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Abstract

In this paper, we propose a branch-and-bound algorithm for solving nonconvex
quadratic programming problems with box constraints (BoxQP). Our approach com-
bines existing tools, such as semidefinite programming (SDP) bounds strengthened
through valid inequalities, with a new class of optimality-based linear cuts which leads
to variable fixing. The most important effect of fixing the value of some variables is
the size reduction along the branch-and-bound tree, allowing to compute bounds by
solving SDPs of smaller dimension. Extensive computational experiments over large
dimensional (up to n = 200) test instances show that our method is the state-of-the-art
solver on large-scale BoxQPs. Furthermore, we test the proposed approach on the class
of binary QP problems, where it exhibits competitive performance with state-of-the-art
solvers.
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1 Introduction

In a nonconvex QP problem a quadratic function is minimized over a polytope P, i.e.:

1
min EXTQX +e¢'x

st. xeP,

where Q € R™™" is symmetric and not positive semidefinite, ¢ € R". The class
of QP problems include as special cases Standard QP (StQP) problems, where the
polytope P is the unit simplex, and BoxQP problems, where the polytope P is the
unit box. Both special cases are NP-hard. Indeed, in [27] a polynomial reduction of
Max-Clique problems into StQP problems is provided, while Max-CUT problems can
be reformulated as BoxQP problems. Despite their difficulties, QP problems have a
significant structure that allows the definition of different branch-and-bound (B&B)
approaches. For this reason, they attracted considerable attention in the literature (see,
e.g., [4, 8, 11, 18, 23, 24, 42]), and even well-known commercial solvers such as
Cplex and Gurobi offer exact approaches for their solution.

QP problems can be reformulated in different ways. In the bilinear reformulation,
each linear function Q;x is set equal to a new variable y; and substituted by it in the
objective function (here Q; denotes the i-th row of matrix Q). In spite of its simplic-
ity, the bilinear reformulation turned out to be the best one for a special class of QP
problems arising from game theory [25]. In the spectral reformulation (see, e.g., [28]),
first a spectral decomposition of matrix Q is performed, then each term ul.Tx, where
u; is an eigenvector associated to a negative eigenvalue of Q, is set equal to a variable
z; and replaced into the objective by such variable. In [24] the spectral reformulation
is employed when the number of negative eigenvalues of matrix Q is below a given
threshold, while, alternatively, the bilinear reformulation is employed. This approach
turns out to be quite robust and highly competitive with existing solvers (including
Gurobi and Cplex) over general QP problems. In [5] a copositive reformulation
of QP problems has been introduced, where the problem is reformulated as a linear
problem over the completely positive cone. The result in [5] extends previous results,
in particular the resultin [3], where it is shown that StQP problems can be reformulated
as linear problems over the copositive cone (the dual of the completely positive cone).
The copositive reformulation is interesting from the theoretical point of view since it
shows that nonconvex QP problems can be reformulated as convex problems. Unfor-
tunately, the cone of completely positive matrices, though convex, is not tractable,
so that existence of a convex reformulation does not lead to a polynomial algorithm.
However, the copositive reformulation can be exploited to define convex relaxations,
by replacing the not tractable cone of completely positive matrices with tractable
cones such as the semidefinite or nonnegative one. In the KKT reformulation (see,
e.g., [20]), additional variables and constraints are introduced, the former correspond-
ing to Lagrange multipliers of the constraints, the latter to the KKT conditions, and, in
addition, the objective function is linearized by exploiting the KKT conditions. Strictly
related to the KKT reformulation is the Mixed Integer Linear Programming (MILP)
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reformulation (see, e.g., [42]), where the complementarity conditions are linearized
through the introduction of binary variables.

All these reformulations allow to define different convex relaxations (linear, convex
quadratic, semidefinite relaxations) with different computational costs but also with
a different quality of the corresponding lower bounds, thus posing the question about
which is the best compromise between quality and computational cost. In fact, it is
observed in practice that the best choice is strictly related to the problem at hand,
and some works (see, e.g., [24, 28]) suggest to adaptively choose between different
relaxations depending on specific properties of the problem to be solved, possibly
making different choices at different nodes of the B&B tree.

Relaxations can be strengthened through the addition of valid inequalities. These
include, e.g., Reformulation Linearization Technique (RLT) inequalities and triangle
inequalities which will be discussed in what follows. A special class of valid inequal-
ities are those involving variable bounds. Procedures to define such inequalities are
known as bound-tightening techniques (see, e.g., [9, 16, 34, 40]). In the context of
QP problems, optimality-based bound tightening techniques are employed, i.e., such
techniques define new bounds for the variables which may not be fulfilled by some
feasible solutions but are always fulfilled by optimal solutions. Although they might
be quite expensive, they often turn out to be of primary importance to enhance the
performance of B&B approaches. We refer to [16] for some strategies to find a good
compromise between the effectiveness and cost of bound-tightening techniques.

Statement of contribution

In this paper, we propose a B&B algorithm for solving Box QP problems. The approach
combines tools already known in the literature, such as SDP-based bounds strength-
ened by adding valid inequalities (in particular, RLT and triangle inequalities) with
a newly proposed variable fixing procedure. This procedure has two features, which
represent the main original contributions of our work:

— The procedure is a multiple variable fixing procedure, i.e., the values of multiple
variables are fixed at the same time; while single variable fixing procedures have
been proposed in the literature (see, e.g., [14], where variable fixing is employed
within the framework of a heuristic approach for Box QP problems), we are not
aware of multiple variable fixing procedures;

— The procedure is based on the solution of SDP problems; in the literature SDPs are
usually solved to compute bounds, while we are not aware of SDP-based variable
fixing procedures.

Solving SDPs is expensive and the fixing procedure adds new SDPs to be solved.
However, the strong SDP relaxation obtained by adding valid inequalities makes the
multiple fixing procedure effective, allowing for a reduction of the size of the subprob-
lems solved at nodes of the B&B tree. Once variables are fixed at a node, they are also
fixed in all its successors, thus reducing the time both for the new bound computations
and for the further variable fixing procedures. The experiments show that, over the
most challenging instances of Box QP and Binary QP problems, the inclusion of this
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variable fixing procedure leads to a reduction of the computing times ranging between
20% and 50%. Further experiments also show that the proposed solution approach is
highly competitive with the existing solvers.

The remainder of the paper is structured as follows. In Sect.2 we introduce the
class of BoxQP problems and discuss different features which can be exploited for
solving them more efficiently. In Sect. 3 we will discuss a bound based on the solution
of a semidefinite problem obtained by strengthening the classical Shor relaxation with
RLT and triangle inequalities. Moreover, we discuss the use of first-order SDP solvers,
which allows to compute SDP bounds more efficiently with respect to the previous
generation of SDP solvers. In Sect. 4 we discuss a class of optimality-based linear cuts
which, in particular, leads to variable fixing, i.e., the possibility of fixing the value of
some variables, thus allowing for a dimension reduction. In Sect. 5 we briefly present
further components which are needed in order to have a full implementation of a B&B
approach. Such components are defined in a standard way, taken from the literature.
Finally, in Sect. 6 we present and discuss different computational experiments, whereas
in Sect. 7 we draw some conclusions and highlight possible future research directions.

1.1 Notation

Throughout this paper we use the following notation: S” denotes the space of n x n
real symmetric matrices, R" is the space of n-dimensional real vectors and R”*" is
the space of m x n real matrices. We denote by X > O a matrix X that is positive
semidefinite and by S'} be the set of positive semidefinite matrices of size n x n. We
denote by 0", 1" the n-dimensional vectors of all zeros and of all ones. We omit the
superscript in case the dimension is clear from the context. Given x € R”, Diag(x)
is the n x n diagonal matrix with x on its diagonal; and given X € R"*", diag(X) is
the vector with the diagonal elements of X. We denote by e the trace inner product.
That is, for any A, B € R"*", we define A e B := trace(BTA). For a vector v and an
index set 1, v/ is defined as the vector composed of entries of v that are indexed by I.
Also, given a matrix X € R"*", X!! s defined as the matrix composed of entries of
X whose rows and columns are indexed by 1.

2 BoxQP problems

In BoxQP problems the feasible polytope P is the n-dimensional unit box {x 0" <
x < 1"}. Note that the feasible region of a BoxQP problem can also be a generic box
but, obviously, any box can be replaced by the unit box, possibly after scaling and
translating the variables. BoxQP problems have some specific properties which can
be exploited. Let N = {i Q;; < 0}and P = {i Q;; > 0}. First, we notice (see
Proposition 1 in [20]) that:

ieN=x {01},
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at optimal solutions of Box QP problems, so that some of the variables can be imme-
diately considered as binary ones. Next, we observe that the stationarity condition in
the KKT system reduces to:

Qx+c—p+y=0,

where p is the Lagrange multiplier vector of the nonnegativity constraints, while y
is the Lagrange multiplier vector of constraints x < 1”. Then, for all i € P, we have
that:

x;i=0 =y =0 = Qx> —¢;
xi =1 = ui =0 = Qix < —¢;
O<xi<l=y%=0 4 =0=Qix=—¢,

ey

while for all i € N, one of the first two implications holds. In B&B approaches
for general QPs, spatial branching is often adopted, i.e., first a variable is selected,
together with a threshold value for it, then the value of such variable is imposed to be
not larger than the threshold in one child node, and not smaller than the threshold in
the other child node. But, in view of the above properties, in BoxQPs spatial branching
can be replaced by binary branching, if the selected variable x; is such thati € N,
or ternary branching, if the selected variable x; is such that i € P. In the latter case
in each one of the three child nodes one of the conditions {x; = 0}, {x; = 1}, and
{Qix = —c;} is imposed. While spatial branching only allows to prove convergence to
0 of the difference between the upper and lower bound values computed by the B&B
approach, binary/ternary branching has the theoretical advantage that such difference
becomes equal to 0 after the generation of a finite, though possibly exponential, number
of B&B nodes.

A further way to exploit the properties of variables x; fori € N andi € P, which also
represents the main contribution of this work, will be thoroughly discussed in Sect. 4.
The same properties also allow to introduce a MILP reformulation of BoxQPs. All
variables x;, i € N, are immediately set as binary. For each i € P, we first denote
by ¢; and u; a lower and an upper bound, respectively, for Q;x over the unit box. In
particular, we can simply set:

=Y Qi wi= Y Qi

Jj Qij<0 j Qij>0

Next, again foreachi € P we introduce three binary variables §;, p;, &;, corresponding
tox; =0,x; = 1and 0 < x; < 1, respectively. Thus, in order to formulate (1), we
need the following constraints for each i € P:

x <(1-58), Qix=¢;(1—6)—dic

xi > pi, Qix=u;(1—p;)—pici
Qix<ui(1-4§)—4&c;, Qx=>4;(1-§)—E&qc
Si+pi+& =1
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However, according to our personal experience and according to the experiments
reported in [42], solution approaches based on MILP reformulations are not quite
efficient for BoxQPs, while they are for another special class of QP problems, namely
the already mentioned class of StQP problems (see [18, 42]).

It is also worthwhile to remark that any approach for the solution of BoxQPs is also a
valid approach for the solution of binary QPs, i.e., problems

P T
min 35X X+ ¢ X.
him 2% Q @)

Indeed, taking into account that the binary condition for a variable x; can also be
written as x; (1 — x;) = 0, we can convert the binary QP problem into the BoxQP
problem

: 1 1
1 —A)x+ (c+ inTx,
XGIPOI,I}]" 2% Q@ (e 2 )X &

where A = Diag(A) and for each i € {1,...,n} we have —X; + Q;; < 0, i.e., the
Hessian matrix of the BoxQP problem has nonpositive diagonal elements, so that,
by the previously mentioned property, optimal solutions of the BoxQP problem are
forced to be binary solutions and, thus, to be optimal solutions also of the Binary QP
problem. Possible choices for the vector A will be discussed later on.

In the following, we introduce a B&B approach for the solution of BoxQPs. First,
we present an SDP-based technique to compute lower bounds at nodes of the B&B tree,
with the addition of valid inequalities taken from the literature. Moreover, we discuss
the use of first-order SDP solvers for a more efficient computation of the bounds. Next,
we present a novel technique which allows to fix at the same time different variables
to 0 or to 1 through the solution of an auxiliary SDP problem. Such novel technique
is proven to be quite beneficial at large dimensions, as we show in the computational
experiments.

3 SDP bounds for BoxQP with valid inequalities

Relaxation techniques for BoxQP are mainly based on linearization, convex quadratic
programming, or semidefinite programming. To compute such a relaxation, the
quadratic objective function is typically reformulated as a linear function in an
extended space of variables. More precisely, a symmetric matrix variable X satis-
fying X = xx ' is introduced and the equivalent formulation in the (x, X)-space is
then solved by means of a B&B algorithm based on a relaxation of the latter non-
convex equalities. The most commonly used relaxation is the so-called McCormick
relaxation which is obtained by replacing the nonlinear equalities with RLT constraints
[26]. On the other hand, the semidefinite relaxation due to Shor [37] can be obtained by
relaxing X = xx| to X —xx' > 0 which in turn is equivalent to the matrix inequality

=~ 1xT
X:|:x X]EO,
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due to the Schur complement. Combining the classical Shor relaxation with the RLT
inequalities leads to strong bounds, as shown in [2]. Therefore, the basic SDP relaxation
we use in our bounding routine is

1
min EQ eX+c'x
st. 0<x<1 4)
X—xx' =0
(x, X) € Srrr

where, for 1 <i < j < n, the set Sgrr C R” x S” is defined as
Srir={(x,X) eR" x§": X;; >0, X;j <x;, Xij <xj, Xij =xi +x;—1}.

This kind of SDP is a doubly nonnegative program (DNN) since the matrix variable Xis
both positive semidefinite and element-wise nonnegative. Note that the original bound
constraints 0" < x < 1" are implied by the RLT constraints and could be removed (see
[36], Proposition 1). In order to derive stronger relaxations in the (x, X)-space, Yajima
& Fujie [43] studied the convex hull of feasible solutions of the BoxQP problem, i.e.,
the set

QPB, = conv [(x, X) e [0, 113D Xy =ax; A <i<j< n)} ,

and they showed valid inequalities for it. In [7], Burer & Letchford studied QPB,,
in more detail and they showed that any inequality valid for the boolean quadratic
polytope of order n (see [29]), i.e., the set

BQP, :conv{(x, X) e {0.1"® ¢ X =xxj (1<i < gn)},

is valid also for QPB,,. One important class of these cuts are the triangle inequalities
defined as follows:

Xi+xj+x—Xij—Xi —Xjr <1
Xij+Xir —xi —Xj1 =0
Xij+Xj1—x; —Xiy <0
Xip+Xjr—x —X;; <0.

o)

These hold for all distinct triplets (i, j, t). In order to obtain tight lower bounds, we
use the cutting-plane approach where triangle inequalities are iteratively added and
purged after each bound computation. The enumeration of all triangle inequalities is
computationally inexpensive, even for large instances. However, adding all of them
would make the SDP relaxation intractable. To keep the SDP to a modest size, we limit
the number of triangle inequalities that we can add at each cutting-plane iteration. First,
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the optimal solution of the basic SDP relaxation in (4) is computed. Then, we separate
the initial set of triangle inequalities, we sort them by the magnitude of violation and
we add the most violated ones up to a maximum number. Next, we remove all inactive
constraints and we add new violated triangles. Finally, the problem with an updated set
of inequalities is solved and the process is repeated as long as the increase of the lower
bound is sufficiently large. Indeed, we terminate the bounding routine when the relative
difference between consecutive lower bounds is less than a fixed threshold. If the gap
cannot be closed after some cutting-plane iterations, we terminate the bounding routine
and we branch. Note that, to improve the efficiency of the overall B&B algorithm, we
inherit triangle inequalities from parent to children nodes. This allows us to save a
significant number of cutting-plane iterations, and therefore computational time, when
processing subproblems.

3.1 First-order SDP solver with reliable bounds

The high quality of SDP bounds with the addition of triangle inequalities allows to
reach small gaps between upper and lower bound even at the root of the B&B tree (see
also the experiments in Sect. 6.3). The limitation is that SDP solvers do not scale well
as the problem size increases. In particular, interior-point methods (IPMs) can solve
SDPs to arbitrary accuracy in polynomial time, but they are not capable of solving
large SDPs with a large number of inequalities, including nonnegativity constraints
[1]. Compared to IPMs, first-order solvers based on augmented Lagrangian methods
(ALMs) can scale to significantly larger problem sizes, while trading off the accuracy
of the resulting output [38, 44]. However, these methods require some extra care when
embedded into a B&B algorithm. When using first-order methods, it is hard to reach a
solution to high precision in a reasonable amount of time. For this reason, we consider
post-processing methods to guarantee a valid lower bound for the SDP relaxation. This
lower bound is a safe underestimate for the optimal solution of the SDP relaxation
that can in turn be used as a lower bound on the original BoxQP problem.

Duality results in semidefinite programming imply that the objective function value
of every feasible solution of the dual problem yields a bound on the optimal objective
function value of the primal. Every dual feasible solution and, in particular, the optimal
dual solution of an SDP relaxation, gives a valid bound on the solution of the original
optimization problem. However, the dual objective function value represents a valid
dual bound only if the SDP relaxation is solved to high precision. Two different post-
processing techniques can be defined: one that adds a negative perturbation to the
dual objective function value [21] and one that generates a dual feasible solution, and
hence a bound, by solving a linear program [10]. The first method is effective when a
suitable bound on the maximum eigenvalue of an optimal solution of the primal SDP
is known, as for example in [31-33]. When dealing with BoxQP problems, instead, no
tight bound can be derived, so the LP-based post-processing is a better option. First of

~ T
all, we derive the dual problem of the SDP relaxation in (4). Let Q = % [2 ch| and
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- T
X= [xo X i| We re-write problem (4) as

x X
min Qof(
s.t. xo=1
0 ©6)
BX)>b
X>0 X>O0,

where B : S"t! — R™ defined by B(X) := [X eB!, ..., X e B”]" with Bl € §"*!,
is the linear operator representing RLT and triangle inequalities on X,andb € R™ is
the right-hand side vector. Consider multipliers y € R, v € R™, S, Z € S"*1 The
dual of problem (6) can be written as

max y+b'y

st. Ejjy+B W +Z+S=Q
S>0,v>0, Z >0,
@)

where B* : R™ — S"*! is the adjoint operator to B defined by B*(v) := Y I, v;B
and E[ is the matrix of all zeros exceptentry (1, 1), whichisequalto 1. Let (y, v, S, Z)
be any solution to the dual SDP (7) obtained by running an ALM method up to a certain
precision. Note that this solution may be close to optimal solution but not necessarily
dual feasible. From the given Z we obtain the new positive semidefinite matrix 7 by
projecting Z onto the positive semidefinite cone. This process involves computing
the eigenvalue decomposition of Z and setting all negative eigenvalues to zero, while
keeping the non-negative eigenvalues unchanged. Then, we solve the linear program

max y+b'v

st. Eny+B*(v)+S= Q—Z
S>>0, v>0,
®

with respect to (y, v, S). If problem (8) admits an optimal solution (y, V, §), then
,V, S, Z) is a feasible solution for problem (7) and we can return a valid dual bound.
If it is infeasible, we are neither able to construct a feasible dual solution nor to
construct a dual bound. In this case, one should continue running the ALM to a higher
precision and apply the procedure to the improved point. However, we point out that
in our computational experiments we never needed to increase the precision of the
SDP solver.
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4 A new class of optimality-based linear inequalities and variable
fixing

Let us denote by S the feasible region of the SDP relaxation strengthened with RLT
and triangle inequalities. Moreover, let U B be the current upper bound for the optimal
value of BoxQP. The region

S*:Sﬂ{%QoX—i—chgUB},

may exclude some feasible solutions of BoxQP but contains the whole set of its optimal
solutions (more precisely, the projection of such region over the space of variables x
contains the set of optimal solutions). Now, let T € N and let Ty, 77 be a partition of
T. Let us solve the following SDP problem:

¢r= min_ Y (1—x)+ ) x. )

X, x)eS* je7y ieT

Recalling that for all variables in N and, thus, in T, we can impose a binary condition,
the following is an optimality-based valid linear inequality:

YA —x)+ > x = 1erl. (10)

ieTy ieT

In fact, in order to take into account numerical errors, the right-hand side of the
inequality is replaced by [£r — &;] for some tolerance value &1 € (0, 1), that we
set in the experiments equal to 0.01. The identification of such valid linear inequality
requires the solution of an SDP problem and is, thus, quite expensive. But there is at
least one situation when such high computational cost is worthwhile, namely when
[€7 — e1] = |T|. Indeed, in this case we are able to fix all variables in 7, more
precisely, we can fix to O all variables in 7, and to 1 all variables in 77. As already
mentioned in Sect. 1, solvers for QP problems highly benefit from the application
of bound tightening procedures, in spite of their computational cost. The multiple
fixing strategy, which is also quite expensive, can be viewed as a special case of
bound tightening, where range of variables are reduced to singletons. One advantage
of multiple fixing is the improvement of the lower bounds, which may reduce the size
of the B&B trees. But, probably, the most important effect of multiple variable fixing
is the size reduction. Let F, F denote the set of indices of the variables fixed to 0 and
1, respectively, at the current node. Let U = {1, ..., n}\{FoU F1} be the set of indices
of all remaining variables. Without loss of generality, we assume that the indices of
the variables are ordered as follows Fy, U, F1. We denote by 070 the zero vector of
size | Fp|, 1¥1 the unit vector of size | F;|, and by xY the vector of not fixed variables.
Hence, the BoxQP objective function can be written as

| 0Fo T QFoFo QFoU QFoFi 0F cFo T 0Fo
5 xU QUF QUU QUF xU |+ | eV xU
1F1 QFIFO QFIU QF]F] 1F1 cFl 1F1
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1TxU1" QUU  QUAT[xV U1 rxV
25[14 [(QU‘“W Q][l]*[} [1}

— %(XU)TQUUXU +(XU)TQUF|1F1 +(CU)TXU+§F1’U,

where 1.V = L (1F1)TQF1F11F1 4 (¢f1)T171. Therefore, after removing the constant
term £/ the bounding problem becomes

min % QeXV +2TxV

st. 0V <xV <1Vl
XV x>0
Y. XY) € Sgrr.

Y

where Q = QUV and ¢ = QUF11#1 4 ¢V The size reduction of the BoxQP problem
from dimension n to |U|, implies also the size reduction of its SDP relaxation and,
since computing times of SDP solvers tend to increase quickly with the size, such
reduction allows to compute lower bounds more quickly.

An important question related to multiple variable fixing is how to choose 7" and
how to partition it into 7 and 77. The most natural strategy is to exploit the solution
of the SDP relaxation over the region S. If we denote by (X*, x*) the optimal solution
of such relaxation, we can set:

To={ieN x;fé‘z}, T]:{iENx;ZI—EQ},

where g7 > 0: then, we put in Tj all variables close to 0 in the optimal solution of the
relaxation, and in 77 all variables close to 1 in the optimal solution.

Finally, we point out that, rather than going through the solution of (9), an alternative
way to perform multiple variable fixing is through the solution of the following SDP
problem:

. 1 T
ar = min -QeX-+c¢'x
T X,x)eS ZQ

st Y (=x)+ Y x <|T|—1+e).

ieTy ieT)

12)

Indeed, if 7 > U B, i.e., if the lower bound of the BoxQP problem over the intersec-
tion of S with the region defined by the linear inequality ) ieny (1 —xi) + ZieTl xi <
|T|—1+e¢1,1s not smaller than the current upper bound, then no solution with function
value lower than U B can be found in this region, so that we can restrict the attention
to the region defined by the inequality > ;.7 (1 —x;) + 3 ;o Xi > |T|—1+¢1. But
in such case, due to the binary conditions, we can fix all variables in T'. In fact, the
solution of (12) is slightly less informative with respect to the solution of (9). Indeed,
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in case fixing is not possible, i.e., when [ —&1] < |T'| concerning (9), orer < UB
concerning (12), the solution of (9) allows at least to add the linear cut (10). On the
other hand, recent first-order SDP solvers discussed in Sect.3.1 encounter some dif-
ficulties when solving (9), while they are able to solve (12) quite efficiently. For this
reason, in our experiments we adopted (12). Note that Problem (12) always admits
feasible solutions. Indeed, any solution of the form (x, X) where x is a binary vector
satisfying the additional inequality in (12), and X = xx ', is feasible. We summarize
the fixing procedure in Algorithm 1. The number of variables that can be fixed by
Algorithm 1 depends on the threshold e,: the higher the threshold the larger the num-
ber of potentially fixed variables. However, when ¢ is large, the condition a7 > U B
becomes harder to be satisfied, and it can be expected to hold only if the current gap
at the node is low. We also need to keep into account that we solve problem (12) with
a first-order method, and hence with a low precision. Indeed, following the approach
described in Sect.3.1, we compare U B with a value that is slightly smaller than a7
since it is derived from a dual feasible solution of problem (12). If ¢; is too large, the
consequence is that no variable is fixed, and the time needed for solving problem (12)
is wasted. One possibility may be to adapt £, depending on the current gap, making it
larger when the gap significantly decreases. However, when the gap is small, in most
of the cases the children are pruned, and hence the advantage of the size reduction due
to the fixing does not propagate in the tree. In Sect. 6.1 we will discuss the choice of
&7 in our implementation.

All the discussion above refers to multiple variable fixing for variables in N (in
fact, all variables in case of binary QPs). For variables in P, single variable fixing is
possible. For some i € P, if the optimal value of the following SDP problem:

mingx yyes+ Qix + ¢,

is larger than 0, then, according to (1), we can fix the value of x; to 0, while if the
optimal value of the following SDP problem:

maxx x)es* Qix + ¢;,

is smaller than 0, then, again according to (1), we can fix the value of x; to 1. Note,
however, that, due to the large cost of variable fixing, in our experiments we did not
include such single variable fixing strategy.

5 Standard features

In order to have a full implementation of a branch-and-bound algorithm, we still need
to clarify some points, in particular: i) how we initialize and update the upper bound
value U B; ii) how we perform branching. In both cases we use standard rules, which
are briefly summarized in this section. Before starting the B&B algorithm, the upper
bound value U B is initialized by running a prefixed number of local searches from
randomly generated points within the unit box. Each time we compute a lower bound,
we start a local search from the x* part of the optimal solution of the relaxation,
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Algorithm 1 Algorithm for Multiple Variable Fixing
MultipleFixing(U B, x*, &1 > 0, &5 > 0)

1: Set N = {x; :i € N};

2: while A is not empty do

30 SetTp={ieN:x'<ejandTi={ieN :x>1-ek
4:  Compute a7 by solving (12) with tolerance ¢1;

5 if 7 > UB then

6: fori, € {1,...,|T|}do

7: if i, € Ty then

8 Fix x;, = 0;

9: else

10: Fix X, =1;

11: end if

12: Set N'= N\ {x;, };

13: end for

14: break

15:  else

16: Set N = @ (variables xj, forall i, € T cannot be fixed);
17:  endif

18: end while

and we possibly update the upper bound if this is improved by the newly detected
local minimizer. For Binary QP problems, instead, we use the following randomized
rounding procedure [17, 30]. From the optimal solution (X*, x*) of the relaxation, we
randomly draw several samples w from N (x*, X* — x* (x*)T), round w; to 0 or 1 to
obtain X € {0, 1}", and keep the X with the smallest objective value. This procedure
works better than just naively rounding the coordinates of x* to the closest integer.
Concerning branching, we select the branching variable according to the following
rules. Let (X*, x*) be the optimal solution of the SDP relaxation at a given node. First,
we search branching variables within the subset N and we select the one furthest from
a binary value, i.e., we select x; such that

i €arg rjpea[\)} mln{x;, 1- x;}.
Then, binary branching is performed over the selected variable. If no more variables
in N are available for branching, then a variable in P maximizing the approximation
error is selected, i.e.,

n
i€ arg max Z Ouj (xjx; — X7p),
je
k=1

and ternary branching, as discussed in Sect. 2, is performed over the selected variable.
As already discussed in that section, binary/ternary branching is relevant from a the-
oretical point of view, guaranteeing equivalence of upper and lower bounds after a
finite number of iterations. However, we stress that, from a practical point of view, in
our computational experiments over instances taken from the existing literature, B&B
nodes were always fathomed before performing ternary branching on variables in P.
Thus, to assess the impact of ternary branching, we carried out specific experiments
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on newly created instances, where N is empty and hence | P| = n. The computational
results are detailed in Sect. 6.6.

In conclusion, at any level of the B&B tree, we obtain lower bounds by solving
SDP relaxations of smaller dimension where the size reduction is achieved by fixing
decision variables to 0 or 1 thanks to the branching decisions and to the multiple
variable fixing strategy.

6 Computational experiments

In this section, we describe the implementation details of the B&B algorithm to glob-
ally solve BoxQPs, and we compare its performance with other methods on test
problems taken from the literature. The code has been made publicly available at
https://github.com/antoniosudoso/bb-boxgp-fixing.

6.1 Implementation details

Our B&B algorithm is implemented in C++ with some routines written in MATLAB
(version R2020b Update 7). We use SDPNAL+ (version 1.0) [39], a MATLAB soft-
ware that implements an augmented Lagrangian method to solve SDPs with bound
constraints. We set the accuracy tolerance of SDPNAL+ to 10™# in the relative KKT
residual and we use Gurobi (version 10.0.2) to solve the auxiliary LP for producing a
valid lower bound. Before starting the B&B algorithm we perform 200 local searches
via SNOPT (version 7.7) [15] with randomly generated points within the unit box.
All the experiments are performed on a laptop with an Intel(R) Core(TM) i7-8565U
processor clocked at 1.80GHz with 4 cores, 16 GB of RAM and Ubuntu 20.04 LTS.
We provide both a serial implementation, operating on a single thread, and a parallel
version with multi-threading capabilities for concurrent node exploration. As for the
cutting-plane setting, at each iteration, we separate at most 100000 triangle inequal-
ities, we sort them in decreasing order with respect to the violation and we add the
first 10%. Therefore, we add at most 10000 violated inequalities at each cutting-plane
iteration. In our numerical tests, the tolerance for checking the violation is set to 104,
Furthermore, the tolerance for removing inactive triangles is set to 1073, Using this
setting, we retain a reasonable number of inequalities at the nodes without compromis-
ing the quality of the bound. We stop the cutting-plane procedure when the number of
violated triangles is less than 10n or when the relative difference between consecutive
lower bounds is less than 10~%. We define the relative optimality gap as

GAP = ———— x 100, (13)
UB

where U B is the current global upper bound and L B is the lower bound at the node.
A node is fathomed when GAP < 0.01%. Finally, we explore the B&B tree with the
best-first search strategy.
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6.2 Test instances

For the computational study, we consider 117 BoxQP instances denoted as s{n}-{d}-
{s} where Q € R™*" is symmetric and not positive semidefinite, ¢ € R”, d is the
density expressed as a percentage, and s is the seed used for the random number
generator. These come from the following sources: (i) 36 instances with size n €
{70, 80, 90, 100} generated in [8], (ii) 9 instances with size n = 125 generated in
[6]; and (iii) 27 instances with size n € {150, 175, 200} generated for this paper. The
instances with n > 150 have been generated in the same way as the smallest ones,
i.e., for varying densities d € {25, 50, 75} of Q, nonzeros of Q and ¢ are uniformly
generated integers in [—50, 50]. For each pair of n and d, three instances have been
generated by varying s € {1, 2, 3}. Furthermore, an additional set of 42 instances is
generated, featuring sizes n € {70, 80, 90, 100, 125} and densities d € {25, 50, 75}.
Notably, for this set, the diagonal elements Q;; are randomly selected as positive
integers within the range [1, 51], ensuring N = () and | P| = n. For each pair of n and
d, three instances are generated, varying the seed s € {4, 5, 6}.

Finally, we consider 40 Binary QP instances available in the BigMac library [41]
denoted as be{n}-{d}-{s}, with dimension n € {120, 150}, density d € {30, 80}, and
seed s € {1,...,10}. As mentioned in Sect.2, we transform Binary QP instances
into BoxQP problems by selecting a vector A € R” in such a way that A; < Qj;, see
Sect. 6.7 for details.

6.3 Comparison between Mosek and SDPNAL+

As afirst experiment, we compare, in terms of computing times and quality of the lower
bound, the SDP solvers Mosek and SDPNAL+. We call Mosek (version 9.3.20) via
YALMIP (version 31-March-2021) modeling interface. Table 1 presents the results
at the root node for each size n € {70, 80, 90, 100, 125, 150}, percentage density
d € {25,50,75} and seed s € {1, 2, 3}. Specifically, we report the following quanti-
ties: 1) Gapy), the percentage gap according to (13), where LB is computed by solving
the root relaxation with only RLTs; ii) CP, the number of cutting-plane iterations where
triangle inequalities are added; iii) Gapp, the percentage gap according to (13), where
LB is obtained after CP iterations; and iv) Time, computational time in seconds. In
terms of computing times, Mosek and SDPNAL+ exhibit similar performance up to
dimension n = 80. However, as the dimension increases, Mosek becomes signifi-
cantly slower than SDPNAL+. Regarding the quality of the bounds, we observe that
the percentage gaps produced by Mosek are slightly lower than those produced by
SDPNAL+. Indeed, the safe bound of SDPNAL+, based on a feasible dual solution, is
not necessarily the best one. However, the lower quality of the bound is largely compen-
sated by much lower computing times. The lower quality of the bound also influences
the number of cutting-plane iterations, which are generally higher with SDPNAL+.
Nevertheless, this additional effort is justified by the decreased computational times.
To validate this outcome, we have conducted additional testing of our complete B&B
algorithm, employing Mosek for the lower bound computation across instances with
dimensions up to n = 150. The results reveal a significantly worse performance in

@ Springer



246 M. Locatelli et al.

Table1 Comparison between Mosek and SDPNAL+ at the root node. We report the following statistics: the
percentage gap obtained by solving the basic SDP relaxation (Gap), the number of cutting-plane iterations
(CP), the percentage gap obtained after CP iterations (Gapcp), the computational time in seconds (Time)

Mosek SDPNAL+
Instance Gap Cp Gapcp Time Gap CpP Gapcp Time
s070-025-1 0.23 1 0.00 22 0.25 1 0.00 18
s070-025-2 1.11 1 0.00 24 1.17 1 0.00 19
s070-025-3 0.50 1 0.00 22 0.52 1 0.00 19
s070-050-1 0.79 1 0.00 23 0.82 1 0.00 17
s070-050-2 0.13 1 0.00 22 0.15 1 0.00 17
s070-050-3 0.00 0 0.00 8 0.00 0 0.00 5
s070-075-1 0.32 1 0.00 21 0.34 1 0.00 17
s070-075-2 2.09 1 0.00 22 2.11 2 0.00 40
s070-075-3 1.13 1 0.00 22 1.15 1 0.01 19
s080-025-1 0.00 0 0.00 15 0.02 1 0.00 13
s080-025-2 1.39 1 0.00 28 1.41 1 0.00 17
s080-025-3 0.42 1 0.00 28 0.45 1 0.00 22
s080-050-1 3.95 2 0.11 42 4.01 2 0.13 58
s080-050-2 0.04 1 0.00 27 0.05 1 0.00 26
s080-050-3 0.71 1 0.00 33 0.72 1 0.00 32
s080-075-1 0.47 1 0.00 28 0.50 1 0.00 24
s080-075-2 0.90 1 0.00 30 0.91 2 0.00 58
s080-075-3 0.97 1 0.00 34 1.02 2 0.00 46
$090-025-1 1.80 1 0.00 42 1.83 1 0.00 28
$090-025-2 1.40 1 0.00 50 1.42 1 0.00 36
$090-025-3 0.99 1 0.00 58 1.02 1 0.00 35
$090-050-1 1.39 1 0.00 61 1.45 1 0.00 36
s090-050-2 0.00 0 0.00 33 0.02 1 0.00 26
s090-050-3 0.67 1 0.00 59 0.68 1 0.00 39
s090-075-1 2.17 2 0.00 89 2.19 2 0.02 73
$090-075-2 2.32 2 0.01 92 2.34 2 0.07 74
$090-075-3 1.26 1 0.00 59 1.30 1 0.00 30
$100-025-1 0.97 1 0.00 83 0.99 1 0.00 31
$100-025-2 0.81 1 0.00 78 0.82 1 0.00 35
$100-025-3 0.53 1 0.00 81 0.54 1 0.00 30
$100-050-1 3.31 2 0.25 129 3.35 2 0.28 73
s100-050-2 2.20 2 0.08 141 221 3 0.10 84
s100-050-3 0.86 1 0.00 86 0.88 1 0.00 33
s100-075-1 1.76 2 0.02 136 1.78 3 0.04 104
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Table 1 continued

Mosek SDPNAL+

Instance Gap Cp Gapcp Time Gap CpP Gapcp Time
$100-075-2 1.90 2 0.09 129 1.96 2 0.11 74
s100-075-3 1.69 2 0.00 124 1.71 3 0.01 100
$125-025-1 2.84 2 0.40 313 2.86 2 0.43 102
$125-025-2 0.49 1 0.00 186 0.51 1 0.00 41
s125-025-3 0.37 1 0.00 208 0.38 1 0.00 64
$125-050-1 1.95 2 0.11 332 1.98 3 0.14 164
s125-050-2 0.61 1 0.00 180 0.63 1 0.00 50
s125-050-3 1.02 2 0.00 318 1.05 3 0.01 228
$125-075-1 3.41 2 0.71 287 3.48 2 0.74 101
s125-075-2 2.07 2 0.26 298 2.10 3 0.27 157
s125-075-3 2.55 2 0.58 282 2.57 3 0.60 107
$150-025-1 4.03 2 1.48 669 4.04 3 1.53 134
s150-025-2 1.91 3 0.07 1000 1.94 3 0.10 183
s150-025-3 1.06 1 0.00 533 1.07 2 0.00 141
s150-050-1 2.17 2 0.03 696 2.21 3 0.06 189
s150-050-2 0.92 2 0.0 812 0.95 2 0.00 173
s150-050-3 1.40 2 0.0 764 1.43 3 0.01 234
s150-075-1 4.43 2 2.01 726 4.45 2 2.08 138
s150-075-2 1.33 3 0.01 982 1.37 3 0.04 207
s150-075-3 2.28 2 0.57 714 2.31 3 0.59 201

terms of computational time compared to those achieved with SDPNAL+. For the sake
of space, we do not report these results here. Consequently, for the computational
results presented in the upcoming sections, we have chosen to employ the SDPNAL+
solver and combine it with the post-processing technique detailed in Sect. 3.1 to derive
valid lower bounds. It is also worthwhile to highlight that adding triangle inequalities
leads to considerable improvement in the percentage gap at the root node. As could
be expected from the improvement of the root lower bound, the cutting-plane proce-
dure with triangle inequalities produces a dramatic improvement in solving BoxQP
instances to global optimality.

6.4 Comparison with existing solvers

In this section, we report experimental results designed to compare the performance
of our solver against other state-of-the-art methods for solving non-convex BoxQPs to
global optimality. According to some recent results presented in [4, 42], the best solvers
for BoxQP problems are Cplex and, for instances with a large density, the SDP-based
branch-and-bound approach QuadprogBB [11]. In the experiments presented in those
works, Gurobi was not included. However, according to our experiments, the latest
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version of Gurobi performs better than Cplex. For this reason, we compared our
B&B approach with Gurobi (version 10.0.2) and QuadprogBB over the s{n}-{d}-
{s} instances with s € {1, 2,3} andn < 125. We compare with QuadprogBB since it
is the best-known solver for BoxQP problems based on the computation of SDP bounds
and, as already mentioned, it performs well over large density instances. Moreover, we
compare against BARON [22, 35], a general-purpose software that is renowned in the
literature for solving non-convex optimization problems to global optimality. We call
BARON (version 23.3.11) via AMPL modeling interface. Finally, to ensure a fair and
unbiased comparison, we consider the serial (single-threaded) versions of all solvers,
including the B&B proposed in this paper. Each instance in the test suite is solved
with a time limit of 7200s and to a final relative optimality gap tolerance of 0.01%.
The results are displayed in Table 2. Whenever the time limit of 2h is reached, we
report in column “Nodes” the final percentage gap when the algorithm stops. Overall,
we can make the following observations:

— BARON and Gurobi are extremely efficient over small (n € {70, 80, 90}) and
low-density (d = 25) instances. Here, the high quality of the SDP bounds used by
QuadprogBB and our solver is not able to compensate for the high computational
cost.

— QuadprogBB outperforms BARON, and becomes more competitive at large den-
sities, as already observed in the literature. It sometimes outperforms Gurobi
over large density instances. For example, for n = 125 and d = 75, the aver-
age final optimality gap after two hours is always lower than the one obtained by
Gurobi.

— BARON struggles more than Gurobi when both the size and the density increase,
reaching the time limit on all the instances with n = 125.

— Our B&B approach always outperforms QuadprogBB, it strongly outperforms
Gurobi and BARON at density d = 75, and the difference becomes more and
more evident as the dimension increases; at density d = 50, Gurobi performs
better at low dimension but our B&B becomes better at higher dimensions; at
density d = 25, Gurobi is almost always better with the remarkable exception
of the instance s125-025-1.

— In our approach, the number of nodes is much lower than the number of nodes
generated by the other three approaches and, for all the instances with the exception
of s125-050-1, the globally optimal solution is already found (and sometimes
also certified as such) at the root node.

For the sake of fairness, we point out that the poor performance of BARON on dense
instances, when compared to other solvers, is not surprising. Indeed, BARON is a
general-purpose global optimization solver, while all the other solvers are tailored
specifically for QP problems. Moreover, we point out that QuadprogBB has not
been further developed in recent years. Therefore, we believe that its computing times
can be improved. For instance, it could be enhanced through the use of a first-order
solver like SDPNAL+. But we remark that, in terms of computing times, our approach
outperforms QuadprogBB even when we employ the SDP solver Mosek. For exam-
ple, all instances s125-075, which are not solved within 7200 s by QuadprogBB,
are solved in at most 1642 seconds by our B&B approach without multiple variable
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Table 2 Comparison between BARON, Gurobi, QuadprogBB and our B&B solver on BoxQP instances.
For each instance, we report the number of nodes (Nodes) and the computational time in seconds (Time).
When the time limit of 7200 is reached we report the final percentage gap in the column “Nodes”

BARON Gurobi QuadprogBB Our B&B
Instance Nodes Time Nodes Time Nodes Time Nodes Time
s070-025-1 5 5 13 1 15 56 1 18
s070-025-2 4 5 28 1 17 90 1 20
s070-025-3 5 10 1 19 119 1 18
$070-050-1 14 208 18 5 19 105 1 16
s070-050-2 6 21 3 2 17 102 1 17
s070-050-3 1 3 1 1 1 25 1 8
8070-075-1 (5.14%) 7200 12 29 23 187 1 16
s070-075-2 (5.30%) 7200 520 206 149 875 1 33
s070-075-3 (6.64%) 7200 162 109 63 410 1 19
s080-025-1 1 1 2 1 11 97 1 13
s080-025-2 30 238 389 5 33 278 1 17
s080-025-3 5 14 19 2 29 286 1 20
s080-050-1 (6.46%) 7200 1050 350 455 3713 3 62
s080-050-2 4 96 1 6 7 98 1 21
s080-050-3 3 138 22 14 51 527 1 27
s080-075-1 (29.53%) 7200 88 287 83 786 1 21
s080-075-2 (24.26%) 7200 200 207 99 914 1 43
s080-075-3 (20.63%) 7200 551 432 209 2578 1 42
s090-025-1 6 77 216 77 709 1 24
$090-025-2 10 69 244 41 550 1 27
$090-025-3 10 49 34 87 808 1 27
$090-050-1 (4.67%) 7200 108 74 195 2389 1 33
$090-050-2 23 270 1 15 29 413 1 21
3090-050-3 28 7099 29 24 83 1133 1 32
3090-075-1 (82.01%) 7200 1019 4117 453 5285 3 68
8090-075-2 (86.48%) 7200 925 3713 403 4439 3 68
s090-075-3 (64.76%) 7200 693 2467 135 1573 1 27
$100-025-1 61 6050 680 24 45 621 1 28
$100-025-2 19 1916 234 9 23 371 1 28
$100-025-3 19 1087 85 5 41 649 1 27
$100-050-1 (14.64%) 7200 3675 2610 (1.16%) 7200 5 186
$100-050-2 (7.85%) 7200 1257 925 (0.17%) 7200 3 107
$100-050-3 (7.88%) 7200 251 275 67 976 1 30
$100-075-1 (111.55%) 7200 (3.19%) 7200 (0.13%) 7200 3 110
s100-075-2 (111.57%) 7200 (2.24%) 7200 (0.46%) 7200 3 122
s100-075-3 (98.91%) 7200 908 6664 (0.31%) 7200 1 74
$125-025-1 (6.94%) 7200 36302 4007 (11.81%) 7200 7 340
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Table 2 continued

BARON Gurobi QuadprogBB Our B&B

Instance Nodes Time Nodes Time Nodes Time Nodes Time
$125-025-2 (3.93%) 7200 548 52 213 5097 1 42
$125-025-3 (1.31%) 7200 48 11 69 1485 1 58
$125-050-1 (69.38%) 7200 1745 6476 (7.59%) 7200 3 186
$125-050-2 (56.87%) 7200 715 2536 137 4025 1 47
$125-050-3 (53.04%) 7200 605 2511 (0.15%) 7200 1 171
8125-075-1 (200.00%) 7200 (25.96%) 7200 (17.54%) 7200 13 489
8125-075-2 (163.57%) 7200 (15.98%) 7200 (11.46%) 7200 7 435
8125-075-3 (158.75%) 7200 (16.97%) 7200 (14.23%) 7200 15 719

Problems Solved

BARON 1
—=e— Gurobi
—%— QuadprogBB

Our B&B

L L L L L L L

0 50 100 150 200 250 300 350 400
Performance Ratio

Fig. 1 Computational time performance profile comparing solvers on BoxQP instances (s{n}-{d}-{s}, for
n € {70, 80, 90, 100, 125}, d € {25, 50,75}, and s € {1, 2, 3})

fixing, and in at most 994 s by our approach with multiple variable fixing, when SDP
subproblems are solved with Mosek. Therefore, it seems that what really makes the
difference is the intensive introduction of cutting planes and the newly proposed mul-
tiple fixing procedure. Concerning the latter, we point out that in Table 2 we have not
reported results with such procedure. On instances with size up to n = 100, where
a very low number of nodes is generated, the impact of multiple fixing is mild. But
as we will see later on, this impact becomes quite significant at larger dimensions.
In Fig. 1 we report a performance profile [12] of the computational time comparing
the solvers over all the s{n}-{d}-{s} instances with s € {1, 2, 3} and n < 125, which
clearly shows the effectiveness of our B&B algorithm.
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As a final remark about these tests, we observe that, while we compare against
some well-known publicly available solvers, the literature suggests other approaches
for BoxQP problems. For instance, in [13], a method for addressing mixed-integer
QCQP problems is presented. This study also includes tests on BoxQP problems,
showing slightly better results than those obtained with BARON.

6.5 The impact of multiple variable fixing

In this section, we report the results of an experiment designed to evaluate the per-
formance of our B&B approach with the introduction of multiple variable fixing. The
experimental setup for this study is the one described in Sect.6.1. However, due to
the large size of the considered instances, we use the parallel implementation of our
B&B method to speed up the computational times. In this setting, we process two
child nodes in parallel by assigning two threads to each of them. For the multiple
variable fixing, we follow Algorithm 1 taking as input the x part of the solution of the
SDP relaxation solved at each node, the current U B, and ¢; = &3 = 0.01. We only
activate the fixing procedure when the gap at the node is less than 1%. This strategy
turns out to be effective at every node since no time is wasted for fixing variables that
cannot be fixed since the node gap is too large.

Table 3 compares our B&B approach without and with multiple fixing over 36 s{n}-
{d}-{s} instances where n € {125, 150, 175, 200}, d € {25, 50, 75}, and s € {1, 2, 3}.
The first column, |N|, represents the cardinality of set N; columns “Nodes” and
“Time” indicate the number of nodes and computational time in seconds, respectively;
column “Node Red.” expresses the percentage reduction in nodes for B&B with fixing
compared to B&B without fixing. This reduction is calculated as 100 Clc_l €2 where C,
denotes the number of nodes without fixing and C, the number of nodes with fixing;
similarly, column “Time Red.” denotes the percentage reduction in computational time
for B&B with fixing compared to B&B without fixing, calculated as 100 L2D where
T1 denotes the time without fixing and 7, the time with fixing.

These computational results clearly show that multiple fixing, despite its additional
cost (each round of fixing requires the solution of an SDP problem), is highly beneficial,
especially over the most challenging instances, when the number of nodes becomes
larger. As already commented in Sect.4, the reduction of the computing times is
partially due to the usually lower number of nodes, but is mostly related to the smaller
dimension of the SDP problems at the B&B nodes, as confirmed by the statistics in
Table 4. This is clearly highlighted by instance s200-050-1, where the number of
nodes with multiple variable fixing increases of 8.36% (this happens because the choice
of branching variables is different in the two approaches), but the computational time
reduces of 32.97%. By comparing the two columns “Node Red.” and “Time Red.”, it
becomes clear that the reduction of computing times cannot only be explained by the
reduction of the number of nodes. Remarkably, on the largest instances (n = 200) we
can observe a time reduction greater than 30% with the exception of s200-025-3
which is solved at the root node without fixing any variable.

To better analyze the impact of the fixing procedure, we report in Table 4 some
statistics. These include the total number of SDPs solved for fixing variables (# SDP);

T

@ Springer



252

M. Locatelli et al.

Table 3 Comparison between our B&B solver without and with multiple variable fixing. Column |N |
denotes the cardinality of set N; columns “Nodes” and “Time” indicate the number of nodes and computa-
tional time in seconds, respectively; column “Node Red.” expresses the percentage reduction in nodes for
B&B with fixing compared to B&B without fixing; column “Time Red.” denotes the percentage reduction
in computational time for B&B with fixing compared to B&B without fixing

Our B&B Our B&B with Fixing
Instance IN| Nodes Time Nodes Time Node Red. [%] Time Red. [%]
$125-025-1 105 7 309 7 262 0 15.21
$125-025-2 109 1 41 1 41 0 0
$125-025-3 113 1 63 1 61 0 3.17
$125-050-1 97 3 222 3 224 0 -0.9
$125-050-2 100 1 46 1 45 0 2.17
$125-050-3 95 1 190 1 192 0 —1.05
8125-075-1 75 13 409 13 360 0 11.98
s125-075-2 74 7 404 7 313 0 22.52
s125-075-3 74 15 657 15 397 0 39.57
s150-025-1 127 85 4249 73 2511 14.12 40.9
$150-025-2 132 3 291 3 273 0 6.19
$150-025-3 135 1 138 1 137 0 0.72
$150-050-1 116 3 228 3 237 0 —3.95
$150-050-2 119 1 139 1 138 0 0.72
s150-050-3 115 1 198 1 194 0 2.02
s150-075-1 91 161 6742 139 4266 13.66 36.73
s150-075-2 92 3 265 3 269 0 —1.51
s150-075-3 88 21 1376 21 807 0 41.35
$175-025-1 151 11 779 9 632 18.18 18.87
$175-025-2 151 7 789 7 791 0 —0.25
$175-025-3 156 1 207 1 209 0 —0.97
$175-050-1 137 29 1810 23 1073 20.69 40.72
$175-050-2 139 9 899 7 470 22.22 47.72
8175-050-3 134 1 179 1 181 0 —1.12
8175-075-1 103 921 47995 867 32888 5.86 31.48
s175-075-2 109 3 451 3 333 0 26.16
s175-075-3 106 9 773 7 554 22.22 28.33
$200-025-1 175 37 3471 35 2338 5.41 32.64
$200-025-2 173 31 2988 27 1870 12.9 37.42
$200-025-3 179 1 354 1 355 0 —0.28
$200-050-1 158 359 28134 389 18858 —8.36 32.97
$200-050-2 156 151 13478 131 7571 13.25 43.83
$200-050-3 154 101 10583 95 5875 5.94 44.49
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Table 3 continued

Our B&B Our B&B with Fixing
Instance IN| Nodes Time Nodes Time Node Red. [%] Time Red. [%]
$200-075-1 123 833 71334 773 40890 7.2 42.68
$200-075-2 126 17 1850 15 1145 11.76 38.11
$200-075-3 123 123 9508 105 6424 14.63 32.44

Table4 Statistics our B&B with multiple variable fixing. We report the instance name, the number of SDPs
solved for fixing (# SDP), the time in seconds for solving the SDPs for fixing, the number of “wasted”
SDPs (# W), that is the number of times where SDPs failed to fix any variable, the time in seconds spent
for solving the wasted SDPs (W Time), the number of variables fixed at the root node (Fix), the average
number of fixed variables (Avg), the minimum number of fixed variables (Min) and the maximum number
of fixed variables (Max), and the average dimension n of the SDPs solved at the nodes (Avg n)

Instance # SDP Time #W W Time Fixg Avg Min Max Avgn
8125-025-1 3 74 0 0 16 9.67 3 16 106.14
§125-025-2 0 0 0 0 0 0.0 0 0 125.0
s125-025-3 0 0 0 0 0 0.0 0 0 125.0
$125-050-1 1 33 0 0 40 40.0 40 40 97.67
$125-050-2 0 0 0 0 0 0.0 0 0 125.0
$125-050-3 0 0 0 0 0.0 0 125.0
s125-075-1 4 66 0 0 9 5.0 2 112.08
s125-075-2 3 80 0 0 20 14.67 7 20 99.57
s125-075-3 5 89 0 0 12 4.6 2 12 110.07
s150-025-1 33 994 4 147 0 7.45 0 20 129.51
s150-025-2 1 56 0 0 46 46.0 46 46 118.67
s150-025-3 0 0 0 0 0 0.0 0 0 150.0
s150-050-1 1 41 0 0 26 26.0 26 26 132.0
s150-050-2 0 0 0 0 0.0 0 0 150.0
s150-050-3 0 0 0 0 0.0 0 0 150.0
s150-075-1 44 1285 0 0 4.45 2 13 135.21
s150-075-2 1 45 0 0 32 32.0 32 32 128.0
s150-075-3 9 260 0 0 13 9.67 2 39 125.71
8175-025-1 5 210 0 0 16 13.8 3 31 153.44
8175-025-2 3 260 1 61 0 33.33 0 51 145.0
s175-025-3 0 0 0 0 0 0.0 0 0 175.0
$175-050-1 10 375 0 0 14 10.6 2 51 146.65
s175-050-2 3 96 0 0 30 18.33 7 30 140.71
s175-050-3 0 0 0 0 0.0 0 0 175.0
s175-075-1 253 8985 0 0 3.36 2 11 157.41
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Table 4 continued

Instance # SDP Time #W W Time Fixg Avg Min Max Avgn
$175-075-2 1 52 0 0 32 32.0 32 32 153.0
s175-075-3 3 121 0 0 15 9.67 2 15 157.0
$200-025-1 16 807 2 110 0 8.56 0 21 176.23
$200-025-2 13 675 2 101 0 10.92 0 36 171.85
$200-025-3 0 0 0 0 0 0.0 0 0 200.0
$200-050-1 128 6929 2 96 0 3.84 0 17 178.93
$200-050-2 63 2730 10 560 0 8.29 0 28 171.53
5200-050-3 45 2111 6 392 0 8.89 0 30 170.11
$200-075-1 273 13643 6 365 0 3.29 0 14 179.02
$200-075-2 6 274 0 0 19 9.67 2 19 172.13
$200-075-3 49 2405 0 0 0 4.04 2 23 182.53

the computational time in seconds required for solving these SDPs (Time); the number
of “wasted” SDPs (# W), that is the SDPs that did not allow to fix any variable; the total
time in seconds spent on the wasted SDPs (W Time); the number of variables fixed
at the root node (Fixp); the average number of fixed variables (Avg); the minimum
(Min) and maximum (Max) number of fixed variables. Finally, we report the average
size n of the SDPs solved at the nodes (Avg n). Looking at Table 4, it emerges that
the number of wasted SDPs is in general neglectable with respect to the total number
of solved SDPs. Even in scenarios where solving some SDPs does not allow to fix
variables, such as in s200-050-2, where fixing fails in 10 out of 63 cases, the
resulting average size of 171.53 leads to an impressive time reduction of 43.83% (see
Table 3). We highlight that the high quality of the SDP bound is crucial for the success
of the multiple variable fixing. Indeed, we try to fix some variables at each node only
when the relative gap is below 1%. Column “Avg n” in Table 4 shows a significant
drop in the size at the nodes, which implies that the gap goes below 1% early enough in
the tree, thanks to the quality of the bound. Once again, the column “Avg n” confirms
that the primary impact of multiple fixing lies in the reduction of SDP sizes solved
within the branch-and-bound tree. This size reduction is particularly beneficial given
the sensitivity of state-of-the-art SDP solvers to the problem dimension.

6.6 Ternary branching

When evaluating our B&B algorithm on BoxQP instances, nodes are always fathomed
before performing ternary branching on variables within set P. Therefore, in this sec-
tion, to evaluate the effectiveness of ternary branching, we perform some experiments
on instances with N = (J (| P| = n). As before, we compare the serial version of our
B&B solver with the serial versions of BARON, Gurobi, and QuadprogBB over the
s{n}—{d}—{s}instances withseed s € {4, 5, 6}, dimensionn € {70, 80, 90, 100, 125}
and density d € {25, 50, 75}. Each instance is solved with a time limit of 7200s and
to a final relative optimality gap tolerance of 0.01%. The results are shown in Table 5.
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Table 5 Comparison between BARON, Gurobi, QuadprogBB and our B&B solver on BoxQP instances
where N = (. For each instance, we report the number of nodes and the computational time in seconds.
When the time limit of 7200 is reached we report the final percentage gap in the column “Nodes”

BARON Gurobi QuadprogBB Our B&B
Instance Nodes Time Nodes Time Nodes Time Nodes Time
s070-025-4 18 27 375 2 7 27 1 15
s070-025-5 16 51 65 1 9 34 1
s070-025-6 24 203 61 2 5 22 1
s070-050-4 (6.92%) 7200 4499 3658 109 490 1 17
$070-050-5 (3.92%) 7200 83 27 3 18 1 14
$070-050-6 (3.53%) 7200 446 105 21 79 1 16
s070-075-4 (10.76%) 7200 273 369 13 56 1 13
s070-075-5 (23.84%) 7200 610 1145 431 1184 1 18
s070-075-6 (18.89%) 7200 359 546 35 110 1 15
s080-025-4 2 10 17 1 5 30 1 11
s080-025-5 (5.07%) 7200 6014 402 47 255 1 21
s080-025-6 30 761 29 3 13 62 1 17
s080-050-4 (4.61%) 7200 1339 1891 47 429 1 20
s080-050-5 (4.92%) 7200 268 315 17 100 1 17
s080-050-6 (5.16%) 7200 358 471 41 248 1 22
s080-075-4 (62.71%) 7200 782 5786 167 822 4 69
s080-075-5 (50.0%) 7200 303 1254 437 2097 1 22
s080-075-6 (62.13%) 7200 392 1414 33 202 4 89
s090-025-4 25 181 19 2 11 93 1 13
$090-025-5 (5.68%) 7200 (1.96%) 7200 81 540 1 25
$090-025-6 (7.49%) 7200 (3.41%) 7200 209 1456 1 29
$090-050-4 (10.97%) 7200 (3.00%) 7200 135 851 1 27
$090-050-5 (14.15%) 7200 (0.93%) 7200 149 973 1 41
3090-050-6 (6.32%) 7200 267 668 17 170 1 17
s090-075-4 (103.4%) 7200 (2.26%) 7200 333 2654 1 58
s090-075-5 (148.23%) 7200 (8.84%) 7200 583 4787 4 70
s090-075-6 (97.31%) 7200 (1.01%) 7200 207 1704 1 29
s100-025-4 (4.04%) 7200 1202 485 153 1450 1 35
$100-025-5 (13.64%) 7200 (8.64%) 7200 (0.59%) 7200 28 448
$100-025-6 (5.04%) 7200 (1.12%) 7200 55 514 1 27
$100-050-4 (34.12%) 7200 (11.17%) 7200 (15.67%) 7200 55 568
$100-050-5 (21.97%) 7200 (1.38%) 7200 117 1080 1 30
$100-050-6 (12.82%) 7200 179 575 179 1690 1 32
s100-075-4 (132.03%) 7200 (4.37%) 7200 (4.04%) 7200 19 541
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Table 5 continued

BARON Gurobi QuadprogBB Our B&B

Instance Nodes Time Nodes Time Nodes Time Nodes Time
s100-075-5 (141.94%) 7200 (4.07%) 7200 (0.29%) 7200 1 59
$100-075-6 (129.22%) 7200 (7.63%) 7200 (10.12%) 7200 13 238
$125-025-4 (8.09%) 7200 (4.70%) 7200 21 579 1 46
$125-025-5 (6.03%) 7200 (11.75%) 7200 49 1044 1 70
$125-025-6 (9.72%) 7200 (5.75%) 7200 433 6979 1 96
$125-050-4 (88.03%) 7200 (7.08%) 7200 (11.92%) 7200 70 1760
8125-050-5 (104.03%) 7200 (8.99%) 7200 (13.15%) 7200 13 400
$125-050-6 (70.84%) 7200 (0.67%) 7200 235 3878 1 71
s125-075-4 (198.17%) 7200 (9.68%) 7200 (6.69%) 7200 7 324
s125-075-5 (197.9%) 7200 (35.00%) 7200 (14.71%) 7200 73 1924
$125-075-6 (192.4%) 7200 (18.33%) 7200 (7.39%) 7200 7 288

Whenever the time limit of 2h is reached, we report in column “Nodes” the final
percentage gap when the algorithm stops. It turns out that our algorithm still out-
performs the other solvers. It is interesting to remark that Gurobi performs worse
over these instances compared to the previous ones (where N is not empty), while
QuadprogBB is often better than Gurobi at larger dimensions. BARON does not
perform well, but we emphasize once again that it serves as a general-purpose global
optimization solver, unlike the others that are designed specifically for QP problems.
As for our B&B algorithm, we successfully solve all instances within the specified time
limit, and the majority of them are solved at the root node. However, the computing
times of the hardest instances are significantly larger than those of the hardest instances
displayed in Table 2. We remark that, since |N| = @, for these instances we could not
adopt the fixing procedure. However, the fixing procedure could be employed at some
nodes. Indeed, for each i, let us denote by

NG =1{j#i: QiQj — Q} <0}

For each j € N (i), at optimal solutions of the BoxQP problem, either x; or x; have
a binary value. Therefore, if at some node of the B&B tree we set Q;x = —¢; (i.e.,
we impose 0 < x; < 1), then at such node we can impose the binary condition for
all variables in N (i). However, we have not explored this possibility in the current
experiments.

In Fig.2 we report the performance profile of the computational time comparing
the solvers over all the s{n}-{d}-{s} instances with n < 125, d € {25, 50, 75}, and
s € {4, 5, 6}, which clearly shows the effectiveness of our B&B algorithm.
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Fig. 2 Computational time performance profile comparing solvers on the BoxQP instances where N = ¢
(sn-d-s, for n € {70, 80, 90, 100, 125}, d € {25, 50,75}, and s € {4, 5, 6})

6.7 Experiments over Binary QP problems

As a final set of experiments, we tested our approaches over the Binary QP instances
and compared them with Gurobi and the state-of-the-art solver BigBin (see [19]).
The latter solver strongly relies on a sophisticated parallel implementation based on
the Message Passing Interface (MPI) library and it has been optimized to run on High
Performance Computing (HPC) systems. While our B&B search can be parallelized, a
more effective parallel implementation of the overall algorithm would require efforts
beyond the scope of this paper. Therefore, to conduct a comparison considering only
the algorithmic tools employed, we evaluate the serial version of BigBin against
the serial version of our B&B with and without multiple variable fixing. Note that
Binary QP problems can be converted into BoxQP problems as discussed in Sect. 2.
However, such conversion is not strictly necessary to apply our approach. Indeed, since
binary requirements for the variables are already imposed in the problem definition,
we could directly apply our approach with N = {1, ..., n} even if some or all the
diagonal elements of matrix Q are positive. However, in practice, we observed that
there is an advantage in terms of computing times if the Binary QP problem is first
converted into a Box QP problem as shown in (3). Before presenting the results, we
also briefly comment the choice of vector A in (3). We need to select vector A in such
a way that A; < Q;;. We explored two different definitions for the vector, namely
A = diag(Q) and A = max; Q;;1". The former choice would turn out to be better if
local searches were performed via a continuous local solver such as SNOPT, because
the latter choice induces larger barriers between local minimizers (but for Binary QPs
we decided to adopt a discretized local search procedure). On the other hand, the latter
choice turned out to be slightly better when included in the B&B approach. Thus, we
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Fig.3 Computational time performance profile comparing solvers on Binary QP instances (be{n}-{d}-{s},
forn € {120, 150}, d € {30, 80},and s € {1,2,3,4,5,6,7,8,9, 10})

adopted it in our experiments. A possible explanation of this fact is that larger values
of A do not modify the objective function at the vertices of the box, but increase it in
all other parts of the box. Concerning the randomized rounding procedure described
in Sect. 5, we draw 1000 random samples and we keep the local minimizer with the
smallest objective value.

The results are displayed in Table 6. Each instance in the test suite is solved to a
final relative optimality gap tolerance of 0.01% and with a time limit of 7200s. We
also tested the BARON solver on these instances. However, we do not report its results
since it always reaches the time limit. As already commented in other parts, this is not
surprising, since BARON is a general-purpose solver. Gurobi is able to solve only
small and sparse instances (be120 . 3) within the time limit. Our B&B solver is com-
petitive with BigBin and the results confirm that multiple fixing is highly beneficial
over the most challenging instances, where a large number of nodes is generated. The
computing times of the version with multiple fixing are often significantly better than
those of BigBin. Of course, we stress once again that the performance of BigBin
improves considerably if parallelism is allowed. Therefore, we are not claiming that
we perform better than BigBin, but just that the algorithmic tools employed in our
approach appear to be effective. These results also seem to suggest that a more sophis-
ticated parallel version of our approaches may also lead to competitive results and
may be an interesting topic for future research.

For the tested instances we do not report full statistics on fixing, since they are
similar to the ones reported in Table 4 for the Box QP instances. Note that, when
fixing is applied, the reduction of computing times is still significantly larger than
the reduction of the number of nodes, confirming that the reduction of time is mostly
due to the smaller size of the SDPs solved at nodes of the B&B tree. In Fig.3 the
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Table 6 Comparison between Gurobi, BigBin our B&B solver without and with multiple variable fixing
on Binary QP instances. Columns “Nodes” and “Time” indicate the number of nodes and computational
time in seconds, respectively; column “Time Red.” denotes the percentage reduction in computational time
for B&B with fixing compared to B&B without fixing. When the time limit of 72005 is reached we report
the final percentage gap in the column “Nodes”

Gurobi BigBin Our B&B Our B&B with Fixing
Instance Nodes Time Nodes Time Nodes Time Nodes Time  Time Red
bel20.3.1 3456 403 7 249 3 211 3 184 12.80
bel20.3.2 1264 133 1 49 1 26 1 25 3.85
bel20.3.3 3647 524 1 54 1 30 1 30 0
bel20.3.4 1738 214 1 74 1 65 1 64 1.54
bel20.3.5 3031 433 1 55 1 34 1 34 0
bel20.3.6 1662 233 1 38 1 26 1 26 0
bel20.3.7 608 18 1 34 1 21 1 21 0
bel20.3.8 1158 99 1 27 1 23 1 23 0
bel20.3.9 23815 6661 1 82 3 107 3 108 —0.93
bel20.3.10 4897 716 1 57 1 60 1 60 0
bel20.8.1 (12.89%) 7200 25 752 21 589 21 502 14.77
bel20.8.2 (11.02%) 7200 13 333 11 343 9 208 39.36
be120.8.3 (13.36%) 7200 11 270 7 227 5 155 31.72
bel20.8.4 (11.83%) 7200 3 139 3 131 3 123 6.11
bel20.8.5 (10.49%) 7200 1 87 1 73 1 73 0
be120.8.6 (14.51%) 7200 9 293 7 200 3 108 46
be120.8.7 (13.23%) 7200 25 739 15 656 15 315 51.98
be120.8.8 (16.19%) 7200 51 1072 35 1106 35 779 29.57
be120.8.9 (15.27%) 7200 13 428 7 233 7 157 32.62
bel20.8.10  (12.20%) 7200 15 367 3 263 3 137 4791
bel50.3.1 (11.92%) 7200 11 328 1 93 1 93 0
bel50.3.2 (13.51%) 7200 13 337 3 226 3 201 11.06
bel50.3.3 (11.17%) 7200 1 71 1 38 1 38 0
bel50.3.4 (10.02%) 7200 3 264 1 79 1 80 —1.27
bel50.3.5 (13.78%) 7200 17 601 7 471 7 322 31.63
bel50.3.6 (16.21%) 7200 39 1370 25 1315 21 895 31.94
bel50.3.7 (13.36%) 7200 11 385 3 209 3 198 5.26
bel50.3.8 (13.98%) 7200 63 2196 33 1896 33 1113 41.30
bel50.3.9 (19.64%) 7200 101 2382 65 2071 65 2072 —-0.05
bel50.3.10  (12.88%) 7200 65 2214 37 2328 33 1362 41.49
bel50.8.1 (14.02%) 7200 49 1430 29 1388 27 1079 22.26
bel50.8.2 (14.60%) 7200 109 3937 99 4643 93 3253 29.94
bel50.8.3 (14.03%) 7200 67 2639 35 2176 31 1205  44.62
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Table 6 continued

Gurobi BigBin Our B&B Our B&B with Fixing
Instance Nodes Time Nodes Time Nodes Time Nodes Time  Time Red
bel50.8.4 (14.62%) 7200 21 656 15 648 15 519 19.91
bel50.8.5 (13.85%) 7200 43 1482 15 991 13 676 31.79
bel150.8.6 (15.12%) 7200 41 1751 31 1546 31 1013 34.48
bel50.8.7 (13.39%) 7200 115 3345 63 4043 55 2185  45.96
bel50.8.8 (14.25%) 7200 51 1692 31 1702 21 898 47.24
bel50.8.9 (16.46%) 7200 83 3146 79 4065 57 1967  51.61
bel50.8.10  (13.99%) 7200 43 1327 23 1253 21 965 22.98

performance profile of the computing time is reported, confirming the effectiveness
of our approach.

7 Conclusions

In this paper, we propose an SDP-based branch-and-bound algorithm for solving
nonconvex BoxQP problems to global optimality. We first observe that lower bounds
from large-scale SDPs with RLT inequalities can be efficiently computed by using
first-order SDP solvers. We next observe that adding triangle inequalities in a cutting-
plane generation scheme is computationally effective at reducing the optimality gap of
BoxQP. We propose a novel fixing strategy allowing to fix multiple variables to 0 or 1
when visiting the B&B tree. It can be seen as a special case of bound tightening, where
the range of variables are reduced to singletons. The most important effect of fixing
variables is the size reduction, allowing to solve SDPs over lower dimensional positive
semidefinite cones. Computational results in this paper demonstrate the advantage of
multiple fixing within a branch-and-bound framework for solving large-scale non-
convex BoxQPs. Possible future developments include:

e The exploration of further strategies for multiple variable fixing, aimed both at
reducing its cost and at increasing its effectiveness, not only by increasing the
number of fixed variables but, e.g., also by selecting variables which, once fixed,
allow for a larger increase of the computed lower bounds. A similar idea was
exploited in [28] to define the spectral branching;

e Applying the multiple fixing procedure to more general QP problems, like, e.g.,
linearly constrained or quadratically constrained (QCQP) problems when binary
restrictions are imposed over some or all the variables; for such problems it is not
possible to impose binary values of continuous variables x; such that Q;; < 0, but
the proposed fixing procedure can be applied on binary variables;

e Development of a solver that tackles larger instances. A potential bottleneck at
larger dimensions could be the resolution of SDPs involving all RLTs. As a result,
we believe that addressing larger instances may require incorporating both RLT's
and triangle inequalities in a cutting-plane procedure;
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e Development of a more advanced parallel version of our approach.
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