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Abstract

In this paper we introduce a new algorithm for the k-Shortest Simple Paths (k-SSP)
problem with an asymptotic running time matching the state of the art from the liter-
ature. It is based on a black-box algorithm due to Roditty and Zwick [30] that solves
at most 2k instances of the Second Shortest Simple Path (2-SSP) problem without
specifying how this is done. We fill this gap using a novel approach: we turn the scalar
2-SSP into instances of the Biobjective Shortest Path problem. Our experiments on
grid graphs and on road networks show that the new algorithm is very efficient in
practice.

Keywords K-shortest simple path - Second shortest simple path - Biobjective path
search

Mathematics Subject Classification 05C38 - 05C85 - 65K05 - 68R99 - 90B99

1 Introduction

Given a directed graph D = (V, A) and a scalar arc cost function ¢ : A — R, we
assume paths to be tuples of arcs and define a path’s cost as the sum of the cost of its
arcs. Then, the optimization problem treated in this paper, the k-Shortest Simple Path
problem is defined as follows.
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Definition 1 Given a directed graph D = (V, A), two nodes s, t € V, an arc cost
function ¢ : A — Rso, and an integer k > 2, let Py, be the set of simple s-z-
paths in D. Assume Py, contains at least k paths. The k-Shortest Simple Path (k-SSP)
problem is to find a sequence P = (pi, p2, ..., pr) of pairwise distinct s-¢-paths
with ¢(p;) < c(pi41) foranyi € {1, ...,k — 1}, s.t. there is no path p € P\ P with
c(p) < c(px). We refer to the tuple Z := (D, s, t, ¢, k) as a k-SSP instance and call
P a solution sequence.

Some years ago, Roditty and Zwick [30] published a paper in which they explain
how, in theory, the k-SSP can be solved by solving O (2k) instances of the Second
Shortest Simple Path (2-SSP) problem. However, they do not specify how these arising
subproblems can be solved efficiently. In this paper we choose a rather uncommon
and novel approach: we suggest to solve the 2-SSP problem converting this scalar
optimization problem into an instance of the Biobjective Shortest Path (BOSP) prob-
lem. General BOSP instances can have an exponentially sized output. However, the
properties of our new bidimensional arc cost functions allow us to polynomially bound
the output size of our 2-SSP-related BOSP instances. By doing so, our new approach
paired with the k-SSP algorithm by Roditty and Zwick [30] matches the state-of-the-art
asymptotic running time of other k-SSP algorithms in the literature. These algorithms
need to ensure that the found paths are simple by checking the node-set of every sub-
path. Our biobjective arc cost functions allow us to conduct this check by comparing
two integers only.

1.1 Literature overview

The oldest reference on the k-SSP we could find in the literature is the work by Clarke
etal. [9]. A detailed and highly recommendable literature survey on this topic is given
by Eppstein [14]. Figure | gives a visual overview of publications that are relevant for
our paper. The figure serves also as an outline for this section. We assume the reader
is familiar with basic concepts in Multicriteria Optimization; necessary background
can be read in e.g., [12].

To solve the k-SSP problem efficiently, algorithms need to keep track of the s-z-
paths found so far and be able to avoid the generation of duplicates without the need to
pairwise compare a new path with every existing path. All relevant k-SSP algorithms
do so using an optimality structure called deviation tree first devised by Lawler [22],
to be discussed in Sect.2. It is based on the consideration of subpaths. For a node
v € V along a path p, we write v € p.

Definition 2 Given a digraph D = (V, A) and a simple u-w-path p in D between
distinct nodes u, w € V, we denote a subpath of p between nodes v, v’ € p by
pU'~ V. Thereby, if v = u we call p*~? = p“~V a prefix of p and if v/ = w we call

pUv = pvT¥ a suffix of p.
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Fig. 1 Relevant literature for this paper. The green node represents the optimality structure used by all
algorithms to keep track of the solution paths as they are found and to avoid duplicates (see Sect.?2).
Red nodes symbolize solution approaches. Blue nodes refer to k-SSP algorithms. If a blue node has solid
background, the corresponding algorithm has a state of the art asymptotic running time
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Note that in the last definition, the entire u-w-path p, modeled as the subpath p
is simultaneously a prefix and a suffix of p. This special case is of no relevance for
the remainder of the paper.

The classical k-SSP algorithm is due to Yen [34]. It performs k iterations and starts
with a solution sequence P = (p;) containing only a shortest s-t-path p;. In the i
iteration, i € {1, ..., k},an i™h shortest s-t-path p; is considered. For any node v € V,
we denote its set of outgoing arcs by §* (v). For a node v € p;, the set

Af(v):={aest(v)|aep;,1<j<i)

contains all outgoing arcs of v that are contained in a path p; for j € {1,...,i}. If we
fix anode w € p and we consider the prefix pi— ", we write D\{A;L(w) U pi—Y
and refer to the subgraph

Dy = (v \(wlvep=P vAw) A\ Aj(w)).

Using this notation, Yen’s algorithm computes the following set of s-¢-paths in its
i iteration.

S§—>v v—>t
{a|

qg=pi""0q"”", q"7" shortest v — 1 -path in Dp,.,v, Vv € pi}. )

The set is a solution to the so called Replacement Path (RP) problem. The paths
from this set and from all such sets computed in previous iterations are stored in a
priority queue of s-7-paths. Therein, paths are sorted in monotonically non-decreasing
order w.r.t. their cost. At the beginning of the (i 4+ 1)™ iteration, a cost-minimal path
is extracted from the queue. It is guaranteed to be a (i + 1)™ shortest simple s-z-path
and is thus stored in the solution sequence P.
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The simple s-¢-path p; has at most n nodes and thus, (1) contains at most n — 1
elements, each of them requiring a shortest path computation to obtain the suffix
q'~". Yen’s algorithm solves the RP instances iterating over the nodes in p; and
solving the corresponding shortest path instances. Using Dijkstra’s algorithm [11]
with a Fibnoacci Heap [18] for these queries, we obtain a running time for the solution
of the RP instances of

Trp := O (n(nlogn + m)). 2)

Since k RP instances, one per iteration, are solved during Yen’s algorithm, the
overall asymptotic running time is

O (kTgp) . 3)

Note that this running time is only achieved if Yen’s algorithm uses a data structure
called deviation tree to maintain the computed shortest paths. This deviation tree by
Lawler [22] (also called pseudo-tree in the literature [24]) is used to ensure that the
paths in (1) differ from each other without the need to pairwise compare them.

Kurz and Mutzel [21] recently published a k-SSP algorithm that also has an asymp-
totic running time of O (kTrp). The KM algorithm as we call it in this paper achieves
this running time without solving the RP problem as a subroutine. The algorithm can be
seen as a generalization of Eppstein’s algorithm [13] for the k-Shortest Path problem
in which the output paths can contain cycles. Instead of solving One-to-One Shortest
Path instances as required in (1), the KM algorithm solves One-to-All Shortest Path
instances, hence obtaining a shortest path tree from every search. These instances are
defined on the reversed input digraph and are rooted at the target node. The main idea
of the KM algorithm is that O (m) simple s-¢-paths can be obtained from such a tree
using non-tree arcs to create alternative s-f-paths. By doing so repeatedly, a cycle
may be constructed in which case the KM algorithm needs to compute a new short-
est path tree. In addition to its state of the art asymptotics, the efficiency of the KM
algorithm in practice is immediately apparent: in well behaved networks, only few
shortest path trees are needed since the swapping of tree arcs and non-tree arcs yields
enough simple s-7-paths. Indeed, in the computational experiments conducted in [21],
the KM algorithm clearly outperforms the previous state of the art k-SSP algorithm by
Feng [15]. This algorithm resembles Yen’s algorithm but partitions nodes into three
classes, being able to ignore nodes from one of the classes while solving (1). Due
to the reduced search space/graph, the One-to-One Shortest Path computations finish
faster than in Yen’s algorithm.

A main drawback of the KM algorithm, sometimes called SB algorithm in the
literature, is its memory consumption when it needs to store many spanning trees.
This issue was studied and addressed recently in [2, 3]. In their first work, Al Zoobi
et al. [2] study how they can speedup the SB algorithm by using dynamic updates of
the shortest path trees managed during the algorithm’s execution. This version of the
KM algorithm the S B algorithm and it is 1.5 to 2 times faster than the original KM
algorithm using the implementations and the computational environment by Al Zoobi
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et al. [2]. The authors also introduce a slower version of the KM algorithm that uses
notably less memory.

In Al Zoobi et al. [3] the authors further develop their work. Their main result is
to pair the SBx* algorithm with the algorithm by Feng [15] to design the Postponed
node-classification (PNC) algorithm. The PNC algorithm is 2 to 5 times faster than
the KM algorithm in the computational environment used in [3] for medium sized
road networks and & = 1000.

The current issue in the algorithmic landscape in the literature is that the imple-
mentation of the KM algorithm in [2, 3], is noticeably slower than the original
implementation used in [21]. In this paper we benchmark our new algorithm against
the implementation used in [21] because it is the fastest available k-SSP algorithm in
practice. For a very much needed future publication we are already in touch with all
authors to unify the k-SSP environments and benchmark all algorithms on the resulting
environment.

1.1.1 Better asymptotics and better computational performance

We have not yet mentioned two algorithms from those depicted in Fig. 1. The algorithm
by Gotthilf and Lewenstein [19] improves the running time bound (7) but it is not
practical. The algorithm first published in [31] cannot be asymptotically bounded by a
polynomial term but performs very well in practice. To finish our review, we elaborate
of these two types of approaches in this subsection.

The algorithm by Gotthilf and Lewenstein [19] (GL algorithm) improves the best
known asymptotic running time for the k-SSP problem. It makes use of the All Pairs
Shortest Path (APSP) algorithm introduced in [27] to achieve an asymptotic running
time bound of O (k(n*loglogn + nm)) . Here, the term (n? loglogn + nm) corre-
sponds to the APSP running time bound derived by Pettie, while & APSP instances
need to be solved in the GL algorithm. As a brief digression from the main focus of
the paper, we remark that a new APSP algorithm by Orlin and Végh [26] achieves an
asymptotic running time bound of O (mn) for instances with nonnegative integer arc
costs. Using this new algorithm as a subroutine in the GL algorithm, the following
result is immediate.

Theorem 1 (k-SSP Running Time for Nonnegative Integer Arc Costs) The k-SSP prob-
lem from Definition 1 with nonnegative integer arc costs can be solved in O (kmn)
time.

Despite the unbeaten asymptotic running time bound, the GL algorithm does not
perform well in practice. Solving &k APSP instances requires too much computational
effort.

There are k-SSP algorithms whose asymptotic running time bound is worse than (3)
and possibly not even pseudo-polynomial but that perform extremely well in practice.
The current state of the art among these algorithms is published in [31] and in [16], the
latter publication being based on the MPS algorithm [25]. Both algorithms are very
different from the ones we study here and space limits detain us from discussing them
in more detail.
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1.2 Contribution and outline

Figure 1 shows that there is a third approach to the k-SSP problem. Namely, Roditty
and Zwick [29, 30] show that the k-SSP problem can be tackled by solving at most 2k
instances of the Second Shortest Simple Path (2-SSP) problem. In their publications,
the authors do not specify how the 2-SSP instances arising as subproblems in their
algorithm can be solved efficiently.

We design, for the first time, a computationally competitive version of the black
box algorithm by Roditty and Zwick. To do so we use a novel algorithm for the 2-SSP
problem. This algorithm is based on a One-to-One version of the recently published
Biobjective Dijkstra Algorithm (BDA) [6, 8, 32].

In Sect.2 we describe the deviation tree, the optimality structure used throughout
the paper. In Sect. 3 we discuss our main contribution: a new 2-SSP algorithm using a
biobjective approach. Even if it might sound counter-intuitive to define a biobjective
subroutine for an optimization problem with scalar costs, its running time matches
the running time bound (2). In Sect.4 we describe the k-SSP algorithm by Roditty
and Zwick [30] that solves O (k) 2-SSP instances. In the final Sect.5 we demonstrate
the efficiency of our algorithm in practice, benchmarking it against the KM algorithm
[21].

2 Optimality structure—deviation tree

Consider a k-SSP instance Z := (D, s, t, ¢, k). A (partial) solution sequence P, =
(p1, ..., pe) for £ € [1, k] is represented as a deviation tree Tp, [22, 24, 30]. Tp, is a
directed graph, represented as a tree in which a node from the original graph D may
appear multiple times. The root node of Tp, is a copy of the node s in D and every
leaf corresponds to a copy of the node ¢. There are £ leafs and any path from the root
to a leaf is in one-to-one correspondence with an s-z-path in D.

Definition 3 (Deviation tree) Given a partial solution sequence Py as above, the devi-
ation tree T'p, is built iteratively.

For j =1, Tp, is a copy of the shortest s-f-path pj.

For any j € [2, £] assume that the path p; shares a longest (w.r.t. the number of
arcs) common prefix with the path p;,i < j.

S—>V S—>V

Let the prefix be pi™" = p; "
Then, Tp, is built by adding the suffix p;_’t to the copy of v along p; in Tp,_,.

Parent Path. The path p; has no parent path. For any path p;,i € {2, ..., ¢},
the parent path p; € Py is the path with the smallestindex j < i
with which p; shares the longest common prefix p;~". If p is
the parent path of p;, p; is a child path of p.

Deviation Arc, Deviation Node, Source Node. The path p; has no deviation arc,
its deviation node is s and its source node is also s.

For any path p;, i € {2, ..., ¢} the deviation arc is the first arc
(v, w) along p; after the common prefix of p; with its parent
path.
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Fig. 2 Left: Input graph D and arc costs for a k-SSP instance. Right: Deviation tree 7p corresponding to
the k-SSP instance defined on the left with k = 4

The node v is called the deviation node of p; and the node w
is called the source node of p;. For any path p € P, we write
dev(p) and source(p) to refer to these nodes.

Recall that we assume the paths in P, to be sorted non-decreasingly according to
their costs. Then, the parent path p of any path ¢ € Py is stored before ¢ in Py and we
have c(p) < c(q). Moreover, the inductive nature of Tp, guarantees that the deviation
node of p does not come after the deviation node of ¢q.

Example 1 The left hand side of Fig.2 shows a 4-SSP instance. We set P =
(p1, ..., pa) with p1 = ((s,v), (v,1)), p2 = ((s,u), (u, 1)), p3 = ((s, w), (w, 1)),
and ps = ((s,u), (u,v), (v, t)). The right hand side depicts the deviation tree Tp
as defined in Definition 3. When building Tp iteratively, p; is added first. Then, the
longest common prefix of p; and p; is identified to be just the node s. Thus, p> is
appended to s in Tp. The parent path of p is py, the deviation node is s, and the source
node is u. Adding p3 to Tp leads to the situation in which two paths, namely p; and
P2, share the longest common prefix with p3: the node s only. Hence, the parent path
of p3 is set by definition to be pi, the first path in P sharing the longest common
prefix with p3. p3’s deviation node is s and its source node is w. Finally, the path p4
is added to Tp. It shares its prefix pj—* of maximum length with its parent path p,
and thus its suffix PZ_)t = ((u, v), (v, 1)) is appended in Tp to the copy of the node
u along py in Tp. The deviation node of py4 is u and its source node is v.

2.1 Managing a deviation tree

We consider a k-SSP algorithm that maintains the output paths in a deviation tree Tp.
At the end of the algorithm, k simple paths are encoded in 7p. Every such path has at
most (n — 1) arcs and thus, the memory consumption needed to store Tp is in O (kn).
Note that for every path we might store a pointer to its parent path, and deviation arc
but this are implementation-dependent choices that we can safely assume to require
O (1) additional information per path.

Consequently, adding a new path to Tp is a O (n) time operation if the path’s parent
path is known. We will see in the remainder of the paper that new paths are calculated
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as deviations from their parent path. Thus, these deviations can store a pointer to their
parent path without the need to iterate over all paths in Tp to determine which one is
the parent path. Then, the pointer allows constant time access to a path’s parent path
in later stages of the algorithm.

3 Second shortest simple path problem

As already noted in the introduction, our new k-SSP algorithm solves instances of the
Second Shortest Simple Path (2-SSP) problem as its main subroutine. Our new 2-SSP
algorithm is the main contribution of the paper and we describe it in this section.

Consider a digraph D = (V, A), nodes s, t € V, and an arc cost functionc : A —
Rx>0.Z = (D, s, t, c) is an instance of the classical One-to-One Shortest Path problem
and we assume a shortest s-7-path p to be known. We define a two-dimensional arc
cost function y, : A — R? depending on p: for an arc a € A, set vp.1(a) == c(a)
and

1,ifaep
vp2(a) == {

0, otherwise.

The new arc cost function gives raise to a biobjective setting in which the optimality
of paths is defined using the dominance partial order on R?.

Definition 4 (Dominance and efficiency) Consider the function y,, as above and let ¢
be a path. We set y,(gq) := Zaeq ¥p(a). For any two nodes v, w € V and two v-w-

paths ¢ and ¢” we say that ¢ dominates q" if y,(q) < yp(q") and y,(q) # vp(¢').1f g
is not dominated by any other v-w-path, it is called an efficient or optimal path w.r.t.

Yp-

This notion of optimality gives is used in the definition of the One-to-One Biobjec-
tive Shortest Path (BOSP) instance. The problem is relevant in the paper because our
2-SSP algorithm partially solves a BOSP instance. It solves the instance only partially,
because we can derive a strong stopping condition as we explain below.

Definition 5 (Biobjective shortest path problem) Let the One-to-One shortest path
instance Z and the shortest path p be defined as above. The tuple IgOSP =(D,s,t,yp)
is an instance of the One-to-One Biobjective Shortest Path problem. The goal is to find
a set of efficient s-t-paths in D w.r.t. y,,. If multiple efficient paths have the same cost
vector, we are interested in a single representative path of this cost vector only. The
resulting output set is called a minimal complete set of efficient paths. We call Igosp
the BOSP instance associated with T and p.

As we show in Theorem 2, a second shortest simple s-z-path w.r.t. ¢ is the lexico-
graphically smallest or second-smallest efficient s-7-path to be processed in I{;OSP.

Definition 6 (Lexicographic order) Consider a BOSP instance as defined in Definition
5 and let ¢” and ¢’ be two paths with the same end nodes. Then, ¢ is lexicographically
smaller than ¢" if ), 1(q) < ¥p,1(¢") orif v, 1(q) = vp,1(¢") and v, 2(q) < vp.2(q").
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State-of-the art BOSP algorithms [1, 23, 32] process paths in lexicographically non-
decreasing order. This implies that when we design a 2-SSP algorithm that solves the
problem in a biobjective setting using the corresponding Igosp instance, the algorithm
does not need to compute a minimal complete set of efficient s-z-paths. It can stop
after at most two efficient s-f-paths are computed.

3.1 Benefits of solving the scalar 2-SSP problem in our biobjective setting

In Sects.3.1.1 and 3.1.2 we discuss the two main benefits of moving from the scalar
optimization setting in the 2-SSP to the biobjective optimization setting required to
solve the I{;OSP instances. Finally, in Sect.3.1.3, we explain why the IgOSP instances
are tractable, which is generally not the case for BOSP instances.

3.1.1 Subpath optimality/efficiency

As we show in Example 2, a second shortest simple s-z-path w.r.t. ¢ can contain
suboptimal subpaths. However, in the 7p4qp instances, efficient paths are built out
of efficient subpaths. Thus, we get a subpath optimality/efficiency property for our
solution paths that we can exploit in our 2-SSP algorithm.

Example 2 Consider the Igosp instance defined in Fig. 3 w.r.t. the shortest s-z-path p
in that graph. The shown graph contains two s-v4-paths:

g = ((s,v1), (v1, v4)) with c(q) = yp.1(q) =2
r = ((s, v1), (v1, v2), (v2, V3), (v3, v4)) Withc(r) =y 1(r) = 1

A decision made based on these costs favors the path r since c(r) < c(q). However,
the extension of r towards vy produces a cycle, causing any expansion of r to be
an invalid candidate for a second shortest simple s-f-path. Thus, when comparing
q and r both paths need to be recognized as promising candidates. Since ¢ shares
only one arc with p before it deviates, we have y, 2(q) = 1. For the same reason,
we have y,, »(r) = 3. Thus, y,(¢g) = (2, 1) and y,(r) = (1, 3) and both paths are
efficient/optimal s-v4-paths in our biobjective setting.

Note that v, is already visited by r’s subpath 7*7 2 with cost y, (r*~"2) = (0, 2).
After expanding g and r along the arc (v4, v2), we have y,, (g o (v4, v2)) = (4, 1) and
vp(r o (vs, v12)) = (3, 3). The expansion of r is dominated by *~ "2 and thus can be
discarded. That is not the case for ¢’s expansion and thus, the bad s-v4-path w.r.t. the
original cost function c is kept to built a second shortest simple s-¢-path.

The following theorem generalizes the situation described in Example 2.

Theorem 2 Consider a One-to-One Shortest Path instance T = (D, s, t, c) and let p
be a shortest s-t-path. Assume p has £ arcs. In the BOSP instance IgOSP a lexico-
graphically smallest s-t-path q that is efficient and fulfills vy, 2(q) < £ is a second
shortest simple s-t-path in D w.r.t. c. If the list of efficient s-t-paths in T gOSP is sorted
in lexicographically non-decreasing order, such a path q is the first or the second
element in the list.

@ Springer



358 P. M. de las Casas et al.

V4
|
\/?\Q

Q

N o 9
yd l AN
s — (0,1) — 1 (0,1) —> v2 —— (0,1) — v3 — (0,1) —— ¢

\ o) /

Fig. 3 IIIB)OSP instance for the shortest path p = ((s, vy), (v1, v2), (v2, v3), (v3,t)). The red arcs show a
s-vp-path that is not simple. Its s-v4-subpath is the shortest s-v4-path w.r.t. the original arc costs ¢ = y

Proof Any s-t-path g with y, 2(¢) > £ is not simple and thus not efficient w.r.t. y,,.
The reason is that by definition, there are £ arcs in D with y,, 2(a) = 1, namely the
arcs along p. Thus, a path with second cost component greater than ¢ uses one of
these arcs more than once. Since the first cost component of y), is non-negative, such
a path is dominated by p in Igosp. Moreover, since p is a shortest s-¢-path w.r.t. ¢
and ¢ = y),1, the cost ¥, 1(p) is minimal among the y,, 1 cost of all s-z-paths in D.

We conclude that if there exists an s-t-path ¢ with v, 1(g) = ¥,,1(p) and ¢ # p,
then g fulfills y, 2(gq) < £ and dominates p in Ilgosp- If there are multiple such paths
q, one of them with minimal y, >(g) value is a lexicographically smallest efficient
s-t-path in Igosp and since y), 1(q) = ¥p,1(p), it is a second shortest simple s-7-path
W.I.t. C.

Otherwise, if no such path ¢ exists, p is the unique lexicographically smallest s-
t-path w.r.t. y, and is efficient. The lexicographically next-smallest s-¢-path g that is
efficient then fulfills ¥, 1(q) > yp,1(p) and yp2(q) < ¥p2(p) = L. It is thus not
dominated by p. By assumption on ¢’s lexicographic position, there is no s-z-path g’
with y,,1(¢") = c(q) < ¢(q) = yp,1(q). This proves the statement. O

3.1.2 Recognizing cycles

An intrinsic necessity in k-SSP algorithms is to check if candidate paths are simple.
Generally, the check requires O (n) time on a graph with n nodes. It can be accelerated
if additional memory (e.g. to hash a path’s nodes) is used for the description of every
path but memory consumption then increases notably in a k-SSP setting with large
graphs and large values of k.

The second benefit of the usage of the y,, function is that this task becomes notably
easy. As shown in Example 2 and derived in the proof of Theorem 2, paths that are
not simple are dominated paths in ISOSP.

For any v € V consider a list P of efficient s-v-paths and assume that paths in
P} are sorted in lexicographically non-decreasing order. Let g be a candidate s-v-
path that is not lexicographically smaller than any path in P/ . In general, checking
if a path in P, dominates ¢ and, in turn, whether ¢ is simple, takes a proportional
amount of time w.r.t. the size of P, . However, a biobjective optimization technique
called dimensionality reduction [28] allows us to perform these dominance checks in
®(1) time. Dimensionality reduction is used in BOSP algorithms that process paths
in lexicographic order as in our case.
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3.1.3 The considered BOSP instances are tractable

Initially, using a biobjective subroutine in an optimization problem with scalar cost
sounds counter-intuitive. The reason is the intractability of the Biobjective Shortest
Path problem [20] and the consequent time and memory demands. The problem’s
intractability is caused by a possibly exponential number of efficient paths that need
to be computed, stored, and returned by any BOSP algorithm.

However, minimal complete sets of efficient paths in our Zy4qp contain at most
n — 1 paths. This is because the shortest s-¢-path p is simple and has at most n — 1
arcs. As a consequence, only n — 1 arcs in D have their second y, cost component
set to 1. Moreover, as discussed already, efficient paths are simple. These arguments,
coupled with the following lemma, prove the tractability of the IgOSP instances.

Lemma 1 ([17, Theorem 3.1]) Let X be the set of feasible solutions of a biobjective
optimization problem and f : X — Rxo x N the associated cost function. We refer
to its components as f1 : X — Rsg and fo : X — N. The cardinality of a minimum
complete set of efficient solutions is bounded by the size of the set { f>(x) | x € X'}.

3.2 Biobjective Dijkstra algorithm

Once we explained the benefits of our transition to a biobjective scenario in the last
subsection, we choose the One-to-One Biobjective Dijkstra Algorithm (BDA) [6, 8,
32] to solve the Zyqp instances. We explain the algorithm in this section.

The BDA features the currently best theoretical output sensitive running time and
memory consumption bounds for BOSP problems. As the name suggests, it proceeds
similarly to Dijkstra’s algorithm [11] for the classical Shortest Path problem. Most
importantly, it uses a priority queue of (sub-) paths that is sorted in lexicographically
non-decreasing order w.r.t. y,. Moreover, if a path g is extracted from the queue, no
path that is lexicographically smaller than ¢ is inserted into the queue later on. This
fact makes the BDA suitable for our purposes of solving 2-SSP instances because it
can exploit the statement of Theorem 2.

For any node v € V, two sets of s-v-paths are relevant during a BOSP algorithm.
The set P, of permanent s-v-paths is the set of efficient s-v-paths already known
and stored by the algorithm. At the end, the set P;; of permanent s-z-paths is the
algorithms’ output. The set E, of explored s-v-paths is the set of s-v-paths that have
been built by the algorithm but for which it can not yet decide if they can be discarded
or need to be made permanent.

BOSP algorithms have in common that at the beginning of every iteration, they
extract a lexicographically minimal path from the queue. This path g is an explored
path. Assume ¢ is an s-v-path for some v € V. If ¢ is neither dominated by nor cost-
equivalent to a path in PJ, it is added to this list and becomes a permanent s-v-path.
Then, g is concatenated with the outgoing arcs of v to obtain new explored s-w-paths,
(v, w) € 8T (v).

Biobjective shortest paths adhere to a dynamic programming principle: for any node
v € w, the efficient s-w-paths are built out of the efficient s-v-paths for v € §~ (w).
Moreover, given an s-v-path g, its concatenation ¢’ = g o (v, w) is built in ® (1) time.
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Thus, this operation is worth being repeated if the explicit storage of ¢’ increases the
memory and running time of the algorithms.

The BDA is the first BOSP algorithm in the literature that exploits this principle. Its
queue contains at most one explored path per node in the graph. For every node w € V,
w’s queue path is the lexicographically smallest explored s-w-path that is neither
dominated by nor cost-equivalent to any path in P;}, . When this path is extracted from
the queue and stored in the corresponding list P}, of efficient paths, the BDA rebuilds
the next explored s-w-path using the dynamic programming principle described above.
This idea is crucial to obtain the following running time and space consumption bound
for the BDA.

Theorem 3 ( [32, Theorem 3]) Let Z = (D, s,t,y) be a BOSP instance and set
Nmax := maxyey |Pjyland N =Y .y | P |. The BDA runs in O (N logn + Nmaxm)
time and uses O (N + n + m) space.

For further details regarding the (One-to-One) BDA, we refer to the original pub-
lications [8, 32]. A detailed discussion of the running time and space consumption
bounds for the BDA and other BOSP algorithms can be found in [6].

3.3 Second shortest simple paths using the BDA

The last sentence in Theorem 2 explains how we can adapt the BDA to solve our
2-SSP instance. As a BOSP algorithm, the BDA computes a minimal complete set
of efficient s-f-paths. Furthermore, as explained in Sect.3.2, it processes paths in
lexicographically non-decreasing order. Thus, by Theorem 2 we know that instead of
letting the BDA compute a minimal complete set of efficient paths, we can stop the
algorithm after it finds at most two efficient s--paths. We discuss the details in this
section.

We consider a 2-SSP instance IgOSP as in the previous subsections. Recall that
the shortest s-¢-path p is the only simple path with y»(p) = ¢, where ¢ denotes the
number of arcs of p. Following the arguments that led to Theorem 2 and its proof, we
only have the following two possibilities:

p is efficient in I]gOSP: In this case, p is the lexicographically smallest s-z-path.
The lexicographically next-smallest efficient s-¢-path g
fulfills yp 1(g) = c(q) > vp,1(p) = c(p) and ) 2(q) <
¥p.2(q) = £. Any other simple s-t-path ¢’ fulfills c(¢) =
Yp.1(q) < ¥p,1(¢") = c(¢’) and thus the BDA can stop
after ¢ is extracted from its queue and becomes a perma-
nent s-7-path.

p is not efficient in IgOSP: This can only happen if there is a simple s-¢-path g with
Yvpi1@ = ¢@ = yp1(p) = c(p) and ypa(g) <
vp.2(q) = L. The path ¢ fulfilling these properties and
with a minimal y, > value is the first efficient s-f-path
made permanent in the BDA. After that, the algorithm
can stop.
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From these possibilities we derive that the BDA for Igosp instances of the 2-SSP
problem can stop as soon as it finds a permanent s-t-path ¢ with y, 2(gq) < £. This
path ¢ is then a second shortest simple path for the original 2-SSP instance Z. Using
this stopping criterion, we define the following modified version of the BDA as our
new 2-SSP algorithm.

Definition 7 (BDA,ssp) The BDAjgsp is a 2-SSP algorithm. It modifies the BDA as
follows.

Input. In addition to a BOSP instance, the input of the BDAssp con-
tains a non-negative integer £.

Stopping Condition. The BDA,ssp stops whenever an efficient s-z-path g with
¥p,2(q) < € 1is extracted from the priority queue or when the
priority queue is empty at the beginning of an iteration.

Output. Instead of a minimum complete set of efficient s-7-paths, the
new BDAssp returns the suffix gV~ of the first efficient s-z-
path g with y, 2(q) < ¢ that it finds. Here, v is the node after
which p and g deviate for the first time. If such a path g does
not exist, the BDA»gsp returns a dummy path.

3.4 Asymptotic running time and memory consumption

Our setting in this section assumes a shortest s-z-path p with £ arcs to be given and
we look for a second shortest s-¢-path in the same graph. In the first paragraph of the
proof of Theorem 2 we derived that any efficient path g for the instance IgOSP fulfills
¥p.2(q) < £.Lemma 1 applied to Igosp implies that every minimum complete set of
efficient s-v-paths, v € V, has cardinality at most £.

For the set of efficient s-7-paths computed by the BDA»ssp we even know that it
contains at most two paths at the end of the algorithm. Sadly, we cannot mirror this fact
in the running time bound for the BDA»gsp. As explained in [4, 7] for a One-to-One
BOSP instance, a minimum complete set of efficient s-7-paths can contain fewer paths
than the number of efficient s-v-paths calculated for an intermediate node v. Thus,
even though it calculates at most two s-z-paths, the BDAsgsp may compute £ — 1
(not £ because s-t-paths are not propagated) s-v-paths for an intermediate node v.
Based on the running time bound of the BDA described in Theorem 3 and its memory
consumption derived in Theorem 3, we obtain the following result.

Theorem 4 The BDAssp solves a 2-SSP instance T := (D, s, t, ¢, 2) in time
O (n(nlogn + m)) 4
and uses
O (n?+m) 5)
memory.
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Proof In the original version of the BDA we set N = )" _\, N,, where N, is the
number of efficient s-v-paths calculated by the algorithm. Moreover, we have N <
N Nmax With Npax = maxyey Ny and in our BDA»gsp scenario Nyax < £ as discussed
already. The modifications defined in Definition 7 to the original BDA to obtain the
BDAssp do not have any further impact on the asymptotic behavior. Thus, for the
running time bound, we derive

O (nllogn + m) = O (L(nlogn +m)) € O (n(nlogn + m)).

Regarding the memory consumption bound, we get

O(n£+n+m)e(’)(n2+n+m> e(’)(n2+m>.

3.5 Properties of the second shortest simple path problem

In this section we discuss structural properties of the 2-SSP problem. On one hand,
these properties are helpful for the description of our new k-SSP algorithm intro-
duced in Sect. 4. On the other hand, they unveil how the 2-SSP problem relates to the
Replacement Path problem (1) that is solved by the classical k-SSP algorithm by Yen
[34] in every iteration.

The following easy statement is essential for the understanding of the remainder of
the chapter. The proof follows directly from Definition 3.

Lemma 2 Consider a 2-SSP instance and let P = (p1, p2) be a solution sequence
with associated deviation tree Tp. Then, pi is the parent path of p;.

In contrast to the definition of D\ p used for (1) we also delete p’s final node from
D in this section when building the subgraph D \ p of D.

Lemma 3 Consider a 2-SSP instance T := (D, s,t, c,2) and let P = (p1, p2) be a
solution sequence. Assume that (v, w) is p2’s deviation arc. The suffix path p¥ ™" is

a shortest w-t-path in the digraph D \ p5~".

Proof We can write p» = p{~ " o (v, w) o p¥' . If a w-t-path ¢ " with c(¢¥~") <

S—>V S—>v

c(p¥™") exists in D\ p3~" we have ¢(p2) > ¢(p{~" o (v, w) 0¢™ ") and p; would
not be a second shortest s-z-path in D. O

As a consequence of the last lemma, we formulate the following result.

Corollary 1 A second shortest simple path is given by

P> i= arg min lc(q) ‘q =pi7Vo(w,w)oqg" ",
w—t S—=v

q shortest w — t-path in D\ p;™", (6)

(v, w) € 5T (W)\ p1, Y v Ep]}.
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We observe that the solution p; in (6) is contained in the solution set (1) of a
Replacement Path (RP) instance. Thus, in a worst case scenario, the BDA,ssp needs
to do as much effort as an RP algorithm to find p; in the set (1) of RP solutions.
This intuition is formally mirrored in [33, Theorem 1.1]. The result states that, while
currently having the same complexity, a truly subcubic 2-SSP algorithm implies a
truly subcubic RP algorithm. Thus, it is unlikely to design an algorithm solving 2-SSP
instances faster than RP instances in the worst case.

However, for practical purposes the fact that the solution p; from (6) is included in
the set (1) unveils the strength of the BDAgsp as a 2-SSP algorithm: stopping after at
most two paths reach the target node ¢ reduces the number of iterations in comparison
to the need to solve O (n) One-to-One Shortest Path instances to calculate (1).

4 K-SPP algorithm by Roditty and Zwick using the BDA

Roditty and Zwick [30] discuss a black box algorithm for the k-SSP problem. It is a
black box algorithm because the authors do not specify how to solve the key subroutine
in their algorithm: the computation of a second-shortest simple path. Moreover, they
do not implement their algorithm in the paper. In this section we fill the gap using the
BDAjssp.

The algorithm presented in [30] performs 2k computations of a second shortest
simple path to solve a k-SSP instance Z := (D, s, t, c, k). It fills the solution sequence
P iteratively. In our exposition we assume that at any stage, the deviation tree Tp
associated with P exists implicitly. In particular, this allows us to use the notions from
Definition 3.

The pseudocode for our new algorithm is in Algorithm 1.

The global data structures of the algorithm are the solution sequence P and a priority
queue C of s-t-paths sorted according to the paths’ costs. Both structures are initially
empty. In its initialization phase, the algorithm computes a shortest s-¢-path p; in D
w.r.t ¢ and stores it in P as the first solution in the solution sequence (Lines 2 and
3). Additionally, a second shortest path p; is computed applying the BDAjggsp to the
Igé)SP instance (Line 4). The obtained path is inserted into C (Line 7). By Lemma 2 p;
is the parent path of p,. Every path in P has a list of blocked arcs associated with it. For
apath p, the list blocked(p) contains the deviation arcs from p’s children paths that
are already computed. Note that these sets of arcs coincide with the A;r(v) sets in our
description of Yen’s algorithm in Sect. 1.1. When looking for further deviations from
p, we delete the arcs in blocked(p) from the digraph to ensure that the deviations
leading to the already computed children paths of p are not computed again. Thus,
since py is a child path of pi, the deviation arc of p; is added to blocked(p;) (Line
6).

After the initialization, the main loop of the algorithm starts. It has k — 1 iterations.
Every iteration £ € [2, k] starts with the extraction of a minimal path from C (Line
9), which we call py. p¢ is immediately added to P after its extraction and it becomes
part of the final solution sequence (Line 10). Le., pg is an £ shortest simple s--path.
Then, two BDA3ssp queries are conducted.

@ Springer



364 P. M. de las Casas et al.

Algorithm 1: New algorithm for the k-SSP problem.

Input : k-SSP instance 7 := (D, s, t, ¢, k)
Output: Solution sequence P = (py, ..., py) of distinct simple s-¢-paths.

1 Priority queue of candidate s-z-paths C < (J;
2 p1 < shortest s-7-path in D;
3 Solution sequence P < (p1);
4 py < BDAjggp solution for ZIIB)OSP =(D,s,t,vp)s
5 (v, w) < Parent deviation arc of py;
6 Add (v, w) to blocked(py);
7 Insert pp to C;
s for ¢ € {2,...,k}do
9 R Extrdct path from C with min. costs;
10 Add py to the solution sequence P;
11 if ¢ == k then break

12 D <D \ p‘_)dev(m)

13 qsource(f’/)_” < BDAjgsp solution for IgOSP = (D, source(p). t. vp,):
u | if gSourcer)=r £ NULL then

15 New s-t-path g < psasource(p@) gsourcelp) =1,
16 (v/, w’) < Parent deviation arc of ¢;

17 Add (v, w’) to blocked(py);

18 Insert ¢ into C;

19 p < Parent path of py;

20 D <« D\(p* %P Ublocked(p));

21 gsource(P)=t  BDAsggp solution for I]IS’OSP = (D, source(p), t, ¥p);
n | if gseurce(P)>! £ NULL then

23 New s-t-path ¢ < ps—>source(p) source(p)—n;
24 (v, w’) < deviation arc of g;

25 Add (v, w’) to blocked(p);

26 Insert ¢ into C;

27 return P;

First BDAsssp calculation Let (v, w) = (dev(py), source(pg)) be the deviation
arc frgm pe as defined in Definition 3. We build the instance IBOSP = (D, w,t, Vo)
with D = D\ p)~". Recall that by Lemma 3, the suffix p}"~' is a shortest w--path in
D. Applying the BDA2gsp to the 2-SSP instance The Bosp- & second shortest simple w-z-
path g” " in D w.r.t. ¢ is searched. The result, if it exists, is a new suffix for the prefix
p; " Together, both subpaths build a new candidate s-7-path g := p;~" o g* 7.
Postprocessing If q is successfully built, py is its parent path. Moreover, ¢’s deviation
arc is added to the list blocked(py). Finally, g is added to C.

Second BDA»gsp calculation The second BDAssp query (Line 21) in every iteration
looks for the next-cheapest deviation from the parent path p of the extracted path py.
When building the corresponding 2-SSP instance IgOSP’ the deviation arcs from p’s
children paths must be deleted from the digraph D. Otherwise, the solution to IgOSP
would be an already computed deviation. These arcs are precisely those stored in
blocked(p). Apart from deleting the arcs in blocked(p) from D, we again delete
p’s prefix p* =3¢V from D and obtain the new subgraph D (Line 20). This ensures
that after the BDA,gsp computation, the concatenation of py_)source('"), where w is
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the adjacent node to v in p, and the result g¥ " is a simple path. If ¢ is successfully

built, the algorithm repeats the postprocessing of the first BDAssp computation. This
second BDA»ssp query finds a second simple w-z-path w.r.t. ¢ in the subgraph D
described above.

4.1 Correctness

Our Algorithm 1 is, in more detail, the k-SSP algorithm synthesized in [30, Figure 3].
The authors introduce the algorithm in [30, Section 3] and prove its correctness. Our
version of the algorithm specifies how to solve the arising 2-SSP instances using the
BDAssp and gives more insights into the data structures that are needed to obtain a fast
implementation of the algorithm in practice (cf. Sect. 5). Thus, proving the correctness
of Algorithm 1 is equivalent to the proof of [30, Lemma 3.4.]. We refer the reader to
the original paper to read the details.

Roditty and Zwick [30] do not specify that prefixes have to be deleted from D
before the BDA»ssp queries (Lines 12 and 20 in Algorithm 1). This is needed in our
variant of the algorithm to guarantee that the paths added to C are simple.

Lemma4 Let p be an s-t-pathin the solution sequence P of Algorithm 1 with deviation
node v and deviation arc (v, w). Let ¢* ! be a second shortest path computed in Line
13 or in Line 21. The s-t-path ¢ = p*~ " o gV~ is simple.

Proof For the computation of g% ~', we delete the prefix p*~" from D to build D.
Hence, both subpaths are node-disjoint. As discussed already, the non-negativity of
every y ensures that the path output by the BDAjssp is simple. Hence, ¢ does not
contain a cycle. O

The deletion of blocked arcs in the graphs D in Line 13 and in Line 21 ensures
that every s-7-path found in Line 15 or in Line 23 of Algorithm 1 is built and added
to C only once. These arcs are also deleted in [30, Figure 3].

Lemma5 ([30], Lemma 3.3.) Every s-t-path added to C is only added once.

The last two lemmas paired with the correctness of the BDAssp asa 2-SSP algo-
rithm (Theorem 2, Lemma 3, Corollary 1) applied to the subgraphs D in Algorithm 1
allows us to formulate the main correctness result.

Theorem 5 ([30], Lemma 3.4.) Algorithm 1 solves the k-SSP problem.

4.2 Complexity

We end this section analyzing the running time bound and the memory consumption
of Algorithm 1. For this analysis, it is important to have a 2-SSP algorithm with state-
of-the-art asymptotic behavior. In the original publication [30], the 2-SSP algorithm
was not specified and thus, the asymptotic behavior of the presented algorithm was
not derived.
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Theorem 6 Algorithm 1 solves a k-SSP instance T := (D, s, t, c, k) in time
O (kn(nlogn +m)). )

Proof The main loop of Algorithm 1 does k — 1 iterations. Except in the last iteration
where it does not compute new paths, it performs two BDA»gsp computations per
iteration. Thus, it computes (2k — 4) € O (k) new paths using the BDA,ssp. Using
the running time bound for the BDA,ssp derived in Theorem 4, we obtain the running
time bound (7) for Algorithm 1.

Note that we can neglect the effort for the concatenation of paths in Line 15 and in
Line 23 since they can be done in O(n) given that simple paths have at most (n — 1)
arcs.

The deviation tree is handled implicitly in Algorithm 1. However, the parent—child
relationships of paths (cf. Definition 3) are extensively used to delete subpaths from
D and to define the biobjective cost functions y. As discussed in Sect.2.1 the tree
holds copies of every path extracted from C in Line 9 and adding each of these k paths
requires O (n) time. The resulting O (kn) running time vanishes in (7).

Finally, the priority queue operations on C can also be neglected if we assume C
to be a binary heap. If the graph has m arcs, 2" is a bound on the number of simple
s-t-paths in the graph. This is because every simple s-¢-path can be encoded in a tuple
of m bits in which a bit is set to one only if the corresponding arc is in the path. Clearly,
there are at most 2™ different tuples. If k = 2™ is chosen and O (k) paths are stored
simultaneously in C, the binary heap operations take O (log2™) = O (m) time. O

Theorem 7 Algorithm 1 uses O (kn +n?+ m) memory.

Proof By Theorem 4 we know that any BDA,ssp query in Line 13 orin Line 21 requires
@) (n2 + m) space. Algorithm 1 does not run multiple BDA»ssp queries simultane-
ously. We store the paths in the solution sequence P, using the deviation tree Tp of
P (cf Definition 3) that allows us to use the parent—child relationships between paths
and the notion of deviation arcs, deviation nodes, and source nodes. In 7p every node
v € V can appear multiple times, one per path in P. Since simple paths have at most
n — 1 arcs, this results in O (kn) space.

As in the running time bound (7), the additional memory required to manage the
deviation tree can be neglected as explained in Sect.2.1. O

4.3 Implementation details

The performance of Algorithm 1 in practice depends on the number of iterations
required by the BDAjssp queries. Recall that the BDAjgsp is applied to BOSP
instances IgOSP that are built based on a given path p and that the algorithm can
stop after at most one efficient path other than p reaches the target; a very strong stop-
ping condition in practice. Intuitively, finding a second shortest simple path between
the input nodes source(p) and ¢ is a local search since only few nodes need to be
explored before the BDAjssp finds an efficient path that starts at source(p), devi-
ates from p, and reaches ¢ again. However, a BDAssp query that deviates from p but
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does not reach ¢ quickly, resembles a One-to-All BOSP algorithm. Thus, it performs
a rather global search that requires a lot of time. This situation is particularly bad if
the subgraphs D in Algorithm 1 do not contain any simple source(p)-z-path other
than pS°urce(P)=! This motivates the following pruning technique.

BDA»ssp Pruning Using the Paths’ Queue As soon as Algorithm 1 has at least k s-7-
pathsin P andin C,i.e.,assoonas | P|+|C| > k, we can possibly end BDA»ssp queries
before ¢ isreached or before the BDA»ssp heap becomes empty. In this scenario, set cost
¢ :=maxpec c(p). If the BDAssp extracts an s-v-path g forany v € V withc(g) > ¢,
the lexicographic ordering of the extracted paths during the BDAgsp guarantees that
no s-t-path p with costs c(p) < ¢ can be build using the suffix computed in that query.
Hence, the BDAssp query can be aborted. Note that the condition | P[4 |C| > k is met
after the %“h iteration at the earliest because in every iteration Algorithm 1 generates
at most two new s-¢-paths.

Pruning by Min Paths’ Queue Costs In graphs with multiple cost equivalent s-z-
paths we may avoid some BDAgsp queries. Suppose ¢* is the minimum cost of paths
stored in C at the beginning of an iteration, i.e. ¢* = min,ec{c(p)}. We denote the
set of paths in C with costs ¢* by C* C C. If at the beginning of an iteration in
Algorithm 1 we have | P| + |C*| > k, we can terminate the algorithm after extracting
the first k — | P| paths from the priority queue and storing them in P. The avoided
BDAssp queries would yield s-7-paths p with c¢(p) > ¢* and thus would not destroy
the optimality of the output sequence P.

5 Experiments

We now return to Algorithm 1 and assess its practical performance by comparing it to
the current state of the art: the KM algorithm introduced in [21].

5.1 Benchmark setup

We benchmark Algorithm 1 on 100 x 100 grid graphs, on random graphs, and on road
networks from parts of the USA. The choice of an artificially generated set of graphs
(grid graphs and random graphs) and the well known USA road networks from [10]
is common in the k-SSP literature.

Grid Graphs We consider a 100 x 100 undirected grid graph and model it as a directed
graph D with every edge substituted by two directed arcs as usual. On the digraph D
that has 10000 nodes and 39600 arcs, we define 10 different scalar arc cost functions
c. The arc costs are chosen uniformly and at random between 0 and 10. Each of these
cost functions, paired with the grid graph, builds a pair (D, c¢). For each of these
pairs, we define 200 s-¢-pairs, where s and ¢ are chosen uniformly at random from
the set of nodes in D. Finally, for every tuple (D, s, ¢, c), we define a k-SSP instance
7 :=(D,s,t,c, k) using different values for k as shown in Table 3.

Random Graphs We mirror the experiments conducted in [21] on random graphs.
These are generated using the Randgraph source code that is available in [10]. For
our experiments we build so called random connected Gnm graphs. For a given number
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Table 1 USA road networks

used for experiments Road network Nodes Arcs
NY 264,346 733,846
BAY 321,270 800,172
COL 43,566 1,057,066
FLA 1,070,376 2,712,798
LKS 2,758,119 6,885,658
CTR 14,081,816 34,292,496

For every graph, we define 200 s-¢-pairs uniformly and at random

ofnodesn € {2,4, 6,8, 10} x 103 and adensity d € {2, 3, 4, 6, 10, 20, 30, 40, 50} the
number of randomly generated arcs in the graph is set to m = ‘%. The generation of
the arcs starts with the computation of a spanning tree. This tree has always n — 1 arcs
and thus, m — (n — 1) are then randomly added. The integer cost of every arc is drawn
uniformly at random from the interval [0, 10°]. We choose the node with id 0 as the
source node and the node with id n — 1 as the target node in every graph. Note that we
interpret the resulting graphs as directed graphs and thus the connectivity of s and ¢ is
not ensured in our setting. Adding the backward arc to every arc produced in the graph
computation would highly increase the number of possible s-f-paths and thus cause
these instances to resemble the grid graph instances. Thus, we risk non-connectivity
of s and ¢ in our random instances. For every graph, we define k — SS P instances for
every k € {200, 500, 1000, 2000}.

Road Networks We consider a subset of the USA road networks D included in [10].
The size of the considered networks as well as their names are in Table 1. The cost for
an arc in the graph corresponds to the distance between its end nodes. We refer to the
resulting arc cost function by c. For the s-¢-pairs we draw 200 s-¢-pairs uniformly and
at random from each graph’s nodes’ set. The final k-SSP instances are then defined
using different values for k for every tuple (D, s, t, ¢) as shown in Table 7.

Benchmark Algorithm We compare our implementation of Algorithm 1 thatis available
in [5] with the implementation of the KM algorithm [21] kindly provided to us by the
authors. Both algorithms are implemented in C++ and use the same data structures
to store the graph. We explained the choice of the KM algorithm for our benchmarks
already in Sect. 1.1.

Environment We used a computer with an Intel(R) Xeon(R) Gold 6338 processor and
assigned 30GB of RAM and 2h=7200s for each instance. Both algorithms are compiled
using the g++ compiler and the -O3 compiler optimization flag. Our code repository
[5]includes the scripts used to run the KM algorithm (even though the code itself needs
to be requested from the authors). This is relevant since the implementation includes
some optional arguments that highly impact its performance. Our chosen configuration
resembles the performance of the best version of the algorithm referenced in [21].
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5.2 Results

To mitigate the impact of outliers on the reported averages we always report geometric
means in this section. We used the publicly available files results/evaluation
Grids.ipynband results/evaluationRoad. ipynb in [5] to generate the
tables and figures. The corresponding results folder also contains the detailed
output lines for every solved instance. Note that for every row in Table 3 and in Table
7 the evaluation scripts automatically generate scatter plots like the ones in Figs. 4, 5,
6,7.

The Time columns in the tables in this section always refer to the average (geomet-
ric mean) time needed by the corresponding algorithm on the instances it manages to
solve within the time and memory limits. Speedups are reported for instances that are
solved by both algorithms only. This is why in Tables 3 and 7 the Time columns do
not fully relate to the Speedup columns on rows representing instances’ sets in which
the KM algorithm solves more instances. Speedups are calculated as the time needed
by the KM algorithm divided by the time needed by Algorithm 1. Thus, speedups
greater than 1 indicate a faster running time for Algorithm 1. Instances that were not
solved by any of the two algorithms are not included in our reports.

5.3 Grid graphs

We summarize our results on grid graphs in Table 3. Table 2 explains the column
names that are not self-explanatory. For the chosen k-SSP instances on grids, we end
up considering 2000 instances for every fixed value of k. As shown in Table 3 up to
k = 10°, the KM algorithm and Algorithm 1 solved all instances. For k = 5 x 103
the KM algorithm fails to solve 49 instances and for k = 10° it does not solve
445 instances. All instances that are not solved by the KM algorithm are due to the
memory limit. In contrast, Algorithm 1 manages to solve all instances for every value
of k. Regarding the speedup, we observe that Algorithm 1 consistently outperforms
the KM algorithm. Moreover, the speedup increases as k increases. For k > 5 x 10*
the speedup is close to an order of magnitude.

The reason for both the unsolved instances and the slower running times of the KM
algorithm is that the algorithm is forced to compute too many shortest path trees as
shown in the column Trees in Table 3. In fact, for k > 10 it approximately needs to
compute a tree for every 5™ solution path. This is because the considered grid graph
is originally an undirected graph. After converting it to a directed graph by adding
antiparallel arcs, it contains many cycles. The KM algorithm initially computes a
shortest path tree and it can build O (m) paths from that tree by switching tree arcs
and non-tree arcs. This procedure works as long as the switch does not cause the next
s-t-path to be non-simple. Given the great amount of antiparallel arcs in the considered
grid graph, the KM algorithm cannot build many simple paths from one shortest path
tree.

The good performance of Algorithm 1 on grid graphs is due to the low number
of iterations that it requires in every BDA»gsp search. The column BDA»gsp in Table
3 reports how many out of at most 2k BDA»gsp queries are performed on average.
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Table 2 Explanation of columns in Tables 3, 7

Algorithm Column name Explanation

KM Trees Shortest path trees computed on average

Algorithm 1 BDAjssp BDAjssp queries on average. At most 2k — 4
BDAjssp X Average number of BDA,gsp queries that did not reach ¢
Iterations v/ Avg. iterations in BDAjgsp queries that reached ¢
Iterations X Avg. iterations in BDAggp queries that did not reach ¢

We see that due to the Pruning by Min Paths’ Queue Costs described in Sect.4.3,
Algorithm 1 can skip around 20% of the BDA»ssp queries on average. Whenever the
conducted queries find a new path, the average number of iterations in every BDA»ssp
query ranges from 20 to 28 as shown in the column Iterations « . This means that the
computed second shortest simple paths in Line 13 and in Line 21 are found quickly.
Moreover, in column BDA»gsp X we report the number of BDA»ssp queries that do not
find a suitable suffix to build a new s-z-path. There, BDA»ssp queries can fail either
because ¢ is not reachable or because the BDAygsp Pruning using the Paths’ Queue
explained in Sect. 4.3 avoids the computation of the suffix. As reported in the column
Iterations X, the stopping condition is fulfilled after 16 to 17 BDAsgp iterations hence
avoiding the computation of unneeded and large sets of efficient paths.

5.4 Random graphs

The results on random graphs allow for a detailed view on the behaviour of both
algorithms depending on the graphs’ size. In particular, we analyze the running times
w.r.t. the graphs’ number of nodes and the graphs’ density in Table 4 and in Table 5,
respectively.

Note that in these two tables, we do not report running times explicitly because
all instances are solved in less than a second. All instances in which s and  were
reachable are solved by both algorithms. Table 8§ in Section A resembles Tables 3 and
7 for random graphs. It contains information about the running times, the spanning
trees computed by the KM algorithm, and the BDAssp iterations conducted during
Algorithm 1.

Table 4 shows that for & = 200 the KM algorithm is faster than Algorithm 1. The
greatest speedup in favor of the KM algorithm is x0.84 on the graphs with 8000
nodes. From k& = 500 onwards, we observe that Algorithm 1 outperforms the KM
algorithm consistently. The speedup gets larger towards the lower right corner of
Table 4 indicating that larger instances are more beneficial for the new algorithm.

We observe similar results in Table 5. For graph densities equal to 3.5 or lower, the
KM algorithm is faster. In particular if the graph density is 1.5, it is consistently more
than twice as fast as Algorithm 1. From graphs with density 5 onwards, Algorithm 1
becomes the fastest algorithm in our comparison and again, speedups increase as the
instances become more complicated.
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Table 4 Speedups obtained in

the experiments on random Nodes n
graphs. The instances resemble k 2000.0 4000.0 6000.0 8000.0 10000.0

those used in [21]

200 1.05 0.95 0.94 0.84 0.88
500 1.18 1.12 1.12 1.1 1.09
1000 1.19 1.13 1.17 1.17 1.21
2000 1.19 1.19 1.27 1.33 1.38

In this matrix, the rows are indexed by the used values for k£ and the
columns by the number of nodes in the graphs. The entry (i, j) of the
matrix shows the geometric mean of the speedups for the instances
with k =i and n = j. Each entry encodes 200 instances

Table 5 Matrix representation
of the speedups obtained on

random graphs as in Table 4 k 15 20 35 50 100 150 200 250
200 026 044 088 112 125 115 1.03 097
500 033 055 098 123 145 14 134 127
1000 038 0.6 097 121 148 148 143 141
2000 044 067 105 123 157 159 158 156

Density m/n

In this matrix, the columns are indexed by the graphs’ densities. The
entry (i, j) of the matrix shows the geometric mean of the speedups
for the instances with k = i and density j. Each entry encodes 200
instances

The observed behavior on random graphs is explained by the fact that the KM
algorithm runs few One-to-All Shortest Path queries on instances in which it is faster.
Even if it has to run many such queries, the graphs with up to 10 000 nodes are small
enough to allow the queries to end fast. Still, Algorithm 1 beats the KM algorithm
when the instances grow.

5.5 Road networks

In Table 7 we summarize the results obtained on the road networks. Again, Table 2
explains the column names that are not self-explanatory. For every road network and
every value of k Table 7 contains a row showing the average results over the 200
possibly solved instances in that group.

Solvability The first noticeable difference between both algorithms is that even on
the smallest NY network, the KM algorithm fails to solve a considerable amount
of instances when k > 5 x 10* (see also Fig.4). Interestingly, also on the much
bigger networks, k = 5 x 10* constitutes a threshold beyond which the KM algorithm
struggles to solve multiple instances. Figure 5 shows an example. A look at the KM
Time column unveils that the average running times of the KM algorithm are way
below the time limit 7 = 7200s. Indeed, the KM algorithm’s bottleneck regarding
solvability is, as on grid graphs, the memory limit of 30GB. On graphs smaller than
LKS, Algorithm 1 manages to solve > 90% of the instances with k < 10°. The
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Table 6 Three example instances showing how the memory consumption of both algorithms evolve w.r.t.

k
k
Graph Source Target Algo. 102 104 10° 5% 10° 100
NY 155,780 208,552 NA 0.06 0.09 0.41 1.67 321
KM 0.04 0.41 6.65 51.24 104.30
FLA 615,805 1,048,187 NA 0.22 0.53 2.80 8.81 8.83
KM 0.15 0.32 1.71 7.27 11.43
LKS 784,525 753,822 NA 0.56 1.15 5.95 13.77 14.25
KM 0.34 1.61 31.29 - -

All values are specified in Gigabytes. NA means New Algorithm and refers to Algorithm 1

NY k=100000
600 1 a4 KM Algorithm
»  New Algorithm
500 1 ‘
A
A
400 A 4 .
E . & ‘ a*
2 3001 .o, .
[ . . .
200 4 . 4
A
A
A
100 A . . . Lay a0
. AA‘AAAAA‘AA AAA‘A‘A A a b
P W LWLy VIV IATY-" vy QY WY
04 Rl e oS

0

25

50

75

100

125

150

175

200

Instance

Fig.4 Results obtained from the 200 instances (if solved) defined on NY networks with k = 10°

percentage of solved instances with k > 5 x 10° on the LKS and the CTR networks
decreases rapidly. Again, time is not the problem. Whenever Algorithm 1 fails to
solve an instance, its because it hits the memory limit. At this point it is worth noting
that instances with k > 10° on road networks are novel in the k-SSP literature for
algorithms matching the running time bound derived in Theorem 6.

Running Times For k < 10 the KM algorithm is always faster than Algorithm 1. For
every other value of k and for every considered road network, Algorithm 1 is faster on
average. We can observe clearly that for every graph, the speedup grows with the value
of k. Only when the KM algorithm fails to solve a considerable amount of instances,
the speedup values decrease with increasing number of k. This is because on the
corresponding sets of instances, the KM algorithm solves the easier instances on which
Algorithm 1 is faster but not by a lot. The actual values for the speedup favor Algorithm
1 most clearly on the BAY instances. On this graph, speedups of over an order of
magnitude on average are reached for k = 5000 already. The speedup correlates with
the number of shortest path computations required by the KM algorithm. The BAY
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Fig.5 Results obtained from the 200 instances (if solved) defined on COL networks with k = 5 x 10°
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Fig.6 Results obtained from the 200 instances defined on FLA networks with £ = 5000

network seems to be particularly hard in this regard. FLA and LKS are interesting
networks. On many instances, there are often k s-z-paths with the cost of a shortest
path, regardless of the value of k. This makes the BDAssp pruning using the paths’
queue (cf. Sect.4.3) particularly powerful. However, the KM algorithm manages to
solve instances on these huge networks computing, on average, less than 51 and less
than 10 shortest path trees in FLA and LKS, respectively. For that reason, the speedup
achieved by Algorithm 1 on these graphs is smaller. See Fig. 6 for a visual example. On
such graphs, the main effort by the KM algorithm is checking if the computed paths
are simple. Still, for large values of k, Algorithm 1 outperforms the KM algorithm
on these networks regarding solvability and speed (see Fig.7). We can also observe
in Table 7 that the pruning techniques discussed in Sect.4.3 work well in practice.
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Fig.7 Results obtained from the 200 instances (if solved) defined on LKS networks with k = 100

The column BDAjssp X reports the average number of BDA»gsp queries that do not
find a relevant second shortest simple path. These searches, as explained in Sect.4.3,
could cause the BDA»gsp queries to compute minimum complete sets of efficient paths
for every reachable node. However, using our pruning techniques, we can see in the
column [lterations Xthat the average number of iterations on these searches remains
low. Often the required iterations on average are even lower than the iterations needed
in successful BDAssp queries (see column Iterations V).

5.5.1 Memory consumption

In Table 6 we report the memory consumption of the KM algorithm and our imple-
mentation of Algorithm 1 on three different road instances. For these experiments, we
increased the memory limits to 128G B. We measured the memory consumption of
both algorithms using the massif tool included in the valgrind suite. To our knowledge
this is a consistent way of measuring a program’s memory consumption without hav-
ing to add internal mechanisms to the third party implementation of the KM algorithm
to measure the space used by the data structures and solutions.

The NY instance in Table 6 is one on which the KM algorithm is fastest for all values
of k but k = 10°. On the reported FLA instance both algorithms perform close to their
average performance on this network regarding running times. Finally, the reported
LKS instance is a relatively easy one for Algorithm 1 on which the KM algorithm hits
the memory limit early (k = 10°).

We observe that for smaller values of k the KM algorithm keeps up with the memory
consumption of Algorithm 1 or is even more efficient in this regard. However, the
memory demands of the KM algorithm grow quickly and for example on the NY
instance for k = 10°, the KM algorithm requires around 35 times more memory
than Algorithm 1. On the FLA instance the memory consumption of both algorithms
is similar. Regarding the LKS instance, we see that for k = 10° the KM algorithm
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already uses twice as much memory as Algorithm 1 for k = 10°. Allin all, we observe
that the KM algorithm can be memory efficient if it needs to compute few spanning
trees but a fast growing memory demand is likely to happen as k grows.

Finally, note that on the FLA and LKS instances, the memory consumption of
Algorithm 1 barely grows from k = 5 x 10° to k = 10°. This is because the program’s
memory demand is dictated by the largest sets of efficient paths calculated during a
BDAjssp query. We called this parameter N in our analysis in Theorem 4. Once a
BDAssp query allocates a lot of space, this space is used by future queries since the
contents of the allocation (labels representing efficient (sub-) paths) can be overwritten.

6 Conclusion

We solve the k-Shortest Simple Path (k-SSP) using the black box algorithm by Roditty
and Zwick [30]. This algorithm solves at most 2k instances of the Second Shortest
Simple Path (2-SSP) problem as a subroutine. In their paper, the authors do not specify
how to solve the subroutine efficiently. Since it is a scalar optimization problem, solv-
ing it using biobjective path search sounds counter intuitive. However, in this paper,
we show that the 2-SSP can be solved as a biobjective problem using an appropriate
biobjective arc cost function. By doing so, we still adhere to the state of the art asymp-
totic running time bounds for the 2-SSP and the k-SSP problems. Moreover, we can
avoid the nodewise comparison of paths to determine if the computed (sub)paths in
our biobjective search are simple; a constant time dominance check suffices.

Given a shortest path with £ nodes, other k-SSP algorithms need ¢ One-to-One
Shortest Path computations to find a second shortest path. Our biobjective approach
integrates these £ searches in one biobjective path search and stops as soon as the
required second shortest path is found. For these reasons we are able to solve large
scale k-SSP instances efficiently in practice. Our experiments support this claim.

A Detailed results on Random graphs

See Table 8.
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