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Abstract
In this paper, we address the problem of approximating and over/under-estimating
univariate functions with piecewise linear (PWL) functions with the minimum num-
ber of linear segments given a bound on the allowed pointwise approximation error.
Through a new geometric approach and building on the work of Ngueveu (Eur J Oper
Res 275:1058–1071, 2019), we develop new algorithms that can solve the problem in
quasi-logarithmic time on a very broad class of error types. Such algorithms findmany
applications, mostly related to solving certain classes of (mixed-integer) nonlinear and
nonconvex programming (MINLP) problems by mixed-integer linear programming
(MILP) techniques. An efficient implementation of our algorithms is available as a
Julia package. Benchmarks are also provided to showcase how our method outper-
forms the state-of-the-art for this problem. Finally, we show how our algorithms can
be used to efficiently solve certain classes of MINLP problems through a case study
on multicommodity network design problems with congestion.
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1 Introduction

The simplicity and ease of use of linear functions make them very attractive to many
researchers and practitioners. However, when dealingwith non-linear behaviors, using
models that better encompass reality is often preferable. As a trade-off between sim-
plicity and precision, piecewise linear functions (PWL) are used in a variety of fields,
such as computer graphics, data science, and optimization. Throughout these fields,
different criteria are used to judge the quality of a PWL approximation. Although our
results are very general, this paper is motivated by the applications of PWL functions
in Mixed integer nonlinear programming (MINLP), which guided the exact choices
for the specifications of the problem tackled.

MINLP models are generally hard to solve. In addition to the presence of integer
variables, one often has to handle nonlinear functions that are not necessarily convex.A
widely used approach is to approximate the nonlinear functions with piecewise linear
ones to derive mixed integer linear programming (MILP) models, thus benefiting from
the optimization community’s large-scale, continuous, and sustained effort on MILP
for the past thirty years and beyond. Geißler et al. [6] were among the first to show
that, in certain cases, MINLP models can be solved by applying purely techniques
fromMILP after approximating nonlinearities by piecewise linear functions. However,
they did not focus on minimizing the number of linear segments. Piecewise linear
approximation for solving MINLP is often performed in a preprocessing step using
ad hoc methods. In general, the approximation error is not known beforehand, and the
number of linear pieces is not minimized. This translates into an increased number
of binary variables in the MILP model, which is problematic as MILP can scale
exponentially in terms of the number of binary variables. In this paper,we address these
issues and propose a geometric approach to compute a PWL function that minimizes
the number of linear segments needed to approximate, over-estimate, or under-estimate
a nonlinear continuous univariate function with a bounded pointwise approximation
error.

The specificities of our problem, which separate it from the largemajority of studies
in the field of univariate piecewise linear approximation, are the following:

– Most contributions on piecewise linear approximations of nonlinear univariate
functions focus on the minimization of an approximation error given a predefined
number of linear segments (see for example [1, 2]). In contrast, in this paper,
we are interested in minimizing the number of linear segments given a bounded
approximation error. Using those algorithms combined with binary search could
havebeen avalid approach to our problem.However,minimizing the error given the
number of breakpoints is, to the best of our knowledge, computationally harder than
the problem at hand. Moreover, this would imply solving this error minimization
problem multiple times, which would be impractical.

– Because the ultimate goal is to solve MINLP problems using techniques from
MILP, we are interested in pointwise errors, i.e., errors that can be expressed
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as a function of the maximal difference between the nonlinear function and its
approximation. This excludes most of the metrics classically used for piecewise
linear regression in data mining or statistics, such as the sum of square deviations
or the total sum of absolute deviations [5, 26, 27].

– Most piecewise linear regression studies, also known as segmented linear regres-
sion, curve fitting, or piecewise linear function fitting, consider a discrete set of
points as an input instead of the continuous function we consider. Even in cases
where the continuous function is known, the function is sampled, and the approx-
imation is performed on the set of sample points. The algorithms proposed in the
regression field do not ensure the predefined approximation error on the entire
continuous domain and are therefore not directly applicable to our problem [2, 4,
12, 23].

– Finally, we are interested in exact methods providing optimal solutions or, at least,
guarantees on the quality of the solutions produced,which excludesmost heuristics
from the literature.

To the best of our knowledge, only five papers address the specific problem we are
interested in, computing piecewise linear functions that minimize the number of linear
segments, given a bounded approximation error expressed in function of the difference
with the nonlinear univariate function.

Rosen and Pardalos [19] first proposed to build continuous PWL interpolators that
verify a specified “tolerance", but only for concave quadratic programs and using
equidistant breakpoints.

Rebennack and Kallrath [16] introduced two nonconvex optimization models and
two heuristics for the computation of continuous PWL approximations that minimize
the number of linear segments. The authors distribute breakpoints freely and allow
shifts from the function at breakpoints, leading to up to an order of magnitude fewer
breakpoints compared to the classical equidistant interpolation approach.

Rebennack and Krasko [17] proposed the first convex model for computing a con-
tinuous PWL approximation of a finite set of points that minimizes the number of
pieces. The model proposed is then used to develop an exact algorithm for the piece-
wise linear approximation of continuous univariate functions. The convex formulation
is based on the idea that computing the exact locations of the breakpoints is not needed
during function fitting. Rather, it is sufficient to ensure that adjacent linear segments of
the constructed function intersect within a certain range. The exact algorithm consists
of solving a series of finite point fitting problems via the proposed convex models.
By evaluating the computed continuous PWL function (also known in the literature
as linear or first-order splines), the authors can identify points where the maximum
difference with the original function is larger than desired. These points are added
to the discretization, and new finite point fitting problems are solved. Computational
results show that the resulting algorithm outperforms the ones from [16].

Kong and Maravelias [10] also proposed mixed-integer programs for computing a
continuous PWL approximation of a finite set of points that is then used to develop
an exact algorithm for the piecewise linear approximation of continuous univariate
functions. However, the reported computational results show that this is more efficient
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than approaches that utilize nonlinear constraints, but the proposed method may not
be competitive in comparison to [16, 17].

Ngueveu [13] propose approximating a general univariate continuous function
with a non necessarily continuous PWL function, adding an additional degree of
freedom to obtain a breakpoint system with as many or less linear segments. The
author presents models and algorithms to compute the PWL approximator/over-
estimator/under-estimator with predefined absolute or relative error tolerance andwith
an additive worst-case guarantee on the number of linear segments needed. Evalua-
tions on the instances from [16, 17] show a drastic reduction of the computing times in
comparison to the state-of-the-art and sometimes a reduction of the number of linear
segments. For solving MINLPs with an objective function that is separable in a sum
of positive univariate nonlinear terms, [13] proposes a method based on upper and
lower bounding the nonlinear terms using non necessarily continuous PWL functions
with a predefined relative tolerance and the solution of a pair of mixed integer linear
programs. Such an approach yields a performance guarantee when the nonlinearity
is restricted to the objective function. To illustrate the efficiency of the method in
comparison to state-of-the-art methods and general-purpose MINLP solvers, com-
putational evaluation was performed on an energy optimization problem for hybrid
electric vehicles.

The main contributions of this paper are the following: (I) the notion of a “corridor"
that generalizes the classes of errors considered in piecewise linear approximation, (II)
through a greedy algorithm, a reduction of the original problem to the maximal linear
piece problem, (III) an algorithm to solve the problem in the general case, (IV) a
logarithmic time algorithm for the special case of convex corridors through a strong
characterization of the optimal solution, (V) clever speed-ups for a large class of
corridors, (VI) an efficient and flexible Julia package, (VII) benchmarks on nonlinear
functions from the literature that illustrate the major performance speed-ups of our
method and (VIII) benchmark on the resolution of MINLP through our linearization
+ MILP solver approach

Most notably, the practical performance is drastically improved thanks to a new
characterization of optimal solutions with intersections and tangents that are easy to
compute. The piecewise linear functions computing times reported in [13] varied from
dozen to hundreds of seconds.On the other hand,with our newalgorithm,we computed
PWL approximations in mere milliseconds on these instances while achieving fewer
linear segments in the case of relative errors. Although the results from [13] have
proven to be sufficient to outperform general-purpose MINLP solvers on problems
containing a single univariate nonlinear function to approximate, they were incapable
of tackling cases where there might be multiple nonlinear functions to approximate
in a single instance within a reasonable time. Therefore, our results let us solve new
classes of MINLP than what was possible with this kind of approach. For example,
this is the case of the network design problem with congestion studied in this paper,
where there is a different nonlinear congestion function for each node of a graph, and
graphs can contain up to a hundred nodes. We showed that our algorithm allows us to
compete with the state-of-the-art on this problem and significantly outperforms other
linearization + MILP methods based on commonly used linearization algorithms.
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2 Definitions

Here, we define terms that will be used throughout this paper.

Definition 1 (PWL function) A function g : D = [x−, x+] → R is a piecewise linear
(PWL) function with n linear segments if it can be defined by Eq. (1) where x1 = x−
and xn+1 = x+. The domain length of g is equal to x+ − x−.

g(x) =
{
gi (x) = ai x + bi , ∀i ∈ {1, ..., n − 1},∀x ∈ [xi , xi+1[
gn(x) = anx + bn, if x ∈ [xn, xn+1] (1)

Remark 1 It is important to note that the continuity property gi−1(xi ) = gi (xi ) ∀ i ∈
{2, . . . , n} is neither imposed nor forbidden, which implies that a PWL is non neces-
sarily continuous.

Definition 2 (Corridor) Let h, l : D = [x−, x+] → R be two continuous functions
verifying h(x) > l(x),∀x ∈ D. The surface area C ⊂ R

2 is called the corridor
between h and l iff C = {(x, y) | x ∈ D, l(x) ≤ y ≤ h(x)}.
The domain length of C is equal to x+ − x−.

Definition 3 (Sub-corridor)LetC1 andC2 be two corridors definedby functions h1, l1 :
D1 → R and h2, l2 : D2 → R, respectively. We call C2 a sub-corridor of C1 iff
D2 ⊆ D1, h1(x) = h2(x), and l1(x) = l2(x),∀x ∈ D2.

Definition 4 (Truncated-corridor) Let C1 and C2 be two corridors defined by some
function l and h respectively on the interval [a, b] and [c, d]. We call C2 a truncated-
corridor of C1 iff C2 is a sub-corridor of C1 and a = c.

Definition 5 (Function within a corridor)A function g : Dg → R is within a corridor
C iff (x, g(x)) ∈ C, ∀x ∈ Dg .

Definition 6 (Induced sub-corridor) Let g : Dg → R be a function within a corridor
C1. A corridor C2 is called an induced sub-corridor iff C2 = C1 ∩ (Dg × R), i.e C2 is
the same as C1 but limited to the region where g is defined. We denote C2 = C1(g)
Definition 7 (Fitting) A function g fits a corridor C iff g is within C and C(g) = C, i.e
the domain length of g is the same as the domain length of C .

Definition 8 (Maximal linear segment) A maximal linear segment in a corridor C is a
linear segment within C that induces a truncated corridor of maximal domain length.

3 Fitting a piecewise linear function through a corridor

We use the notion of corridors (see Definition 2) to present a new geometric approach
to the problem. Intuitively, a corridor is defined as the region between two functions that
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Table 1 Equivalence of the piecewise linear approximation, overestimation, and underestimation of a
function f with the corridor fitting problem for a corridor C defined by h and l

Absolute tolerance δ Relative tolerance ε

Approximation h(x) = f (x) + δ h(x) = f (x) + ε | f (x)|
l(x) = f (x) − δ l(x) = f (x) − ε | f (x)|

Overestimator h(x) = f (x) + δ h(x) = f (x) + ε | f (x)|
l(x) = f (x) l(x) = f (x)

Underestimator h(x) = f (x) h(x) = f (x)

l(x) = f (x) − δ l(x) = f (x) − ε | f (x)|

Fig. 1 Corridors induced by an absolute and a relative error

do not intersect on a compact interval. We are interested in finding a PWL function g
that fits (seeDefinition 7) a given corridor C with aminimal number of linear segments.
This problem is named the corridor fitting problem. To compute an approximation,
an overestimation, or an underestimation of a function with a predefined pointwise
error tolerance, we define a corridor surrounding the function so that the problem is
equivalent to finding a piecewise linear function fitting the corridor. The corridor fitting
problem, therefore, generalizes the problem of finding a piecewise linear function that
overestimates, underestimates, or approximates an univariate function such that the
number of linear segments is minimized given a bound on a pointwise error metric. As
shown in Table 1, this includes corridors induced by absolute and relative pointwise
errors, thus generalizing the work of [13].

To visualize this, Fig. 1 shows the corridors associated with the function f (x) =√
x sin (−x) − x + 5 defined on the interval [1, 5] for an absolute error of 0.35 and

for a relative error of 23%.
Such error classes findmany applications, mostly related to solving (mixed-integer)

nonlinear and nonconvex programming problems by (mixed-integer) linear program-
ming techniques.

Remark 2 The absolute error case can be interpreted as a bound on the Chebyshev
norm ‖ · ‖∞ between the PWL function and the original function.
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3.1 Overview of the algorithm

Our solution is based on a greedy algorithm that creates the PWL function iteratively
by choosing the linear segment with the maximal possible domain length at every step.
This reduces the corridor fitting problem to a simpler problem, namely the maximal
linear segment problem (see Definition 8). This procedure is detailed in Algorithm 1.

Algorithm 1 Computation of an optimal PWL function fitting a corridor C
Require: Corridor C
Ensure: PWL function g defined by the set of linear segments P
1: while C �= ∅ do
2: p∗ ←− Compute a maximum linear segment of C
3: P ←− P ∪ p∗
4: C ←− C \ C(p∗)

5: end while
6: return P

The correctness of the algorithm is proved in Sect. 3.2. We postponed the resolu-
tion of the maximal linear segment problem to Sect. 4. Section5 mostly tackles clever
ways to accelerate the Algorithm 1 for corridors with slightly more structure or when
an almost-optimal approximation of the corridor fitting problem is sufficient. Finally,
Sect. 6 is mainly constituted of computational results to show how our approach out-
performs the state-of-the-art.

3.2 Optimality of a piecewise linearization withmaximal linear segments

Proposition 1 and Corollary 1 extend the Theorem 3.3 from [13] (which only treated
the special case of absolute errors) to the concept of corridors.

Proposition 1 Given a corridor C, if there exists a PWL function that fits C, there exists
an optimal solution of the corridor fitting problem on C where the first segment is a
maximal linear segment in C.
Proof LetC be a corridor. Let g be any optimal PWLfunction that fitsC = [x−, x+] and
let {x1, x2, . . . xn} be the break points of the linear segments of g. Note that x1 = x−
and xn = x+. Let p : [x−, x∗] → R be a maximal linear segment in C. Let g∗ be the
PWL function defined by

g∗(x) =
{
p(x), ∀x ∈ [x−, x∗[
g(x), ∀x ∈ [x∗, x+]. (2)

Note that, by definition, x∗ ≥ x2. Therefore g∗ has at most as many linear pieces as g
which concludes the proof. ��
Corollary 1 Given a corridor C, there exists an optimal solution to the corridor fitting
problem such that each linear segment is a maximal linear segment on a truncated-
corridor starting at the end of the previous segment (and for the whole corridor for
the first segment).
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Fig. 2 Example of the non-optimality of the greedy algorithm in the continuous case (source: [16], p. 628)

Proof Proposition 1 can be applied iteratively on an optimal PWL function to ensure
that each linear segment induces (see Definition 6) a truncated-corridor (see Defini-
tion 4) of maximal domain length. This works because this problem has an optimal
substructure. In other words, if the optimal function is separated at the end of a seg-
ment, it will induce optimal solutions for the two sub-corridors (see Definition 3).

��

Corollary 1 proves that the corridor fitting problem can be solved with a greedy algo-
rithm that computes a succession of maximal linear segment problems. This is a sharp
contrast with what can be done with continuous PWL as in this case, the greedy
algorithm is not guaranteed to give an optimal solution as shown in Fig. 2. Here, the
blue curve is an optimal continuous PWL with 2 segments and the red curve is the
continuous PWL with 3 segments obtained with a greedy algorithm.

3.3 Simultaneous under and over approximation

Given a function f and a maximal error, a natural extension of the problem at hand
is to look for both an underestimator and overestimator PWL functions that share
the same set of breakpoints. For absolute errors, this trivially reduces to the previous
cases as one can obtain an optimal overestimate by shifting an underestimate. This is
not the case for more general errors, even relative errors, as noted in [13]. However,
the corollary 1 generalizes naturally to this case. Therefore, the problem reduces to
finding maximal pairs of PWL functions, which can be done by maximizing both the
underestimating segment and the overestimating one and truncating them so they have
the same induced sub-corridor.

4 Maximal linear segment problem

In this section, we first tackle the maximal linear segment problem for convex corri-
dors and then the general case. Even though the former is a special case of the latter,
a dedicated algorithm was conceived for convex corridors because a strong character-
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Fig. 3 Illustration of Lemma 1: two cases where a linear segment p∗ intersecting the curveL = {(x, l(x))}
at its breakpoint is derived from p with the same projected length x2 − x1

ization of the solution was found, which results in a major speedup over the general
case.

4.1 Case of a convex or concave corridor

We consider a convex corridor qC defined by functions h, l : D = [x−, x+] → Rwhich
are both continuously differentiable and convex. Note that all differentiable convex
functions areC1, so the condition on the continuity of the derivativewas only added for
clarity. Notice that solving the maximal linear segment problem on a concave corridor
Ĉ defined by functions l̂, ĥ reduces to the convex case as described above. Indeed, the
corridor defined by the convex functions −l̂ and −ĥ is only a sign off and the solution
to the original problem can easily be retrieved from a solution of this new instance
by simply again multiplying by −1. Lemmas 1 and 2 characterize a maximal linear
segment in qC.
Lemma 1 For any linear segment within qC, there exists a linear segment of equal
domain length within qC that intersects the curve L = {(x, l(x))} at its two endpoints.
Proof Given any linear segment p within (see Definition 5) corridor qC defined by
endpoints (x1, y1) and (x2, y2), we can define a linear piece of equal projected length
p∗ with its endpoints (x1, l(x1)) and (x2, l(x2)) on the curve L. Because h, l are
convex, this linear piece is within qC. Precisely, p∗ must lie above L as it is a line
segment between two points on the graph of a convex function. Moreover, p∗ must
lies under H = {(x, h(x))} as p∗(x) ≤ p(x) ≤ h(x) for every x . Therefore, p∗ is
within qC. ��
Fig. 3 illustrates the proof of Lemma 1.

Lemma 2 A maximal linear segment in qC either fits qC or is tangent to the curve H =
{(x, h(x))}.
Proof This assertion is proven by contradiction as follows. Let us assume that a seg-
ment p, defined by the points (x1, y1) and (x2, y2), is a maximal linear segment in qC

123



274 J. Codsi et al.

Fig. 4 Illustration of Lemma 2: case where min{ξ, η} = ξ and where min{ξ, η} = η

that does not fit qC and is not tangent to H. Since p is not tangent to H and clearly
doesn’t cross H, there is no x such that p(x) = h(x). Therefore, there exists c ∈ R

such that p′ = p + c doesn’t intersect H, i.e., it is possible to do a vertical trans-
lation of p by c while still being within the corridor. For example, c could be taken
as half the minimal vertical distance between p and H. For the sake of simplicity,
let us denote y1 + c by y′

1, y2 + c by y′
2, and the slope of p′ by Δ. By construction,

(x2, y′
2) /∈ L. Also, since p and therefore p′ does not fit qC, there exists ξ > 0 such

that x2 + ξ ≤ x+. Finally, since none of the endpoints of p′ lie on L orH, there exist
η > 0 such that ∀z ≤ η, (x2 + z, y′

2 + Δz) /∈ L ∪ H (i.e it is possible to extend p′
without intersecting L or H). We can therefore construct the linear segment within
qC defined by (x1, y′

1) and (x2 + min{ξ, η}, y′
2 + Δmin{ξ, η}), which has a domain

length of x2 + min{ξ, η} − x1 > x2 − x1, contradicting the optimality of p. ��
Fig. 4 illustrates the process in the proof of lemma 2.

Lemma 1 implies we can always choose (x−, l(x−)) as the starting endpoint of
a maximal linear segment. Furthermore, Lemma 2 implies that an optimal segment
will always be tangent to H if it is impossible to fit the corridor with a single linear
segment. By combining these two lemmas, we obtain a unique (in the non-degenerate
case) characterization of the optimal linear segment (as illustrated in figure 5), which
gives rise to an efficient algorithm.

Remark 3 As a consequence of this characterization, for any convex corridor, the PWL
computed by algorithm 1 is continuous, so our algorithm also solves the continuous
version of the problem in this case.

To find the desired linear segment, let us define t(q, x) as the equation of the tangent
toH at q evaluated at point x . Formally,

t(q, x) = h′(q)(x − q) + h(q).

We are looking for a point q∗ such that t(q∗, x−) = l(x−) or equivalently, t(q∗, x−)−
l(x−) = 0. Let

Γ (q) = t(q, x−) − l(x−).
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Fig. 5 Maximal linear piece on the convex sub-corridor derived from Fig. 1a

Fig. 6 Function Γ (q)

The geometric interpretation of Γ (q) is illustrated in Fig. 6. Our interest in Γ (q) is
motivated by the fact that solving the maximal linear segment problem boils down to
finding a zero of the decreasing function Γ (q), which can be solved by binary search.
We will prove this assertion in the following lemma.

Lemma 3 Γ is a decreasing function (strictly decreasing if h is strictly convex)

Proof Without loss of generality, we’ll assume that x− = 0. Since Γ (q) is only a
constant off t(q, 0), it is sufficient to prove that t(q, 0) is decreasing. Let a, b ∈ R

such that 0 < a < b. We will show that t(a, 0) ≥ t(b, 0).

t(b, 0) = h′(b)(−b) + h(b)

= h′(b)(−a) + h′(b)(a − b) + h(b)
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= h′(b)(−a) + t(b, a)

Since the tangent of a convex function is always below the curve,we have that t(b, a) ≥
h(a).

≤ h′(b)(−a) + h(a)

Convexi ty������⇒ ≤ h′(a)(−a) + h(a)

= t(a, 0)

��

Once the optimal tangent point is found by finding the zero of Γ , we only need
to find the second endpoint. This is done by computing where the line supporting the
linear segment crosses L again using binary search since there will be only one other
crosspoint and since the difference between a linear function and a convex function is
still convex.

The full procedure is summarized in Algorithm 2. As the only costly step of this
algorithm is the binary search, our algorithm only needs O(log(1/ε)) oracle calls to
the function h, l and their derivatives where ε is the numerical precision. Since, inmost
cases, the time taken to evaluate h and l does not depend on its input, our algorithm can
be seen as taking logarithmic time. The logarithmic time complexity of this approach
is to be stressed, as it is the main reason behind the implementation’s efficiency.

Algorithm 2 Solve the maximal linear piece problem on a convex corridor
Require: Convex corridor Cv defined by convex functions h, l : D = [x−, x+] → R

Ensure: Optimal linear piece defined by breakpoints (x1, y1) and (x2, y2)
1: (x1, y1) ←− (x−, l(x−))

2: if Γ (x+) ≥ 0 then
3: (x2, y2) ←− (x+, h(x+))

4: else
5: q∗ ←− Solve Γ (q) = 0 using binary search
6: p ←− linear segment defined by (x1, y1) and q∗
7: if p(x+) > l(x+) then
8: (x2, y2) ←− (x+, l(x+))

9: else
10: x∗ ←− Solve p(x) − l(x) = 0 for x > x− using binary search
11: (x2, y2) ←− (x∗, l(x∗))

12: end if
13: end if
14: return (x1, y1), (x2, y2)

As previously mentioned, Algorithm 2 applies to both the convex and the concave
cases if we pre-process and post-process concave instances. Adding these processing
steps gives us an algorithm which we will designate by 2’.
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4.2 General case based on converting corridors into data ranges

An iterative procedure solves the maximal linear segment problem in the general case.
The procedure builds a discretized variant of the problem, solves it using a state-
of-the-art algorithm on the discretized version of the problem, and then retrieves a
solution candidate for our continuous problem. Finally, it updates the discretization
and repeats the last two steps until the solution obtained is feasible and optimal for
the initial problem.

To obtain the discrete variant of the problem, the interval is discretized into a finite
set of points X . Any valid linear segment within a corridor C has to at least verify Eq.
(3) on a consecutive subset of X . The discrete variant of the maximal linear segment
problem consists of finding a linear segment that verifies Eq. (3) for a maximal number
of consecutive points xi ∈ X including the first one x1.

l(xi ) ≤ mxi + b ≤ h(xi ) (3)

This problem is known in the literature as data fitting or fitting a straight line
between data ranges. For such discrete inputs, there exist publications on piecewise
linear approximation with a minimum number of segments given a predefined bound
on the absolute error in the fields of data reduction, pattern recognition or classification,
and ECG waveform preprocessing [7, 21, 22].

A state-of-the-art algorithm for this problem is the one of O’Rourke [14]. It works
by considering each Eq. (3) as a pair of constraints (4) in the m-b parameter space as
illustrated in Fig. 7. These constraints define a polyhedron denoted Pk for the k first
consecutive points of X . If the resulting polyhedron Pk is empty, then no single line
can verify Eq. (3) for the k first points of X . Otherwise, any point inside or on the
boundary of Pk represents a valid line. The resulting algorithm computes Pn with an
O(n) complexity (for n input points).

The algorithm stops if either k = n if all points have been covered or Pk+1 = ∅ if
k is the maximal number of consecutive points of X that can be covered and therefore
(m, b) ∈ Pk−1.

{
b ≤ (−xi )m + h(xi )

b ≥ (−xi )m + l(xi )
(4)

Let (m, b) and k be the straight line parameters and the number of intersected data
ranges for the optimal solution of the discretized maximal linear segment problem.
Verifying if the solution is feasible for the original non-discretized maximal linear
segment problem consists in verifying if the linear segment f defined by (x1,mx1+b)
and (xk,mxk + b) fits within the truncated-corridor Ck with domain Dk = [x−, xk]. If
the solution is not feasible, then at least one of the points that are on the linear segment
but out of the truncated-corridor should be added to X before the discretized problem
is solved again. In our implementation, we compute all intersections between L and
f , i.e. we solve l(x) − mx − b = 0 with x1 ≤ x ≤ xk . Then for any two consecutive
intersection points (xA, l(xA)) and (xB, l(xB)), we check if ](xA, l(xA)), (xB, l(xB))[
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Fig. 7 Example from [14] with n = 8 data ranges and the polyhedron in the m-b space corresponding to
the first five data ranges

Fig. 8 Visualization of Algorithm 3

is out of the corridor. If this is the case, the middle-point of the interval xA+xB
2 is

added toX before the discretized problem can be solved again. The same procedure is
repeated for possible intersections withH. If no point was added during this process,
then the solution to the discretized problem is feasible for the non-discretized problem.
With such an implementation, only an LP solver is needed, and a drastic reduction in
computing times can be achieved compared to state-of-the-art solutions.

When the solution of the discretized problem is feasible for the non-discretized
problem, it is optimal within a numerical precision level of xk+1− xk . Let ε be a target
numerical precision level. If xk+1 − xk > ε, then the point xk+xk+1

2 is added to X ,
before re-solving the discretized problem. Note that in the latter case, as a speed-up,
O’Rourke’s algorithm for solving the discretized problem at step k + 1 can be warm
started with the polyhedron Pk avoiding the unnecessary overhead of recomputing Pk .
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The resulting iterative procedure solving the maximal linear segment problem in
the general case is described in Algorithm 3 and illustrated in Fig. 8. In an attempt
to not obfuscate Algorithm 3, the warm start discussed above is not included but is
straightforward to implement.

This algorithm always converges since, in the worst case, the corridor will be
sampled every ε, in which case the discretized problem becomes equivalent to the
continuous one (within the numerical precision) for which the algorithm from [14]
always terminates. We mention that we did not observe this worst-case behavior in
practice and that the algorithm seems to converge quite rapidly (while remaining
significantly slower than algorithm 2’) as illustrated by the benchmarks in Sect. 6.2.

The initial discretization of the corridor has a non-negligible impact on the run time
of the algorithm.We could, therefore, try to estimatewhere the function varies themost
to help the algorithm converge faster. However, we are not assuming differentiability
in this section but rather looking for a general solution; therefore, we simply use
equidistant points to initialize our algorithm.

Algorithm 3 Solve the general maximal linear segment problem
Require: Corridor C defined by functions h, l : D = [x−, x+] → R

Ensure: Optimal linear segment defined by endpoints (xS , yS) and (xT , yT )

1: X ← discretize corridor C
2: Feasible ← true
3: {m, b, k} ← O’Rourke’s algorithm applied on X
4: I ← Solve l(x) − mx − b = 0
5: I ← I ∪ Solve h(x) − mx − b = 0
6: for all (xA, xB ) a set of consecutive values in I do
7: if m xA+xB

2 + b /∈ [l( xA+xB
2 ), h(

xA+xB
2 )] then

8: X ← X ∪ { xA+xB
2 }

9: Feasible ← false
10: end if
11: end for
12: if Feasible then
13: if xk+1 − xk > ε then

14: X ←− X ∪ { xk+1+xk
2 }

15: go to step 2
16: else
17: return Segment induced by x−, xk ,m, b
18: end if
19: end if

5 Speed-ups for uniform corridors

In this section, we look at how the previous algorithms for the maximal linear segment
problem can be combined to obtain faster convergence on the corridor fitting problem
in the special case of uniform corridor. A corridor is said to be uniform if it is defined
by C1 functions having the same concavity on D, i.e., at every x ∈ D, the functions h
and l are either both convex or both concave.
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Remark 4 In the case of C2 functions, the concavity condition can simply be stated as
l ′′(x)h′′(x) ≥ 0 ∀x ∈ D

This class of corridors includes approximations from relative and absolute pointwise
errors. These types of errors are ubiquitous in the optimization community and cover
most of the instances seen in practice.

5.1 A faster exact method

The corridor fitting problem can be solved on a uniform corridor using Algorithm
1 with Algorithm 3 as a subroutine, but a significant speed-up can be obtained by
making use of the specific structure of uniform corridors. To do so, Algorithm 2’ can
be used on the convex and concave sub-corridors of C, while Algorithm 3 is only used
on sub-corridors that contain a change of concavity. The idea is to apply Algorithm 2’
on C until a change of concavity is reached. Then remove the last segment computed
and use Algorithm 3 to compute the maximal linear piece that crosses the change of
concavity. Algorithm 2’ is then called again until the next change of concavity. This
is summarized in Algorithm 4. The main advantage of this approach is that it utilizes
the logarithmic time complexity of Algorithm 2’ for most of the domain while only
using the slower but more general Algorithm 3 when it is really needed.

Algorithm 4 Faster exact computation of an optimal PWL function fitting corridor C
Require: Uniform corridor C
Ensure: PWLfunctiong defined by the set of linear segments P
1: while C �= ∅ do
2: {C1, ...,Ck } ←− Partition into convex or concave sub-corridors of C
3: while Cc �= ∅ do
4: p∗ ←− Algorithm 2′(Cc)
5: if Cc(p∗) �= Cc or Cc(p∗) = C then
6: P ←− P ∪ p∗
7: C ←− C \ Cc(p∗)

8: end if
9: Cc ←− Cc \ Cc(p∗)

10: end while
11: if C �= ∅ then
12: p∗ ←− Algorithm 3(C)
13: P ←− P ∪ p∗
14: C ←− C \ C(p∗)

15: end if
16: end while

In our implementation, the positions of the changes of concavity can either be
provided by the user at the same time as the corridor or left to be computed by a
dedicated algorithm. We have implemented a dedicated algorithm that requires the
corridor’s bounding functions to be C2 instead of C1. It finds the positions of changes
of concavity by computing where the second derivatives of the bounding functions
vanish.
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5.2 A heuristic introducing a very limited number of additional segments

In practice, a good solution to the corridor fitting problem is often sufficient for one’s
needs. Here we describe an algorithm that adds at most as many additional segments
as the number of change of concavities in the corridor but, as a trade-off, converges
faster.

Let C be a uniform corridor we are looking to fit. C can be partitioned into k
sub-corridors C1, ..., Ck such that each sub-corridor Ci ,∀i ∈ {1...k} is either convex
or concave. A feasible solution to the corridor fitting problem on C is obtained by
concatenating optimal solutions for all the sub-corridors’ corridor fitting problems. On
each sub-corridor, we can use Algorithm 2’ to compute the maximal linear segments.
This is summarized in Algorithm 5.

Algorithm 5 Heuristic computation of a PWL function fitting a uniform corridor C
Require: Uniform corridor C
Ensure: PWL function g defined by the set of linear pieces P
1: {C1, ...,Ck } ← Partition into convex or concave sub- corridors of(C)
2: for i ∈ {1...k} do
3: while Cv �= ∅ do
4: p∗ ← Algorithm 2′ (Cv)
5: P ← P ∪ p∗
6: Cv ← Cv \ C(p∗)

7: end while
8: end for

Here, similarly as in algorithm 4, the changes of concavity can be either provided
by the user or computed by looking where the second derivatives are zero.

The advantage of this approach is that it is possible to compute the linearization
in each sub-corridor in parallel. Also, the implementation is simpler and quicker as
it only relies on Algorithm 2’, which has a logarithmic time complexity for every
segment. The drawback is that the number of segments might not be optimal as there
are segments that are not maximal at the junction of sub-corridors. However, the
number of additional segments is tightly bounded as stated in Lemma 4.

Lemma 4 Let n be the number of linear segments from Algorithm 5 and let n∗ be the
optimal number of linear segments, then n∗ ≤ n ≤ n∗ + k − 1.

Proof Let C be a uniform corridor over D = [x−, x+]. Let B1, B2, . . . Bk−1 represent
the changes of concavity of C, B0 = x− and Bk = x+. D can be partitioned as⋃k−1

i=1 [Bi−1, Bi [⋃ [Bk−1, Bk] such that the corridor is either convex or concave on
each interval. Let g∗ be the optimal PWL function fitting corridor C and having as
breakpoints x0, . . . , xn∗ and f be the PWL function obtained by Algorithm 5. Let Si
be the minimal x j such that x j ≥ Bi . Finally, let ν be the counting function for the
number of segments in a piecewise linear function (so that we have ν(g∗) = n∗). To
make the notation less cumbersome, ν(g∗) will not count a segment made of a single
point so that we can work with closed intervals. Since [Bi−1, Bi ] is either convex or
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concave, ν( f |[Bi−1,Bi ]) is optimal over this restricted domain and we therefore have

ν( f |[Bi−1,Bi ]) ≤ ν(g∗ |[Bi−1,Bi ]), ∀i ∈ {1, ..., k}.

Since f and g∗ share the same number of segments before the first change in concavity,
we have equality for i = 1. Let us analyze the casewhere i �= 1. Theminimality of Si−1
implies that the interval [Bi−1, Si−1] is covered by a single segment in g∗. Therefore,

ν( f |[Bi−1,Bi ]) ≤ ν(g∗ |[Bi−1,Bi ]) ≤ ν(g∗ |[Si−1,Bi ]) + 1, ∀i ∈ {1, . . . , k}.

Noting that ν( f |[Bi−1,Bi ])+ν( f |[Bi ,Bi+1]) = ν( f |[Bi−1,Bi+1]) as there is no segment
overlapping between two sub-corridors by the definition of the algorithm, we have that

ν( f ) =
k∑

i=1

ν( f |[Bi−1,Bi ])

= ν( f |[B0,B1]) +
k∑

i=2

ν( f |[Bi−1,Bi ])

= ν( f |[x−,B1]) +
k∑

i=2

ν( f |[Bi−1,Bi ])

≤ ν( f |[x−,B1]) +
k∑

i=2

ν(g∗ |[Si−1,Bi ]) + 1

Since the segment of g∗ fitting [Bi , Si+1] is also contributing to g∗ |[Si ,Bi ],

= ν( f |[x−,S1]) +
k∑

i=2

ν(g∗ |[Si ,Si+1]) + 1

= k − 1 + ν( f |[x−,S1]) +
k∑

i=2

ν(g∗ |[Si ,Si+1])

= k − 1 +
k∑

i=1

ν(g∗ |[Si ,Si+1])

= k − 1 + n∗

��
In addition to providing a guarantee on the quality of PWL obtained, Lemma 4

gives an easy way to compute lower bounds for the number of linear segments needed
to solve the corridor fitting problem optimally.

To illustrate the differences between both algorithms presented in this section, Fig. 9
compares the solution obtained by the Algorithms 5 and 4 on the corridor derived from
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Fig. 9 Comparison between both approaches

an absolute tolerance of 0.3 of
√
x sin x + x on the interval [1, 5]. The vertical dotted

line marks the concavity change at x ≈ 3.42.

Remark 5 As a consequence of Lemma 1, the PWL computed on uniform corridors
are continuous on each convex or concave sub-corridor, and the only possible discon-
tinuities occur in the junctions of sub-corridors. Moreover, the PWL are convex (resp.
concave) functions on these convex (resp. concave) sub-corridors.

6 Computational evaluation

6.1 Implementation

The package proposed is named LinA [3] and is compatible with Julia 1.0.1 and
onward. It is available at the following address: https://github.com/LICO-labs/LinA.
jl under the MIT License. It accepts as input the expression of a function or a native
Julia function, the type of error requested (relative or absolute), and optionally the type
of over-/under-/approximation expected (by default approximation) and the algorithm
desired (by default heuristic). It is also possible to provide directly the two functions
defining the corridor to fit or even to define custompointwise error types. Simultaneous
approximations (see Sect. 3.3) are also implemented.

One of the interesting features of the implementation is the use of symbolic differ-
entiation through the package Calculus.jl (https://github.com/JuliaMath/Calculus.
jl) when function expressions are provided. When a symbolic expression is hard to
obtain, the user can replace the expression with a native Julia function. In this case,
the LinA will seamlessly use automatic differentiation through the ForwardDiff.jl
package [18] instead. This is achieved through the extensive use of multiple dispatch,
which gives a very modular code and, in addition, allows the addition of custom error
types easily (for the exact procedure, see the documentation). Another perk is the use
of functors1 to make the syntax as natural as possible as shown in Fig. 10.

1 See https://docs.julialang.org/en/v1/manual/methods/.
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Fig. 10 Simple example of the LinA syntax

The current implementation of LinA relies on the root finding functions available
in the package Roots.jl (https://github.com/JuliaMath/Roots.jl). In particular, it uses
its binary search function. The function find_zeros is used to identify the location
of changes of concavity for C2 uniform corridor by computing the points where the
second derivative of the input function vanishes but also in other contexts, such as
finding the intersection between a line and the corridor inAlgorithm3 (used in the exact
method). Also, the Polyhedra.jl package [11] is used to compute the intersections
of polyhedrons for Algorithm 3.

6.2 Benchmarks in approximations of nonlinear functions

To assess the efficiency of LinA we perform a computational study on thirteen non-
linear continuous functions from the literature provided in Table 2. We then compare
the results obtained by LinA with the ones reported by [10, 13, 16, 17].

Even though comparing continuous approximations with our non necessarily con-
tinuous ones is not ideal in the general case, we compared our algorithms with all
the exact algorithms available in the literature on solving the problem of minimizing
the number of linear pieces with a bound on the pointwise approximation error. In
addition, some of our benchmarks were on convex or concave functions for which
our algorithm gives a continuous approximation, as stated in a remark in Sect. 4.1.
Moreover, it is possible to transform a PWL from LinA to a potentially non-optimal
continuous one by adding a small segment at each discontinuity of which there are
few (at most as many as the number of changes in concavity as mentioned in a remark
at the end of Sect. 5). Therefore, LinA can be used to derive good upper bounds on
the continuous version of the problem.

All of our benchmarks ran on a consumer’s desktop. More precisely, Table 3 shows
the characteristics of the machines used by the different authors.

To illustrate the usefulness of these methods over non-optimal linearisation
approaches in the reduction of segment obtained, we used two widely used non-
optimal linearization algorithms as a baseline. More precisely, we used the “naive"
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Table 3 Parameter settings per publication

[16] Computer Intel(R) i7 single core 2.93 GHz, 12.0 GB
RAM 64-bit Windows 7

single node ? yes

Passmark cpu score 5366

Software GAMS 23.6, LindoGlobal 23.6.5

Accuracy 10−5

Time limit 1800s per iteration

[17] Computer Intel 3.5 GHz, 32 GB of RAM

single node ? not specified

Passmark cpu score between 8687 and 28594

Software GAMS 24.8, LindoGlobal (for GO), CPLEX
(for MILP)

Accuracy 10−3

Time limit 24h per instance

[13] Computer Intel(R) Xeon(R) single core CPU E3- 1271
v3, 32 GB RAM (heuristic) Neos server
(exact)

single node ? yes

Passmark cpu score 10086 (heuristic); 6878, 7641, 21149 (exact)

Software GAMS 23.6, GAMS 24.9.2 r64480 single
core, LindoGlobal (for GO), CPLEX 12.6
(for MILP)

Accuracy 10−5

Time limit 1800s per iteration

[10] Computer not specified

single node ? not specified

Passmark cpu score not specified

Software GAMS (25.0.1), CPLEX (12.8.0.0),
ANTIGONE v1.1, BARON 17.10.16,
SCIP 4.0

Accuracy not specified

Time limit 1200s

Ours Computer Intel(R) Core(TM) i7-7700 CPU 3.60GHz,
16 GB of RAM

single node ? yes

Passmark cpu score 8625

Software LinA

Accuracy 10−5

Time limit 1800s
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algorithm based on interpolation of equidistant function samples and the sandwich
algorithm with the maximum error rule (see [20]) on each convex and concave part of
the domain. Since the speed of these linearisations was not our focus, we omitted to
report the time taken by our implementations as much improvement could easily be
made.

6.2.1 Absolute errors

Table 4 reports the number of linear pieces for the piecewise linear approximation with
four different absolute tolerance values, which were previously used in the literature:
δ = 0.1, 0.05, 0.01, and 0.005. Some papers did not report results for every instance.
For the instances not available, we left the corresponding entry of the table blank.

In this table, p is the number of convex or concave subintervals over the domain,
δ is the absolute tolerance value used, and n∗ is the optimal number of linear pieces.
For our heuristic and for algorithms that did not always converge within the time
limit, we give n− (resp. n+), which is the lower (resp. upper) bound returned by each
algorithm. The symbol “-” means that the lower bound matches the upper bound (and
so the algorithm converged). For our heuristic, Lemma 4 implies a lower bound of
n− = n+ − p + 1, where n+ is the number of linear pieces of the feasible solution
returned by Algorithm 5.

Results in Table 4 suggest that [10] may not be competitive with the other solution
methods. Rebennack and Krasko [17] improved the results from [16], but there still
remain instances for which the optimal PWL approximation could not be found, con-
trary to [13] and LinA. One interesting remark is that the optimal number of segments
of a continuous PWL function is at least as large as the number of segments of an
optimal general PWL function. Because of this simple fact, our algorithms managed
to improve some lower bounds from the literature on the continuous version of the
problem. For example, for function (A-X) with δ = 0.005, our exact algorithm shows
that 65 is a valid lower bound for the continuous problem while the best bound from
the literature was 50. Note that in this case, the lower bound provided by our heuristic
was equal to 64, also better than the best ones from the literature.

Table 5 reports the computing times to obtain those results. Rebennack and Kallrath
[16] reported only the order of magnitude of the computing time for instances that
could be solved optimally. In their scale fracmeans “≤ 1", fewmeans “≥ 1 and≤ 10"
seconds. The instances with t.o.1800s/i t (resp. t.o1200s) are the ones for which the 1800
(resp. 1200) seconds time limit was reached during one of the iterations (resp. in total).

Results in Table 5 show that a major speed-up is achieved: approximations that
required hours of calculations in [16, 17] or hundred of seconds in [13] are done in
one-tenth of a second with LinA.

6.2.2 Relative errors

Similarly, Tables 6 and 7 report the number of segments and computing times for the
piecewise linear overestimation, underestimation and approximation of the three non-
linear functions that represent energy conversion functions for hybrid electric vehicles
in [13], with three different relative tolerance values: ε = 0.01, 0.001, and 0.0001.
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We mention that the naive algorithm generally does not work for overestimation and
underestimation, as interpolators are not constrained to stay over or under a function.
Therefore, we only report the result of the naive algorithm for the approximation.
Similarly, there is no standard way to generalize the sandwich algorithm to relative
errors, so this baseline is not included in this comparison.

Results in Tables 6 and 7 show that we were able to find PWL functions with fewer
segments than [13] and much fewer segments than the naive algorithm. As in the case
of absolute errors, we can observe a drastic improvement in the computation times
over the state-of-the-art.

Such major performance speed-up in the computation of the optimal piecewise
linear approximation opens up new possibilities, such as the application of LinA to
solve with minimal efforts some MINLP instances. For example, this offers a natural
way to tackle instances of linearly constrainedMINLPs with a nonlinear but separable
objective function. This is the case of the congested multicommodity network design
problem used as an illustrative case study in the next subsection.

6.3 Application onMINLPs: the case of themulticommodity network design
problemwith congestion

To illustrate how LinA can be used as an effective pre-processing to derive high-
quality bounds with minimal effort for linearly constrained MINLPs, we consider the
case of the Congested Multicommodity Network Design (cMCND) problem where
there is a different non-linear congestion function for each node of a graph. The
problem was introduced by Paraskevopoulos et al. [15] to explicitly take into account
the congestion occurring at nodes of networks used to represent a wide range of
planning and operation management problems in transportation, telecommunications,
logistics, andproduction.The resultingMINLP is linearly constrained and its nonlinear
objective function is separable as a sum of positive univariate nonlinear terms. The
state-of-the-art solution method for this problem is a mixed-integer second-order cone
reformulation solved with a dedicated solver.

The LinA+MILP method consists of replacing each nonlinear term of the MINLP
with its PWL overestimation computed with LinA, then solving the resulting MILP
with a black box MILP solver. This approach is well suited for the use of relative
errors since all the approximated terms are summed together, and all the terms in the
objective function are positive. This implies that a relative error of ε on each nonlinear
function propagates to the whole function, guaranteeing that the solution found is
within ε of the optimal one. This fact guided our choice of problem to tackle in this
benchmark as it makes our results easier to compare to the state-of-the-art.

Many different approaches exist to model piecewise linear functions in MILP each
requiring a different quantity of additional binary variables and constraints. Various
representations have been studied, for example, by [8, 9, 25], including ones where the
number of binary variables increases only logarithmically with the number of linear
pieces. Vielma et al. [24] showed that mostmodels for continuous PWL could be either
directly applied to discontinuous PWL functions or adapted for it via duplication of
breakpoints or a combination of models. In practice, most modern commercial solvers
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Table 7 Results from the naive algorithm and LinA for the approximation with relative tolerance ε

Approximation
Function ε Naive LinA-exact LinA-heuristic
Reference n+ n∗ Time n+ Time

(R-I) 0.01 7 4 6.70 ms 5 2.72 ms

0.001 41 12 9.05 ms 13 5.63 ms

0.0001 82 39 16.2 ms 43 14.2 ms

(R-II) 0.01 10 6 4.89 ms 7 3.10 ms

0.001 40 19 8.10 ms 20 7.03 ms

0.0001 92 58 17.6 ms 58 18.8 ms

(R-III) 0.01 60 9 5.88 ms 10 4.87 ms

0.001 88 30 11.1 ms 31 11.3 ms

0.0001 437 94 27.3 ms 95 31.7 ms

such as CPLEX andGUROBI offer the possibility to handle piecewise linear functions
automatically.Wemake use of that feature and let the solver handle the PWL functions.
Exact details on the resulting MILP reformulation are provided in the appendix.

In addition to comparing our algorithms to the state-of-the-art, we compared the
impact of using an optimal PWL compared to non-optimal ones. To do so, we also
solved the instances using linearizations obtained by the naive and sandwich algo-
rithms. These also serve as a good way to study the potential trade-off between the
number of segments and the continuity of the PWL approximation, as both the naive
and the sandwich algorithms PWL approximations are always continuous for this
problem.

We mention that the running times of the other piecewise linearization techniques
used in the benchmarks of Sect. 6.2 made them completely impractical for this use
case as cMCND instances contained several dozen non-linear functions and so the
linearization time would overshadow the time taken by the solver.

The computational evaluation of all methods was done on the 258 instances from
the cMCNDlib benchmark generated by [15], partitioned into 43 groups of 6 instances
with, using their notation, different increm (either 6, 7, or 8) and versions (either 3 or 8).
These instances include either 20, 25, 30, or 100 nodes, from 10 to 400 commodities,
and from 100 to 700 arcs.

The authors of [15] kindly gave us access to their implementation, allowing us to
conduct a fairer comparison between each approach.We, however,mention that we did
not obtain the parameters files from every instance. Therefore, some of the entries of
Table 8 are left blank. Overall, the algorithm of [15] could be tested on 181 instances,
whereas the LinA+MILP method and the naive+MILP method could both be tested
on all 258. As we compared our approach to the state of the art using relative errors
for which the sandwich algorithm is not well suited, we split our comparison into the
two types of error. The computing times from all methods and errors are displayed in
Tables 8 and 9.
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6.3.1 Relative error

These computations were performed using CPLEX 20.1 on the computer described
in Table 3 with a 1% relative overestimation tolerance in the piecewise linearization
phase, i.e. ε = 0.01 and with a time limit of an hour. As mentioned in the previous
subsection this error propagates to the whole objective function.Wemention that there
is a trade-off between the linear approximation’s precision and the solver’s precision,
as it might be faster to do a more precise linearization and stop the solver when at a
larger gap. However, for the sake of simplicity, we used the default CPLEX tolerance
of 0.01%.We note that the naive algorithm provides a valid PWL overestimation in the
case of the cMCND because the non-linear congestion functions are concatenations
of convex functions for which interpolators stay over the nonlinear function.

Comparison of LinA+MILP and [15]: For this analysis, we focus on the 181
instances on which [15] was tested. Of those, 115 instances were solved optimally
by at least one of the two methods. Among these 115 instances, LinA+MILP was
faster than [15] on 96, and [15] was faster than LinA+MILP on 19 instances. Finally,
over the 106 instances solved optimally by both algorithms, the average time taken by
LinA+MILP was 334 sec whereas [15] took 469 sec (≈ 29% improvement).

Comparison of LinA+MILP and naive+MILP: For this analysis we consider all
258 instances. Out of those, 184 were solved optimally by at least one of the two
methods. Among these 184 instances, LinA+MILP was faster than naive+MILP on
112 instances, and naive+MILP was faster than LinA+MILP on 72 instances. Finally,
over the 180 instances solved optimally by both algorithms, the average time taken by
LinA+MILP was 331 sec whereas naive+MILP took 393 sec (≈ 16% improvement).
We note that on average, each linearization made by LinA saved around 2 segments
over the naive approach on the congestion functions, which pales in comparison with
the hundreds of segments saved in the previous section.This is explainedby the fact that
the linearized congestion functionswere quite regular, and because the function spaned
several orders of magnitude, so the allowed errors were quite large for some parts of
the domain. Therefore, equidistant breakpoints did not create too many additional
segments. Yet, we saw a clear speed-up by using LinA over the widely used approach.

6.3.2 Absolute error

This section aims to compare the impact of using a non-naive but not optimal lin-
earization compared to the optimal one offered by LinA. As mentioned in a previous
section, the sandwich algorithm does not have a canonical generalization to relative
error, therefore we compare LinA+MILPwith sandwich+MILPwith an absolute error
of 10 per linearization. These computations were performed using CPLEX 12.8 on a
cluster using an AMDEPYC 7453 CPU@2.75Ghzwith 256 GB of RAM.Here again,
for reproducibility purposes, we limit the number of threads to one for each instance.
We note that since different setups were used and absolute errors do not propagate
as well on sums, these results are not to be compared with the ones obtained in the
previous section.

Comparison of LinA+MILP and sandwich+MILP: Across the 258 instances, 154
were solved optimally by at least one method. Among those, LinA+MILP was faster
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on 106 instances, while sandwich+MILPwas faster on 48. On the 142 instances solved
by both methods, the average time for sandwich+MILP was 410 sec while it was 330
sec for LinA+MILP (≈ 19.5% improvement). Here again, LinA compares favorably
to a widely used linearization method.

6.3.3 Summary

The full results (with CPLEX logs, solutions found, etc) can be found at https://github.
com/LICO-labs/cMCND-Computational-Results. These results show that with min-
imal implementation efforts and without trying to take advantage of the structure
of the problem, the straightforward LinA+MILP approach is competitive with the
state-of-the-art method for solving the multicommodity network design problem with
congestion.

During our benchmarks, we did not observe a trade-off between the number of
segments and the continuity of the approximation. This might be partly explained
by our algorithm only introducing a few discontinuities in the PWL approximation
(at most, one per change in concavity) and that adding even very few segments slows
down the solver significantly. Therefore, it seems that adding segments (and thus binary
variables in the model) to go from almost continuous to continuous is not worth it, but
this would require further investigation.

7 Conclusion and future work

In conclusion, the proposed algorithm solves the corridor fitting problem, outperforms
what already exists to compute PWL approximations with predefined pointwise max-
imal error, and does not require any non-linear optimization solver in contrast to the
recent contributions of [13, 16, 17]. Instances from the literature are solved in mere
milliseconds.

We also demonstrated how an approach based on the linearization of MINLPs
using this algorithm can obtain state-of-the-art results in a simple and almost black
box manner. As a next step, an exhaustive study of the advantages of utilizing LinA
across a broader range of MINLP classes should be conducted to characterize the
benefits and limitations of our approach. Further work could also be done on this
approach by exploring other types of errors when approximating a MINLP with a
MILP. Another interesting perspective is to generalize the linearizations to higher
dimensions by approximating functions with hyper-planes.

For the Julia package, a further improvement would be to utilize the specific struc-
ture of the polyhedrons in the coefficient spacewhile performingAlgorithm 3 to obtain
a sensible speedup while calculating the intersection as proposed in [14].
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Appendix A Solving the multicommodity network design problem
with congestion using LinA+MILP

A.1 Methodology

The solution method consists of identifying, for a given value ε, a PWL overestimator
f
ε
(x) that verifies Eq. (5).

f (x) ≤ f
ε
(x) ≤ f (x) + ε | f (x)| , ∀x ∈ D (5)

Let (P
ε
) be the MILP resulting from the replacement of all the non-linear functions

f by f
ε
. Let c∗ be the optimal cost of the initial MINLP and let c(P

ε
) denote the

optimal costs of P
ε
.

Solving (P
ε
) yields a upper bound for the MINLP that verifies c∗ ≤ c(P

ε
) ≤

(1 + ε)c∗. Thus, we can then extract a lower bound as c(P
ε
)

(1+ε)
≤ c∗. Moreover, the

upper bound can be improved by recomputing the cost of the solution of P
ε
using the

original cost function f .

A.2 Problem definition

Let A be the set of arcs, P be the set of commodities, and N be the set of nodes.
Each node i ∈ N has a fixed cost Ei , an initial capacity C0

i , an upgraded capacity
Cδ
i , a delay cost Di , a free flow classification delay Fi and a demand of commodity

p denoted Dp
i . Each arc (i, j) ∈ A has a fixed opening cost Oi j and a capacity Ui j .

Each commodity p ∈ P has a quantity to be shipped Wp and a unit routing cost
over arc (i, j) denoted Dp

i j . The mathematical formulation of the cMND requires the
following decision variables:

– continuous variables x p
i j ≥ 0 that specify the amount of flow of commodity p ∈ P

on arc (i, j) ∈ A
– binary variable yi j equal to 1 if arc (i, j) ∈ A is used and 0 otherwise
– binary variable zi equal to 1 if node i ∈ N is upgraded and 0 otherwise

The resulting mathematical formulation proposed by [15] is:

min
∑

(i, j)∈A

Oi j yi j +
∑

(i, j)∈A

∑
p∈P

Dp
i j x

p
i j +

∑
i∈N

Ei zi +
∑
i∈N

gi (x, z) (6)

s.t .
∑
j∈N+

i

x p
i j −

∑
j∈N−

i

x p
ji = Dp

i , i ∈ N , p ∈ P

(7)

x p
i j ≤ W pyi j , (i, j) ∈ A, p ∈ P

(8)∑
p∈P

x p
i j ≤ Ui j yi j , (i, j) ∈ A

(9)
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∑
j∈N−

∑
p∈P

x p
ji ≤ C0

i + Cδ
i zi , i ∈ N

(10)

x p
i j ≥ 0, (i, j) ∈ A, p ∈ P

(11)

yi j ∈ {0, 1}, (i, j) ∈ A
(12)

zi ∈ {0, 1}, i ∈ N
(13)

The objective function (6) minimizes the total cost of design, routing and capacity
augmentation, and cost congestion. The function gi (x, z) that appears in the last term
of the objective function models congestion and is expressed with Eq. (14) where α

and β are calibration parameters. Flow conservation constraints (7) ensure that the
demands are satisfied for each node. Constraints (8) make sure that no flow of any
commodity exists on an arc that is not selected. Constraints (9) limit the amount of
flow on an arc to the capacity of the arc. Finally, constraints (10) limit the total inflow
of node i by its initial or extended capacity. The remaining constraints give domain
definitions of variables.

gi (x, z) = Di

⎛
⎜⎝Fi

∑
j∈N−

∑
p∈P

x p
ji + β

(∑
j∈N−

∑
p∈P x p

ji

)α+1

(
C0
i + Cδ

i zi
)α

⎞
⎟⎠ (14)

This formulation is not suitable for a direct application of the LinA+MILPmethod-
ology because it contains bivariate nonlinear terms gi (x, z). Hereafter, we propose a
reformulation containing only univariate nonlinear terms. The idea is simply to com-
pute explicitly the quantity of flow where upgrading becomes optimal and to define a
univariate function switching from the upgraded and non-upgraded cost at that point.

Let us introduce a new variable vi defined as follows: vi = ∑
j∈N−

∑
p∈P x p

ji ,∀i ∈
N . Under the new variable definition, the congestion functions can be expressed with
Eq. (15). Let us define |N | functions hi (vi , zi ) as hi (vi , zi ) = gi (vi , zi ) + Ei zi with
i ∈ N . These multivariate functions can be reduced to univariate functions as defined
in Lemma 5.

gi (vi , zi ) = Di

(
Fivi + β

(vi )
α+1

(
(
C0
i + C+

i zi
)α

)
, i ∈ N (15)
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Fig. 11 Example of congestion function fi (vi )

Lemma 5 For any i ∈ N, there exists a scalar V+
i ∈]0,C0

i +C+
i ] such that hi (vi , zi )

can be reduced to a univariate function fi (vi ) that verifies Eq. (16).

fi (vi ) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

f <
i (vi ) = Di

(
Fivi + β

(vi )
α+1(

C0
i

)α

)
, if vi ≤ V+

i

f >
i (vi ) = Ei + Di

(
Fivi + β

(vi )
α+1(

C0
i + C+

i

)α

)
, otherwise

(16)

Proof From (16), we derive Eq. (17).

(
f <
i (vi ) − f >

i (vi )
)′ = (α + 1)vα

i Diβ

(
1(

C0
i

)α − 1(
C0
i + C+

i

)α

)
(17)

Since α > 0, β > 0, Di > 0,C0
i > 0,C+

i > 0 and vi ≥ 0, then(
f <
i (vi ) − f >

i (vi )
)′ ≥ 0,meaning that the difference f <

i (vi )− f >
i (vi ) is non decreas-

ing as illustrated on figure 11. Let V+
i be the value that verifies f <

i (V+
i ) = f >

i (V+
i )

and can be computed with Eq. (18).

V+
i = exp

⎛
⎜⎜⎝
ln Ei − ln Di − ln β − ln

(
1
C0
i

− 1
C0
i +C+

i

)
α + 1

⎞
⎟⎟⎠ (18)
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Therefore ∀vi ≤ V+
i , so it is cost-effective not to upgrade the capacity at node i ,

which leads to function hi (vi , zi ) = f <
i (vi ). On the other hand, ∀vi ≥ V+

i , so it is
cost-effective to upgrade the node capacity of i , which leads to the function hi (vi , zi ) =
f >
i (vi ). Taking into account both cases leads to function hi (vi , zi ) = fi (vi ) from Eq.

(16).
��

The resulting linearly constrained non-convex MINLP formulation of the cMND
with a sum of univariate nonlinear terms in the objective function is the following:

min
∑

(i, j)∈A

Oi j yi j +
∑

(i, j)∈A

∑
p∈P

Dp
i j x

p
i j +

∑
i∈N

fi (vi )

(19)

s.t . (7) − (9)

(20)∑
j∈N−

∑
p∈P

x p
ji = vi , ∀i ∈ N

(21)

(11) − (12)

(22)

vi ∈ [0,C0
i + Cδ

i ], ∀i ∈ N . (23)

Solving this formulationwith theLinA+MILPmethodology from sectionA.1 requires
replacing each nonlinear function fi with the piecewise linear functions f

ε

i verifying
Eq. (5). In practice, most modern commercial solvers such as CPLEX and GUROBI
offer the possibility to handle piecewise linear functions automatically. We make use
of that feature and let the solver handle the PWL functions.

Remark 6 Eachnonlinear function fi (vi ) is not differentiable at vi = V+
i soAlgorithm

5 cannot apply directly. However, the functions are C1 on each of the subdomainsD1 =
[0, V+

i ] and D2 = [V+
i ,C0

i + C+
i ]. We can, therefore, linearize on both subdomains

and concatenate the resulting piecewise linear function. We could also use Algorithm
3 to find the segment that crosses V+

i .
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