or (COMP).
Moreover, (DNN) is preferred over (COMP).
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Table 2 Comparison of constraints for different relaxations of (SMBQP-E)

Problem # conic constraints # equality constraints # inequality constraints
(SHOR) st m+p+1 p+n

(SDP-RLT) st et mm+1)+p+1 pQn+p+1)/2
(DNN) ST AN mp)n+p+DA+p+1 0

(COMP) SHEaRNe) Ay m+pn+p+D+p+1 0

n: variable dimension p: binary variables m: equalities

Example 2 (ly-norm constraint) Consider the following bounded set with /p-norm con-
straint:
Spi={xeR}: x=d,|xlo < p},

where p € (0, n] is a positive integer limiting the maximum number of nonzero ele-
ments, and d € R’ , provides a positive upper bound for the variable x. Without loss
of generality, we assume d = e, as we can always scale the variable x. Constraints of
the form S are extensively studied in the literature; see, for instance, [5, 10]. How-
ever, directly addressing optimization problems with the constraints in Sy is typically
challenging. An alternative approach is to introduce an upper-bound variable u and
consider the following Big-M set:

Sr={(x,u) eRY xR} : u<e, x<u, e'u=p, ue0,1}").

The constraint u < e in S, is redundant, but helps to provide a tighter SDP-RLT
relaxation. Besides the Big-M set, we can also use the variable u to formulate the
complementarity set:

S3:={(x,u) eR xR} : u<e, x<e, x (u—e)=0, e u=p, uci{o1}"}.
)

Define the projection of a set S onto the x-component as
IT,(S) :={x e R": (x,u) € S for some u € R"}.
Then the following relationship holds:
S1 = I (82) = I (83).

Thus, for any sparse optimization problem with the constraint x € S;, we can replace
x € S1 with (x,u) € S>. If the objective function is quadratic, the resulting prob-
lem then becomes a special case of (MBQP), allowing all the established relaxations
and algorithms to be applied directly. Alternatively, we can substitute x € S with
(x,u) € S3. This reformulation yields a special case of (MBQP) that includes addi-
tional quadratic constraints, specifically x T (u — ¢) = 0, which can be transformed
into complementarity constraints by changing variables. Based on the discussion in
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Table 3 Constraint

correspondence to (P) for Problem 7 £ z

different relaxations (SHOR) Fs A T
(SDP-RLT) F sntl Tr NNt
(DNN) Fp snH+1 N+l
(COMP) Fc Ec Tc NNt

Remark 1, we can extend the relaxations and algorithms to address the resulting QCQP
problem, as demonstrated in subsection 5.7.

3 Algorithm framework

In this section, we give a detailed description of the proposed method RiNNAL+ to
solve the following general SDP problem:

min{(C.y): ¥ eFnenTASH, (P)
where F, £ and 7 are defined as
f::{YeS”+1:A(Y)=d}, A ST RD,
£ = [YeS”“ : B(Y):g}, B sl RY,
7= [Y es™ew) > h] C .S R,

and A, B and C are linear maps. We focus on the specific 7 mentioned in (SDP-RLT)
with

AYs
_ | vec(AYx —bY12) — | Omn do
dy=m+mn+p+1, AY):= diagg (Yo) — (Ya1)g | d:= 0, e R,
Y 1

where Y11, Y12, Y21, Y2, are the submatrices of Y defined in (5). We reuse the notation
d in this section with a different meaning from its earlier usage. The distinction should
be clear from the context. Problem (P) is general and encompasses the SDP relaxations
proposed in this paper, as summarized in Table 3.

The optimality conditions, also known as the Karush-Kuhn-Tucker (KKT) condi-
tions, for (P) are given by:

(primal feasibility) A(Y)=d, B(Y)=g, C(Y)>h, Y =0,
(complementarity) (C(Y) —h,u) =0, (Y,S)=0, (10)
(dual feasibility) C — A*(y) —B*(A) —=C*(u) — 8§ =0, S>>0, u>0,
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where (v, A, u, S) € R9% x R4 x R% x S"*! are dual variables. We make the following
assumption throughout the paper.

Assumption 1 The problem (P) admits an optimal solution satisfying the KKT con-
ditions (10), and its objective function is bounded from below.

RiNNAL-+ is an augmented Lagrangian method for solving (P), incorporating two
phases for solving the ALM subproblem: a low-rank phase utilizing Riemannian opti-
mization and a convex lifting phase employing the projected gradient (PG) method.
More specifically,

e (Low-rank phrase) We leverage possible low-rank property of the optimal solu-
tion to accelerate the computation of the optimal solution of the ALM subproblem
through a Riemannian gradient descent method.

e (Convex lifting phrase) We run one step of the PG method to automatically adjust
the variable’s rank and escape from a saddle point, if necessary. To solve the PG
subproblem, we apply a semismooth Newton-CG (SSN) method together with a
warm-start technique (described in section 4) to accelerate the computation.

In this section, we first introduce the general ALM framework of RINNAL+ to solve
(P) in subsection 3.1. We then give a detailed description of the low-rank and convex
lifting phases for solving the ALM subproblem in subsection 3.2 and 3.3, respectively.
Finally, we elaborate the equivalence between the ALM subproblems of RINNAL+
for (SDP-RLT) and (DNN) in subsection 3.4.

3.1 Augmented Lagrangian method

RiNNAL+ is an augmented Lagrangian method for solving (P). We first equivalently
express (P) in the following form:

min {(C.Y)+ 85 (1)1 ¥ € ENT]
= min{(c, V)48 g (V) 1 BOY) =g, C(¥) 2 h} (11)

Let o > 0 be a given penalty parameter. The augmented Lagrange function is defined
by

Laywqm:=«:m+%wd*x—aﬂn—gnﬁ+%unuo*u—wav—mnﬁ

We can apply the following augmented Lagrangian method to solve (11). Specifically,
given the initial penalty parameter o9 > 0 and dual variables A € R%! and u° € R%,
perform the following steps at the (k + 1)-th iteration:

Y**+! — arg min {Lgk(y; ok Yy eFn S’jj‘] , (CVX)

AT =5k o (BYF — ), (12)

@ Springer



RiNNAL+: a RALM solver for SDP-RLT relaxations...

P = T (uf — oYY — hy), (13)

where oy 1 05 < 400 are positive penalty parameters. For a comprehensive discus-
sion on the augmented Lagrangian method applied to convex optimization problems
and beyond, see [29, 45, 50].

The main challenge in the ALM lies in solving the convex ALM subproblem
(CVX). In the following subsections, we introduce a two-phase method to address
this: the low-rank phase, utilizing Riemannian optimization, and the convex lifting
phase, employing the PG method. We then demonstrate how to efficiently solve the
subproblem (CVX) by combining these two phases. The algorithmic framework is
listed in Algorithm 1, where Y’ is obtained by the factorization described in the next
subsection.

Algorithm 1 The RiNNAL+ method

1: Parameters: Given o > 0, integer r¢ > 0, and initial point RV e My,

20k < 0,i < 0,20 =0y, 10 =04,

3: while (P) is not solved to required accuracy do

4:  while (CVX) is not solved to required accuracy do

5 Obtain Ri+! by solving (LR) using the Riemannian gradient descent method starting from R
6: Obtain Y/ *! from Ri*! by (14).
7
8

if convex lifting phase is activated then
Obtain Yi+! by solving (CVX) using one step of the projected gradient method starting from

pitl
9: Obtain Ri*! from Yi+! by (14).
10: else

11: yitl  pit+l

12: end if

13: i <—i+1

14:  end while

15 Ykl —yi

16: Akt =3k — o Bk — ).

17: b =1y (uk — o c(rh ) — my).
18:  Update oy.

19: k< k+1, i < 0.

20: end while

Algorithm 1 is a double-loop method, where the outer loop follows the same struc-
ture as the ALM in [30], with convergence analysis conducted under certain accuracy
requirements for the subproblems. The primary distinction lies in the approach used
to solve the ALM subproblems. In the following subsections, we discuss the hybrid
method employed for solving these subproblems in Algorithm 1. This method was
originally introduced in [37] for low-rank matrix optimization and is accompanied by
a detailed convergence analysis.

Remark 6 Theoretically, the update scheme in Algorithm 1 guarantees convergence.
In practice, however, the single PG step may be skipped if solving (LR) already
provides a sufficiently accurate solution. To ensure that the rank is large enough to
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guarantee convergence while remaining small to reduce computational cost, a PG step
is performed after the low-rank phase at every 5 outer ALM iterations or whenever
singularity issues occur, as discussed in the implementation in Section 5.

3.2 Low-rank phase
In the low-rank phase, we adopt the method proposed in [30] to solve (CVX). Below,

we briefly summarize this approach. Let o € Ry, € R and u € Riz be fixed, and

assume that the subproblem (CVX) has an optimal solution with rank > 0. By the

Burer-Monteiro (BM) factorization, any optimal solution Y € F N ST’I of rank r can

be expressed in the following factorized form:

1 T T PN
' [ xx] B M [e1 RT] = RRT, (14)

where R € R"*" and R := [elT; R] with e being the first standard unit vector in R".
Thus, (CVX) is equivalent to the following factorized nonconvex problem:

n}%n{fr(R) = L,(RR : %, ). R e/\/,}, (15)
where the feasible set N, is defined as
N, = {R €R"™ : ARe; = b, ARR' = b(Rey)", diagz(RRT) = Rpe; }
The set N, contains a huge number of Q (mn) quadratic equality constraints and is

non-smooth everywhere, i.e., the LICQ condition does not hold at every R € N,.
However, an important observation made in [30] is that

RRT e FnS™' «— ReN, < ReM,
where M, is a much simpler set defined as
M, = {R € R"™ : AR = be] , diagz(RR") = RBel} .

The set M, contains only mr linear constraints and p spherical constraints after a
linear transformation. Therefore, problem (CVX) can be further simplified as follows:

m]%n{f,(R) : ReM,}. (LR)
Different from M., the feasible set M, is assured to conform to a manifold structure

under some conditions [30], thus enabling the application of Riemannian optimization
methods for its solution. Define I := [0 x,; ;] and

AT(R) :=2—a(B(RR") —g), n"(R) :=TM;(u—0oC(RR") - h)).
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Then the objective function value f,(R) and its gradient can be computed by

- 1 1
f+(R)=(C,RR") + 2_||mR)||2 + — et (R,
R o 20 R
Vf(R) =21(C—B* (AT (R) —C* (u"(R)) R.

Thus, (LR) can be solved using the Riemannian gradient descent method with Barzilai-
Borwein stepsizes. The implementation of the Riemannian gradient descent method
to solve (LR) is similar to that in [30], and we omit the details here.

When using this method to solve (LR), two important operations are the projection
and retraction [1, 14]. The projection onto the tangent space of M, involves solving an
(mr + p) by (mr 4 p) symmetric positive definite linear system, whose computational
cost is in general O((mr + p)3). However, it is shown in [30] that by utilizing the
special structure of M., the computational cost of the projection can be reduced to

O (min {p3 +m?r + mrp, (mr)zp + (mr)3}> ,

which is much smaller than O((mr + p)3) when either p or mr is small.

As for retraction, it is typically more complicated than the projection onto a tan-
gent space because of the nonlinearity and nonconvexity of M,.. However, it is also
demonstrated in [30] that the non-convex metric projection problem onto M, can
be equivalently transformed into a convex generalized geometric medium problem.
This reformulation allows us to compute the retraction by applying a generalized
Weiszfeld algorithm designed in [30], which can be viewed as a special majorization—
minimization scheme and enjoys global convergence guarantees. In each iteration,
the generalized Weiszfeld algorithm minimizes a convex quadratic surrogate of the
objective, which guarantees a monotonic decrease of the objective value.

From a computational perspective, each iteration of the generalized Weiszfeld algo-
rithm mainly involves solving an m by m symmetric positive definite linear system with
multiple right-hand sides. The per-iteration computational cost is O (m?n+m>+mpr),
and the memory requirement is O(nr + m?). In practice, the cost can be significantly
reduced when the constraint matrix A is sparse. Additional favorable geometric prop-
erties of M, have been well studied in [30, 58].

However, as discussed in the introduction, the above approach has certain limi-
tations: (1) the Riemannian gradient descent method may get stuck at saddle points
due to the nonconvexity of (LR); (2) the optimal rank r for each ALM subproblem is
unknown and must be tuned adaptively. Choosing a rank that is too small may cause
the low-rank problem (LR) to be nonequivalent to the ALM subproblem (CVX), while
a rank that is too large can increase the computational cost substantially. To address
these challenges, we introduce the convex lifting phase in the next subsection.

3.3 Convex lifting phase

In the convex lifting phase, we adopt the strategy proposed in [37] to ensure the global
convergence of RINNAL+ and automatically adjust the rank. Let o € Ry, A € R%
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gpd ne R‘f be fixed and define L(Y) := L, (Y, A, 1). Given a feasible starting point
Y, the convex lifting phase runs one PG step as follows:

Y =g Y — VL)),

where ¢t > 0 is an appropriate stepsize. We define G := Y — IVL(?) in this section
with a different meaning from its earlier usage. Then, the projection subproblem can

be written as
inn[||Y—G||2: Yefmsi“]. (16)

We first decompose F N S’fl = K NP, where

Ki={resi: (PPT.y) =0} —{[Z xT]eS”“'Ax—b AX—be}
- + . ’ - - x X =+ . — - ’

T

Pi={Y e S"™™: H(Y) = q]} = {[i xx] e " diagy(X) = xp, z = 1},
T . B

and P := —bATi|’ H(Y) = |:d1agB ()Z() xB], q = I:Olpi|. The second equality of

K follows from [11, Theorem 1]. Thus,v (16) is equivalent to
myin{||Y—G||2: Ye/CmP}. (17)
To solve (17), we consider its dual problem:
|1 * 2
myIH{EIIHK(GJrH I —(q,y>}- (18)

The following lemma provides an efficient way to compute the projection onto K,
which generalizes the result of [37, Lemma 7].

Lemma 2 For any full column rank matrix P € R"*", define
. . T
K={Gesy:(PPT.6)=0]
and J :=1 — P(PTP)"'PT. Then it holds that

Mc(G) = Mg (JGJ), YGeS".
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Proof First, for any X € K, it holds that X P = 0 and PTX = 0. Therefore, we have

IX —JGJ|?
=X - —-PPHGU - PPH?
=|IX—-G+PP'G+GPP"— PPTGPPT|?
=X -GI*+2(X -G, PP'G+GPP" -~ PP'GPP')+|PP'G
+GPP"— PPTGPPT|?
=X -GI*-2(G,PP'"G+GPP"— PPTGPP')+||PP'G
+GPP"—PPTGPPT|?,

where P* = (PTP)~!PT is the Moore—Penrose inverse. As a consequence, it holds
that I (G) = Tl (JGJ). Furthermore, we observe that

(PPT,JGJYy=(JPP"J,G)=(U—-PPHYPPT(1-PP"),G)=0,

which implies that (JGJ)P = 0, meaning that JGJ has zero eigenvalues with the
columns of P as eigenvectors. Consequently, we find that g (JGJ) € K, since the
projection onto S’} only sets negative eigenvalues to zero in the eigendecomposition.
Given that IC C S, it follows that [Txc(G) = Mg (JGJ). O

By Lemma 2, the dual problem (18) is equivalent to
. 1 * 2
min §||H81+1(J(G+H ONDI"—=Aq, y) - (19)
Define G := JGJ and ﬁ(X) = H(JXJ), then (19) can be written as
. 1 ~ 7% 2
min | 3 Mgt (G +HE DI =g, ) 1 » (20)
which can be solved by the semismooth Newton-CG method, see, for example, [47,
64]. However, directly solving (20) typically requires numerous SSN iterations and CG
steps to reach a reasonably accurate approximate solution, as indicated by our numer-

ical experiments. In Subsection 4.1 and 4.3, we introduce a preprocessing technique
and a warm-start technique to mitigate these issues.

3.4 Equivalence between ALM subproblems
When applying RiINNAL+ to the two different reformulations (SDP-RLT) and (DNN),
the subproblems (CVX) differ in variable dimensions and constraints. However, we
prove that they are equivalent under the invertible linear transformation ® : "1 —
S"H+1 defined in (6). We first denote

Fp = FNST, Fj = Fp ittt
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which are the feasible regions of the ALM subproblem (CVX) of (SDP-RLT) and
(DNN), respectively. Similar to Theorem 1, we can prove the following result.

Lemma 3 The map @ is a bijection from F to F,.

We omit the proof here since it directly follows from the proof of Lemma 1. Next,
consider the following ALM subproblem of (DNN):

1
min {(c’, V)4 o MM = oY) ¥ e F’D} , @)
4 (o}

where 1/ € S"™! is the dual variable. Combining Lemma 3 with the relation
(C’, ®(Y)) = (C, Y), we have that (21) is equivalent to the following problem with
respect to Y:

1 / /
myin {(C, Y)+ g||1'1+(,L —oc®dY)|*: Y € FR}, (22)

which is exactly the subproblem (CVX) when applying RINNAL+ to (SDP-RLT).

Remark 7 Although the subproblems of RiINNAL+ for (SDP-RLT) and (DNN) are
theoretically equivalent through a linear transformation, it is important to note that their
numerical performance differs. This discrepancy arises because solving the equivalent
problems (21) and (22) with different variables and constraints can lead to distinct
computational behaviors. Furthermore, since the underlying algebraic varieties are
different, the time required for computing the projection, retraction, and eigenvalue
decomposition of the dual variable differs between the two formulations. Based on the
numerical experiments in subsection 5.2, applying RiNNAL+ to (SDP-RLT) is often
more efficient in reducing computational costs compared to solving (DNN).

4 Acceleration techniques

In this section, we introduce several strategies to enhance the efficiency and stability
of RINNAL+:

e Modeling perspective: We propose a preprocessing technique to mitigate the large
condition numbers of various linear systems encountered when solving the ALM
subproblem using the PG method.

¢ Riemannian gradient descent step: We employ a random perturbation technique
to avoid singularity issues in the projection and retraction subproblem within the
Riemannian gradient descent method.

e Projected gradient (PG) step: We recover the dual variables from the low-rank
phase, providing a warm-start initial point for solving the SSN subproblem in the
PG step. This approach can significantly reduce the computational cost of the PG
step.
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4.1 Preprocessing technique

In this subsection, we introduce a preprocessing technique to simplify some of the
constraintsin Y € F ﬂSTl that appears in the ALM subproblem (CVX) into diagonal
constraints. This simplification makes the problem easier to handle and can reduce
the number of preconditioned conjugate-gradient iterations needed to solve the linear
systems in the PG step. Let 0 € R, A € R% and i € Rff be fixed and recall that
L(Y) := Ls(Y, X, n). Consider the following equivalent formulation of the ALM-
subproblem (CVX):

min {L(Y): (Ho,Y)=1, (Hy,Y)=0Vk € B, (Hy11, Y)=0, Y =0}, (23)

where

1 O1xn 0 —Lel T
Hp := , Hy = .2k | H,.y:=PP',
0 [onxl Onsn|” 7 | ~Lep  diaglen)|” T

ey € R" is the vector whose k-th entry is 1 and all other entries are 0, and P is defined

1 LeT

. By the change
. Onx1 %jln ] Y g
of variable Y = (K ")~'Y K ~!, (23) can be equivalently written as

after equation (16). Define the invertible matrix K := |:

min {L(KT?K) (KHoK',Y)=1, AKHK" + KHyK",Y) = 1Vk € B,

(KH,1 KT, 7) =0, ¥ > 0].
(24)
Note that K H,.1 KT = KP(KP)" and

1 len

KHoK " :=
0 |:0n><1 Onxn

0 0
,AKH KT + KHoK " := b
j| k + 0 |:On x1 dlag(ek )j|

Define D : "t — RPH! such that DY) = [Y11; diagp (Y22)]. Then (24) is equiva-
lent to

min {c(KT?K) - D) =e¢, (NNT,7)=0, ¥ = 0] , (25)

where N := K P and e is the vector of all ones. We can apply the PG method to (25).
For a given starting point Yy provided by the low-rank phase, define

Yo=K NTYKk™", G=7Y—tKVLY)K,

then the PG method updates ?0 as follows:
~ I ~ -~ ~ ~ ~
Y| = argmin {EHY —GI?: DY) =e, (NNT,Y)=0, Y > 0} . (26)
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Define J := I,41 — NNT. Then the dual problem of (26) is
D(mgﬁl (J(G+D*())J)J) —e=0. 27)

We can apply the SSN method to solve (27). Note that a special case of the pro-
jection subproblem (26) is the nearest correlation matrix problem [47], where an
efficient implementation of the SSN method is provided at https://www.polyu.edu.
hk/ama/profile/dfsun/CorrelationMatrix.m. We modify the code to solve the more
general problem (26), and use the exact diagonal preconditioner to accelerate the
preconditioned conjugate gradient (PCG) method. To demonstrate the benefit of the
preprocessing technique, we consider the following Shor relaxation of a binary integer
quadratic (BIQ) programming problem, which is in the form of (23):

. Y 1 xT n+1
min {(C,Y): diag(X) =x, ¥ = r x eSi . (28)

After applying the preprocessing technique, it can be equivalently reformulated as

- R - =T
min {(KCKT, Y): diagX) =e, ¥ = [; xg} e Sy } (29)

where the reformulation has the structure of the standard SDP relaxation of a max-cut
problem. To verify the effectiveness of the preprocessing technique, we compare the
performance of SDPNAL+ in solving (28) and (29). The numerical results demonstrate
that the preprocessing technique significantly reduces the total computation time from
36 seconds to 5 seconds. Additionally, the number of ADMM+ iterations, SSN itera-
tions, SSN subproblems, and PCG iterations decreases from (2100, 30, 237, 8305) to
(400, 18, 43, 607), respectively. Since the set F N Sffrl is general and widely used in
many relaxation problems, the technique can be used as a subroutine for many existing
solvers to make the problem constraints easier to handle.

4.2 Random perturbation technique

In this subsection, we adopt the random perturbation technique used in [56] to avoid the
nonsmooth points in the variety M. Recall that the algebraic variety of the low-rank
phase is

M, = {R € R"™ : AR = be], diagzg(RR") = Rpe; } ,

which can be expressed as

M, = {R € R : AR = be| . diagy (2R — ee] )R —ce])T) = e} .
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The LICQ condition may not hold at some points R € M,.. However, we can always
add a small perturbation to the spherical constraints, and consider the following set:

M,y = {R eR"™ : AR = be;r, diagp ((2R - eelT)(ZR — eeir)T) e+ v} ,

where v € R? is a random vector such that ||v|| = € and € > 0 is a given small scalar.
We can ensure the generic smoothness of the new set M, ,, by the following lemma.

Lemma4 [56, Theorem 4] For a generic v, every point of M, , satisfies the LICQ
property.
Thus, when RiNNAL+ encounters a nonsmooth point, we can introduce a random

perturbation to M., ensuring that the projection and retraction steps on the slightly
perturbed manifold M, ,, can be successfully computed.

4.3 Warm start technique

To accelerate the computation in the SSN method for solving the projection problem
(27), we can recover an initial point y from the low-rank phase as a warm-start point,
which is obtained by considering the correspondence between the KKT conditions of
different problems. On the one hand, the KKT condition of the ALM subproblem (23)
is

VL(Y) —aHy — ZMka —BHyp1 =81, (81,Y)=0, § =0, (KKT-1)
keB

where (o, i, B, S1) € R x R? x R x S**1 are the multipliers that can be recovered
from the low-rank algorithm, see [30, Subsection 4.1] for more details. On the other
hand, the KKT condition of the projection problem (26) is

Y—G—D*(y)—yNN' =8, (5,Y)=0, $ >0, (KKT-2)

where (y, yo, $2) € RPT! x R x §"*+! are the multipliers that need to be recovered.
When approaching the optimality of the ALM subproblem (23), the starting point Yy
provided by the low-rank phase is also the optimal solution of the projection problem
(26), i.e.,

Y=Yo=(K Hvok "=k HTrk "

Note that G = ¥ — tK VL(Y)KT. Therefore, (KKT-2) can be written as:

tKVLY)K' —=D*(y) —yoNN' =S, (S5, (K HTYky=0, S > 0.
(KKT-3)
Comparing (KKT-1) and (KKT-3), we can recover the dual variable yg, y and S, of
the projection problem by

1< 1
—1B. y=t|a—- c -, S =tKSi K.
yo=1t8, y [Ol 4];Mk 4/1} 2 1
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When the initial point of the PG step is near the optimal solution of the ALM sub-
problem (CVX) (equivalently (23)), the dual variable (y, yg) constructed above is also
near the optimal solution of the projection problem (26). Therefore, we can use (y, yop)
obtained above to warm start the PG step, which can significantly decrease the number
of SSN iterations.

5 Numerical experiments

In this section, we conduct numerical experiments to illustrate the effectiveness of
RiNNAL-+ for solving SDP relaxation problems of the form (P). All experiments are
performed using MATLAB R2023b on a workstation equipped with Intel Xeon E5-2680
(v3) processors and 96GB of RAM.

Baseline Solvers. We compare the performance of RiINNAL+ with the solver SDP-
NAL+ [55, 63, 64]. Although various other ALM-based algorithms and low-rank SDP
solvers exist, we exclude them from our comparison because they are either inapplica-
ble to (P) or not competitive with SDPNAL+, as observed in [30]. Similarly, we do not
consider RiNNAL, as it cannot directly handle (MBQP) with inequality constraints.

Stopping Conditions. Based on the KKT conditions (10) for (P), we define the
following relative KKT residual to assess the accuracy of the solution computed by
RiNNAL+:

R . VIAY) —dI? + [BY) — gl + T4 (h — C(Y))|]?

p - )
1+ 1d12 + gl + 171
[T s1 (S) Y s
Rd = S+—’ RC = M‘
1+ 18] L+ Y] + S

Note that we do not include the dual KKT residual and complementarity of the con-
straint Y € 7 because they are always equal to zero due to the update of the ALM
multiplier 4 in (13). We also omit the primal KKT residual of the constraint ¥ € S"!
because it is always equal to zero due to the low-rank factorization (14). For a given
tolerance tol > 0, RINNAL+ is terminated when the maximum residual satisfies
Rmax := max{R;, R4, Rc} < tol orthe maximum time limit TimeLimi t isreached.
In our experiments, we set tol = 107° and TimeLimit = 3600(secs) for all
solvers.

Implementation. In RINNAL+, we employ a Riemannian gradient descent method
with Barzilai-Borwein steps and non-monotone line search to solve the augmented
Lagrangian subproblems (see [25, 30, 31, 56]), as it was found to be more robust and
computationally efficient than other Riemannian solvers tested. The penalty parameter
oy 1is initialized at o9 = 1 and adjusted dynamically: it is increased by a factor of 1.5
if Ry /Rq > 2 and decreased by a factor of 1.5 if Ry /Rq < 1/5. The initial rank rqo
is set to be min{200, [n/57}. The stepsize #; of the PG step is determined as 1/o%.
The initial point R is randomly selected from the feasible region M, . In each ALM
iteration, the low-rank phase is performed with the maximum number of Riemannian
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gradient descent iterations capped at 50. Additionally, a PG step is executed after the
low-rank phase at every 5 outer ALM iterations or whenever singularity issues occur.

Table Notations. We use ‘-’ to indicate that an algorithm did not achieve the required
tolerance tol within the maximum time limit TimeLimi t. We report all results for
problem sizes with n < 1500, even if the algorithm does not reach the desired accu-
racy. Forn > 1500, SDPNAL+ consistently fails to converge and yields solutions with
poor accuracy. Therefore, we do not report its results in these cases. A superscript “{”
is appended to the KKT residual value to indicate that the algorithm attained moderate
accuracy, though not the required accuracy. For the column labeled “Iteration” associ-
ated with SDPNAL+, the first entry denotes the number of outer iterations, the second
entry denotes the total number of semismooth Newton inner iterations, and the third
indicates the total number of ADMM=+ iterations. Similarly, for the column labeled
“Iteration” associated with RINNAL+, the first entry corresponds to the number of
ALM iterations, the second denotes the total number of Riemannian gradient descent
iterations, and the third reports the total number of PG steps. The column labeled
“Rank” indicates the number of columns of the final iterate R for RINNAL+ and the
final rank of the output matrix ¥ for SDPNAL+. The “Objective” column denotes
the value of the objective function, while the total computation time is listed under
“Time”. Additionally, the final column, labeled “TPG”, reports the time (in seconds)
consumed by PG steps.

5.1 Tightness of different relaxations

In this subsection, we compare the bound tightness of various relaxations. We focus
on the following binary integer quadratic (BIQ) programming problem:

v* := min {xT Ox +2c'x: x €{0, 1}"] (BIQ)
and its strengthened formulation:
min {xTQx +2Tx: x<e xefo, 1}"} . (BIQ-S)

To evaluate the tightness, we solve relaxation problems of (BIQ) and (BIQ-S) to obtain
the lower bound v, and compare the relative gap between the lower bound v and the
optimal solution v*. The relative gap is defined as:

v —v
x 100%.

Jogap =

We choose the bqp100.1 instance from the ORLIB library! maintained by J.E. Beasley
to generate the coefficient matrix Q and c. Then, we use Gurobi [27] to solve (BIQ) and
(BIQ-S) exactly with tol = 107'% and employ SDPNAL+ to solve the relaxation
problems with the same tolerance. The tightness results are summarized in Table 4.

! Dataset available at http://people.brunel.ac.uk/~mastjjb/jeb/info.html.
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As shown in Table 4, the lower bounds obtained from (SDP-RLT), (DNN), and
(COMP) are identical and significantly tighter than that of (SHOR). This observation
aligns with the theoretical results on tightness presented in Theorem 1 and Theorem
2. Additionally, the lower bounds of (BIQ-S) are much tighter than those of (BIQ),
demonstrating that the strengthening technique of adding the redundant constraint
xp < e, as discussed in Subsection 2.3, can substantially reduce the relaxation gap.

5.2 Performance on different relaxation reformulations

In this subsection, we analyze the numerical performance of RiINNAL+ and SDPNAL+
for different relaxation formulations: (SDP-RLT), (DNN), and (COMP). Although
these three formulations are theoretically equivalent, their computational performance
varies when solved by the same algorithm.

We conduct experiments on strengthened versions of BIQ problems (BIQ-S) and
quadratic knapsack problems (QKP-S), which will be described in detail in subsections
5.3 and 5.5, respectively. To evaluate the computational efficiency of RINNAL+ for
different reformulations, we utilized the Dolan-Moré performance profile” [23]. More
specifically, suppose we benchmark S solvers on P problems, with #; ; denoting the
time taken by solver i to solve problem j. The performance ratio r; ; for solver i on
problem j is defined as:

_ li,j
~min{y;:1<1<S}

ti,j 1<i<S§, 1<j<P.
The performance profile plots the fraction of problems solved by each solver within a
factor t of the best solver, defined as:

1 .
fi(t) = P Z o (i), 1<i<S8, teRyy,
I<j=<P

where Ijo -] is the indicator function of the interval [0, T]. Thus, f;(7) denotes the
fraction of problems solved within 7 times the best solver’s time. Higher curves indicate
better performance. The performance profiles are shown in Figure 2, where the 1g(-)
function is base 2. Since SDPNAL+ failed to solve any QKP problems within the time
limit, it is excluded from Figure 2a. For BIQ problems, only the shortest computation
time of SDPNAL+ among the three formulations is reported.

The results indicate that the performance of RINNAL+ on (SDP-RLT) outperforms
both (DNN) and (COMP). This advantage is expected, as the dimension of (SDP-RLT)
is only half of that in (DNN) and (COMP), and the corresponding manifold is simpler.
For example, in BIQ problems, the manifold M, corresponding to (SDP-RLT) is the
oblique manifold defined as

OB(n,r) := {R € R™" : diag(RR") = e} ,

2 Performance profile script obtained from https://www.mcs.anl.gov/~more/cops/.
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(a) Strengthened QKP problems. (b) Strengthened BIQ problems.

Fig. 2 Performance profile comparison for different formulations

which allows for straightforward projection and retraction operations. Consequently,
solving (SDP-RLT) directly is generally more efficient than introducing slack variables
for (DNN) or (COMP). Furthermore, the results indicate that the speed of RINNAL+
on solving (DNN) is faster than (COMP). This is also expected, as (DNN) incorporates
the constraint diag(X) = x directly into the manifold structure, while (COMP) relies
on penalizing its equivalent complementarity constraints to the augmented Lagrangian
function. On the one hand, the computational costs for performing retraction in (DNN)
remain manageable due to the efficient convex reformulation technique used to com-
pute the retraction subproblem, as detailed in [30]. On the other hand, embedding the
constraint directly into the manifold significantly reduces the number of outer ALM
and inner Riemannian gradient descent iterations, contributing to the overall speed
advantage.

The results also highlight the advantage of RINNAL+ over RiNNAL. While RiN-
NAL cannot be directly applied to solve (SDP-RLT), it can be used to solve the
equivalent problem (DNN). However, as shown in Figure 2, solving (DNN) is less
efficient than solving (SDP-RLT).

Due to the discussion above, in the following subsections, we only report the perfor-
mance of RINNAL+ on the (SDP-RLT) formulation. For SDPNAL+, we always report
the fastest computational results among the three formulations (SDP-RLT), (DNN),
and (COMP) to ensure a fair comparison.

5.3 Binary integer nonconvex quadratic programming

Consider the following strengthened BIQ problem mentioned in subsection 5.1, which
is a specific instance of (SMBQP-E) without equality constraints:

min {xTQx +2Tx: x<e x €0, 1}"] . (BIQ-S)

We select the test data for Q and ¢ from the ORLIB library mentioned in subsection 5.1
and consider problems of dimension n € {500, 1000, 2500}. Each dimension includes
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ten instances, but we only report results for the first one in this subsection, as the
performance across the others is similar. Complete results for all instances can be
found in Appendix A. Since no data for larger dimensions is available, we randomly
generate a dataset with the problem size n = 5000, following the data generation
procedure outlined by J.E. Beasley in [7].

As shown in Table 5, RINNAL+ successfully solves all instances problems to
the required accuracy, whereas SDPNAL+ fails to solve problems with dimensions
n > 1000 within the 1-hour limit. For medium-size problems, RINNAL+ can be 180
times faster than SDPNAL+. Moreover, RINNAL+ is capable of handling problems
with dimensions as large as n = 5000 in about 18 minutes. These results highlight
the efficiency of RINNAL+ and its potential for solving large-scale BIQ problems.
It is also noteworthy that the solution ranks are typically around 50-200, which are
not particularly small. Furthermore, the computational cost of the PG step constitutes
only a small fraction of the total time, owing to the preprocessing and warm-start
techniques proposed in Section 4.

5.4 Maximum stable set problems

Consider a graph G with n vertices and m edges, where the edge set is denoted by
E C{(i,j)|1<i < j < n}. The maximum stable set problem (6) is defined as
follows:

max{xTx: x<e xix;=0Y(,j)€E, x €0, 1}"}. 6s)

We choose large sparse graphs from the Gset dataset’ and coding theory”. In this
subsection, we present several representative graphs with different dimensions, while
the complete results for all graphs are provided in Appendix B.

As shown in Table 6, RiINNAL+ successfully solves all instances of problem
(SDP-RLT) to the required accuracy, whereas SDPNAL+ is unable to solve Gset
instances with dimensions n» > 1000 and coding theory instances within the 1-hour
time limit. For the first four problems, RINNAL+ is over 40 times faster than SDP-
NAL+. For the second instance, RINNAL+ is at least 100 times faster than SDPNAL+.
Observe that the solutions of the last two instances have relatively high ranks (approx-
imately n/4 to n/3), yet RINNAL+ remains about 100 times faster than SDPNAL+.
These results underscore RINNAL+’s robustness in solving general SDP relaxations—
even in high-rank scenarios.

5.5 Quadratic knapsack problems

The quadratic knapsack problem (QKP), introduced by Gallo et al. in [24], is formu-
lated as follows:

max {xTQx: a'x<t x<e, xe{O,l}"}, 30)

3 Dataset available at https://web.stanford.edu/~yyye/yyye/Gset/.
4 Dataset available at https://oeis.org/ A265032/a265032.html.
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Table 7 Computational results for (SDP-RLT) relaxation of (QKP-S) problems

n,p Iteration Rank Riax Objective Time TPG
500, 0.1 87,4400, 18 26 9.91e-07 -1.1420448e+06 40.5 43
500, 0.5 20, 1050, 4 16 8.36e-07 -5.6675029¢+06 9.3 0.9
500, 0.9 41,2100, 8 13 7.11e-07 -1.0260964e+07 18.3 2.0
1000, 0.1 27, 1400, 6 37 9.29¢-07 -4.5986965e+06 53.1 55
1000, 0.5 31, 1600, 6 21 9.74e-07 -2.2747042e+07 533 6.0
1000, 0.9 16, 850, 3 11 8.86e-07 -4.0934623e+07 28.8 33
2000, 0.1 15, 800, 3 42 6.84e-07 -1.8316334e+07 123.7 22.7
2000, 0.5 17,900, 4 22 9.28e-07 -9.0934882e+07 140.9 28.1
2000, 0.9 24,1250, 5 29 5.08e-07 -1.6341805e+08 221.8 45.8
5000, 0.1 18,950, 4 77 7.89¢-07 -1.1399134e+08 1761.8 517.4
5000, 0.5 14,750, 3 36 9.66e-07 -5.6821246e+08 1429.3 468.0
5000, 0.9 17,900, 4 20 4.45e-07 -1.0223365e+09 2005.0 779.0

where Q € S" is a nonnegative profit matrix, a € R’ | is the weight vector, and
T > 0 is the knapsack capacity. To consider both equality and inequality constraints,
we convert the inequality constraint into an equality constraint, leading to the modified
problem:

max {xTQx ca'x=1,x<e x€l0, 1}”} . (QKP-S)

The new problem (QKP-S) provides a lower bound for Problem (30). When a = e
and T = k, (QKP-S) reduces to the k-subgraph problem. We randomly generate the
profit matrix Q and weight vector a following the procedure proposed by Gallo et al.
in [24], which has been widely adopted in the literature (see, for example, [9, 20, 44,
57]). The entries of the profit matrix Q;; = Qj; are randomly generated as integers
uniformly distributed in the range [1, 100] with probability p, and zero otherwise.
The elements of the weight vector a are randomly selected integers in the range
[1, 50]. The knapsack capacity is set to 0.9 - ¢ " @, and the probability p is chosen from
{0.1, 0.5, 0.9}. The problem dimensions z are selected from {500, 1000, 2000, 5000}.
Results for SDPNAL+ are not reported, as it fails to achieve the required accuracy
within the 1-hour time limit, even for the smallest problem with n = 500.

As shown in Table 7, RINNAL+ successfully solves all instances. In some cases,
such as for n = 500 and p = 0.5, RINNAL+ is about 400 times faster than SDP-
NAL+. Furthermore, RINNAL+ can handle large QKP problems with n = 5000 in
approximately 30 minutes. Note that in the low-rank phase of RINNAL+, computing
the tangent space projection and retraction onto the manifold M, for QKP prob-
lems is generally nontrivial and can be expensive. However, by applying the strategies
described in Subsection 3.2, the time required for these operations is reduced to approx-
imately 10% to 20% of the total computation time. This small fraction highlights the
efficiency of our approach in performing projection and retraction.
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5.6 Cardinality-constrained minimum sum-of-squares clustering

The cardinality-constrained minimum sum-of-squares clustering problem (ccMSSC),
as discussed in [43], aims to partition m data points p1, ..., py € R4, into k clusters
with predetermined sizes c1, . . ., ¢ such that Zl;zl ¢; = m. The objective is to mini-
mize the total sum of squared intra-cluster distances. This problem can be formulated
as:

k m m
, 1 )_(1) k
min E —E Edvn. 7’ i mwmeS, m<euxk, mel0 1)L
po c; L stft; j = Cmxk { }

(ccMSSC)
where e,xx € R™*K is a matrix of all ones, and dsy = |lps — pt||2. The variable
7=[zW, ... 7®], whereeachn ) = [711(]), .., 91T is the indicator vector for

cluster j. The set S is defined as:
k ) m )
S:={nx e R"™; eri(/) =1, Vi € [m], Znim =cj, Vj € [k]
j=1 i=1

Additionally, we impose the constraint ni(/ ) < 1foralli € [m] and j € [k] to
(ccMSSC) to strengthen the corresponding (SDP-RLT) relaxation as outlined in Exam-
ple 1. Table 8 presents 28 real-world classification datasets from the UCR2 website?,
characterized by the number of data points m € [180, 1370], the number of features
d € [24,2709], and the number of clusters k = {2, 3, 4}. We define n = mk to denote
the dimension of (MBQP). Since generating the constraint matrix for SDPNAL+
is time-consuming for large n, we limit SDPNAL+ to solving relaxation problems of
(MBQP) forn < 1000. Results for datasets with ID € {5, 10, 15, 20, 25} are presented
in this subsection, and complete results for all datasets can be found in Appendix C.

As shown in Table 9, RINNAL+ outperforms SDPNAL+ on all instances that the
latter can solve with n < 1000. Notably, for the first instance, RINNAL+ is 350 times
faster than SDPNAL+. Additionally, the number of equality constraints in (ccMSSC)
is k +m, which is relatively large, making the structure of M, more complex. Despite
this, our approach efficiently solves all instances within the one-hour time limit.

5.7 Sparse standard quadratic programming problems

The sparse standard quadratic programming problem considered in [10] is given as
follows:
min{xTQx: Tx=1, [xlo < p, xeRﬁ}, 31)

where Q € S™, p € [m] is the sparsity parameter. As introduced in Example 2, there
are two DNN relaxations of (31). The first one uses the Big-M reformulation to convert

5 Dataset available at https://www.cs.ucr.edu/~eamonn/time_series_data_2018/.
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Table 8 Real-world classification instances

D Dataset n m d k Clynvs Ck

01 WormsTwoClass 516 258 900 2 109, 149

02 ToeSegmentationl 536 268 277 2 140, 128

03 BME 540 180 128 3 60, 60, 60

04 UMD 540 180 150 3 60, 60, 60

05 PowerCons 720 360 144 2 180, 180

06 Chinatown 726 363 24 2 104, 259

07 InsectEPGSmallTrain 798 266 601 3 95, 126, 45
08 Trace 800 200 275 4 50, 50, 50, 50
09 GunPointAgeSpan 902 451 150 2 228,223

10 GunPointMaleVersusFemale 902 451 150 2 237,214

11 GunPointOldVersus Young 902 451 150 2 215, 236

12 Earthquakes 922 461 512 2 368, 93

13 InsectEPGRegularTrain 933 311 601 3 111, 148,52
14 Computers 1000 500 720 2 250, 250

15 MiddlePhalanxOutline AgeGroup 1662 554 80 3 92, 196, 266
16 DistalPhalanxOutlineCorrect 1752 876 80 2 337,539

17 ECGFiveDays 1768 884 136 2 442,442

18 MiddlePhalanxOutlineCorrect 1782 891 80 2 337, 554

19 ProximalPhalanxOutlineCorrect 1782 891 80 2 286, 605

20 SemgHandGenderCh2 1800 900 1500 2 540, 360

21 ProximalPhalanxOutlineAgeGroup 1815 605 80 3 89, 227, 289
22 SonyAIBORobotSurface2 1960 980 65 2 376, 604

23 Strawberry 1966 983 235 2 351,632

24 LargeKitchenAppliances 2250 750 720 3 250, 250, 250
25 RefrigerationDevices 2250 750 720 3 250, 250, 250
26 SmallKitchenAppliances 2250 750 720 3 250, 250, 250
27 TwoLeadECG 2324 1162 82 2 581, 581

28 HandOutlines 2740 1370 2709 2 495, 875

(31) into the following equivalent problem:

min {xTQx: e'x=1,elu=p, x<u<e xeR" ue {O,l}m}. (SStQP)

The second one uses the complementarity reformulation and considers the following
equivalent problem:

min{xTQx: xTv:0, eTv:m—p, x<e, v=>0, ve{O,l}m}. (32)

Although (32) includes the nonlinear constraint x ' v = 0 and does not fit the structure
of (MBQP), as noted in Remark 1, our algorithm can readily be extended to handle
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the SDP relaxations of a QCQP including (32). We randomly generate the matrix Q
and the sparsity parameter p following the method proposed by Bomze et al. in [10].
Specifically, the matrix Q is generated using three different approaches, referred to as
COP, PSD, and SPN. For each approach, the data are generated so that the standard
quadratic optimization problem (i.e., problem (31) without the sparsity constraint)
admits a unique global minimizer with support size corresponding to a target sparsity
level pg = m /4. To evaluate algorithm performance under stricter sparsity constraints,
we set the actual sparsity parameter to p = pg/2. The problem dimension m is chosen
from the set {100, 200, 500}. We use n = 2m to denote the variable dimension of
(MBQP). We apply RiNNAL+ and SDPNAL+ to solve the (SDP-RLT) relaxation
of (SStQP). The results for the (SDP-RLT) relaxation of (32) are not reported, as
it yields the same bound as that for (SStQP) but requires more computational time.
Additionally, we exclude the result for the SPN instance with dimension n = 1000
since neither RINNAL+ nor SDPNAL+ could solve it within the one-hour time limit.

As shown in Table 10, RiINNAL+ consistently outperforms SDPNAL+ across all
instances, except for the COP instance. This is expected because the solution rank of the
ALM subproblem arising from the (SDP-RLT) relaxation for this type of sparse StQP
problem is very high, nearly n/2. However, for problems with medium solution rank,
such as the SPN and PSD instances, RINNAL+ can still be faster than SDPNAL+—
about 4 times faster for the SPN instance with n = 400 and 15 times faster for the
PSD instance with n = 200. These results further highlight RINNAL+’s effectiveness
in solving (SDP-RLT). Note that the objective function values obtained by different
algorithms vary noticeably in some instances. This anomaly, rare among other problem
classes, may be attributed to the unique properties of sparse QP problems. In our
experiments, we observed that the objective function value stabilizes only when the
KKT residual is below 1078,

5.8 Quadratic minimum spanning tree problem

The Quadratic Minimum Spanning Tree Problem (QMSTP) introduced by Assad and
Xu [4] aims to find the minimizer of a quadratic function over all possible spanning
trees of a graph. For a connected, undirected graph G = (V, E) withn = | V| vertices
andm = |E| edges, let O = (q.r) € S denotes a matrix of interaction costs between

the edges of G, where each ¢g,, denotes the cost associated with edge e. Then QMSTP
can be formulated as follows:

min {xT Ox:xe T} : (33)

where 7 is the collection of all spanning trees in the graph G defined by

T::{xe{o,l}m:erzn—l, erszsgv,s;s@},

ecE e€dS
and 0S8 == {{i, j} € E : i € S, j ¢ S} denotes the cut induced by S. The constraints
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erzl

e€dS

are referred to as cut-set constraints, ensuring that each subset S connects to the
remainder of the graph, thereby maintaining the connectivity of any subgraph in 7. If
the matrix Q is diagonal, the QMSTP simplifies to the classical minimum spanning
tree problem, which is solvable in polynomial time [35, 46].

Although (33) follows the structure of (MBQP), handling the 2"~! cut-set con-
straints in 7 is computationally prohibitive. To reduce the number of constraints,
Meijer et al. [22] proposed to consider only a subset of the cut-set constraints where
|S| = 1. This simplification leads to the following relaxed feasible set:

T/:={xe{0,l}m:x§e, er=n—1, erzl,VSgV, |S|=1},

ecE e€dS

which only has n cut-set constraints. The corresponding relaxed QMSTP problem is
min {xTQx xe T/} . (QMSTP)

Since (QMSTP) also conforms to the structure of (MBQP), we can derive its
(SDP-RLT) relaxation. It is worth noting that [22] introduced two DNN relaxations of
(QMSTP), one without and one with some RLT-type constraints, which can be viewed
as partial SDP-RLT constraints. Consequently, the SDP-RLT relaxation of (QMSTP)
proposed in this paper is stronger than those presented in [22]. Numerical experiments
further demonstrate that our (SDP-RLT) relaxation can be strictly tighter than the
DNN relaxation in [22].

We test our algorithm on the OP benchmark set from the Mendeley data website®,
which was introduced by Oncan and Punnen [41]. The dataset includes three different
classes of complete graph instances: OPsym, OPvsym, and OPesym. The generation
procedure is as follows:

1. OPsym instances: the diagonal entries are chosen uniformly from [100] :=
{1, 2, ..., 100}, while the off-diagonal values are independently sampled uniformly
from [20].

2. OPvsym instances: the diagonal entries are uniformly drawn from [10, 000]. The
off-diagonal elements Qy; j} k1) are computed as w(i)w(j)w(k)w(l), where the
functionw: V — [10] assigns a random weight uniformly from [10] to each vertex
in the graph.

3. OPesym instances: consider random vertex coordinates within the box [0, 100] x
[0, 100], with edges defined as straight-line segments connecting vertices. The cost
for each edge Q.. is set to the edge length, while the interaction cost between two
edges e and f is calculated as the Euclidean distance between their midpoints.

For each of these instance types, we choose 10 random instances withn € {30, 50}. We
apply SDPNAL+ to solve the relaxation (SDP-RLT) of (QMSTP). The average results

6 Dataset available at https://data.mendeley.com/datasets/cmnh9xc6wb/1.

@ Springer


https://data.mendeley.com/datasets/cmnh9xc6wb/1

RiNNAL+: a RALM solver for SDP-RLT relaxations...

for instances of the same dimension and data type are presented in this subsection,
and complete results for all instances can be found in Appendix D.

As shownin Table 11, RINNAL+ fails to solve the esym instances, while SDPNAL+
fails to solve the vsym instances with dimension m = 1225 within the one-hour time
limit. Except for the esym instance, RINNAL+ consistently outperforms SDPNAL+
across all problems. The poorer performance of RINNAL+ on the esym instances
compared to the vsym instances is mainly due to the increased difficulty of the former
instances, which results in a substantially larger number of outer ALM iterations
required to reach the required accuracy. On some instances with low-rank solutions,
such as the vsym instances, RINNAL+ is about 10 to 20 times faster than SDPNAL+.
Remarkably, RINNAL+ is also 4 times faster than SDPNAL+ for the sym instance
with m = 1225, even though its solution has a very high rank that is close to n/2.

We also compare our algorithm with the Peaceman-Rachford Splitting Method
(PRSM) proposed in [22]. The computational experiments in [22] were performed on
an AMD EPYC 7343 processor with 16 cores at 4.00 GHz and 1024 GB of RAM,
running Debian GNU/Linux 11. PRSM uses stopping criteria based on gap closure,
cut count, and iteration limits, whereas ours is based on the KKT residue. Following
the criteria in [22], we define relative gap as

UB—-LB
Yogap .= ———— x 100%,
UB

where UB denotes the best-known upper bound from the literature’, and LB denotes
the lower bound from different relaxations. As shown in Table 12, the average lower
bound obtained by our SDP-RLT relaxation is strictly tighter than that of the partial
SDP-RLT relaxations proposed in [22], particularly in cases like vsym and esym.
Moreover, despite the fact that PRSM does not verify global optimality and is run
on a more advanced processor with a greater core count and memory, our algorithm
demonstrates significant computational advantages, achieving speed improvements of
up to 800 times compared to PRSM and 23 times compared to SDPNAL+ in certain
instances, such as in the vsym case. When a method fails to reach the required accuracy,
we mark the corresponding LB with a dagger “1”. In such cases, the optimality gap is
not reported in the table.

6 Conclusions

In this paper, we established the equivalence between the SDP-RLT and DNN
relaxations of general mixed-binary quadratic programming problems. We propose
RiNNAL+, a Riemannian ALM for solving general SDP relaxations (P), including
the SDP-RLT and DNN relaxations. RINNAL+ is an enhanced version of RINNAL
proposed in [30]. By exploiting the low-rank structure of solutions, RINNAL+ sig-
nificantly reduces the computational complexity of solving large-scale semidefinite
relaxations. We propose a two-phase framework that combines a low-rank decom-
position phase to decrease the computational cost by utilizing the potential low-rank

7 Data available at https://homes.di.unimi.it/cordone/research/qmst.html.
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Table 12 Average performance comparison on the OP benchmark dataset for (QMSTP)

Problem Algorithm LB Yogap Time
vsym RiNNAL+ 77804.93 1.51 12.9

m =435 SDPNAL+ 77804.69 1.51 299.7
UB =78999.90 PRSM 76507.06 3.16 10781.1
sym RiNNAL+ 5326.27 11.46 99.3

m =435 SDPNAL+ 5326.27 11.46 130.5
UB =6015.90 PRSM 5326.24 11.46 102.2
esym RiNNAL+ 7427.28" - 3600.0
m =435 SDPNAL+ 7427.39 7.81 1083.3
UB = 8056.70 PRSM 7174.26 10.95 10045.1
vsym RiNNAL+ 164447.86 0.59 289.2
m = 1225 SDPNAL+ 165614.22% - 3600.0
UB = 165419.60 PRSM 154950.21 6.33 10835.9
sym RiNNAL+ 14104.76 19.94 484.0
m = 1225 SDPNAL+ 14104.76 19.94 1987.4
UB =17616.90 PRSM 14104.71 19.94 440.5

property of the solutions to the ALM subproblems and a convex lifting phase to guar-
antee convergence through projected gradient steps, as well as to automatically adjust
the rank of the factorized variable in the low-rank phase. Moreover, techniques such
as random perturbation are employed in the low-rank phase to avoid nonsmoothness,
while preprocessing is applied in the convex lifting phase to mitigate large condi-
tion numbers of the linear systems encountered when solving the ALM subproblems.
A warm-start strategy is also implemented to accelerate convergence in the convex
lifting phase. As a result, RINNAL+ achieves robust numerical performance. Exten-
sive numerical experiments validated the computational efficiency and scalability of
RiNNAL+ across various problem classes. These results highlight the potential of
RiNNAL-+ for addressing large-scale semidefinite relaxations within the branch-and-
bound framework for solving challenging optimization problems involving quadratic
constraints and mixed-integer variables. In the future, we will explore the effective
use of RINNAL+ for solving (SDP-RLT) subproblems within a branch-and-bound
framework to solve (MBQP).
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A Experiments on BIQ problems

See Table 13

Table 13 Computational results for (SDP-RLT) relaxation of (BIQ-S) problems

Problem Algorithm Iteration Rank  Rpax Objective Time TPG
1 RiNNAL+ 16, 850, 3 50 8.70e-07 -1.2259545¢+05 8.0 0.9
n =500 SDPNAL+ 44,97, 1535 76 9.98e-07 -1.2259531e+05  613.1 -

2 RiINNAL+ 23,1200, 5 54 8.93e-07 -1.3497627e+05 9.2 1.2
n =500 SDPNAL+ 43, 85,2028 64 9.99¢-07 -1.3497612e+05  678.2 -

3 RiNNAL+ 23,1200, 5 56 9.12e-07 -1.3272796e+05 8.8 1.0
n =500 SDPNAL+ 53, 134,2078 68 9.64e-07 -1.3272779e+05  813.3 -

4 RiNNAL+ 16, 850, 3 54 8.09¢-07 -1.3479364e+05 6.0 0.6
n =500 SDPNAL+ 52,100, 1941 76 9.77e-07 -1.3479355e+05  718.1 -

5 RiINNAL+ 31, 1600, 6 54 9.50e-07 -1.3548259¢+05  11.5 1.3
n =500 SDPNAL+ 42, 120, 1541 60 9.96e-07 -1.3548246e+05  619.3 -

6 RiINNAL+ 23,1200, 5 52 7.39¢-07 -1.3029907¢+05 8.8 1.0
n =500 SDPNAL+ 52,105, 2226 53 9.87e-07 -1.3029900e+05  738.8 -

7 RiNNAL+ 20, 1050, 4 53 9.72e-07 -1.2720408e+05 7.8 0.9
n =500 SDPNAL+ 53, 76, 2066 56 1.03e-06 -1.2720396e+05  706.1 -

8 RiNNAL+ 17,900, 4 53 9.41e-07 -1.2793699¢+05 6.6 0.8
n =500 SDPNAL+ 43, 84, 1815 198 1.03e-06 -1.2793688e+05  634.0 -

9 RiINNAL+ 25,1300, 5 50 8.62¢-07 -1.2956776e+05 9.2 1.0
n =500 SDPNAL+ 63, 136,2977 54 1.01e-06 -1.2956767e+05  1010.1 -
10 RiINNAL+  22,1150,5 52 8.87e-07 -1.2671564e+05 7.9 0.8
n =500 SDPNAL+ 46, 99,2010 59 9.99¢-07 -1.2671560e+05  670.0 -

1 RiNNAL+ 12, 650, 3 79 9.58e-07 -3.8983061e+05  19.3 2.3
n=1000 SDPNAL+ 530, 549,5574 995 3.83¢-027  -4.1472242¢+05 36000 -

2 RiNNAL+ 16, 850, 3 74 7.03e-07 -3.7136921e+05  24.8 2.5
n=1000 SDPNAL+ 545,576,5542 989 1.52¢-037  -3.7152189¢+05 36000 -

3 RiINNAL+ 13,700, 3 76 7.90e-07 -3.7607249¢+05  20.9 24
n=1000 SDPNAL+ 480,793,4900 45 237e-017  -1.3200132¢+05 36000 -

4 RiNNAL+ 17,900, 4 77 9.53e-07 -3.9016797e+05  27.2 34
n=1000 SDPNAL+ 527,568,5350 100 2.68¢-02"  -3.9000070e+05  3600.0 -

5 RiNNAL+ 13,700, 3 78 6.57e-07 -3.8989107e+05  21.0 2.2
n=1000 SDPNAL+ 527,552,5413 1001  8.87e-027  -4.5097692¢+05  3600.0 -

6 RiNNAL+ 13,700, 3 75 7.21e-07 -3.7459095e+05  20.5 2.3
n=1000 SDPNAL+ 559,589,5800 66 2.07e-02F  -3.7327899¢+05  3600.0 -

7 RiNNAL+ 13,700, 3 78 7.09e-07 -3.7837149¢+05  20.4 2.2
n=1000 SDPNAL+ 526,561,5500 70 3.72e-027  -3.7843208e+05 36000 -
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Table 13 continued

Problem Algorithm Iteration Rank  Rpmax Objective Time TPG
10 RiNNAL+ 13,700, 3 75 8.75e-07 -3.7107976e+05  20.6 2.3
n =1000 SDPNAL+ 515,603,5302 864 6.72¢-037  -3.6912410e+05  3600.0 -

1 RiNNAL+ 11, 600, 2 134 7.28e-07 -1.6096512¢+06  133.3 15.9
n=2500 SDPNAL+ - - - - - -

2 RiINNAL+ 12,650, 3 123 8.50e-07 -1.5828341e+06  148.9 20.7
n=2500 SDPNAL+ - - - - - -

3 RiINNAL+ 10, 550, 2 136 9.39¢-07 -1.5719952e+06  119.6 12.1
n =2500 SDPNAL+ - - - - - -

4 RiNNAL+ 9,500, 2 136 6.64¢-07 -1.515303%e+06  112.5 145
n=2500 SDPNAL+ - - - - - -

5 RiNNAL+ 10, 550,2 135 7.69e-07 -1.5994619e+06  119.7 12.2
n=2500 SDPNAL+ - - - - - -

6 RiNNAL+ 14,750, 3 121 6.50e-07 -1.5839251e+06  168.8 20.9
n=2500 SDPNAL+ - - - - - -

7 RiINNAL+ 11, 600, 2 133 6.58e-07 -1.5658227¢+06  128.9 11.5
n =2500 SDPNAL+ - - - - - -

8 RiNNAL+ 11,600, 2 133 6.11e-07 -1.5770182e+06  129.9 12.1
n =2500 SDPNAL+ - - - - - -

9 RiNNAL+ 10, 550,2 133 7.86e-07 -1.5743417e+06  117.7 13.1
n=2500 SDPNAL+ - - - - - -

10 RiNNAL+ 10, 550, 2 133 7.35e-07 -1.5786588e+06  118.1 11.9
n=2500 SDPNAL+ - - - - - -

1 RiINNAL+ 12,650, 3 177 8.61e-07 -4.6838013e+06  1103.1  254.8

n =5000 SDPNAL+ - -

B Experiments on @ problems

See Table 14
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Table 14 Computational results for (SDP-RLT) relaxation of (6 ) problems

Problem Algorithm Iteration Rank  Rpax Objective Time TPG
Gl RiNNAL+ 16, 850, 4 119 5.52e-07 -1.4424455e+02  14.6 1.6
n =800 SDPNAL+ 64,135, 1600 114 5.04e-07 -1.4424448e+02  706.0 -
G2 RiNNAL+ 13,700, 3 117 5.68e-07 -1.4456459e+02  12.3 14
n=2800 SDPNAL+ 66, 136, 1600 113 9.27e-07 -1.4456442e+02  714.9 -
G3 RiNNAL+ 16, 850, 4 117 8.33e-07 -1.4447617e+02  14.5 1.6
n=2800 SDPNAL+ 65,134, 1600 114 8.39¢-07 -1.4447598e+02  706.5 -
G4 RiNNAL+ 13,700, 3 116 2.92e-07 -1.4457530e+02  12.4 1.4
n=2800 SDPNAL+ 65,134, 1600 113 6.37¢-07 -1.4457522e+02 7299 -
G5 RiNNAL+ 15, 800, 3 118 2.05e-07 -1.4449452¢+02  15.1 1.6
n=2800 SDPNAL+ 65,133, 1600 113 6.69¢-07 -1.4449461e+02  738.3 -
G6 RiNNAL+ 16, 850, 4 119 5.52e-07 -1.4424455e+02  15.8 1.7
n=2800 SDPNAL+ 64, 135, 1600 114 5.04e-07 -1.4424448e+02  732.1 -
G7 RiNNAL+ 13,700, 3 117 5.68e-07 -1.4456459e+02  13.4 1.6
n=2800 SDPNAL+ 66, 136, 1600 113 9.27e-07 -1.4456442¢+02  731.8 -
G8 RiINNAL+ 16, 850, 4 117 8.33e-07 -1.4447617e+02  15.1 1.8
n=2800 SDPNAL+ 65,134, 1600 114 8.39¢-07 -1.4447598e+02  743.0 -
G9 RiNNAL+ 13,700, 3 116 2.92e-07 -1.4457530e+02  16.2 2.1
n=2800 SDPNAL+ 65,134, 1600 113 6.37e-07 -1.4457522e+02 7284 -
GI10 RiNNAL+ 15, 800, 3 118 2.05e-07 -1.4449452e+02  16.1 1.6
n =800 SDPNAL+ 65,133, 1600 113 6.69¢-07 -1.4449461e+02  737.0 -
Gl1 RiINNAL+ 56,2850, 11 8 6.41e-07 -4.0000014e+02  47.7 6.4
n =800 SDPNAL+ 482,722,9358 2 2.46e-07 -4.0000005e+02  3008.3 -
G12 RiINNAL+ 36, 1850, 7 8 6.68e-07 -3.9999927e+02  30.1 4.2
n=2800 SDPNAL+ 144,290,4813 2 2.82e-07 -4.0000002e+02  1664.0 -
G13 RiINNAL+ 29, 1500, 6 60 6.47¢-07 -3.9841750e+02  26.8 3.6
n=2800 SDPNAL+ 79,390, 2326 65 2.48e-07 -3.9841665¢+02  1627.7 -
Gl4 RiINNAL+ 34,1750, 7 75 9.08e-07 -2.7900052e+02  33.2 5.1
n=2800 SDPNAL+ 118,558,3700 69 2.38e-057  -2.7899998e+02  3600.0 -
GI15 RiNNAL+ 102, 5150, 21 136 9.81e-07 -2.8374968e+02  102.0 17.3
n=2800 SDPNAL+ 130,477,4874 199 7.77e-06"  -2.8374734e+02 36000 -
Gl6 RiINNAL+ 236, 11850,48 218 9.82e-07 -2.8511991e+02  240.5 31.2
n =800 SDPNAL+ 117,493,4700 132 8.46e-067  -2.8511773e+02 36000 -
G17 RiNNAL+ 158, 7950, 32 182 9.12¢-07 -2.8612528e+02  156.7 21.1
n =800 SDPNAL+ 131,448,5145 348 4.90e-05T  -2.8614605¢+02  3600.0 -
GI18 RiNNAL+ 34,1750, 7 75 9.08e-07 -2.7900052e+02  34.0 5.5
n =800 SDPNAL+ 118,558,3700 69 2.38e-057  -2.7899998e+02  3600.0 -
GI19 RiNNAL+ 102, 5150, 21 136 9.81e-07 -2.8374968e+02  103.0 17.6
n =800 SDPNAL+ 130,477,5259 220 6.51e-067  -2.8375151e+02  3600.0 -
G20 RiINNAL+ 236, 11850,48 218 9.82¢-07 -2.8511991e+02  235.6 30.5
n=2800 SDPNAL+ 123,512,4700 125 7.93¢-067  -2.8511787e+02  3600.0 -
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RiNNAL+: a RALM solver for SDP-RLT relaxations...

Table 14 continued

Problem Algorithm Iteration Rank  Rpax Objective Time TPG
G21 RiNNAL+ 158, 7950, 32 182 9.12e-07 -2.8612528e+02  157.7 21.5
n = 800 SDPNAL+  132,457,5500 76 2.54e-057  -2.8611971e+02  3600.0 -
G22 RiNNAL+ 19, 1000, 4 96 9.69¢-07 -5.7739734e+02 1324 14.8
n=2000 SDPNAL+ - - - - -

G23 RiNNAL+ 17,900, 4 93 4.33e-07 -5.7654954e+02  119.8 124
n=2000 SDPNAL+ - - - - -

G24 RiINNAL+ 16, 850, 3 98 7.28e-07 -5.7891045e+02  113.2 10.3
n =2000 SDPNAL+ - - - - -

G25 RiNNAL+ 13,700, 3 98 9.00e-07 -5.7703872e+02  97.0 11.0
n =2000 SDPNAL+ - - - - -

G26 RiNNAL+ 19, 1000, 4 97 1.95e-07 -5.7691694e+02  121.9 12.5
n=2000 SDPNAL+ - - - - -

G27 RiINNAL+ 19, 1000, 4 96 9.69¢-07 -5.7739734e+02  122.1 13.5
n=2000 SDPNAL+ - - - - -

G28 RiINNAL+ 16, 850, 3 101 9.96e-07 -5.7683605¢+02  101.2 8.7
n=2000 SDPNAL+ - - - - -

G29 RiINNAL+ 16, 850, 3 98 7.28e-07 -5.7891045¢+02  103.1 9.3
n =2000 SDPNAL+ - - - - -

G30 RiNNAL+ 13,700, 3 98 9.00e-07 -5.7703872e+02  87.7 10.4
n=2000 SDPNAL+ - - - - -

G31 RiNNAL+ 19, 1000, 4 97 1.95e-07 -5.7691694e+02  118.6 11.7
n=2000 SDPNAL+ - - - - -

G32 RINNAL+ 41,2100, 8 8 2.74e-07 -9.9999691e+02  241.3 31.5
n=2000 SDPNAL+ - - - - -

G33 RINNAL+ 39,2000, 8 124 9.73e-07 -9.9604039¢+02  239.8 332
n =2000 SDPNAL+ - - - - -

G34 RiNNAL+ 53,2700, 11 8 8.83e-07 -9.9999933e+02  322.7 45.2
n=2000 SDPNAL+ - - - - -

G35 RiNNAL+ 91,4600, 19 359 9.97e-07 -7.1824082e+02  652.3 112.4
n=2000 SDPNAL+ - - - - -

G36 RiINNAL+ 111, 5600, 22 383 9.80e-07 -6.9600402¢+02  819.5 141.1
n=2000 SDPNAL+ - - - - -

G37 RINNAL+ 55,2800, 11 294 9.61e-07 -7.0800224e+02  404.7 75.1
n =2000 SDPNAL+ - - - - -

G38 RINNAL+ 58,2950, 12 326 1.00e-06 -7.1600307e+02  422.5 74.2
n =2000 SDPNAL+ - - - - -

G39 RiNNAL+ 91,4600, 19 359 9.97e-07 -7.1824082e+02  653.3 112.8
n=2000 SDPNAL+ - - - - -

G40 RiNNAL+ 111, 5600, 22 383 9.80e-07 -6.9600402¢+02  821.8 141.7
n=2000 SDPNAL+ - - - - -
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Table 14 continued

Problem Algorithm Iteration Rank  Rpax Objective Time TPG
G41 RiINNAL+ 55,2800, 11 294 9.61e-07 -7.0800224e+02  405.1 754
n=2000 SDPNAL+ - - - - -

G42 RiINNAL+ 58,2950, 12 326 1.00e-06 -7.1600307e+02  421.1 73.9
n=2000 SDPNAL+ - - - - -

G43 RiINNAL+ 11, 600, 2 94 8.64e-07 -2.7973479e+02  15.5 1.3
n=1000 SDPNAL+ 75,206, 1450 73 9.01e-07 -2.7973560e+02  1370.3 -
G44 RiNNAL+ 16, 850, 3 76 7.12e-07 -2.7974525e+02  22.2 2.0

n =1000 SDPNAL+ 95,196, 1764 73 1.98e-06 -2.7974536e+02  1417.6 -
G45 RiINNAL+ 16, 850, 4 76 8.87e-07 -2.7931758e+02  22.5 2.9
n=1000 SDPNAL+ 94,212,1754 74 1.97e-06 -2.7931692e+02  1496.1 -
G46 RiINNAL+ 15, 800, 3 76 5.74e-07 -2.7903227e+02  20.4 1.8
n=1000 SDPNAL+ 77,191, 1450 72 6.59¢-07 -2.7903199e+02  1268.6 -
G47 RiNNAL+ 14,750, 3 76 9.90e-07 -2.8089199¢+02  19.7 2.0
n=1000 SDPNAL+ 76,200, 1450 72 7.86e-07 -2.8089057e+02  1317.1 -
G48 RINNAL+ 40, 2050, 8 8 6.34e-07 -1.4999937e+03  1082.7 179.3
n =3000 SDPNAL+ - - - - -

G49 RiNNAL+ 63, 3200, 13 14 7.66e-07 -1.4999553e+03  1750.2 313.0
n=3000 SDPNAL+ - - - - -

G50 RiNNAL+ 24,1250, 5 134 9.39¢-07 -1.4940617e+03  754.8 149.3
n=3000 SDPNAL+ - - - - -

G51 RiINNAL+ 66, 3350, 14 224 9.41e-07 -3.4900100e+02  100.8 16.3
n=1000 SDPNAL+ 84,411, 1900 136 6.79¢-057  -3.4899936e+02  3600.0 -
G52 RiINNAL+ 119, 6000, 24 186 9.51e-07 -3.4838718e+02  182.1 29.7
n=1000 SDPNAL+ 93, 383,2500 111 8.46e-057  -3.4837547e+02  3600.0 -
G53 RiINNAL+ 180, 9050, 36 224 9.83e-07 -3.4821414e+02  269.0 37.1
n=1000 SDPNAL+ 102, 356,2892 798 7.16e-047  -3.4871080e+02  3600.0 -
G54 RiINNAL+ 46, 2350, 10 168 9.01e-07 -3.4100141e+02  68.4 11.3
n=1000 SDPNAL+ 100, 372, 2500 110 1.93¢-04"  -3.4090921e+02  3600.0 -
1dc.1024  RiNNAL+ 271, 13600,217 329 8.41e-07 -9.5551166e+01  698.3 284.4
n =1024 SDPNAL+ 87,203, 2466 315 9.87e-07 -9.5551123e+01 29304 -
1dc.2048  RiINNAL+ 148, 7450, 132 778 9.61e-07 -1.7404329e+02 19453  748.6
n =2048 SDPNAL+ - - - - -

let.1024 RiINNAL+ 51,2600, 11 294 8.84e-07 -1.8207222e+02  84.8 10.9
n=1024 SDPNAL+ 89,214,2219 290 9.98e-07 -1.8207159e+02 21139 -
let.2048 RiINNAL+ 101, 5100, 24 571 9.88e-07 -3.3816662¢+02  835.3 119.1
n =2048 SDPNAL+ - - - - -

1tc.1024 RiINNAL+ 116, 5850, 24 288 9.38e-07 -2.0420520e+02  192.4 28.1
n=1024 SDPNAL+ 100, 300, 3430 339 9.43¢-06"  -2.0419958¢+02  3600.0 -
1tc.2048 RiINNAL+ 94,4750, 26 520 9.85e-07 -3.7049061e+02  820.7 162.8
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RiNNAL+: a RALM solver for SDP-RLT relaxations...

Table 14 continued

Problem Algorithm Iteration Rank  Rpmax Objective Time TPG
n=2048 SDPNAL+ - - - - -

1zc.1024  RiINNAL+ 26, 1350, 6 316 4.63e-07 -1.2800011e+02  43.3 6.0
n=1024 SDPNAL+ 60, 140, 1010 653 8.38e-07 -1.2800009e+02  934.2 -
12¢.2048 RiINNAL+ 36, 1850, 8 521 5.43e-07 -2.3740022¢+02  285.9 39.0
n =2048 SDPNAL+ - - - - -

2dc.1024  RiNNAL+ 111, 5600, 39 769 9.40e-07 -1.7710237e+01  260.0 38.0
n=1024 SDPNAL+ 103,271,3434 774 1.18¢-057  -1.7708084¢+01  3600.0 -

C Experiments on ccMSSC problems

See Table 15

Table 15 Computational results for (SDP-RLT) relaxation of (ccMSSC) problem

Prob (k,n)  Algorithm  Iteration Rank  Rpax Objective Time TPG
1 RiINNAL+ 411, 20600, 83 23 9.85e-07 4.0610863e+05  248.0 25.7
2,516 SDPNAL+ 627, 1080, 18513 496 6.38¢-047  4.0608249¢+05  3600.0 -

2 RiINNAL+ 421, 21100, 85 14 9.82e-07 1.2476265e+05  273.1 274
2,536 SDPNAL+ 309, 1097, 14019 12 6.81e-057  1.2476325¢+05 3600.0 -

3 RiINNAL+ 25,1300, 5 11 9.93e-07 2.5343203e+03  29.2 4.3
3,540 SDPNAL+ 60, 69, 3108 20 9.90e-07 2.5343241e+03  484.1 -

4 RiINNAL+ 51,2600, 11 15 8.73e-07 3.4886741e+03  54.6 9.3
3,540 SDPNAL+ 104, 143, 3301 29 8.35e-07 3.4886788e+03  537.1 -

5 RiNNAL+ 9,500, 2 5 9.27e-07 7.3254609¢+04  14.3 1.4
2,720 SDPNAL+ 201, 234, 10487 17 8.09¢-067  7.3254549e+04  3600.0 -

6 RiINNAL+ 6,350, 1 5 7.54e-07 2.3820331e+08 41.8 0.5
2,726 SDPNAL+ 33,177, 1360 1 4.16e-08 2.3820380e+08  770.2 -

7 RiINNAL+  7,382,2 7 3.02¢-08 2.9237520e+03  85.5 41.2
3,798 SDPNAL+ 23, 40, 850 3.47e-07 2.9237725e+03  441.3 -

8 RiINNAL+ 21,1100, 4 16 7.31e-07 1.6335116e+04 45.2 11.8
4,800 SDPNAL+ 40, 44, 1501 18 7.37e-07 1.6335114e+04  505.7 -

9 RiINNAL+  6,331,2 37 5.97e-07 4.2206142e+09  53.9 34
2,902 SDPNAL+ 56, 946, 1500 38 454e-02" 421663066409  3600.0 -

10 RiNNAL+ 3,200, 1 7 8.78e-07 4.0536895e+09  12.6 1.1
2,902 SDPNAL+ 54,246, 2312 1 7.91e-07 4.0536886e+09 23134 -

11 RiINNAL+ 3,200, 1 16 8.50e-07 4.0728152e+09  14.3 2.8
2,902 SDPNAL+ 67,299, 3092 2 4.49¢-07 4.0728127¢+09  3022.6 -

12 RiINNAL+ 31, 1600, 7 60 8.07¢-07 4.6667138e+05  109.0 5.4
2,922 SDPNAL+ 93,398, 3530 62 470e-06"  4.6667139¢+05  3600.0 -
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Table 15 continued

Prob (k,n)  Algorithm  Iteration Rank  Rpax Objective Time TPG
13 RiINNAL+  8,402,2 59 4.13e-08 3.1659837e+03  606.9 68.4
3,933 SDPNAL+ 31, 156, 700 1 9.29¢-08 3.1660319e+03  1284.7 -

14 RiINNAL+ 15,800, 3 6 7.48e-07 6.1181510e+05  35.8 33
2, 1000 SDPNAL+  138,169,4990 125 1.01e-057  6.1181479¢+05  3600.0 -

15 RiINNAL+  12,511,3 21 3.90e-07 8.5151301e+02  1500.3 193.9
3, 1662 SDPNAL+ - - - - - -

16 RiNNAL+ 10, 550, 2 7 6.15e-07 6.1040841e+03  86.8 12.5
2,1752 SDPNAL+ - - - - - -

17 RiNNAL+ 5,300, 1 5 8.09¢-07 7.0548748e+04  45.5 44
2, 1768 SDPNAL+ - - - - - -

18 RiINNAL+ 5,300, 1 6 8.05e-07 2.3371721e+03  47.6 4.9
2, 1782 SDPNAL+ - - - - - -

19 RiINNAL+ 15,800, 3 7 6.90e-07 1.4107262¢+03  131.8 22.8
2, 1782 SDPNAL+ - - - - - -

20 RiINNAL+ 2,150, 1 28 5.87¢-07 7.3610392e+08  42.2 13.7
2, 1800 SDPNAL+ - - - - - -

21 RiINNAL+ 18,905, 8 11 1.96e-07 5.9631573e+02 19314  1330.1
3, 1815 SDPNAL+ - - - - - -

22 RiNNAL+ 15,800, 3 11 5.17e-07 6.0024695e+04  156.7 23.0
2, 1960 SDPNAL+ - - - - - -

23 RiINNAL+ 9,500, 2 7 3.26e-07 9.1772840e+03  117.6 19.0
2, 1966 SDPNAL+ - - - - - -

24 RiINNAL+ 86, 4350, 18 23 9.36e-07 9.9658646e+05  2375.3 3394
3, 2250 SDPNAL+ - - - - - -

25 RiINNAL+ 51,2600, 11 61 5.42¢-07 1.0500893e+06 22159 170.8
3, 2250 SDPNAL+ - - - - - -

26 RiNNAL+ 21,1100, 4 45 8.68e-07 1.0568137e+06  951.1 96.5
3, 2250 SDPNAL+ - - - - - -

27 RiNNAL+ 56,2850, 11 6 9.77e-07 1.3311950e+04  1141.7 204.7
2,2324 SDPNAL+ - - - - - -

28 RiINNAL+ 10, 550, 2 14 9.04e-07 3.6482521e+05 3464 67.3
2,2740 SDPNAL+ - - - - - -

D Experiments on QMSTP problems

See Table 16
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RiNNAL+: a RALM solver for SDP-RLT relaxations...

Table 16 Computational results for (SDP-RLT) relaxation of (QMSTP) problems

Problem Algorithm Iteration Rank Rimax Objective Time TPG
vsym-1 RiNNAL+ 14,750, 3 4 5.84e-07  8.2077003e+04 7.5 1.1
n =435 SDPNAL+ 115, 175,2653 1 5.15e-07  8.2077033e+04 2214 -
vsym-2 RiNNAL+ 11, 600, 2 6 8.80e-07  7.4235009e+04 5.8 0.6
n =435 SDPNAL+ 144, 232,3102 1 1.64e-07  7.4234956e+04 2722 -
vsym-3 RiNNAL+ 16, 850, 4 4 1.33e-08  7.4105014e+04  11.0 14
n =435 SDPNAL+ 96, 145, 2200 1 2.88¢-07  7.4104978e+04 1693 -
vsym-4 RiNNAL+ 142, 7150, 29 10 9.28¢-07  8.7476205e+04  54.6 7.1
n =435 SDPNAL+ 382,616, 10201 1 2.22e-07  8.7475967e+04  808.1 -
vsym-5 RiNNAL+ 26, 1350, 6 4 9.95e-07  8.6586018e+04  11.4 1.4
n =435 SDPNAL+ 277,414, 6526 1 9.60e-08  8.6585979%e+04 5341 -
vsym-6 RiNNAL+ 11, 600, 3 5 4.13e-07  6.9976003e+04 5.8 1.1
n =435 SDPNAL+ 80, 108, 2051 1 4.45e-07  6.9975772e+04 1594 -
vsym-7 RiNNAL+ 14,750, 3 4 4.99¢-07  7.8864006e+04 7.3 0.9
n =435 SDPNAL+ 106, 203, 2500 1 3.0le-07  7.8861495¢+04  228.7 -
vsym-8 RiNNAL+ 26, 1350, 5 5 7.81e-07  7.3015027e+04 11.4 14
n =435 SDPNAL+ 82, 124, 1900 1 9.18¢-08  7.3015116e+04 1589 -
vsym-9 RiNNAL+ 15, 800, 3 4 1.82e-07  7.2562004e+04 7.1 0.8
n =435 SDPNAL+ 130, 196, 3550 1 9.41e-07  7.2562144e+04 2706 -
vsym-10  RiNNAL+ 11, 600, 3 6 1.08e-08  7.9153020e+04 7.6 1.3
n =435 SDPNAL+ 63,90, 2450 1 1.26e-07  7.9153501e+04 1738 -
sym-1 RiNNAL+ 105, 5300, 21 196 8.70e-07  5.4457695e+03 1045 3.0
n =435 SDPNAL+ 83, 85, 1377 194 1.80e-06  5.4457692e+03 1200 -
sym-2 RiNNAL+ 121, 6100, 25 196 6.62¢-07  5.3601951e+03 1169 32
n =435 SDPNAL+ 200, 267, 2927 195 9.64e-07  5.3601944e+03  286.7 -
sym-3 RiNNAL+ 111, 5600, 23 201 8.62e-07  5.2587073e+03 1155 3.1
n = 435 SDPNAL+ 66, 70, 1128 199 9.93e-07  5.2587071e+03  93.8 -
sym-4 RiNNAL+ 106, 5350, 22 194 4.39e-07  5.3695585e+03 1025 29
n =435 SDPNAL+ 67,67, 1173 192 7.67e-07  5.3695582e+03 934 -
sym-5 RiNNAL+ 80, 4050, 16 196 8.19e-07  5.2813223e+03  70.7 2.3
n =435 SDPNAL+ 65,68, 1112 194 9.96e-07  5.2813222¢+03  86.9 -
sym-6 RiNNAL+ 104, 5250, 21 196 9.19e-07  5.2952322e+03 1014 29
n =435 SDPNAL+ 152, 184, 2001 194 9.83e-07  5.2952307e+03 180.8 -
sym-7 RiNNAL+ 121, 6100, 24 198 9.31e-07  5.3275724e+03 128.1 32
n =435 SDPNAL+ 83, 85, 1271 197 9.96e-07  5.3275724e+03 117.1 -
sym-8 RiNNAL+ 93, 4700, 19 196 6.08¢-07  5.3277159¢+03  84.6 2.6
n =435 SDPNAL+ 68,75, 1149 194 9.99¢-07  5.3277160e+03  94.7 -
sym-9 RiNNAL+ 91, 4600, 18 197 7.97e-07  5.3229653e+03  81.2 2.5
n =435 SDPNAL+ 101, 105, 1443 197 1.42e-06  5.3229654e+03 1246 -
sym-10 RiNNAL+ 96, 4850, 20 199 9.37e-07  5.2736803e+03  87.3 2.7
n =435 SDPNAL+ 78, 84, 1276 197 9.83e-07  5.2736802¢+03 107.3 -
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Table 16 continued

Problem Algorithm  TIteration Rank Rpax Objective Time TPG
esym-1 RiNNAL+ 5511, 275600, 1102 40 9.02¢-057  6.3770159e+03  3600.0 205.0
n =435 SDPNAL+ 647, 891, 13000 38 1.00e-06  6.3770874e+03 1386.6 -
esym-2 RiINNAL+ 6414, 320750, 1283 33 481e-05T  6.9466174e+03  3600.0 252.0
n =435 SDPNAL+ 548, 773, 10900 40 9.36e-07  6.9466717e+03 1225.0 -
esym-3 RiNNAL+ 5086, 254350, 1017 39 7.47¢-05T  7.9610653¢+03  3600.0 219.6
n =435 SDPNAL+ 385, 493, 8635 51 1.00e-06  7.9611728e+03 938.2 -
esym-4 RiNNAL+ 6375, 318800, 1275 25 1.87e-04T  7.5283574e+03  3600.0 268.7
n =435 SDPNAL+ 461, 629, 9400 39 9.88¢-07  7.5284582e+03 998.8 -
esym-5 RiINNAL+ 6031, 301600, 1206 41 4.66e-057  7.6181667e+03  3600.0 213.7
n =435 SDPNAL+ 451, 630, 9100 48 9.92e-07  7.6183146e+03 997.8 -
esym-6 RiINNAL+ 5264, 263250, 1053 47 1.93¢-057  7.4736776e+03  3600.0 192.0
n =435 SDPNAL+ 331,497,7518 46 1.00e-06 ~ 7.4737703e+03 824.0 -
esym-7 RiINNAL+ 5091, 254600, 1018 59 7.48¢-057  8.0184786e+03 3600.0 183.1
n =435 SDPNAL+ 801, 858, 11051 68 1.00e-06  8.0187444e+03 1127.6 -
esym-8 RINNAL+ 4935, 246800, 987 30 1.78¢-057  6.8570588¢+03  3600.0 1722
n =435 SDPNAL+ 616, 833, 12701 29 9.05e-07  6.8570981e+03 1321.7 -
esym-9 RINNAL+  5627,281400, 1126 26 1.82¢-047  7.5313705¢+03  3600.0 235.7
n =435 SDPNAL+ 675, 844, 12858 45 9.99e-07  7.5315178e+03 1381.6 -
esym-10  RiINNAL+ 4853, 242700, 971 64 1.18¢-057  7.9609614e+03  3600.0 155.5
n =435 SDPNAL+ 372,476, 5950 60 9.71e-07  7.9610475e+03 631.6 -
vsym-1 RiNNAL+ 10, 550, 2 9 9.66e-07 1.7014306e+05 38.6 54

n = 1225 SDPNAL+ 106, 220, 4200 2 8.58¢-067 1.7018175e+05 3600.0 -
vsym-2 RiNNAL+ 31, 1600, 6 7 8.98e-07 1.5515539e+05 93.9 16.4
n = 1225 SDPNAL+ 108, 191, 3902 1183  4.45e-047  1.5638172e+05 3600.0 -
vsym-3 RiNNAL+ 36, 1850, 12 7 8.40e-07 1.6989411e+05 1219  33.0
n=1225 SDPNAL+ 181,254, 3767 427 2.47¢-047  1.7208258¢+05 3600.0 -
vsym-4 RiINNAL+ 77,3900, 20 10 8.61e-07 1.6000112e+05 2429 623
n=1225 SDPNAL+ 109, 183, 4278 1190  5.88¢-047  1.6147984e+05 3600.0 -
vsym-5 RiINNAL+ 426, 21350, 91 14 9.77e-07 1.5072543e+05 1227.3 260.6
n=1225 SDPNAL+ 93, 167,4196 1189  1.66e-037  1.5231965¢+05 3600.0 -
vsym-6 RINNAL+ 244, 12250, 62 6 9.84e-07 1.7481705e+05  747.3 187.4
n=1225 SDPNAL+ 108, 196, 4062 375 1.73e-047  1.7651275¢+05  3600.0 -
vsym-7 RiINNAL+ 16, 850, 4 5 8.15e-07 1.5365828e+05 55.8 11.7
n=1225 SDPNAL+ 119,222, 4350 2 8.18¢-067  1.5365163e+05 3600.0 -
vsym-8 RiINNAL+ 78,3950, 16 7 6.98e-07 1.7840805e+05 224.7  41.8
n=1225 SDPNAL+ 108, 184,4116 1182 2.55¢-047  1.7990365¢+05 3600.0 -
vsym-9 RINNAL+ 26, 1350, 5 8 7.78e-07 1.5342806e+05 81.9 14.5
n = 1225 SDPNAL+ 108, 170,4104 466 6.06e-04T  1.5519319¢+05 3600.0 -
vsym-10  RiNNAL+ 16, 850, 3 6 2.56e-07 1.7824801e+05 57.4 9.7

n = 1225 SDPNAL+ 112,192, 4450 4 2.48¢-057  1.7843544e+05 3600.0 -
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Table 16 continued

Problem Algorithm Iteration Rank Rmax Objective Time TPG
sym-1 RiNNAL+ 91, 4600, 18 511 7.22e-07  1.4089986e+04  566.1 21.5
n=1225 SDPNAL+ 205,218,2653 509 1.08¢-06  1.4089986e+04  1968.0 -
sym-2 RiNNAL+ 75, 3800, 15 508 9.86e-07  1.4080256e+04  387.3 18.8
n=1225 SDPNAL+ 168, 168,2505 506 1.45¢-06  1.4080256e+04  1757.0 -
sym-3 RiNNAL+ 97, 4900, 20 510 5.92e-07  1.4118326e+04  622.1 25.0
n=1225 SDPNAL+  158,168,2367 508 1.59¢-06  1.4118326e+04 18213 -
sym-4 RiNNAL+ 76, 3850, 16 508 9.83e-07  1.4041294e+04  403.3 19.6
n=1225 SDPNAL+ 211,218,2945 506 1.10e-06  1.4041294e+04  2196.8 -
sym-5 RiNNAL+ 96, 4850, 20 509 9.28e-07  1.4111671e+04  604.8 24.4
n=1225 SDPNAL+ 198,210,2661 507 1.08e-06  1.4111670e+04 20689 -
sym-6 RiINNAL+ 81,4100, 17 509 9.09e-07  1.4047336e+04  444.9 20.5
n=1225 SDPNAL+ 107,114,1852 507 1.18¢-06  1.4047336e+04 14709 -
sym-7 RiNNAL+ 84,4250, 17 508 7.78¢-07  1.4117649¢e+04  483.2 21.0
n =1225 SDPNAL+ 271,271,2881 506 1.24e-06  1.4117649¢+04 23346 -
sym-8 RiINNAL+ 75, 3800, 15 507 6.91e-07  1.4152284e+04  382.5 18.4
n =1225 SDPNAL+ 168, 181,2544 505 1.38¢-06  1.4152284e+04 18914 -
sym-9 RiNNAL+ 84, 4250, 17 508 7.01e-07  1.4163208e+04  480.9 20.6

n=1225 SDPNAL+ 210, 216,2950 506 9.89e-07  1.4163208e+04  2136.0 -
sym-10 RiNNAL+ 86, 4350, 18 508 7.85e-07  1.4125583e+04  465.2 22.1
n=1225 SDPNAL+  222,228,2922 506 1.12e-06  1.4125582e+04  2229.1 -
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