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Abstract
Consensus decision-making, a widely utilized group decision-making process,
requires the consent of all participants.We consider consensus stopping games, a class
of stochastic games arising in the context of consensus decision-making that require
the consent of all players to terminate the game. We show that a consensus stopping
game may have many pure stationary equilibria, which in turn raises the question of
equilibrium selection. Given an objective criterion, we study the NP-hard problem of
finding a best pure stationary equilibrium. We characterize the pure stationary equi-
libria, show that they form an independence system, and develop several families of
valid inequalities. We then solve the equilibrium selection problem as a mixed-integer
linear program by a branch-and-cut approach. Our computational results demonstrate
the effectiveness of our approach over a commercial solver.
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1 Introduction

Discrete time stochastic games havemodeled dynamic competitive interactions among
multiple players since they were introduced by Shapley [36]. A stochastic game con-
sists of periods, states, actions, rewards, players, and transition probabilities. In each
period, the game occupies a state, and all players choose their actions simultaneously
and independently. Subsequently, each player receives a reward that depends on the
current state of the game and the actions of all players. The game transitions to the
next state according to a discrete probability distribution conditioned on the current
state and the chosen actions. Each player seeks to maximize his own reward criterion,
e.g., his total expected discounted reward.

A strategy for each player specifies a probability distribution over the feasible
actions in each period conditioned on the current state and the history of the game up
to that period. If this distribution depends only on the current state, then the strategy
is called stationary. A strategy is called pure when all the probabilities come from
the binary set {0, 1}. A (stationary) strategy profile is a collection of (stationary)
strategies of all players that fully specifies all actions in the game, and it must include
one and only one (stationary) strategy for each player [41]. To analyze stochastic
games, there are several solution concepts such as Nash equilibrium, subgame-perfect
equilibrium, and stationary equilibrium. A Nash equilibrium is a strategy profile in
which no player is better off by unilaterally changing her strategy. A subgame-perfect
equilibrium is a strategy profile that is a Nash equilibrium of every subgame of the
original game. A stationary equilibrium is a stationary strategy profile that maximizes
every player’s reward criterion in each state (among all stationary and non-stationary
strategy profiles) given the strategies of the other players. Equivalently, a stationary
equilibrium is a subgame-perfect equilibrium that is stationary. The existence of a
stationary equilibrium for a discounted stochastic game with finite state and action
spaces has long been established (e.g., [20,40]). Stationary equilibrium has attracted
considerable attention in applications and theory of stochastic games (see, e.g., [24,
30]), and hence, we restrict our attention to this equilibrium concept in this paper.

Stochastic games are very challenging since it is often difficult to characterize even
stationary equilibria [11,25]. Solan [41] notes that “Unfortunately, to date there are
no efficient algorithms to calculate either the value in zero-sum stochastic games,
or equilibria in non-zero-sum games”. In many contexts, players may prefer to use
pure stationary strategies; however, the characterization of pure stationary equilibria
is even more challenging. Another issue that has limited the applicability of stochastic
games is the existence of multiple stationary equilibria, and it is difficult to find all
such equilibria [1]. Twomajor complications arise as consequences of the existence of
multiple equilibria [27]: First, it becomes more difficult to predict players’ behavior,
and players may not reach an equilibrium at all. Second, many existing methods find
one equilibrium and provide no systematic methodology to find all equilibria. Such
complications raise an even more challenging question of finding a best stationary
equilibrium with respect to a given criterion.

We consider consensus stopping games, a broad class of stochastic stopping games
defined over a finite set of players, states, actions, and rewards. Such a game dynami-
cally evolves over an infinite-horizon setting. In each period of the game, each player
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decides whether to offer to stop or continue the game. If all players offer to stop, the
game terminates, and each player receives a lump-sum stopping reward. Conversely,
if at least one player decides to continue, each player receives an immediate continu-
ation reward, the game moves into the next state according to a Markovian transition,
and the rest of the players must continue regardless of their decisions. In this paper,
we study the problem of finding a best pure stationary equilibrium for this class of
games. Our primary motivations for studying this problem include, but not limited to:
(1)Optimizing over (pure stationary) equilibria rather than identifying such equilibria
is inherently interesting, and we are the first who investigate it comprehensively. For
a consensus stopping game, of interest equilibria are: (i) Maximizing a linear com-
bination of payoffs; (ii) Minimizing the time until the termination of this game; (iii)
Minimizing probability that the game never terminates. (2)Consensus stopping games
are an important class of stochastic games with various applications, as discussed in
the rest of this paper.

1.1 Summary of contributions

Motivated by consensus decision-makings and their applications, we consider consen-
sus stopping games. Our study reveals a rich structure of these games that allows us to
investigate the problem of finding a best pure stationary equilibrium. Such a problem
has not been comprehensively investigated before for a class of stochastic games. The
specific contributions of this paper are as follows: First, we characterize the pure sta-
tionary equilibria, and show that they form an independence system. This is used as
a basis to derive two families of combinatorial valid inequalities for an mixed-integer
linear program (MILP) developed for the problem of finding a best pure stationary
equilibrium. Second, we develop an efficient branch-and-cut algorithm to solve the
MILP by applying these valid inequalities.We also develop a family of Pareto-optimal
optimality cuts, a family of upper bounds, and several algorithmic enhancements. Our
extensive computational experiments show that the algorithm greatly outperforms a
state-of-the-art commercial MILP solver.

This paper is the first to provide combinatorial characterizations of stationary equi-
libria for a class of stochastic games. It is also the first attempt to develop a novel
cutting plane approach for the problem of finding a best pure stationary equilibrium
for a class of stochastic games.

1.2 Outline of the paper

The remainder of this paper is organized as follows. In Sect. 2 we review the literature.
In Sect. 3 we define consensus stopping games and the problem of finding a best pure
stationary equilibrium. In Sect. 4, we elaborate on two applications of consensus stop-
ping games.We characterize the pure stationary equilibria and develop two families of
valid inequalities in Sect. 5. In Sect. 6 we develop anMILP formulation that optimizes
over the set of pure stationary equilibria. We develop a branch-and-cut approach in
Sect. 7, and describe our computational experiments in Sect. 8. All proofs are in the
“Appendix”.
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2 Literature review

The stochastic game literature is vast (see the recent survey by Solan [41]). In the eco-
nomics literature, stochastic games typically model dynamic interactions among firms
[12,15]. To find a stationary equilibrium of a stochastic game, a common approach
is to apply the homotopy method [7,24]. Weintraub et al. [46] introduce the oblivi-
ous equilibrium notion for Ericson and Pakes [15]-style models, and show that it can
approximate stationary equilibria under some conditions.Weintraub et al. [47] develop
an algorithm for computing an oblivious equilibrium. In the operations research liter-
ature, mathematical programming has been used to compute a stationary equilibrium
of stochastic games. For instance, Filar and Vrieze [17] and Raghavan and Syed [35]
compute a stationary equilibrium for certain classes of stochastic games. Filar et al. [18]
present a nonlinear programming formulation whose global optima are the stationary
equilibria of a finite discounted stochastic game; however, there was no computational
study. Note that these approaches attempt to identify a single stationary equilibrium,
and because of the multiplicity of stationary equilibria in stochastic games [1,12,24],
they may be viewed as heuristics for finding a best stationary equilibrium.

This paper is also related to the literature of stopping games (for a survey, see, e.g.,
[33, Part III]). The literature includes different variants for the definition of stopping
games [23]. This stream of research usually addresses the existence of an equilibrium
(see, e.g., [23,37,42]).

What distinguishes our work from the literature of stochastic games and stopping
games is that we focus on the more challenging question of finding a best pure sta-
tionary equilibrium, compared to the question of finding a stationary equilibrium or
the question of establishing the existence of an equilibrium because for consensus
stopping games, (1) finding a stationary equilibrium is trivial; (2) the game may pos-
sess many pure stationary equilibria, many of which may be Pareto-inefficient with
respect to the players’ payoff profile; and (3)we are able to optimize over pure station-
ary equilibria by providing effective algorithmic approaches to choose among those
equilibria.

3 Consensus stopping games

We provide a detailed description of consensus stopping games, and present necessary
and sufficient conditions for a strategy profile to be a pure stationary equilibrium. We
define a consensus stopping game, G, as follows: Let N = {1, 2, . . . , N } be a set of
players, andS represent the finite state space of G. In each period, each player decides
whether to offer to stop or continue based on the current state s ∈ S . All players make
their decisions independently and simultaneously, and ai (s) ∈ B denotes player i’s
action at state s, where ai (s) is 1 if he offers to stop, and 0 otherwise. Because we only
focus on pure stationary strategies, ai (s) is sufficient to characterize action of player i
at state s in each period. If all players offer to stop at state s (i.e., if

∏
i∈N ai (s) = 1),

G terminates and each player i ∈ N receives a lump-sum stopping reward ui (s, 1). If
at least one player decides to continue (i.e., if

∏
i∈N ai (s) = 0), G moves into the next

state s′ under a Markovian transition probability P(s′|s) while each player i ∈ N

123



Optimizing over pure stationary equilibria in consensus… 345

receives an immediate continuation reward ui (s, 0). Each player i ∈ N has a periodic
discount factor λi ∈ [0, 1), and he seeks to maximize his total expected discounted
reward. G is an almost perfect information game, i.e., at the beginning of each period,
all players are perfectly informed of: (1) the current state along with all the actions
and states that have already been realized, (2) the Markovian transition probabilities,
and (3) their own reward, and the other players’ rewards in each state.

We follow the convention that a term in bold refers to a real-valued vector; i.e., v
refers to the vector 〈v(s)〉s∈S . Given a vector v ∈ R

|S |, define Fi (s, v) := ui (s, 0)+
λi
∑

s′∈S P(s′|s)v(s′) for any s ∈ S , i ∈ N , which we interpret as player i’s
expected continuation payoff starting from state s where v represents the payoffs in
all possible states in the next period.Note that for all s ∈ S , Fi (s, v) is amonotonically
increasing operator in v in the sense that if v1, v2 ∈ R

|S | and v1 ≥ v2 (i.e., v1(s̄) ≥
v2(s̄) for all s̄ ∈ S ), then Fi (s, v1) ≥ Fi (s, v2) since P(s′|s) ≥ 0 for all s′ ∈
S . In the sequel of this paper, unless otherwise stated, we use the terms strategy
and equilibrium to refer to pure stationary strategy and pure stationary equilibrium,
respectively. Let ai := 〈ai (s)〉s∈S denote a strategy of player i for each i ∈ N ,
a := 〈ai 〉i∈N denote the resulting strategy profile, and a−i := 〈a j 〉 j∈N \i denote the
collection of strategies of all players except for i . Moreover, let wa

i (s) denote the total
expected discounted reward of player i at state s under strategy profile a. To formalize
this notion, let st denote the state of the game in period t , and ri (st , a(st )) denote the
reward of player i ∈ N under strategy profile a when state st is realized. Then,

wa
i (s) = E

{

lim
n→+∞

n∑

t=0

λti ri (st , a(st ))

∣
∣
∣
∣
∣
s

}

,

where E(·) represents the expectation operator under the probability distribution
induced by strategy profile a over the evolution of the states when the game is initial-
ized at state s. Accordingly,wa

i := 〈
wa
i (s)

〉
s∈S represents the payoff vector for player

i under strategy profile a. In a slight abuse of notation, letwa := 〈
wa
i

〉
i∈N represent the

payoff profile under strategy profile a. The outcome of the players’ decisions (contin-
uation or termination of the game) at each state s is uniquely characterized by a binary
variable x(s) := ∏

i∈N ai (s), where x := 〈x(s)〉s∈S ∈ B
|S | is the corresponding

vector. Note that if all players offer to stop, then x(s) = 1; otherwise, x(s) = 0. For

each x ∈ B
|S |, let Ax :=

{
a ∈ B

|S |×|N ||∏i∈N ai (s) = x(s)∀s ∈ S
}
which repre-

sents the set of strategy profiles inducing the same outcome of the players’ decisions
for all s ∈ S .

Definition 1 A strategy profile a with associated payoff profilewa is an equilibrium if
for all i ∈ N , ai is a best response to a−i ; or mathematically, for all i ∈ N and s ∈ S

w
〈ai ,a−i〉
i (s) ≥ w

〈a′,a−i〉
i (s) ∀a′. (1)

Equation (1) presents a true but practically hard to verify definition of an equilibrium.
Hence, we present a practical statement of equilibrium in the next proposition.

Proposition 1 Given a strategy profile a with associated payoff profile wa:
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(i) For all s ∈ S , i ∈ N ,

wa
i (s) =

(
∏

i∈N
ai (s)

)

ui (s, 1) +
(

1 −
∏

i∈N
ai (s)

)

Fi (s,wa
i ). (2)

Furthermore, wa is the unique solution for this set of equations.
(ii) a is an equilibrium if and only if for all s ∈ S , i ∈ N :

wa
i (s) = max

⎧
⎪⎪⎨

⎪⎪⎩

⎛

⎜
⎜
⎝

∏

j∈N ,
j 
=i

a j (s)

⎞

⎟
⎟
⎠ ui (s, 1)

+

⎛

⎜
⎜
⎝1 −

∏

j∈N ,
j 
=i

a j (s)

⎞

⎟
⎟
⎠ Fi (s,wa

i ), Fi (s,w
a
i )

⎫
⎪⎪⎬

⎪⎪⎭

. (3)

(iii) For each x ∈ B
|S |, there exists an equilibrium in Ax if and only if strategy profile

ā, defined by āi := x for all i ∈ N , is an equilibrium.

Parts (i) and (ii) are standard results in the literature of discounted stochastic games
(see, e.g., [20]). We provide the proof for part (iii) in the “Appendix”. For each x ∈
B

|S |, Proposition 1 (i) implies that all strategy profiles in Ax have the same payoff
profile. In other words, x is necessary and sufficient information for characterizing
the payoff profile of a strategy profile a. As we are interested in studying the set of
equilibrium payoff profiles, by Proposition 1 (iii), it is sufficient to only focus on the
set of strategy profiles in which ai = x for all i ∈ N . We define such a set of strategy
profiles as the set of unanimous strategy profiles, since all players take the same action
at each state s ∈ S . Hereafter, we restrict our attention to the set of unanimous strategy
profiles, and with a slight abuse of notation, x ∈ B

|S | represents a unanimous strategy
profile. Accordingly, we define wx

i (s), w
x
i := 〈

wx
i (s)

〉
s∈S , and wx := 〈

wx
i

〉
i∈N for

unanimous strategy profile x. We may restate Proposition 1 (i) and (ii) for unanimous
strategy profiles as follows (for convenience we drop the word unanimous hereafter).

Proposition 2 Given a strategy profile x with associated payoff profile wx:

(i) For all s ∈ S , i ∈ N ,

wx
i (s) = x(s)ui (s, 1) + (1 − x(s))Fi (s,wx

i ). (4)

Furthermore, wx is the unique solution for this set of equations.
(ii) x is an equilibrium if and only if for all s ∈ S , i ∈ N :

wx
i (s) = max

{
x(s)ui (s, 1) + (1 − x(s))Fi (s,wx

i ), Fi (s,w
x
i )
}
. (5)
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Proposition 2 follows immediately fromProposition 1, and the fact that strategy profile
x is unanimous. Part (i) describes how to calculate the payoff profile of a strategy
profile, and Part (ii) describes the Bellman–Shapley equations for G.

In this paper, we study the problem of finding a best equilibrium, with respect
to a given linear objective function of payoffs, for G. Such an objective function
is well accepted in the literature of group decision analysis and may easily capture
various practical criterion (see, e.g., [13] and the references therein). Let Ψ := {x ∈
B

|S || x is an equilibrium of G}, ci (s) ∈ R be an objective function coefficient for all
s ∈ S , i ∈ N , and c := 〈ci (s)〉s∈S ,i∈N . Therefore, the problem of finding a best
equilibrium is:

(P) : max{c�wx| x ∈ Ψ }. (6)

We present an MILP formulation for (P) in Sect. 6. Dehghanian [9] shows that (P) is
NP-hard.

4 Application areas

Consensus stopping games arise in the context of consensus decision-making, which
is indeed used by many international organizations in policy making. For instance, the
Council of the European Union requires unanimity in some policy areas such as mem-
bership, taxation, social security, foreign and common defense policy and operational
police cooperation among the Member States [16]. The World Trade Organization,
the Association of Southeast Asian Nations, the North Atlantic Treaty Organization,
the Conference on Security and Cooperation in Europe, the Executive Committee of
the International Monetary Fund, and the Organization for Economic Cooperation and
Development all make decisions by consensus [43]. Indeed, in consensus decision-
making, every player has a veto in the sense that he can prevent a change from the
status quo [44].

Consensus stopping games may model many dynamic noncooperative consensus
decision-making environments to reach a permanent agreement. In the following, we
elaborate on the elements of a consensus stopping game, e.g., the players, periods,
actions, states, rewards, and transition probabilities, for two specific applications.

War termination Consider two countries fighting a war against each other until
reaching peace or one side’s definite victory, whichever occurs first. Periodically, each
country chooses between continuing the war and offering peace. The war ends if and
only if both countries offer peace simultaneously. This situation may be modeled by
a consensus stopping game in which the players are countries, the decision epochs
are, for example, daily, and the actions are whether to continue the war or offer peace.
Political scientists have utilized the Composite Index of National Capabilities (CINC)
score to measure power of a country and explain war outcomes. In calculating CINC
scores, geopolitical factors such as a country’s relative military, economic, and demo-
graphic capabilities are considered (e.g., [38,39]). Therefore, we may consider the
CINC scores of both countries as the state of the game. The expected increase in the
area of the occupied territories and the total area of the occupied territories since the
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Fig. 1 A cycle of N patient–donor pairs for a PKE, where Di refers to donor of intended recipient (or
patient) Pi . Directed arcs in the cycle represent compatibility between patients and donors; that is, no donor
is compatible with his intended recipient but only compatible with the intended recipient of the next donor
in the cycle

beginning of the war may be regarded as the immediate continuation and stopping
rewards, respectively. A transition probability matrix for the dynamic evolution of the
CINC scores in the case of continuing the war reflects exogenous factors, which are
out of the control of both countries, such as natural events, third parties’ actions, etc.
Other models of war termination may be found in the political science literature. For
instance, Filson andWerner [19] present a two-stage asymmetric information bargain-
ing game by which they provide several insights on the onset and termination of war.
As another instance, Cunningham [8] studies the correlation between the duration of a
civil war and the number of veto players. This statistical analysis shows that the more
the number of veto players, the longer the conflict.

Organ exchange End-stage renal disease (ESRD) is the final stage of chronic
kidney disease in which both kidneys are failing. The preferred choice of treatment
for ESRD is living-donor transplantation, in which a living-donor donates one of his
kidneys to the patient. A significant barrier to greater use of living-donors is that at least
one-third of the patients with a willing living-donor are unable to receive the donor
kidney due to blood type and/or tissue incompatibilities [31]. To mitigate this barrier,
an emerging clinical practice is a paired kidney exchange (PKE) in which N ≥ 2 self-
interested incompatible patient–donor pairs for whom the only compatible exchange
of kidneys is cyclical, swap their donors (see Fig. 1).

Consider a central PKE program in which many incompatible patient–donor pairs
are enrolled. An important problem in such an environment is which incompatible
patient–donor pairs should be assigned to the same PKE cycle subject to biological
compatibility of those pairs. This assignment problem has been studied by many
researchers (see, e.g., [3,22,45]), where its objective function is equal to the sum over
values of all planned PKE cycles within the central PKE program. For this purpose,
we need to value each potential PKE cycle, and the total number of transplants within
a PKE cycle is considered as the value of the cycle in the literature, e.g., [3,22,45].
Kurt [28] notes that this valuation approach misses significant factors such as patient–
donor autonomy and the effects of disease severity of patient in his/her decision.
To overcome this shortcoming, Kurt [28] proposes a new stochastic game valuation
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approach in which a set of patient–donor pairs are assigned to the same PKE cycle.
Moreover, he assumes that the PKE cycle is constant over time, in the sense that
patient–donor pairs cannot change their PKE cycle from period to period. Once the
PKE’s cycles are planned, the patient–donor pairs in each planned cycle play the game
of deciding the best time for the exchange to occur. More specifically, each patient–
donor pair periodically decides whether to offer to exchange or not. If at least one
patient–donor pair decides not to offer to exchange, the transplant exchange cycle
breaks as each donor is willing to donate a kidney only in return for receiving a kidney
for his intended recipient. Therefore, the transplants in the cycle are accomplished
if and only if all patient–donor pairs offer to exchange consensually. Hence, this is
a consensus decision-making environment, and it may be modeled as a consensus
stopping game as patient–donor pairs cannot change their PKE cycle from period to
period.

In Kurt [28], the players are the patient–donor pairs, the decision epochs are
biweekly, and the players’ actions are whether to offer to exchange or not. Glomerular
filtration rates (GFRs), a measure of kidney functionality, of all patients are considered
as the state of the game. Note that as the GFR of a patient may improve over time,
the patient–donor pair does not necessarily offer to exchange as soon as the game
starts [48]. Roughly speaking, the immediate continuation and stopping rewards are
estimated by the expected number of days until the next decision epoch (14days) and
the expected number of post-transplant survival days for each patient, respectively.
A transition probability matrix for the case of not offering to exchange describes the
Markovian progression of the GFRs. Finally, Kurt [28] represents the problem of find-
ing a best equilibrium of the game, with respect to a given linear objective function of
payoffs, as an MILP. Our work contributes to this line of research by providing a solu-
tion method that is able to solve much larger instances of the MILP. More specifically,
Kurt [28] solves the MILP directly by a commercial MILP solver. He is able to solve
only two player instances with 11 states per player, and three player instances with
4 states per player. In Sect. 8, we demonstrate that our solution method can handle
instances including two players with 60 states per player and instances including three
players with 15 states per player. Solving larger instances improvesmodeling accuracy
of kidney functionality, which is clinically important. Consensus stopping games may
be applied to model the timing of transplants for other organ exchange problems, e.g.,
liver and lung exchanges [14].

5 Characterizing equilibria and combinatorial valid inequalities

In this section, we characterize the equilibria of G and develop two families of combi-
natorial valid inequalities for (P) to improve its representation. We first need to define
several functions from the space of strategy profiles to the collection of all subsets of
S as follows. Given a strategy profile x, let:
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S k(x) = {s ∈ S | x(s) = k} ∀k ∈ {0, 1}, (7a)

S k
i,nv(x) = {s ∈ S k(x) | ui (s, 1) ≥ Fi (s,wx

i )} ∀k ∈ {0, 1}, i ∈ N , (7b)

S k
i,v(x) = {s ∈ S k(x) | ui (s, 1) < Fi (s,wx

i )} ∀k ∈ {0, 1}, i ∈ N . (7c)

It can easily be seen that {S k
i,v(x),S

k
i,nv(x)} is a partition ofS k(x) for all i ∈ N , k ∈

{0, 1}, and {S 0(x),S 1(x)
}
is a partition ofS for each strategy profile x.S 0(x) and

S 1(x) are the sets of continuing and stopping states under x, respectively. S 1
i,v(x)

represents the set of stopping states in which the Bellman–Shapley equation (5) is
violated for player i under x; conversely,S 1

i,nv(x) represents the set of stopping states
in which the Bellman–Shapley equation (5) is satisfied for player i under x. The sets
S 0

i,v(x) and S 0
i,nv(x) can similarly be interpreted for player i under x.

Proposition 3 Given strategy profiles x and x̄ with respective payoff profiles wx and
wx̄:

(i) If there exists i ∈ N such thatS 1
i,nv(x̄) ⊆ S 1(x) ⊆ S 1(x̄), then wx

i (s) ≥ wx̄
i (s)

for all s ∈ S .
(ii) If there exists i ∈ N such that S 1

i,v(x̄) ⊆ S 1(x) ⊆ S 1(x̄), then wx
i (s) ≤ wx̄

i (s)
for all s ∈ S .

Lemma 1 A strategy profile x is an equilibrium if and only if S 1
i,v(x) = ∅ for all

i ∈ N .

Proposition 4 Suppose a strategy profile x̄ is an equilibrium. Then, the following holds
for any strategy profile x satisfying S 1(x) ⊆ S 1(x̄):

(i) For all s ∈ S , i ∈ N , wx
i (s) ≤ wx̄

i (s).
(ii) x is an equilibrium.

The next corollary is an immediate consequence of Proposition 4 (ii).

Corollary 1 If a strategy profile x̄ is not an equilibrium, then any strategy profile x
where S 1(x̄) ⊆ S 1(x) is not an equilibrium.

An independence system is a well-known combinatorial structure which is com-
posed of a collection of subsets of a ground set, called independent sets, that satisfy
two conditions: First, the empty set is an independent set. Second, every subset of an
independent set is also an independent set [32].

Corollary 2 Let J be the collection of all S 1(x) such that x is an equilibrium. The
pair (S ,J ) is an independence system.

Definition 2 An equilibrium x̄ is maximal if there does not exist any equilibrium x
such that S 1(x̄) ⊂ S 1(x).

Proposition 4 demonstrates that an equilibrium x̄ yields 2
∑

s∈S x̄(s) − 1 additional
equilibria (i.e., any strategy profile x satisfying S 1(x) ⊂ S 1(x̄)), and this property
describes why G may possess many equilibria in general.We illustrate this point by the
following example: Consider a consensus stopping game with three states {s1, s2, s3},
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and suppose that strategy profile
(
x(s1), x(s2), x(s3)

) = (1, 1, 0) is an equilibrium.
Proposition 4 implies that the three strategy profiles, (1, 0, 0), (0, 1, 0), (0, 0, 0) are
equilibria as well.

Given an equilibrium x̄, all equilibria x satisfyingS 1(x) ⊂ S 1(x̄) are payoff-wise
dominated by x̄ according to Proposition 4, and if ci (s) ≥ 0 for all s ∈ S , i ∈ N , they
can be eliminated from consideration when we search for a best equilibrium. Based
on this dominance, we may restrict our search to maximal equilibria and develop the
following valid inequality for the optimality of a solution to (P) when the objective
function coefficients are non-negative.

Proposition 5 (i) If ci (s) ≥ 0 for all s ∈ S , i ∈ N , then there exists an optimal
equilibrium that is maximal.

(ii) If a strategy profile x̄ is an equilibrium, then the inequality

∑

s∈S 1(x̄)

[1 − x(s)] ≤ |S 1(x̄)|
∑

s∈S 0(x̄)

x(s) (8)

is satisfied by every maximal equilibrium x.

Proposition 6 Given a strategy profile x̄, a strategy profile x is not an equilibrium if
there exists i ∈ N such thatS 1

i,nv(x̄) ⊆ S 1(x) andS 1(x)∩(S 0
i,v(x̄)∪S 1

i,v(x̄)) 
= ∅.
An interesting feature of Proposition 6 is that it can provide insights about equilibria

irrespective of whether strategy profile x̄ is an equilibrium or not.

Proposition 7 Given a strategy profile x̄, the following inequalities are valid for Ψ :

∑

s∈S 0
i,v(x̄)∪S 1

i,v(x̄)

x(s) ≤ (|S 0
i,v(x̄)| + |S 1

i,v(x̄)|)
∑

s∈S 1
i,nv(x̄)

[1 − x(s)] ∀i ∈ N . (9)

An advantage of Proposition 7 is that for each player i ∈ N where S 0
i,v(x̄) ∪

S 1
i,v(x̄) 
= ∅, we can derive a nontrivial valid inequality.

6 Equilibrium selection formulation

In this section, we present an MILP formulation for (P). Let coefficient Vi (s) be an
upper bound for equilibria payoffs of player i at state s. Kurt [28] suggests that for
each player i ∈ N , Vi := 〈Vi (s)〉s∈S may be calculated as a solution of the Markov
decision process (MDP) equations Vi (s) = max{ui (s, 1), Fi (s,Vi )} for all s ∈ S ,
and shows it is a valid upper bound as it represents optimal value function of player
i in an MDP where he is maximizing his own payoffs when the autonomy of the
other players is suppressed. By using this set of parameters, he proposes an MILP to
represent the set of equilibria ofG, relying on the assumption that ui (s, 0), ui (s, 1) ≥ 0
for all s ∈ S , i ∈ N . Let 0 be the strategy profile in which x(s) = 0 for all s ∈ S , and
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d := 〈di (s)〉s∈S ,i∈N be its associated payoff profile.Wepropose a similar formulation
to represent the set of equilibria of G in the following:

wi (s) ≥ Fi (s,wi ) ∀s ∈ S , i ∈ N , (10a)

wi (s) ≤ Fi (s,wi ) + [ui (s, 1) − di (s)]x(s) ∀s ∈ S , i ∈ N , (10b)

wi (s) ≥ [ui (s, 1) − di (s)]x(s) + di (s) ∀s ∈ S , i ∈ N , (10c)

wi (s) ≤ ui (s, 1)x(s) + Fi (s,Vi )[1 − x(s)] ∀s ∈ S , i ∈ N , (10d)

wi (s) unrestricted ∀s ∈ S , i ∈ N , (10e)

x(s) ∈ {0, 1} ∀s ∈ S . (10f)

Let � := {〈x,w〉 |(10a)–(10f)}.
Proposition 8 (i) 〈x,w〉 ∈ � if and only if strategy profile x is an equilibrium with
associated payoff profile w.

(ii) If ui (s, 0), ui (s, 1) ≥ 0 for all s ∈ S , i ∈ N , then � is at least as strong as
the MILP formulation proposed by Kurt [28] for pure stationary equilibria.

Proposition 8 (i) implies thatΨ is the projection of� onto the x-space and (P)may
be reformulated as the following MILP:

max
∑

s∈S ,i∈N
ci (s)wi (s) (11a)

s.t .

〈x,w〉 ∈ �. (11b)

7 Algorithmic approach

In this section we develop an algorithm to solve (P) efficiently. (P) has a so-called
“block-ladder” structure where x are the linking variables, and is amenable to Ben-
ders’ decomposition [5]. However, our computational experiments showed that even a
state-of-the-art implementation of Benders’ decomposition [21] is ineffective. In this
section, our goal is to develop a cutting plane approach that is carefully tailored to solve
(P). Let θi be an artificial variable in the relaxed master problem that approximates∑

s∈S ci (s)wi (s) for any i ∈ N during the algorithm, and let θ := 〈θi 〉i∈N . Before
we present our decomposition algorithm, let RMP, LB,UB, xincum , and ε denote the
restricted master problem, lower bound, upper bound, the incumbent solution, and a
termination tolerance, respectively.

Decomposition algorithm

0. Initialization: Let LB := −∞,UB := +∞, xincum := ∅ and RMP be as
follows:
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max
∑

i∈N
θi (12a)

s.t .

θi ≤
∑

s∈S
ci (s)Vi (s) ∀i ∈ N , (12b)

θi unrestricted ∀i ∈ N , (12c)

x(s) ∈ {0, 1} ∀s ∈ S . (12d)

1. Restricted Master: Solve RMP and obtain an optimal solution (x̄, θ̄), and let
UB := ∑

i∈N θ̄i .
2. Separation:

(a) Calculate payoff profile wx̄ associated with x̄ using Proposition 2 (i), and
characterize the sets S 0

i,v(x̄),S
0
i,nv(x̄),S

1
i,v(x̄),S

1
i,nv(x̄) for all i ∈ N .

(b) For any i for which S 0
i,v(x̄) ∪ S 1

i,v(x̄) 
= ∅, add the valid inequality (9) to
RMP.

(c) If x̄ is an equilibrium (i.e., S 1
i,v(x̄) = ∅ for all i ∈ N ) and θ̄i >

∑
s∈S ci (s)wx̄

i (s) for some i ∈ N , then:
(i) Add a Benders’ optimality cut [5] to RMP for i ∈ N for which θ̄i >∑

s∈S ci (s)wx̄
i (s);

(ii) Add the valid inequality (8) to RMP if ci (s) ≥ 0 for all s ∈ S , i ∈ N ;
(iii) If c�wx̄ ≥ LB, let xincum := x̄, LB := c�wx̄.

3. Termination: If UB − LB ≤ ε, then terminate the algorithm. Otherwise, go
to Step 1.

If x̄ is not an equilibrium, there exists some i ∈ N such thatS 1
i,v(x̄) 
= ∅, and hence

(9) cuts off x̄ in Step (2b). Hence, the Decomposition Algorithm finitely converges
for any ε ∈ R+. There are several differences between our proposed algorithm and
Benders’ decomposition: First, we solve the set of equations (4) as the subproblem.
Second, we use the combinatorial feasibility cut (9). Third, we use the combinatorial
optimality cut (8) in addition to a Benders’ optimality cut.

In order to calculate wx̄
i in Step (2a) for each i ∈ N , by Proposition 2 (i) we solve

the following linear program (LP):

Ri (x̄) : max
∑

s∈S
ci (s)wi (s)

s.t .

wi (s) = Fi (s,wi ) ∀s ∈ S 0(x̄),

wi (s) = ui (s, 1) ∀s ∈ S 1(x̄),

wi (s) unrestricted ∀s ∈ S .
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For each i ∈ N , let γi (s) be optimal dual multipliers of Ri (x̄) for all s ∈ S , y+ :=
max{0, y} and y− := −min{0, y} for any y ∈ R. To enhance the Decomposition
Algorithm, we seek a Pareto-optimal Benders’ optimality cut [29].

Proposition 9 The following Benders’ optimality cut is Pareto-optimal.

θi ≤
∑

s∈S 0(x̄)

γi (s)ui (s, 0) + (
γ +
i (s)[ui (s, 1) − di (s)]+x(s)

)

+
∑

s∈S 1(x̄)

γi (s) ui (s, 1)x(s) + (−γi (s)
−di (s)

+ γi (s)
+Fi (s,Vi )

) [1 − x(s)] ∀i ∈ N . (13)

It is worth noting that cut (13) requires only optimal dual multipliers of Ri (x̄).

7.1 Branch-and-cut

In the Decomposition Algorithm, we need to solve the restricted master problem
repeatedly.However, solving amixed-integer restrictedmaster repeatedlymaybe time-
consuming. In order to alleviate this difficulty, we use a branch-and-cut framework. At
the root node, we start with theMILP in Step 0 of the DecompositionAlgorithm. Then,
we solve the LP relaxation at each node and generate a violated cut at each integral
node by using the separation procedure described in Step 2 of the Decomposition
Algorithm. We use the default branching and node selection strategies of the MILP
solver, [26].

Dynamic variable fixing and pruning At node t of the branch-and-cut tree, let J kt
be the set of all states in which x(s) is fixed to k, for any k = {0, 1}. A strategy profile
xt := 〈xt (s)〉s∈S can be assigned to each node t as follows:

xt (s) =
{
1 if s ∈ J 1t ,

0 otherwise.

If xt is not an equilibrium, node t is pruned because all possible strategy profiles at
this node (admissible with respect to the binary variables being fixed so far) are not
equilibria by Corollary 1. On the other hand, if xt is an equilibrium, we can apply
Proposition 7 to fix some of unfixed binary variables at node t and its offspring. For
this reason, x(s) is set to 0 at node t for all s ∈ ∪i∈NS 0

i,v(x
t ).

Dynamic coefficient strengthening Recall that 〈Vi (s)〉s∈S is the optimal value
function of player i when the autonomy of the other players is suppressed, but indeed
coefficient Vi (s) may be replaced with any other upper bound of wi (s). In general,
Vi (s) may be relatively large, which weakens the LP relaxation of �. To address this,
we dynamically tighten upper bounds for wi (s) in progress of the branch-and-cut tree
rather than using a fixed value as an upper bound for wi (s).

At leaf node t , we can obtain a tightened upper bound ofwi (s) by using the optimal
value function of player i for a certain MDP. In particular, consider an MDP in which
the autonomy of all players except for i is suppressed, while player i is restricted to
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strategies admissible with respect to the binary variables which are fixed at node t .
Since the set of fixed binary variables increases as we go down further in the search
tree, the tightened upper bound of wi (s) does not increase. Let V t

i (s) be the tightened
upper bound for wi (s) at leaf node t . For each player i , Vt

i := 〈V t
i (s)〉s∈S can be

calculated as the unique solution of the following MDP equations:

V t
i (s) = Fi (s, V

t
i ) ∀s ∈ J 0t ,

V t
i (s) = ui (s, 1) ∀s ∈ J 1t ,

V t
i (s) = max{ui (s, 1), Fi (s,Vt

i )} ∀s ∈ S /J 0t ∪ J 1t .

Similarly, the coefficient di (s) is a lower bound for wi (s), and we may tighten it as
we go down in the search tree. At leaf node t , consider payoff profile wxt associated
with strategy profile xt , as defined in the previous part. As noted earlier, if xt is not an
equilibrium, node t is pruned. Otherwise, xt is an equilibrium, and by Proposition 4
(i), wxt

i (s) is a lower bound for wi (s) at node t and its offspring. Compared to di (s),

wxt
i (s) is a tighter lower bound by Proposition 4. The new set of upper and lower

bounds is applied to generate a Benders’ optimality cut (13), which is only locally
valid. Since the upper and lower bounds get tighter as we go down further in the
search tree, deeper Benders’ optimality cuts will be generated. Needless to say, this
idea should only be implemented at nodes at which we generate a Benders’ optimality
cut. The idea of coefficient strengthening has received some recent attention in the
optimization community (e.g., [34]).

Dynamic player-aggregated upper bounds In stochastic games, it is natural to
assume that the players compete in the same environment, and therefore share the
same discount factor (see, e.g., [24,25]). Suppose that the discount factors are equal
for all players, i.e., λi = λ for all i ∈ N . We present a family of upper bounds for the
objective function at each leaf node t . Let αi ∈ R for all i ∈ N , and α := 〈αi 〉i∈N .
We define an aggregated MDP, Gα,t , over the state space S as follows. In each state
s ∈ S \(J 0t ∪ J 1t ), we may decide whether to stop or continue. In each state s ∈ J 1t
(J 0t ), we have to stop (continue). If we decide to stop, then the MDP terminates and
we receive a stopping reward uα(s, 1) := ∑

i∈N αi ui (s, 1). Conversely, if we decide
to continue, then the MDP moves into a new state s′ under the Markovian transition
probability P(s′|s) and we receive an immediate continuation reward uα(s, 0) :=∑

i∈N αi ui (s, 0). All future rewards are discounted at rate λ. Therefore, Gα,t has the
same dynamic evolution as G, but the players’ rewards are aggregated in Gα,t and its
action space is admissible with respect to the binary variables which are fixed at node
t . Similar to those of G, we can define strategy x and its associated payoffs wx,α,t for
Gα,t . For each strategy x with associated payoffs wx,α,t for Gα,t and associated payoff
profile wx for G, it can easily be seen that

wx,α,t (s) =
∑

i∈N
αiw

x
i (s) ∀s ∈ S . (14)

Let Vα,t := 〈V α,t (s)〉s∈S be the optimal value function of Gα,t , which is calculated
as the unique solution of the following MDP equations:
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V α,t (s) = uα(s, 0) + λ
∑

s′∈S
P(s′|s)V α,t (s′) ∀s ∈ J 0t ,

V α,t (s) = uα(s, 1) ∀s ∈ J 1t ,

V α,t (s) = max{uα(s, 1), uα(s, 0) + λ
∑

s′∈S
P(s′|s)V α,t (s′)} ∀s ∈ S /J 0t ∪ J 1t .

Consider the following LP:

θ̄ t := max
∑

s∈S ,i∈N
ci (s)wi (s) (15a)

s.t .

wi (s) = Fi (s,wi ) ∀s ∈ J 0t , i ∈ N , (15b)

wi (s) ≥ Fi (s,wi ) ∀s ∈ S /J 0t , i ∈ N , (15c)

wi (s) = ui (s, 1) ∀s ∈ J 1t , i ∈ N , (15d)
∑

i∈N
αiwi (s) ≤ V α,t (s) ∀s ∈ S , (15e)

wi (s) ≤ V t
i (s) ∀s ∈ S , i ∈ N , (15f)

wi (s) unrestricted ∀s ∈ S , i ∈ N . (15g)

If a strategy profile x is an equilibrium and admissible at node t , then wx satisfies
(15b)–(15d) by Proposition 2, and satisfies (15e)–(15f) by (14) and the definitions of
Vα,t andVt

i . Hence, the following inequality is locally valid at node t and its offspring:

∑

i∈N
θi ≤ θ̄ t . (16)

Of special interest is the case when α is equal to ei , the i th unit vector in R
|N |.

In this case, we do not need the above-mentioned assumption about equality of the
discount factors, and we use λi as the discount factor of Gei ,t . Consider the following
LP for each i ∈ N :

θ̄ ti := max
∑

s∈S
ci (s)wi (s) (17a)

s.t .

wi (s) = Fi (s,wi ) ∀s ∈ J 0t , (17b)

wi (s) ≥ Fi (s,wi ) ∀s ∈ S /J 0t , (17c)

wi (s) = ui (s, 1) ∀s ∈ J 1t , (17d)

wi (s) ≤ V t
i (s) ∀s ∈ S , (17e)

wi (s) unrestricted ∀s ∈ S . (17f)
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A reasoning similar to that for validity of the inequality (16), shows that following
inequality is locally valid at node t and its offspring:

θi ≤ θ̄ ti ∀i ∈ N . (18)

8 Computational experiments

8.1 Implementation and test instances

We implemented the branch-and-cut algorithm described in Sect. 7, using the ILOG-
CPLEX 12.6 Callable Library embedded in C++ under Microsoft Visual Studio 2010.
We conducted our computational experiments on an Intel Xeon PCwith 3.7GHzCPU,
32 GB RAM, and Windows 7 (64-bit) operating system. Each instance of our test bed
was processed three times within a 4-h time limit: First by our implementation of
the branch-and-cut algorithm described in Sect. 7 within CPLEX; second by solving
the extensive formulation [i.e., the MILP formulation (11a)–(11b)] through CPLEX
(with default settings); and third by our implementation of a state-of-the-art Benders’
decomposition [21] within CPLEX. Benders’ decomposition was ineffective, and for
brevity we do not report its computational results here.

In the implementation of our branch-and-cut algorithm, all cuts are generated at
integral nodes and added locally. The valid inequalities (16) and (18) are added locally
in non-integral nodes as well. Dynamic variable fixing and pruning routines are imple-
mented via a branch callback routine.

We restrict our attention to consensus stopping game instances in which each player
i ∈ N has an individual state si ∈ Si representing his competitive advantage, where
Si denotes his state space. Also, each player i ∈ N has an individual Markovian
transition probability matrix Pi , where Pi (s′

i |si ) shows the probability that player i
will be in state s′

i ∈ Si at the next period given that he is now in state si ∈ Si . As a
result, the game state s ∈ S is (s1, s2, . . . , sN ), and the game state space S is the
Cartesian product of S1, S2, . . . , SN so that |S | = ∏

i∈N |Si |. Moreover, the game
transition probability matrix P is the Kronecker product of transition probability
matrices of all players, i.e,P(s′

1, . . . , s
′
N |s1, . . . , sN ) = ∏

i∈N Pi (s′
i |si ). Clearly, the

equilibrium selectionMILP grows rapidly as either the number of players or the size of
Si increases. For each instance, there is an initial state, denoted by ŝ, and the objective
function (11a) is set to

∑
i∈N wi (ŝ). This is a reasonable objective since it is the sum

of all players’ expected reward-to-go from the initial state. Moreover, the discount
factors are equal for all players, and hence we use both valid inequalities (16) and (18)
in the branch-and-cut algorithm. In computation of the valid inequality (16), we let
α ∈ R

|N | be a vector whose components are all equal to 1.
In order to enhance the performance, we provide all approaches with strategy pro-

files x̄1 and x̄2 as warm start solutions such that for each s ∈ S ,

x̄1(s) =
{
1 if s = ŝ,
0 otherwise,

x̄2(s) =
{
1 if Vi (s) = ui (s, 1)∀i ∈ N ,

0 otherwise.
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Proposition 10 Strategy profile x̄2 is an equilibrium.

Note that in the warm start solutions presented above, unlike x2, x1 does not need to
be necessarily an equilibrium, and in such a case it is automatically eliminated from
consideration by the MILP solver.

8.2 Computational results 1: real clinical instances

We used the method described in [28], to generate three categories of consensus stop-
ping game instances for his kidney exchange problem. In the first (second) category,
there are two players such that the size of Si is equal to 40 (60) for both players. In
the third category, there are three players such that the size of Si is equal to 15 for all
players.

Tables 1, 2 and 3 include computational results for the first, second, and third
category of instances, respectively, and for ease of exposition, we let Branch-and-Cut
refer to the branch-and-cut algorithm described in Sect. 7, CPLEX refer to solving the
extensive formulation (11a)–(11b) through ILOG-CPLEX 12.6. In Tables 1, 2 and 3,
we report the number of cuts and number of explored nodes in the respective branch-
and-cut tree, the best solution, optimality gap (in %), setup time, and running time
(both in the hour: minute: second time format) for both approaches. Note that t .lim.

denotes that the approach has reached its 4-h time limit. Moreover, setup time is the
time required to compute necessary parameters and construct associated MILPs and
LPs. More specifically, setup time for Branch-and-Cut is the time needed to compute
parameters 〈Vi 〉∀i∈N and d, plus the time needed to construct initial LPs which will
be used during the algorithm to generate valid inequalities (16) and (18). The setup
time for CPLEX is the time needed to compute parameters 〈Vi 〉∀i∈N and d, plus
the time needed to construct the MILP formulation (11a)–(11b). For convenience of
exposition, we arranged the instances in the tables with respect to the optimality gap
of Branch-and-Cut and CPLEX.

In Table 1, both Branch-and-Cut and CPLEX need almost the same setup time
for each instance. Both approaches can solve instances a1–a12. On the majority of
these instances, Branch-and-Cut is at least an order of magnitude faster than CPLEX.
Branch-and-Cut needs about 16 minutes total to solve all instances of this subset while
CPLEX needs almost 9.5h total, i.e., Branch-and-Cut is 34 times faster in processing
the whole subset. Branch-and-Cut can solve each instance of a13–a18 in less than 17
minutes while CPLEX cannot solve any of them. Neither Branch-and-Cut nor CPLEX
is able to solve instances a19–a30. However, Branch-and-Cut provides smaller opti-
mality gaps for all instances. Overall, Branch-and-Cut outperforms CPLEX on all
instances. In some instances, we observe that the number of explored nodes and the
optimality gap are 0, meaning that those instances are solved at the root node. In such
instances, x̄1, i.e., the provided warm start solution, is indeed the optimal solution;
however, establishing optimality can be very challenging, e.g., instances a13–a18.
Moreover, we observe that Branch-and-Cut solves some instances without adding any
cut at the root node, meaning that the inequalities (12b) are enough to close the opti-
mality gap. CPLEX also solves some instances without adding any cut at the root
node by preprocessing and probing techniques. For instances a20–a30, no warm-start
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solution is optimal. For these instances, finding a better solution than the warm-start
solution x̄2 is quite challenging, and CPLEX is unable to find a better solution while
Branch-and-Cut is able to find better solutions and provides smaller optimality gaps.
Moreover, we let CPLEX explore these instances in a 24-h time limit, and observed
that CPLEX was only able to find a better solution than x̄2 just for one instance, and
its performance in terms of optimality gap was dominated by that of Branch-and-Cut
for a 4-h time limit.

Table 2 shows a similar pattern. Both Branch-and-Cut and CPLEX can solve
instances b1–b9, and Branch-and-Cut is several orders of magnitude faster than
CPLEX. Branch-and-Cut can solve instances b10–b19while CPLEX cannot solve any
of them. Instances b20–b30 cannot be solved byBranch-and-Cut nor byCPLEX.How-
ever, Branch-and-Cut provides us with better solutions and smaller optimality gaps.
For instances of b1–b19, x̄1 is optimal, and establishing optimality is the primary chal-
lenge in which Branch-and-Cut does remarkably well. For instances b20–b30, both
finding a better solution than x̄2 and establishing optimality are extremely challeng-
ing. For all of these instances, CPLEX is unable to find a better solution than x̄2, even
within 1day. Moreover, its optimality gap within 1day time limit is still larger than
that of Branch-and-Cut within a 4-h time limit. Generally speaking, the advantage of
Branch-and-Cut over CPLEX is even more apparent with the larger instances. Table
3 shows that Branch-and-Cut outperforms CPLEX on the third category of instances
as well.

It is worth to underline that our Branch-and-Cut algorithm operates on a series
of callback routines some of which appear to be computationally expensive as they
require the solution of large-scale LPs. Particularly, excessive solution times of such
LPs may keep the algorithm running over the time limit which may appear to show
the improper functioning of the time-limit parameter (CPX_PARAM_TILIM). To
circumvent this issue, the algorithm was terminated via the node-limit parameter
(CPX_PARAM_NODELIM) instead of the time-limit parameter for instances b20–
b30 and c17–c30 for which the issue appeared. For these instances, the appropriate
value of the associated node-limit parameter to terminate the algorithm before hitting
the 4-h time limit was identified on a trial and error basis.

In order to evaluate efficiency of the five families of valid inequalities applied in
Branch-and-Cut, we deactivated each type of valid inequality inBranch-and-Cut one at
a time and recollected the numerical results. In Table 4, we report the number of solved
problems and average of the optimality gaps in rows 1–2, 3–4, and 5–6 for instances
of Tables 1, 2 and 3, respectively. In column 1, we report the statistics for Branch-and-
Cut. In columns 2–6, we report the statistics for Branch-and-Cut after deactivation of
the associated valid inequalities. This table shows that the valid inequalities (16) and
(18) have a significant effect in closing the optimality gap.

8.3 Computational results 2: more general instances

All instances studied in the preceding subsection had non-negative rewards. In this
subsection, we investigate a set of random instances including both negative and non-
negative rewards to test the computational performance of our approach under this
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setting. In our synthetic test bed, each instance consists of four components: Players’
individual transition matrices, rewards, discount factors for each player, and the initial
state of the game. All these components, but discount factors, are randomly generated
for two categories of instances as described in the “Appendix”.

We report our computational results for the first and second categories of instances
in Tables 5 and 6, respectively. These tables illustrate that Branch-and-Cut greatly
outperforms CPLEX. Note that CPLEX incorrectly finds many instances infeasible
or unbounded. It also misses the optimal solution for instances d2, d26, and e25 in
Table 5. We attempted to circumvent these numerical failures by setting the feasibility
tolerance parameter (CPX_PARAM_EPRHS) to its highest allowed value (0.1), but
this did not solve these numerical failures. There are a couple of reasons behind
these failures: (1) Large variability in the coefficients of the formulation � due to the
existence of the transition probability matrix as well as the big-M type coefficients
〈Vi (s)〉s∈S ,i∈N and 〈di (s)〉s∈S ,i∈N raises the possibility of numerical instability. (2)
For each x ∈ B

|S |, if x(s) = 0 (x(s) = 1), then inequalities (10a)–(10b) [(10c)–(10d)]
must hold as equalities, which are more numerically unstable. In summary, numerical
results of CPLEX are unreliable for instances of Tables 5 and 6.

9 Conclusions

Weconsider consensus stopping games, a broad class of stochastic stopping games. For
the NP-hard problem of finding a best equilibrium for this important class of games,
we propose an MILP formulation and develop several valid inequalities to tackle it
efficiently. We demonstrate the effect and strength of these inequalities by invoking
them in a tailored branch-and-cut framework which also utilizes other features such
as dynamic variable fixing and coefficient tightening along the solution process.

The majority of results in this paper can be applied to nonlinear objective functions
of payoffs. In particular, the valid inequalities (8) and (9) may be applied to any
nondecreasing and general nonlinear objective function of payoffs, respectively. The
approach of this paper might also be amenable to analyze equilibria of other types of
stochastic games. We leave this extension as a topic for future research.

Appendix

Proof of Proposition 1 (iii) (⇒)Suppose that there exists an equilibrium in Ax, denoted
by ã. We show that strategy profile ā is an equilibrium as well. Since ā, ã ∈ Ax, we
must have wã = wā by part (i). There are two cases:
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If x(s) = 1, then for all i ∈ N , ãi (s) = āi (s) = 1, and

wā
i (s) = wã

i (s) = max

⎧
⎪⎪⎨

⎪⎪⎩

⎛

⎜
⎜
⎝

∏

j∈N ,
j 
=i

ã j (s)

⎞

⎟
⎟
⎠ ui (s, 1)

+

⎛

⎜
⎜
⎝1 −

∏

j∈N ,
j 
=i

ã j (s)

⎞

⎟
⎟
⎠ Fi (s,wã

i ), Fi (s,w
ã
i )

⎫
⎪⎪⎬

⎪⎪⎭

= max

⎧
⎪⎪⎨

⎪⎪⎩

⎛

⎜
⎜
⎝

∏

j∈N ,
j 
=i

ā j (s)

⎞

⎟
⎟
⎠ ui (s, 1)

+

⎛

⎜
⎜
⎝1 −

∏

j∈N ,
j 
=i

ā j (s)

⎞

⎟
⎟
⎠ Fi (s,wā

i ), Fi (s,w
ā
i )

⎫
⎪⎪⎬

⎪⎪⎭

,

where the second equality follows from the fact that ã is an equilibrium and part (ii).
If x(s) = 0, then for all i ∈ N , āi (s) = 0, and

wā
i (s) = Fi (s,wā

i ) = max

⎧
⎪⎪⎨

⎪⎪⎩

⎛

⎜
⎜
⎝

∏

j∈N ,
j 
=i

ā j (s)

⎞

⎟
⎟
⎠ ui (s, 1)

+

⎛

⎜
⎜
⎝1 −

∏

j∈N ,
j 
=i

ā j (s)

⎞

⎟
⎟
⎠ Fi (s,wā

i ), Fi (s,w
ā
i )

⎫
⎪⎪⎬

⎪⎪⎭

,

where the first equality follows from part (i).
In summary, the Eq. (3) is satisfied for all s ∈ S , i ∈ N . Therefore, ā is an

equilibrium by part (ii).
(⇐) Follows directly from the definitions of ā and Ax. ��

Proof of Proposition 3 Recall that under a fixed strategy profile x, the payoffs of each
player represent a stationary Markov reward process, and hence can be calculated by
value iteration [10]. Let [wx

i (s)]n denote the value associated with state s ∈ S at
the nth iteration of the value iteration algorithm under strategy profile x for player i .
Furthermore, we initialize our value iteration with payoffs of player i under x̄, i.e.,
[wx

i (s)]0 = wx̄
i (s) for all s ∈ S .

(i) From Proposition 2 (i) and the hypothesis about the relation between x and x̄,
there are four mutually exclusive cases for s:
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– If s ∈ S 1
i,nv(x̄), then x(s) = 1 and [wx

i (s)]1 = ui (s, 1) = wx̄
i (s) = [wx

i (s)]0.
– If s ∈ S 0(x̄), then x(s) = 0 and [wx

i (s)]1 = Fi (s, [wx
i ]0) = Fi (s,wx̄

i ) =
wx̄
i (s) = [wx

i (s)]0.
– If s ∈ S 1

i,v(x̄) and x(s) = 1, then [wx
i (s)]1 = ui (s, 1) = wx̄

i (s) = [wx
i (s)]0.

– If s ∈ S 1
i,v(x̄) and x(s) = 0, then [wx

i (s)]1 = Fi (s, [wx
i ]0) = Fi (s,wx̄

i ) ≥
ui (s, 1) = wx̄

i (s) = [wx
i (s)]0 where the inequality follows from s ∈ S 1

i,v(x̄).

From all four cases, it follows that [wx
i (s)]1 ≥ [wx

i (s)]0 for all s ∈ S . From the
monotonicity of the dynamic programming operator induced by strategy profile x for
player i [6], it follows that for any n, [wx

i (s)]n+1 ≥ [wx
i (s)]n for all s ∈ S . As a

result, wx
i (s) = lim

n→∞[wx
i (s)]n ≥ [wx

i (s)]0 = wx̄
i (s).

(ii) The proof is similar to that of part (i). ��
Remark 1 A nice property of Proposition 2 (ii) is that when we assess equilibrium
conditions for a strategy profile x, we only need to check if the Bellman–Shapley
equation (5) is satisfied for each s ∈ S , i ∈ N in which x(s) = 1 since (5) is trivially
satisfied for each s ∈ S , i ∈ N in which x(s) = 0. In particular, this implies that the
strategy profile 0 is an equilibrium.

Proof of Lemma 1 (⇒) If s ∈ S 1(x), then wx
i (s) = ui (s, 1) ≥ Fi (s,wx

i ) by Propo-
sition 2. Therefore, ui (s, 1) ≥ Fi (s,wx

i ) for all s ∈ S 1(x), i ∈ N . It follows that
S 1

i,v(x) = ∅ for all i ∈ N .

(⇐) S 1(x) = S 1
i,nv(x) ∪ S 1

i,v(x) and S 1
i,v(x) = ∅ for all i ∈ N . It follows

that S 1(x) = S 1
i,nv(x) for all i ∈ N . Therefore, if s ∈ S 1(x), then for all i ∈ N ,

ui (s, 1) ≥ Fi (s,wx
i ) and Proposition 2 (i) implies that wx

i (s) = ui (s, 1). Hence,
the Bellman–Shapley equation (5) is satisfied for all s ∈ S 1(x), i ∈ N . As noted in
Remark1, theBellman–Shapley equation (5) is trivially satisfied for all s ∈ S 0(x), i ∈
N . Consequently, x is an equilibrium by Proposition 2 (ii). ��
Proof of Proposition 4 (i) As x̄ is an equilibrium,S 1

i,v(x̄) = ∅ for all i ∈ N by Lemma

1, and the hypothesis states that S 1(x) ⊆ S 1(x̄). Therefore, S 1
i,v(x̄) ⊆ S 1(x) ⊆

S 1(x̄) for all i ∈ N . The result follows from Proposition 3 (ii).
(ii) If s ∈ S 1(x), then s ∈ S 1(x̄) = S 1

i,nv(x̄) ∪S 1
i,v(x̄) = S 1

i,nv(x̄) for all i ∈ N
since S 1

i,v(x̄) = ∅ for all i ∈ N by Lemma 1. This implies that ui (s, 1) ≥ Fi (s,wx̄
i )

for all s ∈ S 1(x), i ∈ N . Moreover, wx̄
i (s) ≥ wx

i (s) for all s ∈ S , i ∈ N by part (i),
and hence by monotonicity of Fi (s, v) with respect to v, it follows that Fi (s,wx̄

i ) ≥
Fi (s,wx

i ) for all s ∈ S , i ∈ N . Therefore, ui (s, 1) ≥ Fi (s,wx̄
i ) ≥ Fi (s,wx

i ) for all
s ∈ S 1(x), i ∈ N . So,S 1

i,v(x) = ∅ for all i ∈ N . It follows from Lemma 1 that x is
an equilibrium. ��
Proof of Corollary 2 Immediate from Remark 1 and Proposition 4 (ii). ��
Proof of Proposition 5 (i) Immediate fromRemark 1, Proposition 4 (i), and the assump-
tion that ci (s) ≥ 0 for all s ∈ S , i ∈ N .

(ii) If
∑

s∈S 0(x̄) x(s) > 0, (8) is redundant. Otherwise,
∑

s∈S 0(x̄) x(s) = 0, imply-
ingS 1(x) ⊆ S 1(x̄), so (8) cuts off an equilibrium x if and only ifS 1(x) ⊂ S 1(x̄).
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Moreover, if S 1(x) ⊂ S 1(x̄), then x is a non-maximal equilibrium since x̄ is an
equilibrium. ��
Proof of Proposition 6 Let 	x̄ be the set of strategy profiles x̃ for which there exists an
state ŝ ∈ S 0

i,v(x̄) ∪ S 1
i,v(x̄) such that:

– x̃(s) = 1 for all s ∈ S 1
i,nv(x̄),

– x̃(s) = 0 for all s ∈ S 0
i,nv(x̄),

– x̃(ŝ) = 1 for some ŝ ∈ S 0
i,v(x̄) ∪ S 1

i,v(x̄),
– x̃(s) = 0 for all s ∈ S 0

i,v(x̄) ∪ S 1
i,v(x̄)/{ŝ}.

We show that each x̃ ∈ 	x̄ is not an equilibrium. Since ŝ ∈ S 0
i,v(x̄) ∪ S 1

i,v(x̄), there
are two mutually exclusive cases for ŝ:

Case 1 If ŝ ∈ S 1
i,v(x̄), then wx̃

i (s) ≥ wx̄
i (s) for all s ∈ S by Proposition 3 (i). As

a result, Fi (s,wx̃
i ) ≥ Fi (s,wx̄

i ) for all s ∈ S . In particular, Fi (ŝ,wx̃
i ) ≥ Fi (ŝ,wx̄

i ) >

ui (ŝ, 1). Since Fi (ŝ,wx̃
i ) > ui (ŝ, 1) and x̃(ŝ) = 1, the Bellman–Shapley equation (5)

is violated at state ŝ under x̃, so it is not an equilibrium.
Case 2 If ŝ ∈ S 0

i,v(x̄), then consider strategy profile x̆ defined as follows:

– x̆(s) = 1 for all s ∈ S 1
i,nv(x̄),

– x̆(s) = 0 for all s ∈ S /S 1
i,nv(x̄).

Therefore, x̃ and x̆ take the same value for all s ∈ S /{ŝ}. ByCorollary 1, if the strategy
profile x̆ is not an equilibrium, x̃ cannot be an equilibrium since S 1(x̆) ⊆ S 1(x̃).

Suppose x̆ is an equilibrium. By Proposition 3 (i), wx̆
i (s) ≥ wx̄

i (s) for all s ∈
S . Therefore, Fi (s,wx̆

i ) ≥ Fi (s,wx̄
i ) > ui (s, 1) for all s ∈ S 0

i,v(x̄). In particular,

Fi (ŝ,wx̆
i ) > ui (ŝ, 1). Moreover, suppose that x̃ is an equilibrium; thuswx̃

i (s) ≥ wx̆
i (s)

for all s ∈ S by Proposition 4 (i). As a result, Fi (s,wx̃
i ) ≥ Fi (s,wx̆

i ) for all s ∈ S .
In particular, Fi (ŝ,wx̃

i ) ≥ Fi (ŝ,wx̆
i ) > ui (ŝ, 1), and this means that the Bellman–

Shapley equation (5) is violated at state ŝ under x̃. Therefore, x̃ is not an equilibrium,
which is a contradiction.

So far, we have shown that each x̃ ∈ 	x̄ is not an equilibrium. For any strategy
profile x, satisfying the conditions of Proposition 6, there exists a strategy profile
x̃ ∈ 	x̄ such that S 1(x̃) ⊆ S 1(x), so x cannot be an equilibrium by Corollary 1. ��
Proof of Proposition 7 If

∑
s∈S 1

i,nv(x̄)[1 − x(s)] > 0, then (9) is redundant. Now, con-

sider the other case in which
∑

s∈S 1
i,nv(x̄)[1 − x(s)] = 0. This implies S 1

i,nv(x̄) ⊆
S 1(x). If x is an equilibrium and S 1

i,nv(x̄) ⊆ S 1(x), then S 1(x) ∩ (S 0
i,v(x̄) ∪

S 1
i,v(x̄)) = ∅ by Proposition 6. This is equivalent to saying that if x is an equilibrium

and
∑

s∈S 1
i,nv(x̄)[1 − x(s)] = 0, then x(s) = 0 for all s ∈ S 0

i,v(x̄) ∪ S 1
i,v(x̄). ��

Recall that d is the payoff profile of the strategy profile 0.

Lemma 2 (i) di (s) = Fi (s,di ) for all s ∈ S , i ∈ N .
(ii) If a strategy profile x is an equilibrium, then wx

i (s) ≥ di (s) for all s ∈ S , i ∈ N .
(iii) If ui (s̄, 1) < di (s̄) for some s̄ ∈ S , i ∈ N , then x(s̄) = 0 for each equilibrium x.
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Proof (i) Immediate from Proposition 2 (i).
(ii) Note that S 1(0) = ∅ ⊆ S 1(x) for each equilibrium x. The result follows from

Proposition 4 (i).
(iii) Substituting 0 for x̄ in Proposition 7 implies that the following set of inequalities

are valid for Ψ .

∑

s∈S 0
i,v(0)∪S 1

i,v(0)

x(s) ≤ (∣
∣S 0

i,v(0)
∣
∣+ ∣

∣S 1
i,v(0)

∣
∣
) ∑

s∈S 1
i,nv(0)

[1 − x(s)] = 0 ∀i ∈ N ,

wherewe havemade use of the fact thatS 1
i,nv(0) ⊆ S 1(0) = ∅, towrite the equal-

ity. Note that s̄ ∈ S 0
i,v(0) since ui (s̄, 1) < di (s̄). By the above set of inequalities,

x(s̄) = 0 is valid for Ψ , and hence x(s̄) = 0 for each equilibrium x. ��

Proof of Proposition 8 (i) (⇒) x ∈ B
|S | by (10f). For each s ∈ S , there are two cases:

If x(s) = 0, wi (s) = Fi (s,wi ) for all i ∈ N by (10a)–(10b).
If x(s) = 1, wi (s) = ui (s, 1) for all i ∈ N by (10c)–(10d).
As a result, w is associated payoff profile of x by Proposition 2 (i). It also follows

from (10a) that the Bellman–Shapley equation (5) is satisfied for all s ∈ S 1(x).
Therefore, x is an equilibrium by Proposition 2 (ii).

(⇐) Suppose x is an equilibrium with associated payoff profile w. Constraint
(10f) is satisfied since x is a (pure) strategy profile. Constraint (10a) is satisfied by
Proposition 2 (ii). For each s ∈ S , there are two cases:
If x(s) = 0, thenwi (s) = Fi (s,wi ) by Proposition 2 (i). Constraint (10b) is obviously
satisfied, and (10c) is satisfied by Lemma 2 (ii). Constraint (10d) is satisfied since:

wi (s) = Fi (s,wi ) ≤ Fi (s,Vi ),

where the inequality follows from the definition of Vi .
If x(s) = 1, thenwi (s) = ui (s, 1) by Proposition 2 (i). Constraint (10b) is satisfied

since:

wi (s) = ui (s, 1) ≤ ui (s, 1) + Fi (s,wi ) − Fi (s,di )

= ui (s, 1) + Fi (s,wi ) − di (s),

where the first inequality follows from Lemma 2 (ii), and the second equality follows
from Lemma 2 (i). Constraints (10c)–(10d) are obviously satisfied.

(ii) If ui (s, 0), ui (s, 1) ≥ 0 for all s ∈ S , i ∈ N , it can easily be shown by value
iteration that di (s) ≥ 0 for all s ∈ S , i ∈ N . The rest of the proof is straightforward.

��

Proof of Proposition 9 Recall that γi (s) for all s ∈ S , i ∈ N , are optimal dual mul-
tipliers of Ri (x̄). Let Pi (x̄) denote the subproblem associated with each player i in
(11a)–(11b) when x is set to x̄:
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Pi (x̄) : max
∑

s∈S
ci (s)wi (s)

s.t .

wi (s) ≥ Fi (s,wi ) ∀s ∈ S ,

wi (s) ≤ Fi (s,wi ) + [ui (s, 1) − di (s)]x̄(s) ∀s ∈ S ,

wi (s) ≥ [ui (s, 1) − di (s)]x̄(s) + di (s) ∀s ∈ S ,

wi (s) ≤ ui (s, 1)x̄(s) + Fi (s,Vi )[1 − x̄(s)] ∀s ∈ S ,

wi (s) unrestricted ∀s ∈ S .

In order to generate a Benders’ optimality cut in Step (2c), optimal dual mul-
tipliers of Pi (x̄) are needed while we only know optimal dual multipliers of
Ri (x̄). In fact, optimal dual multipliers of Ri (x̄) and Pi (x̄) are closely related. Let
πi,1(s), πi,2(s), πi,3(s), πi,4(s) be optimal dual multipliers of Pi (x̄) associated with
equations (10a)–(10d), for all s ∈ S , i ∈ N , respectively. It can easily be seen that
for all i ∈ N :

πi,1(s) = πi,2(s) = 0 ∀s ∈ S 1(x̄), (19a)

πi,1(s) + πi,2(s) = γi (s) ∀s ∈ S 0(x̄), (19b)

πi,3(s) = πi,4(s) = 0 ∀s ∈ S 0(x̄), (19c)

πi,3(s) + πi,4(s) = γi (s) ∀s ∈ S 1(x̄), (19d)

πi,1(s) ≤ 0, πi,2(s) ≥ 0, πi,3(s) ≤ 0, πi,4(s) ≥ 0 ∀s ∈ S . (19e)

At each iteration of the Decomposition Algorithm, Ri (x̄) is solved, and γi (s) is
obtained for all s ∈ S , i ∈ N . There aremultiple dual optimal solutions forPi (x̄), and
we may use any πi,1(s), πi,2(s), πi,3(s), πi,4(s), satisfying (19a)–(19e), to generate a
Benders’ optimality cut. A Benders’ optimality cut is as follows:

θi ≤
∑

s∈S
πi,1(s) ui (s, 0) + πi,2(s)

(
ui (s, 0) + [ui (s, 1) − di (s)]x(s)

)

+ πi,3(s)
(
[ui (s, 1) − di (s)]x(s) + di (s)

)

+ πi,4(s)
(
ui (s, 1)x(s) + Fi (s,Vi )[1 − x(s)]

)
∀i ∈ N .

(20)

Since Ri (x̄) is not degenerate, 〈γi (s)〉s∈S is the unique dual solution of Ri (x̄).
In order to generate a Pareto-optimal Benders’ optimality cut, we need to find
π∗
i,1(s), π

∗
i,2(s), π

∗
i,3(s), π

∗
i,4(s) for all s ∈ S such that they minimize the term on

the right-hand side of (20) subject to (19a)–(19e) for each equilibrium x. The right-
hand side of (20) subject to (19a)–(19e) may be rewritten as follows:

∑

s∈S
πi,1(s) ui (s, 0) + πi,2(s)

(
ui (s, 0) + [ui (s, 1) − di (s)]x(s)

)
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+ ii,3(s)
(
[ui (s, 1) − di (s)]x(s) + di (s)

)

+ πi,4(s)
(
ui (s, 1)x(s) + Fi (s,Vi )[1 − x(s)]

)

=
∑

s∈S 0(x̄)

[πi,1(s) + πi,2(s)] ui (s, 0)

+ πi,2(s) [ui (s, 1) − di (s)]x(s) +
∑

s∈S 1(x̄)

[πi,3(s) + πi,4(s)] ui (s, 1)x(s)

+ [πi,3(s) di (s) + πi,4(s) Fi (s,Vi )][1 − x(s)]
=

∑

sS 0(x̄)

γi (s) ui (s, 0) + πi,2(s) [ui (s, 1) − di (s)]x(s)

+
∑

s∈S 1(x̄)

γi (s) ui (s, 1)x(s) + [πi,3(s) di (s) + πi,4(s) Fi (s,Vi )][1 − x(s)],

(21)

where the first and second equality follow from (19a), (19c) and (19b), (19d), respec-
tively. In order to minimize (21) subject to (19a)–(19e), we may seek to minimize (21)
for each s ∈ S separately. There are three mutually exclusive cases for s:

1. If s ∈ S 0(x̄) and ui (s, 1) ≥ di (s), then π∗
i,1(s) := min{0, γi (s)} =

−γ −
i (s), π∗

i,2(s) := max{0, γi (s)} = γ +
i (s), π∗

i,3(s) := 0, π∗
i,4(s) := 0 mini-

mizes (21) subject to (19a)–(19e).
2. If s ∈ S 0(x̄) and ui (s, 1) < di (s), then x(s) is equal to 0 for any equilibrium

x by Lemma 2. As a result, π∗
i,1(s) := −γ −

i (s), π∗
i,2(s) := γ +

i (s), π∗
i,3(s) :=

0, π∗
i,4(s) := 0 minimizes (21) subject to (19a)–(19e).

3. If s ∈ S 1(x̄), then π∗
i,1(s) := 0, π∗

i,2(s) := 0, π∗
i,3(s) := −γ −

i (s), π∗
i,4(s) :=

γ +
i (s) minimizes (21) subject to (19a)–(19e) since Fi (s,Vi ) ≥ Fi (s,di ) = di (s).

��
Proof of Proposition 10 If s ∈ S 0(x̄2), the Bellman–Shapley equation (5) is obviously
satisfied for all i ∈ N . Conversely, if s ∈ S 1(x̄2), then

w
x̄2
i (s) = ui (s, 1) = Vi (s) ≥ Fi (s,Vi ) ≥ Fi (s,w

x̄2
i ) ∀i ∈ N ,

where the first equality follows fromProposition 2 (i), the second equality follows from
the definition of x̄2, and the first and second inequalities follow from the definition of
Vi . Hence, the Bellman–Shapley equation (5) is satisfied for all s ∈ S 1(x̄2), i ∈ N .

��
Random instance generationWe generated two categories of two-player consen-

sus stopping game instances as follows. For the first (second) category, the size of
Si is equal to 40 (60) for both players. Recall from Sect. 8.1 that (1) the game state
is s = (s1, s2), i.e., S = S1 × S2, and (2) the game transition probability matrix
P is the Kronecker product of the individual transition probability matrices, i.e.,
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P(s′
1, s

′
2|s1, s2) = Pi (s′

1|s1)Pi (s′
2|s2). In many practical applications of consensus

stopping games such as war termination and organ exchange, which were discussed in
Sect. 1, transition in state of the game is slow, i.e., the game most likely remains in the
same state at the next period as that of the current period. For this reason, we randomly
generated a set of individual transition probability matrices that are highly diagonal,
i.e., the diagonal entries are close to 1. Specifically, in generating our transition matri-
ces we used the notion of increasing failure rate (IFR) property. The IFR property has
its origins in maintenance optimization and reliability literature [4], but it has been
recently shown that data in varying real contexts, primarily in healthcare and service
operations, empirically exhibit IFR property [2]. The transition matrices we generated
are designed to be moderately sparse but do not have any diagonal entry that is less
than 0.99. Such transition matrices can be encountered in real-life dynamic settings
where decision epochs are spaced very close to each other so that leaving the state of
the system in one period is not very likely. It is also common to see sparse transition
matrices with large diagonal entries when solutions of a large-scale dynamic decision-
making problem are approximated through state aggregation. To ensure our transition
matrices have the IFR property and the specified threshold probabilities in their diago-
nals, we simulated their entries iteratively starting from the top row. In each particular
row, we simulated the entries from left to right in column order after randomly fixing
the diagonal entry in the specified range. All entries of the same row are generated
from a uniform distribution whose boundaries are imposed by a corresponding partial
row sum from the previous row due to the IFR property. While such order restrictions
can disallow some entries to be positive, we also allowed each nondiagonal entry to
be 0 with probability 0.01. Across all transition matrices we generated, on average,
the transition matrices for 40-state-per-player instances were 53% sparse whereas the
transition matrices for 60-state-per-player instances were 63% sparse.

For each i ∈ {1, 2} and s ∈ S , the rewards ui (s, 0) and ui (s, 1) only depend on
si . For each i ∈ {1, 2} and s ∈ {(s1, s2) ∈ S : si 
= |Si |}, ui (s, 0) is generated
according to a uniform distribution on the interval [−150, 50], and ui (s, 1) is equal to
mins∈S di (s) + rand(si )

|Si |−si|Si | maxs∈S di (s), where rand(si ) is a random number
from a uniform distribution on [0, 1]. In addition, the last state (i.e., si = |Si |) is
absorbing, and its continuation and stopping rewards are 0 and −∞, respectively.
Finally, the initial state of the game ŝ is generated by a discrete uniform distribution
between |Si |

4 and |Si |
2 .
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