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Abstract
Split cuts are arguably the most effective class of cutting planes within a branch-and-
cut framework for solving general Mixed-Integer Programs (MIP). Sparsity, on the
other hand, is a common characteristic of MIP problems, and it is an important part of
why the simplexmethodworks sowell inside branch-and-cut. In thiswork,we evaluate
the strength of split cuts that exploit sparsity. In particular, we show that restricting
ourselves to sparse disjunctions—and furthermore, ones that have small disjunctive
coefficients—still leads to a significant portion of the total gap closed with arbitrary
split cuts. We also show how to exploit sparsity structure that is implicit in the MIP
formulation to produce splits that are sparse yet still effective. Our results indicate that
one possibility to produce good split cuts is to try and exploit such structure.

Mathematics Subject Classification 90C11 (Mixed integer programming)

1 Introduction

Cutting planes are fundamental in solving mixed-integer linear programs (MIPs).
Over the last 25 years, commercial solvers have accomplished remarkable progress,
achieving a machine-independent speed-up of the solution process by more than a
factor of 450,000 [10]. General-purpose cutting plane techniques, such as Gomory
Mixed Integer (GMI) cuts and Mixed Integer Rounding (MIR) cuts, are arguably the
most important contributors to this progress (see, for example, [12]).

To study the impact that a particular family of cuts may have, both theoretically and
computationally, a common approach is to consider the closure of those cuts. Given
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a family of cuts, its closure is defined as the intersection of all cuts belonging to the
same family that are obtainable from the original MIP formulation. On the theoretical
side, topics range from determining the polyhedrality of closures [17] to analyzing
their strength [8]. On the computational front, several authors proposed strategies
to empirically evaluate the strength of different closures by computing the amount
of integrality gap they close: we thus have computational evaluations of the Chvátal
closure [22], the split closure [6], the projected Chvátal-Gomory closure [14], theMIR
closure [19] and the lift-and-project closure [13].

We focus on the results on the split closure (or equivalently theMIR closure), which
consider the class of all split cuts [17], since these are the cuts that are most useful
in practice to solve MIPs [12]. Besides efforts on efficient generation of strong split
cuts (see for instance [2,18,24,25]), the split closure was shown to be a very tight
approximation to the convex hull of all feasible solutions in the corresponding MIP
[6,25]. On average it closes more than 75% of the integrality gap on MIPLIB 3.0 [11]
instances. The purpose of this work is to determine what will be the effect on this
integrality gap if we restrict ourselves to a subset of split cuts defined by its sparsity
properties. In the following discussion we motivate such choice of restriction.

Sparsity is a natural condition that helps in the linear algebra routines of the simplex
method [28], thus it is a desirable property of cutting planes forMIPs. Indeed, in almost
every cut generation procedure described in the articles we mentioned above, specific
heuristics are implemented to impose sparsity in the cuts, e.g., introducing a penalty
term in the objective of a cut generating problem tomake the resulting cut sparser [22],
applying a coefficient reduction algorithm to reduce the number of nonzeros the split
cut [18], and discarding all dense cuts to ensure that only sparse cuts are added [24].
The effect of sparsity has also recently been noted in a computational study by Walter
[29] where it is shown that equivalent, but denser versions of the same cuts negatively
affect performance of MIP solvers. Due to all this interest, there has also been some
recent work to analyze theoretically the strength of sparse cutting planes [20,21].

While cut sparsity is desirable, it is not entirely clear how to impose a limit on it
in a cut separation algorithm for split cuts. On the other hand, seeking sparsity in the
split disjunctions may lead to more tractable algorithms. For instance, lift-and-project
cuts [4] correspond to splits with the sparsest possible disjunctions, having only one
nonzero element. They are a strong subclass of split cuts, and are easy to separate. For
this reason, we chose to focus on sparsity of the split disjunctions in this work.

In theory, there is no guarantee that sparse disjunctions yield sparse cuts. Further-
more, there is no guarantee that sparse disjunctions are useful. As an example, consider
a polyhedron P := {x ∈ R

n : 1
3 ≤ x1 + x2 + · · · + xn ≤ 1

2 }. The split closure for P
is an empty set, since P is included in the split 0 ≤ x1 + · · · + xn ≤ 1. However, if
we consider only disjunctions with strictly fewer than n nonzeros, the corresponding
closure will be P , i.e. there are no such split cuts.

On the other hand, our computational experiments confirm the natural intuition
that, for typical sparse formulation, sparse disjunctions yield sparse cuts. Moreover,
as mentioned above, lift-and-project cuts [4] are examples of split cuts arising from
sparse disjunction, and they have been shown to be useful computationally.

One additional motivation to study the effect of sparsity is the recent result of
Bergner et al. [9] where they show that several benchmark instances have an almost
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block-diagonal structure called arrowhead, that is, a structure with several blocks that
are linked only by few linking variables and constraints. This shows that not only are
these benchmark instances sparse (on average, MIPLIB 2010 [27] instances only have
1.62% density), but in many cases such sparsity has an identifiable structure that can
be exploited. In fact, Bergner et al. [9] show that computing the convex hull of each
“block” can, inmany instances, lead to better dual bounds thanCPLEXcangive.There-
fore, searching for split cuts based on those blocks seems like a good idea.We note that
such a block structure immediately leads to some level of sparsity of the split disjunc-
tions by focusing only on the variables/constraints in each block to generate the splits.

The main contributions of this work can be stated as follows:

– We implement an approximate separation routine based on the work on Balas and
Saxena [6] that separates only split cuts whose split disjunctions are sparse and
whose split coefficients are small

– We show, empirically, that in spite of those restrictions, the gap closed by this
subclass of split cuts is still quite significant (on average 92% of the split closure
gap).

– Finally, we consider split cuts computed only from individual blocks of the arrow-
head structure of the instances.We show that they also largely preserve the strength
of general split cuts, in terms of gap closed.

These results help shed some light into what are important classes of split cuts that
we can focus our attention on studying.

In the rest of this paper, we present in more details such results. Section 2 lays out
the basic approach of Balas and Saxena [6] for the separation of split cuts, and briefly
introduces the automatic decomposition of Bergner et al. [9]. In Sect. 3, we detail
the implementation of our split cut separator. In particular, we describe exactly what
measures we took to obtain cuts that are numerically stable and effective, while being
verifiably valid. Section 4 presents the results of our computational experiments.

2 Background

In this section, we formally present the background necessary to explain our exper-
iments. We start by introducing how to optimize over an approximation of the split
closure and then discuss the developments related to the arrowhead decomposition.

2.1 Optimizing over the split closure

Consider a general MIP:

min{c�x : Ax = b, x ∈ Z
p
+ × R

n−p
+ } (MIP)

where A ∈ Q
m×n has full row rank, c ∈ Q

n and b ∈ Q
m . The linear programming

relaxation of (MIP) is

min{c�x : x ∈ P} (LP)
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where P = {x ∈ R
n+ : Ax = b}. For any (π, π0) ∈ Z

n × Z such that π j = 0 for
j ≥ p + 1, a split disjunction is defined as

π�x ≤ π0 ∨ π�x ≥ π0 + 1.

An inequality α�x ≥ β valid for P(π,π0) where

P(π,π0) = conv
({x ∈ P : π�x ≤ π0} ∪ {x ∈ P : π�x ≥ π0 + 1})

is called a split cut [17].
The problem of finding a violated split is NP-hard in general [15]. Following

Farkas’ Lemma, a most-violated split cut αT x ≥ β for P(π,π0) can be found by
solving the Cut Generating Linear Program

min α�x − β

s.t. α = A�y + s − y0π

α = A�z + t + z0π

β = b�y − y0π0

β = b�z + z0(π0 + 1)

normalization condition

y, z ∈ R
m, s, t ∈ R

n+, y0, z0 ∈ R+.

(CGLP(π, π0))

A derivation of (CGLP(π, π0)) and in-depth discussion of the normalization con-
dition were presented in [23]. The following remark on the nonnegativity of the
multipliers y and z is useful in simplifying our CGLP.

Remark 1 Suppose (CGLP(π, π0)) has an optimal solution under some choice of nor-
malization, and let (α̂, β̂, ŷ, ẑ, ŝ, t̂, ŷ0, ẑ0) be an optimal solution. Define ĉ ∈ R

m such
that

ĉ j :=

⎧
⎪⎪⎨

⎪⎪⎩

0 if ŷ j ≥ 0 and ẑ j ≥ 0,
−ŷ j if ŷ j < 0 and ẑ j ≥ 0,
−ẑ j if ŷ j ≥ 0 and ẑ j < 0,
−ŷ j − ẑ j if ŷ j < 0 and ẑ j < 0.

Then

α∗ := α̂ + A�ĉ, β∗ := β̂ + b�ĉ, y∗ := ŷ + ĉ, z∗ := ẑ + ĉ,
s∗ := ŝ, t∗ := t̂, y∗

0 := ŷ0, z∗0 := ẑ0,

is also an optimal solution (assuming that it, too, satisfies the normalization condition).
Moreover, we have that y∗ ≥ 0 and z∗ ≥ 0.
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Therefore, we may assume w.l.o.g. in (CGLP(π, π0)) that all multipliers are non-
negative since, as we will see below, our normalization allows it. In all subsequent
discussions we assume y, z ∈ R

m+.
The split closure C is defined as

C =
⋂

(π,π0)∈Zn×Z :
π j=0,∀ j≥p+1

P(π,π0).

Balas and Saxena [6] implemented an iterative procedure that alternates between a
Master Problem and a Separation Problem to find

min{c�x : x ∈ C}.

At each iteration, the Master Problem is a linear program of the form

min{c�x : x ∈ P, αt x ≥ β t , t ∈ T } (MP)

where {αt x ≥ β t : t ∈ T } is the set of all split cuts generated by the Separation
Problem so far. If x̂ is an optimal solution to (MP), the Separation Problem then
finds a valid cut violated by x̂ , or proves that x̂ ∈ C. The Separation Problem is a
mixed-integer nonlinear program obtained from (CGLP(π, π0)) with normalization
y0 + z0 = 1, and allowing (π, π0) to vary over Zn × Z. Formally, the separation
problem is stated as:

min α� x̂ − β

s.t. α = A�y + s − y0π

α = A�z + t + z0π

β = b�y − y0π0

β = b�z + z0(π0 + 1)

1 = y0 + z0
y, z ∈ R

m+, s, t ∈ R
n+, y0, z0 ∈ R+

(π, π0) ∈ Z
n × Z, π j = 0, j ≥ p + 1.

(SP)

In [6], (SP) is shown to be equivalent to a parametric mixed-integer linear program
with scalar parameter θ ,

min
0≤θ≤ 1

2

MILP(θ )

where MILP(θ ) is given by
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min s� x̂ − θ(π� x̂ − π0)

s.t. A�w + s − t − π = 0

b�w − π0 = 1 − θ

w ∈ R
m, s, t ∈ R

n+
(π, π0) ∈ Z

n × Z, π j = 0, j ≥ p + 1.

(MILP(θ ))

Therefore, the optimum to (SP) can be approximated from above by solving a finite
sequence of problems MILP(θ ) with varying values for θ .

2.2 Automatic detection of double-bordered block-diagonal structure

The idea of exploiting block-diagonal structure in sparse matrices has been widely
discussed in the contexts of numerical linear algebra and mathematical programming.
One motivation is that the diagonal blocks usually give rise to small independent sub-
problems well suited for parallel processing. Applications include solving systems of
linear equations arising from a discretization of a continuous domain, LU and QR fac-
torizations, and decomposition-based solution methods for structured (mixed-integer)
linear programs. In general, the constraint matrix A of (MIP) does not admit a block-
diagonal form, but it can be put into a k-way double-bordered block-diagonal form

⎡

⎢⎢⎢⎢⎢
⎣

D1 F1

D2 F2

. . .
...

Dk Fk

A1 A2 · · · Ak G

⎤

⎥⎥⎥⎥⎥
⎦

(DB-k)

for some k ≥ 1. This is sometimes informally called the arrowhead form. The con-
straints associated with rows in Ai are called linking constraints, and the variables
associated with columns in Fi are called linking variables.

Given a sparse matrix, Aykanat et al. [3] considered the problem of obtaining
a DB-k form by permuting its rows and columns. They reduce the matrix permutation
problem to that of graph and hypergraph partitioning. However, even when the number
k of blocks is fixed, computational experiments show that the resulting DB-k forms
demonstrate significant variability and are very sensitive to input parameters. To cope
with this, Bergner et al. [9] proposed to use a proxy measure to automatically detect
the “best” DB-k form, for the purpose of applying Dantzig-Wolfe reformulations to
general MIPs. Figure 1 shows a few examples of MIPLIB instances, with black dots
representing nonzero coefficients of the constraint matrix. The bottom row shows a
rearrangement of the columns/rows of the matrix evidencing the DB-k structure.

Asmentioned in the Introduction, themotivation to look at theDB-k structure is that
[9] showed Dantzig-Wolfe decomposition using DB-k structure was able to improve
the dual bounds obtained by CPLEX on several IP instances. This means that com-
puting the convex hull of each block would produce significant improvements. This
observation, combined with the fact that split cuts give a “reasonably good” approxi-
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Fig. 1 Original problem structure versus its DB-k forms

mation of the convex hull [6], suggested to use split cuts derived from each block in
our experiments. The resulting improvements were probably due to the DB-k decom-
position based on the sparsity pattern of the constraint matrix, as evidenced by [7],
where the idea of [9] was implemented using different randomDantzig-Wolfe decom-
positions and results showed that such other decompositions are “rather unlikely” to
produce strong dual bounds.

3 Implementation

In this section we outline the computational details of our implementation. We follow
the idea of Balas and Saxena [6] to approximate the optimal value of (SP) by solving
a sequence of parametric MILPs. Features prefixed by an asterisk (*) were already
present in [6]. Note that two of the following features (sparsity constraint and structure
constraint) are used only in specific experiments, as indicated later. The others are used
in all experiments, but we carry out additional computations in the appendix, to detail
their individual benefits.

*Parameter grid We denote by Θ the set of values of θ for which MILP(θ ) will be
solved. A uniform parameter gridΘ of points between 0 and 0.5 is created. The initial
size ofΘ is t , and we increase the number of grid points whenever necessary following
the criteria in Algorithm 2.

*Stabilizing objective To avoid unnecessarily weak cut coefficients (see [6] for a short
discussion), we replace x̂ in the objective of MILP(θ ) with

x̃ j := max{x̂ j , δ}, ∀ j,
for δ a small positive constant.

*Cut strengtheningOnce a feasible solution (w̄, s̄, t̄, π̄ , π̄0) toMILP(θ̄)with a negative
objective value is found, we feed (π̄, π̄0) to the corresponding Cut Generating Linear
Program (CGLP(π̄ , π̄0)) with normalization
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e�y + e�z + e�s + e�t + y0 + z0 = κ

for a fixed positive constant κ . This normalization is shown in [23] to produce stronger
cuts than the normalization y0 + z0 = 1 used in deriving MILP(θ ).

*Cut liftingWework in the subspace of the variables that are not at one of their bounds
in the incumbent solution, and lift the resulting cuts to the full space following the
approach described in [5]. Note that for the purpose of determining the variables that
are at a bound, we take the original value of the incumbent x̂ before the applications
of the stabilizing objective described above.

*Set covering In an effort to impose some orthogonality in the set of split disjunctions,
every time a split (π̄, π̄0) is found, we solve the set covering problem

min
z∈{0,1}p

⎧
⎨

⎩

p∑

j=1

min{x̂ j − 
x̂ j�, �x̂ j
 − x̂ j } z j :
p∑

j=1

I[π j �=0]z j ≥ 1,∀π ∈ S
⎫
⎬

⎭

(StCvIP(x̂,S))

where S is the set of splits already discovered, and I[k �=0] = 1 if k �= 0, I[k �=0] = 0 if
k = 0. Let ẑ be an optimal solution to (StCvIP(x̂,S)), then we impose π j = 0 for all
j ∈ { j : ẑ j �= 0} when solving the next MILP(θ ).

Fractionality constraint Split disjunctions (π, π0)where π� x̂ is too close to either π0
or π0 + 1 usually give rise to weak split cuts. To avoid that, we impose the bounds

σ ≤ π� x̂ − π0 ≤ 1 − σ (Con1)

for a small σ > 0.
Sparsity constraint To impose the condition that π is sparse with at most M nonzero
entries, we introduce binary variables r ∈ {0, 1}p and constraints

−Ur j ≤ π j ≤ Ur j , ∀ j = 1, . . . , p, and
p∑

j=1

r j ≤ M, (Con2)

where U is an artificial upper bound on the magnitude of the components of π .

Structure constraint Given a DB-k form of the constraint matrix A, to compute split
disjunctions whose support lie entirely in a block Di , we simply impose that:

π j = s j = t j = 0, ∀ j /∈ Ci
w j = 0, ∀ j /∈ Ri

(Con3)

where Ci and Ri are column and row index set of Di , respectively. In practice, by
fixing these variables, we are performing separation for a relaxation of the original
problem, constructed as follows. All the linking constraints and all the constraints
from other blocks are discarded. As a result, variables from other blocks do not appear
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anymore. The linking variables are kept but, by fixing the corresponding disjunc-
tion coefficients to zero, we are effectively disregarding any integrality constraint
on them.

Validity check For every split cut α�x ≥ β generated from CGLP with splits (π, π0),
we provide another certificate for the validity of the cut. Let

β̂l := min
x∈P

{α�x : π�x ≤ π0} and β̂u := min
x∈P

{α�x : π�x ≥ π0 + 1}.

Then it should always hold that β ≤ min{β̂l , β̂u}. If the inequality fails to hold, then
the cut is invalid and we discard it. This may be the case due to numerical issues within
the LP or MIP solver.

Cleaning up cut coefficients To prevent cut coefficients from being too large or too
small, once a split cut is returned by CGLP(π, π0), we scale the cut so that the great-
est absolute value of cut coefficients equals 104. Furthermore, after scaling we set
all cut coefficients whose absolute value is less than 10−6 to zero. In general, set-
ting a nonzero cut coefficient to zero may strengthen the cut and make it invalid,
but since our tolerance is small, the effect is small as well. Nonetheless, the valid-
ity of the cut is always subsequently certified by the independent checker. Note
that this scaling process also serves as an implicit dynamism control, i.e., the ratio
between the greatest and the smallest absolute value of cut coefficients is no greater
than 1010.

The cut generation procedure is summarized in Algorithm 1.

Algorithm 1: Cut Generation(x̂,Θ, γ, τ )

Input: Incumbent solution x̂ , parameter grid Θ , upper cutoff limit γ < 0, time limit τ , minimum cut
violation ε > 0, required properties of split disjunctions (Con1)–(Con3). Polyhedron
P = {x ∈ R

n+ : Ax = b} describing the constraint set of (LP).
Output: A set K of split cuts violated by x̂ .

1 K ← ∅, S ← ∅.
2 for θ ∈ Θ do
3 Solve StCvIP(x̂,S) and impose partial orthogonality if needed. Add applicable supplementary

constraints to MILP(θ ), as indicated: fractionality (all experiments), sparsity (second and third
experiments), structure (Con1)–(Con3) (third experiment).

4 Solve MILP(θ ) with time limit τ .
5 if Found a feasible solution (π, π0) to MILP(θ ) with objective value ≤ γ . then
6 Perform cut strengthening to get cut α�x ≥ β.

7 Perform cut lifting on cut α�x ≥ β.

8 Perform cut cleaning on cut α�x ≥ β.

9 if α� x̂ − β ≤ −ε then
10 βl ← min

x∈P
{α�x : π�x ≤ π0}, βu ← min

x∈P
{α�x : π�x ≥ π0 + 1}. β∗ ← min{βl , βu}.

11 if β ≤ β∗ then
12 K ← K ∪ {α�x ≥ β}, S ← S ∪ {π}.

13 return K.
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Time limit on the MIP solver Mixed-integer linear programs are much harder to solve
than linear programs in general. As a result, even finding a feasible solution toMILP(θ )
can be extremely time-consuming. We observed that this is frequently the case, in
particular, when separating a point that is close to the closure we aim to optimize over.
Therefore, a deterministic time limit of 800 ticks (roughly 1 s) is set for each MILP(θ )
we process. We use CPLEX’s deterministic time [16] (ticks) so that the results are
reproducible and comparable across different machines.

DynamicsAt each iteration, if no cut is generated because we could not find a feasible
solution to MILP(θ ), we increase the time limit to 48,000 ticks (roughly 60s) and the
upper cutoff limit of the objective value. If there is no improvement in the optimal
objective value of the Master Problem for a while (see Algorithm 2), we increase
the number of grid points and add more cuts per iteration. Furthermore, in order to
control the number of cuts presented in the Master Problem, we delete all cuts that are
nonbinding in the incumbent solution every five iterations.

Global time limit The whole process is terminated if the entire computation time
exceeds a global time limit.

Details of the iterative procedure are described in Algorithm 2. Recall that the
algorithm would be an exact separation algorithm only if MILP(θ ) was solved for all
0 ≤ θ ≤ 1

2 . Since (like Balas and Saxena [6]) we discretize the interval, we get an
(outer) approximation of the split closure. More precisely, the numbers we report are
lower bounds on the gap closure corresponding to the first split closure.

Algorithm 2: Overall cut generation loop

1 Initialization.
Choose initial parameter grid size t , upper objective value cutoff limits
γ1 < γ2 < 0, deterministic time limits τ1 = 800 ticks, τ2 = 48,000 ticks. Set
iteration counter Iter = 0. Denote k the number of blocks in a given DB-k
from; if no decomposition is available, set k = 1.

2 TimeLimit ← τ1, Cutoff ← γ1.
3 Iter ← Iter + 1. Solve (MP) and obtain optimal solution x̂ . Denote n the

number of consecutive iterations where no improvement in the optimal
objective value is made. Delete nonbinding cuts if necessary.

4 if n = 100 then return x̂ .
5 Update parameter grid size in the current iteration.

if 0 ≤ n ≤ 39 then s ← 2
0.1n�t . else s ← 16t .
6 Set parameter grid Θ uniformly with |Θ| ← s.
7 Separation.

for j = 1, . . . , k do Generate a set K( j) of cuts following
CutGen(x̂,Θ,Cutoff,TimeLimit) for block j .

8 if
⋃k

j=1K( j) �= ∅ then Add cuts to (MP), go to 2.
9 else if TimeLimit= τ1, Cutoff= γ1 then TimeLimit ← τ2, go to 7.

10 else if TimeLimit= τ2, Cutoff= γ1 then Cutoff ← γ2, go to 7.
11 else if TimeLimit= τ2, Cutoff= γ2 then return x̂ .
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4 Computational experiments

In this section we first discuss the practical setup for our experiments, then present our
computational results.We implemented our code in C, with IBM ILOGCPLEX 12.7.1
as black-box MIP and LP solver. The computations were conducted on an assortment
of machines with x86_64 architecture CPUs. In order to ensure reproducibility, all
machines used the same single-threaded binary code, and all time limits made use of
CPLEX’s deterministic time feature [16], aside from the global time limit.

4.1 Choice of model parameter values

The values of various model parameters used in the computation are summarized in
Table 1. An asterisk (*) indicates that the parameter does not apply to all experiments.
We also present below a brief motivation for our choices.

In their experimental analysis, Balas and Saxena [6] noted that the split disjunctions
they computed generally featured two interesting characteristics. Although not being
intentionally restricted,

(i) most split disjunctions had a support of size between 10 and 20, irrespective of
the size of the problem; and

(ii) most split disjunctions did not have very large coefficients, with the average coef-
ficient size per iteration typically being less than 5.

We chose the sparsity parameter of M = 10 to reflect the lower end of that spectrum.
When attempting to limit the size of the split coefficients, we chose bounds U = 1
(i.e., −1 ≤ π j ≤ 1, for all 1 ≤ j ≤ p) since these would be the simplest splits
obtainable. When only sparsity constraints were enforced, we set U = 100 (i.e.,
−100 ≤ π j ≤ 100, for all 1 ≤ j ≤ p) to allow for splits with somewhat larger
coefficients.

At each iteration, the initial parameter grid size depends on whether a DB-k form
of the constraint matrix is supplied or not. If no DB-k form is given, we set t = 80,

Table 1 Model parameter values used in computation

Measure Parameter Value

Maximum number of nonzero components in π (*) M 10

Bounds on |π j |, 1 ≤ j ≤ p (*) U 1 or 100

Initial number of grid points (without DB-k form) t 80

Initial number of grid points (with DB-k form) t 20

Normalization constant κ 104

Minimum nonzero objective coefficient δ 10−4

Upper cutoff limits of objective value γ1, γ2 −10−3, −10−5

Minimum cut violation ε 10−6

Fractionality bound σ 0.025
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Table 2 Gap closed as a
percentage of the best known
gap closure (from [6,19])

Relative gap closed (%) # Instances

> 100% 9

≥ 99% 20

≥ 90% 26

≥ 50% 29

< 1% 25

and 80 MILP(θ) are processed; if a decomposition is given, then we set t = 20 for
each of the k blocks, and therefore 20k MILP(θ) are processed in total.

For the fractionality boundσ on the set of split disjunctions, a natural value could be,
for example, the integrality tolerance 10−6. Although more split cuts may be obtained
by using such a loose bound, we impose a rather strict 0.025 bound instead. In practice,
this led to more gap closed per iteration on average and more gap closed overall within
our time limits. Adding a fractionality bound also helped preventing MILP(θ ) from
yielding unviolated split disjunctions due to numerical errors.

4.2 Computational results

4.2.1 First experiment: how does our implementation compare with the best
available results?

To check whether our implementation was reasonable, we first tested it on theMIPLIB
3.0 [11] instances, in a configuration where it approximates a straightforward split cut
separator, i.e., without any sparsity or structure constraints on the split disjunctions.
Artificial lower and upper bounds ±100 are applied on the disjunction coefficients
(U = 100), which allows for a reasonably large subset of all disjunctions to be
considered. The entire computation time for each instance is limited to 24h, including
the time taken to check cut validity.1 At termination, we measure the final percentage
of integrality gap closed, which is then compared with the best of the bounds given
in [6] and [19]. For each instance, we look at that percentage of gap closure divided
by the best of the analogous results in [6] and [19]. We do this comparison on the 57
instances where the best known gaps are strictly positive. Table 2 shows the number
of instances that fall within various categories based on this ratio. In particular, on 9
instances, we closed more gap than the best available result, and on 26 instances we
closed at least 90% relative gap.

On the other hand, we closed less than 1% relative gap on 25 instances. As shown
in Fig. 2 where each dot represents an individual instance, those are generally the
instances that have the most integer variables. While there are many plausible expla-
nations for our poor performance in this large set of instances, an important one is
that the parameters in our code were not fine-tuned for this experiment, but rather for
the experiments considering sparsity. When changing the values of parameters such

1 Note that neither [6] nor [19] have any cut validity procedure and also that [6] has no time limit on their
experiments
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Fig. 2 Gap closed as a percentage of the best known gap closure (from [6,19]), versus number of integer
variables

as the number |Θ| of grid points and the fractionality bound σ , we were able to close
significantly more gap on these 25 instances. The purpose of this experiment was
to determine if our implementation was comparable with earlier ones, which seems
to be the case to some extent (more convincing evidence is provided by subsequent
experiments).

While we use the same algorithm as Balas and Saxena [6] in theory, the large
number of implementation choices one has to make in practice can result in wide
variations on individual instances. Part of our objective with this paper is to more
thoroughly document one such set of choices. On the other hand, we show in the
appendix that a modified, but equivalent, implementation of the separation routine
can lead to significantly more gap closed, which is more consistent with the results
reported by Balas and Saxena [6]. However, since devising a better ad-hoc separation
routine for arbitrary split cuts was not the goal of this work, we proceed with our
original implementation in all subsequent experiments.

4.2.2 Second experiment: how does sparsity help?

In this section, we evaluate the relative strength of split cuts (i) whose split disjunctions
are sparse and (ii) whose split coefficients are also small. We ran our implementation
again on theMIPLIB3.0 instances, firstwith the additional sparsity constraint obtained
by setting M = 10. Note that the “structure constraint” described in Sect. 3 is not used
yet in this experiment. Then, we additionally considered±1 bounds on the disjunction
coefficients (that is, settingU = 1). As was the case earlier, a time limit of 24h was set
for all computations. Table 3 shows the details of our results. The first column of the
table shows the best gap given in [6,19], followed by results obtained with arbitrary
disjunctions, sparse disjunctions, and sparse disjunctions with±1 bound, respectively.

In each setting, column% time checking shows the percentage of the total compu-
tation time that was spent checking cut validity, and column NR shows the number of
rounds of cutting planes that were added. Observe that on a few large instances, the
time spent on checking took most of the computation time. For example, in comput-
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Fig. 3 Number of MIPLIB 3.0 instances versus gap closure in three different settings

ing the gap closed by sparse disjunctions with ±1 bounds on the instance air04, of
the 24h spent, only 5% contributed to the actual computation. The remaining 95%
was all dedicated to the verification of cut validity. We should thus expect that the
bound obtainable on these large instances should be greater than the result shown in
Table 3, had we chosen a longer time limit. Nonetheless, by restricting ourselves to
split disjunctions with at most 10 nonzero coefficients, we still obtained significantly
better results in terms of relative gap closed on instances that have a large number
of integer variables, as opposed to the poor performance we observed with arbitrary
disjunctions. To help visualize the impact of adding this additional sparsity constraint,
we plot in Fig. 3 the number of MIPLIB 3.0 instances on which at least x% integrality
gap was closed, for x ∈ {10, 20, . . . , 90}, for each of the three computational settings.
This outcome could be surprising at first since, in theory, this new experiment involves
restricting the set of potential cuts. However, recall that we are solving a hard problem
for each separation, under strict time limits. With the sparsity constraints added, we
get a weaker set of cuts, but each computation becomes faster, yielding better results
overall.

Besides allowing for more gap closed in less time, another related interesting effect
to observe is the sparsity of the cuts produced. Observing that sparse disjunctions do
not necessarily lead to sparse cuts, Fig. 4 compares the densities of cuts (i.e., proportion
of cut coefficients that are nonzero) obtained from different sets of split disjunctions.
For each of the 60 MIPLIB 3.0 instances, we computed the average cut density by
considering all the cuts that were used to obtain the results in Table 3. This resulted in
60 average cut densities for each set of split disjunctions. We then plot the distribution
of these average cut densities in Fig. 4. The horizontal lines in the figures represent the
range of densities (with outliers omitted), the rectangles represent the 25–75 percentile
interval and the solid vertical line represents the median. We consider as “outliers”
cuts that are extremely dense, as determined by the following. Let r be the difference
in density between the 25th and 75th percentile. Any cut with density of more than
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Fig. 4 Distribution of cut densities with different experimental settings

1.5r above the 75 percentile is considered an outlier. Observe that sparse disjunctions
did indeed lead to sparser split cuts in general: While the median density was 0.433
with arbitrary disjunctions, it dropped to 0.141 with sparse ones, and 0.126 with sparse
±1 disjunctions.

While the results above tend to indicate that the sparsity of the cuts follows the
sparsity of the splits, Table 9 shows that this is not always the case. In that table, for
every split cut, we compute the percentage of its nonzero cut coefficients that came
from nonzero split coefficients (corr_n). In other words, if split (π, πo) generated cut

αT x ≤ β, we compute
|{ j :α j �=0 and π j �=0}|

|{ j :α j �=0}| . For the purposes of that table, we ran the
experiments using M = 10 and U = 1. Also, we only counted integer variables in
the percentage above. The results show that, for some instances, as much as 97% of
the cut coefficients come from terms with zero split coefficient, which indicate that
sparsity of the cuts does not follow the sparsity of the splits. Nonetheless, on average,
that number is 47%. While still high, notice that the experiments on that table were
done based on splits of at most 10 nonzero elements. This implies that, on average,
the cuts generated have at most 20 nonzero coefficients, so while sparsity of the cuts
does not follow directly the sparsity of the splits, the two seem correlated, but further
investigation is needed to corroborate this.

Moreover, in the case of block decompositions, most of the cut coefficients did
come from the block used for separation: This is shown, also in Table 9, by the
percentage of nonzero cut coefficients that came from inside the current block (corr_b),

i.e., for a block with column indices Ci , we compute
|{ j :α j �=0 and j∈Ci }|

|{ j :α j �=0}| . On average,
that percentage, varies from 94% for DB-2 to 92% for DB-5. Note that in Table 9,
NA corresponds to instances without a corresponding DB-k decomposition and NC
correspond to no cuts being found.

To better evaluate the strength of the split cuts in themost restricted experiment (i.e.,
disjunctions with at most 10 nonzero ±1 coefficients), we also run the experiments
for a very long time (one week), and recomputed the gap closed on MIPLIB 3.0
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Fig. 5 Distribution of gap closed with time limit of one week (U = 1, M = 10)

instances. The resulting average integrality gap is 69.0%, accounting for 92% of the
75.2% average for the best in [6] and [19]. Figure 5 shows a breakdown of the 57
instances whose best gap is strictly positive, according to the relative gap closed in
this case. Surprisingly, we lost almost nothing (at most 2%) on more than half of
MIPLIB 3.0 instances. Furthermore, we closed at least 90% relative gap on more than
two thirds of the instances.

Our conclusion from this experiment is twofold. First, split cuts based on sparse
disjunctionswith small coefficients are almost as strong as general split cuts. Secondly,
they tend to be sparser.

4.2.3 Third experiment: how does structured sparsity help?

Problem-specific DB-k forms provide a natural way to exploit sparsity. The potential
advantages of generating split disjunctions whose support lies entirely within individ-
ual blocks are to produce split cuts that are both sparse and mutually orthogonal—two
vital characteristics that make a cut effective. Moreover, working with small blocks
in a DB-k decomposition may potentially reduce the computational time required to
find a violated cut. In principle, there is no reason to expect the support of useful dis-
junctions to be, in general, limited to a single block, and restricting ourselves to such
a narrow class of cuts can result in a much weaker cut family. However, Bergner et al.
[9] show that computing the convex hull of these blocks can lead to significant bound
improvements, so using split cuts from those blocks may also lead to significant bound
improvements. The experiments in this section were designed to try and quantify these
improvements and the tradeoffs of using blocks.

We use GCG 2.1.1 [26] as a black-box tool to generate the required DB-k forms
on MIPLIB 3.0 instances, and then implement our model with the additional struc-
ture constraint (Con3) on the disjunctions, as described in Sect. 3. Furthermore, for
comparison purposes,

– we have kept the sparsity parameter M = 10 and coefficient boundU = 1 on split
disjunctions;
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– for each instance with a given decomposition, we adhered to that decomposition
in all iterations, i.e., we didn’t change the structural requirement on disjunctions
from one iteration to another;

– we ignored all linking constraints and linking variables by setting the correspond-
ing multipliers to zero;

– the time limit was set to one week.

Table 4 shows the final gap closed by restricting split disjunctions with the struc-
tures given by DB-k forms for k = 2, 3, 4, 5 (GAPk). The first four columns of Table 4
are the result from previous section, with the same one week time limit, obtained
by using disjunctions with M = 10 and U = 1 but no structure constraint (GAPn-
odb). The last column represents the highest gap closed between all DB-k forms. We
removed from the table three instances where the gap closed without DB-k was zero
(pk1,stein27,stein45) and eight instances where no DB-k form was found for
any k ∈ {2, 3, 4, 5} (air03, cap6000, mas74, mas76, mod008, nw04, p0033,
rentacar).

Note that the set of split cuts we used to obtain the results on Table 4 is extremely
restrictive: (i) the corresponding disjunctions have at most 10 nonzero coefficients
which are either 1 or −1, and (ii) the cuts are obtained by aggregating only rows and
columns that belong to a single block in a DB-k form. Despite being so selective, these
cuts close a significant amount of gap in most cases. In fact, of the 49 instances left,
the average gap closed without DB-k is 75% and the best gap closed among all DB-k
is 57%.

The above averages indicate that, while using DB-k forms lets us close a significant
amount of gap in absolute terms, the results are comparatively weaker than for the
full split closure in many cases. This suggests that using DB-k decompositions may
not always pay off. To try and discard bad decompositions, we filtered the results
in Table 4. The results are summarized in Fig. 6. For a given DB-k decomposition
and a value of ρ, we first removed from the DB-k results the ones obtained from a
decomposition where either the percentage of linking constraints or variables were
above ρ percent. Then, for each remaining instance, we computed the relative gap
closed (RGAP) as:

GAPk

GAPnodb
(RGAP)

The following statistics are shown in Fig. 6 for the instances remaining after filtering:

– Average (bold line)
– 10-th percentile (dashed line)
– Median (solid line)
– 25-75th percentile (shaded region)

Note that, while in principle (RGAP) should be always at most 100%, due to time
limits, it is possible that the result from (GAPnodb) is not as high as it should be,
resulting in (RGAP) above 100%. The results in Fig. 6 show that eliminating DB-k
forms with a high number of linking variables or constraints is indeed a good indicator
to filter out results where split cuts from DB-k form do not close too much gap.
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(a) (b)

(c)

(e)

(d)

Fig. 6 Distribution of relative gap closed for DB-k forms for several values of ρ

The above results show that the gap loss is not too big when restricting ourselves
to split cuts from DB-k form. We now try to understand how structured sparsity helps
to produce more effective cuts. Table 5 shows the average support size in the first 100
disjunctions (of a given type) obtained by our implementation, and the correspond-
ing average cut density, for instances 10teams, mkc, and seymour. We picked
10teams as an extreme example where, without utilizing a DB-2 structure, highly
sparse disjunctions (8.3 nonzero entries, which accounts for only 5% of the 1800
integer variables) have produced almost completely dense cuts. Instance mkc and
seymourwere picked because they represent reasonably large instances that are also
in MIPLIB 2003. We observe that, as expected, exploiting the DB-2 structure yields
sparser cuts. Furthermore, the last row of Table 5 shows that disjunctions with arbitrar-
ily many nonzero entries that are much denser still lead to sparse cuts when exploiting
problem structure.

In Fig. 7 we compare the distributions of average cut densities on the 40 MIPLIB
3.0 instances whose DB-2 forms have at most 50% linking variables or constraints.
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Table 5 Disjunction and cut density for three example instances

Instance Disjunction type Average support size
of disjunctions (#)

Average cut density (%)

10teams M = 10, U = 1 8.3 95.5

10teams M = 10, U = 1, with DB-2 8.2 54.6

mkc M = 10, U = 1 9.4 12.6

mkc M = 10, U = 1, with DB-2 9.2 3.8

seymour M = 10, U = 1 9.8 9.6

seymour M = 10, U = 1, with DB-2 8.2 3.7

seymour M = +∞, U = 1, with DB-2 255.2 10.3

Structured
sparse

disjunctions
with {−1,1}
coefficients

Sparse
disjunctions
with {−1,1}
coefficients

0.00 0.05 0.10 0.15 0.20

Density of cuts

Fig. 7 Distribution of cut densities for DB-2

We picked DB-2 as a candidate for comparison because this is the simplest DB-k
decompostion, having just 2 blocks. Other decompositions that contain more blocks
all demonstrate a similar pattern. The 50% threshold was applied so that instances
whose DB-k forms have a high number of linking variables or constraints are excluded
from comparison. As discussed earlier, split cuts based on these decompositions are
unlikely to close much gap, regardless of how sparse they are. The cut densities
in category “Sparse disjunctions with {−1,1} coefficients” are computed based on
the cuts obtained in the previous section, and the cut densities under “Structured
sparse disjunctions” are computed based on the results with DB-2 forms. As seen in
Fig. 7, block structures lead to the sparsest cuts: Even comparing with the disjunctions
(M = 10,U = 1) that previously led to the sparsest cuts, it further decreased the
median of cut densities from 0.067 to 0.047, and the 75 percentile from 0.115 to
0.080.

Finally, we illustrate onemore potential advantage of using split cuts based onDB-k
forms. Figure 8 shows the evolution of the average gap closed in terms of runtime of
our cut procedure and in terms of number of cuts added in our cut procedure. It can be
seen that the split cuts obtained by using DB-k forms converge faster to a gap closer to
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(a) (b) (c)

Fig. 8 Evolution of average gap closed

the final gap both in terms of time (Fig. 8a) and in terms of number of cuts (Fig. 8c).
The gain in terms of time is even more pronounced if we focus on large instances, that
is, instances with at least 1000 variables, among which at least 50 are integer (Fig. 8b).
The grey lines labelled “DB-k*” in Fig. 8 represent the average gap closed had we
chosen for each instance the DB-k form that closes the most gap after adding up to
500 cuts. While it is hard to completely attribute these gains to a few factors only, we
note that the most apparent difference between these cuts and those generated earlier
is their higher degree of both sparsity and orthogonality.

4.2.4 Results on MIPLIB 2003 instances

Our final set of experiments was to run our code on larger instances than were previ-
ously available in the literature. For this purpose, we ran our code onMIPLIB 2003 [1]
instances. However, since these instances are typically larger than the ones available
in MIPLIB 3.0, we were able to run our code only using the parameters M = 10 and
U = 1 and imposing a time limit of two weeks. Table 6 shows the results for those
instances that are in MIPLIB 2003 but not in MIPLIB 3.0. Since there are no previ-
ous split closure numbers for those instances, we compare against the lift-and-project
results of Bonami [13]. Compared to lift-and-project, significantly more gap can still
be closed with the split closure approximation that does not exploit DB-k structure.
Also, note that, even though the average results for DB-k based cuts are not as good,
there are some instances where these results are significantly better than any of the
other approaches, closing as much as 100% of the gap.

5 Conclusion

Themainmotivation for thisworkwas to search for subsets of split cutswith promising
computational properties. Our approach was to develop a tool that can empirically
answer the following question: How much can we restrict the set of split cuts that
we separate over, while retaining enough of the strength of the first split closure?
While our tool is rather general (it can be seen as a continuation to Balas and Saxena’s
separation algorithm [6]), the specific restrictions that we explore aim at two desirable
characteristics: First, we want sparse cuts, because they are beneficial to the linear
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algebra that underliesMIP solutionmethods. Secondly,wewant cuts that are computed
fromdifferent parts of the constraintmatrix, and involve varied subsets of the variables.
The latter point corresponds to generating cuts that are (approximately) mutually
orthogonal, to as high a degree as possible, and it has been observed [6,25] to be
favorable in getting tighter relaxations with fewer cuts.

Our experiments show that explicitly enforcing sparsity of the split disjunctions,
and bounding the magnitude of their coefficients, yields one such promising family
of split cuts. We observe that the resulting cuts themselves are sparse too, which was
expected but not a priori obvious. More surprisingly, even in an extreme setting where
we only allow 10 nonzero disjunction coefficients with values ±1, we obtain cuts that
are 91% as effective as all split cuts together (in terms of gap closed, and compared
to the best known results for the split closure [6,19]). Note, for context, that were we
to only allow one nonzero coefficient, we would obtain the lift-and-project closure of
Balas, Ceria and Cornuéjols [4].

Next, in the same spirit of restricting the split disjunctions available to us, we exploit
problem structure to impose static constraints on how cuts are generated. Specifically,
we start by computing block decompositions of our problems. Then, we force our
split cut generator to use, for each cut, only constraints and variables from a sin-
gle block. In a second series of experiments, we test this approach with arrowhead
decompositions [9,26] of the constraint matrices, while keeping the same limitations
on the disjunctions as before. In this even more restricted setting, we observe a signif-
icant degradation of the average gap closure. However, we demonstrate that it is easy
to determine a priori which instances will benefit from block decompositions, and
which will not. With a very simple rule based on the number the linking constraints
and variables, we are able to isolate the instances that are most suited for this tech-
nique. By using decompositions only when appropriate, we get a subset of instances
on which, due to time limits, we close even more gap than without decomposition.
Moreover, as a general rule, we observe that this setting lets us cut much more gap
per cut on average. We attribute this desirable feature to the orthogonality of the cuts
generated.

Overall, our results suggest that there exist small subsets of split cuts that exhibit
advantageous properties, and that are yet to be exploited.

Acknowledgements Weacknowledge the support of theNatural Sciences and Engineering Research Coun-
cil of Canada (NSERC), [funding reference number RGPIN-2018-04335 and RGPIN-2014-05623].

Appendix

Effect of heuristic features in computation

In order to examine the effect of some features and modifications we introduced to
our separation routine, we ran the code on MIPLIB 3.0 instances with M = +∞ and
U = 100. We set the global time limit to an hour, and disabled the following features
one at a time:

– cut strengthening (cut_str_off);
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Fig. 9 Effect of heuristic features

Table 7 Average gap closed
under different settings

Setting Average gap closed

default 31.04%

cut_str_off 28.35%

stb_obj_off 21.32%

set_cov_off 12.41%

– stabilizing objective (stb_obj_off);
– set covering (set_cov_off).

We then plotted, for each scenario, the number of instances on which at least x%
integrality gap was closed, for x ∈ {10, 20, . . . , 90}. As shown in Fig. 9, the additional
features indeed helped to obtain better results.

Among the three heuristics compared, using set covering to impose partial orthog-
onality between split cuts plays the most important role. The advantage of stabilizing
objective is also evident. Note that, these results were obtained with a boundU = 100
already imposed on the disjunction coefficients. We thus expect to observe a more
dramatic gain from stabilized objective, had we chosen a larger bound U to begin
with. Table 7 shows the average gap closed in each computational setting. Note that
we were able to close significantly more integrality gap when all features were used
(default).

Gap closed for the full split closure under amodified separation routine

Our original implementation for the separation of arbitrary split cuts (with bounds
U = 100 on disjunction coefficients) essentially finds a feasible solution to MILP(θ )
whose objective value is less than a preset cut violation threshold ε < 0. In theory, the
same result can be achieved by adding the requirement that the objective value be less
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than ε, s� x̂−θ(π� x̂−π0) < ε, as a constraint inMILP(θ ), and then finding a feasible
solution. Furthermore, in order to encourage some sparsity in split disjunctions, we
can introduce a new objective function into MILP(θ ), thus obtaining the following
modified MILP(θ ):

min
p∑

j=1

r j

s.t. s� x̂ − θ(π� x̂ − π0) < ε

−Ur j ≤ π j ≤ Ur j , j = 1, 2, . . . , p

plus original constraints of MILP(θ)

Although, in theory, this modified formulation of MILP(θ ) should produce the same
results, provided that all the other computational parameters/heuristics are set to be
the same, in practice the modified MILP(θ ) could lead to very different results. In
particular, we ran the modified separation routine with U = 100 as an approximation
to the full split closure, and compare the results with those obtained from our original
implementation. We set a global time limit to 24h. As shown in Table 8, with the
modified formulation of MILP(θ ), we were able to close much more integrality gap
on average within the same time limit.

Effect of split sparsity pattern on cut sparsity pattern

Table 9 presents the results discussed in Sect. 4 on how sparsity of the cuts and splits
are related. Results of this table are for M = 10 and U = 1 parameters only.
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