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Abstract

Primal heuristics are an important component of state-of-the-art codes
for mixed integer programming. In this paper, we focus on primal heuris-
tics that only employ computationally inexpensive procedures such as
rounding and logical deductions (propagation). We give an overview of
eight different approaches. To assess the impact of these primal heuristics
on the ability to find feasible solutions, in particular early during search,
we introduce a new performance measure, the primal integral. Compu-
tational experiments evaluate this and other measures on MIPLIB 2010
benchmark instances.

1 Introduction: primal heuristics for MIP
Mixed integer programming (MIP) is to solve the optimization problem
Zopt = argmin{ch | Az < bl <z <wu,z; €Zforall jeJ}, (1)

with 4 € R™*" p € R™, ¢ € R", [,u € R" (with R :=RU {xo0}), and
JCN=A{1,...,n}.

In state-of-the-art MIP solvers, primal heuristics play a major role in finding
and improving integer feasible solutions at an early stage of the solution process.
Knowing good solutions early during optimization helps to prune the search tree
and to simplify the problem via dual reductions. Further, it proves the feasibility
of a problem and a practitioner might be satisfied with a solution that is proven
to be within a certain gap to optimality.

This article gives an overview about rounding and propagation heuristics
for MIP that are integrated into SCIP [I], which is a state-of-the-art non-
commercial solver and framework for mixed integer programming.

The ZI Round heuristic has been introduced by Wallace [5], more details on
the other primal heuristics can be found in [2] [T} [3].
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2 Rounding heuristics

The goal of rounding heuristics is to convert a fractional solution Z of the system
Az < b,1 <z < u into an integral solution, i.e., z; € Z Vj € J. All rounding
heuristics described in this section use the notion of up- and down-locks. For
a MIP (), we call the number of positive coefficients f;” = |{i: a;; > 0} the
up-locks of the variable x;; the number of negative coefficients is called the
down-locks &; of z;.

Simple Rounding is a very cheap heuristic that iterates over the set of frac-
tional variables of some LP-feasible point. It only performs roundings, which
guarantee to keep all linear constraints satisfied. Consider an integer variable
zj,j € J, with fractional LP solution z;. If {; = 0, we can safely set 7, := [7;]
without violating any linear constraint. Analogously, if Sf = 0, we can set
Z; = [Z;]. If all integer variables with fractional Z; can be rounded that way,
then Z will be a feasible MIP solution.

In contrast to Simple Rounding, Rounding also performs roundings which
potentially lead to a violation of some linear constraints, trying to recover from
this infeasibility by further roundings later on. The solutions that can be found
by Rounding are a superset of the ones that can be found by Simple Rounding.
Like Simple Rounding, the Rounding heuristic takes up- and down-locks of an
integer variable with fractional LP value Z; into account. As long as no linear
constraint is violated, the algorithm iterates over the fractional variables and
applies a rounding into the direction of fewer locks, updating the activities A;T
of the LP rows after each step, A; being the i-th row of A. If there is a violated
linear constraint, hence A;Z > b; for some i, the heuristic will try to find a
fractional variable that can be rounded in a direction such that the violation
of the constraint is decreased, using the number of up- and down-locks as a
tie breaker. If no rounding can decrease the violation of the constraint, the
procedure is aborted.

ZI Round[5] reduces the integer infeasibility of an LP solution step-by-step
by shifting fractional values towards integrality, but not necessarily rounding
them. For each integer variable x; with fractional solution value Z;, the heuristic
calculates bounds for both possible rounding directions of Z; such that the
obtained solution stays LP-feasible. z; is shifted by the corresponding bound
into the direction which reduces the fractionality min{z; —|Z;], [Z;] —Z, } most.
The set of fractional variables might be processed several times by ZI Round. It
either terminates with a MIP solution Z or aborts if the integer infeasibility could
not be decreased anymore or if a predefined iteration limit has been reached.

3 Propagation heuristics

The goal of propagation heuristics is to construct a feasible MIP solution Z
from scratch or from a start solution, while applying domain propagation to
exclude variable values that would lead to an infeasibility or to a solution that is
inferior to the incumbent. In contrast to diving or LNS heuristics (see, e.g., [2]),
propagation heuristics do not solve any LP during search.

The Shifting heuristic is similar to Rounding, but it tries to continue in the
case that no rounding can decrease the violation of a linear constraint. In
this case, the value of a continuous variable or an integer variable with integral



value will be shifted in order to decrease the violation of the constraint. To avoid
cycling, the procedure terminates after a certain number of non-improving shifts.
A shift is called non-improving, if it neither reduces the number of fractional
variables nor the number of violated rows.

Shift-and-Propagate tries to find a MIP solution by alternately fixing vari-
ables and propagating these fixings. Starting with an initial, typically infeasible,
solution in which each variable is assumed to be at one of its bounds, it iterates
over all integer variables x;, j € J in nondecreasing order of their impact on the
activity of the linear constraints. In each step, the heuristic fixes a variable x; to
a value Z; such that the overall infeasibility gets maximally reduced. The fixing
x; = &; is then propagated to reduce further variable domains. In case that the
domain propagation detects the infeasibility of the current partial solution, the
domain of z; is reset to its previous state and the variable is postponed. The
procedure is aborted when a predefined iteration limit is exceeded.

4 Improvement heuristics

Improvement heuristics consider the incumbent solution as a starting point and
try to construct an improved solution with better objective value.

Oneopt is a straightforward improvement heuristic: given a feasible MIP
solution Z, the value of an integer variable z;, j € J, can be decreased for
c¢; > 0 or increased for ¢; < 0 if the resulting solution is still feasible. If more
than one variable can be shifted, they are sorted by non-decreasing impact
|c;0;| on the objective and sequentially shifted until no more improvements can
be obtained. Here, §; € Z denotes how far the variable can be shifted into the
desired direction without losing feasibility. Oneopt often succeeds in improving
solutions which were found by the rounding heuristics described in Section [2]
since their defensive approach to round into the direction of fewer locks tends
to over-fulfill linear constraints, sacrificing solution quality.

The Twoopt heuristic attempts to improve a feasible MIP solution z by
altering the solution values of pairs of variables. Only variables which share a
pre-defined ratio of LP rows are considered as pairs. Each step of the heuristic
consists of improving the objective value by shifting one variable, and then
compensating the resulting infeasibilities by shifting a second variable, without
completely losing the objective improvement. Similarly to Oneopt, pairs are
processed in non-decreasing order of their impact on the objective.

5 Computational experiments

In MIP solving, the running time to optimality and the number of branch-and-
bound nodes are typical measures for comparison. For primal heuristics, the
time needed to find a first feasible solution, an optimal solution, or a solution
within a certain gap to optimality are favorable measures that concentrate on
the primal part of the solution process. Nevertheless, the trade-off between
speed and solution quality is not well covered by any of them.

We suggest a new performance measure that takes into account the overall
solution process. The goal is to measure the progress of convergence towards
the optimal solution over the entire solving time. Let  be a solution for a MIP,



and Zopy be an optimal (or best known) solution for that MIP. We define the
primal gap v € [0,1] of & as:

0, if [¢"&opt| = |c"F| =0,
f}/(j‘;) = ]., if CT‘%Opt T < 0, (2)

[ o —c" 2| else.

max{[cT Fap], [TE]}

Let tmax € R>g be a limit on the solution time of a MIP solver. Considering
a log file of a MIP solver for a certain problem instance within a fixed compu-
tational environment, we define its primal gap function p: [0, tmax] — [0, 1]:

() = 1, if no incumbent found until point ,
p= ~v(Z(t)), with Z(t) being the incumbent solution at point ¢.

p(t) is a step function that changes whenever a new incumbent is found. It is
zero from the point on at which the optimal solution is found. We define the
primal integral P(T) of a run until a point in time T € [0, tyax] as:

T I
PT) = [ p(t)de =Y plti) - (i~ ti), (@)
t=0 =1
where t; € [0,T] fori € 1,...,I — 1 are the points in time when a new incumbent

solution is found, to =0, t; = T.

We suggest to use P(tmax) for measuring the quality of primal heuristics.
It favors finding good solutions early. The fraction P(tmax)/t,.. can be seen as
the average solution quality during the search process. Spoken differently, the
smaller P(tmax) 18, the better is the expected quality of the incumbent solution
if we stop the solver at an arbitrary point in time.

We used the benchmark set of the MIPLIB 2010 [4] as test set for our
experiments. Since we are interested in the primal part of the solution process,
we excluded the four infeasible instances triptiml, enlight14, ns1766074, and
ash608gpia-3col; further, mspp16 was excluded since it terminated for memory
reasons during presolving for all our tests. Thus, 82 test instances remained. We
performed four different runs: SCIP without any primal heuristics (Heur_ OFF),
SCIP using only the rounding and propagation heuristics which are described in
this paper (R&P), SCIP using all default heuristics except the ones described in
this paper (NoR&P), and SCIP with default settings (DEF). All experiments
were conducted with a time limit of one hour, a memory limit of 4GB on a
3.00 GHz Intel®) Core™2 Extreme CPU X9650 with 6144 KB Cache and 8 GB
RAM.

Figure [l| exemplarily shows the primal gap function p(t) for the four settings
applied to the instance n3seq24. A square shows when a new primal solution
is found and its quality. It can be seen that the two settings that use rounding
and propagation heuristics find solutions earlier and hence have a smaller primal
integral P(tmax). For all four settings, SCIP found the optimal solution within
an hour, but timed out without proving optimality. Interestingly, with disabled
heuristics (Heur_OFF), the optimal solution was found in the smallest amount of
time. Nevertheless, the behavior of the default settings (DEF) seems favorable
since primal solutions of reasonable quality are found much earlier.
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Figure 1: The solving process depicted for the instance n3seq24

DEF NoR&P R&P Heur OFF

#(P) 044 047 061 1.0
b(t1) 854 1748 10.88 57.66
Gtops)  215.63  218.18 236.92 263.46
G(tsorved) T12.90  676.10 746.48 838.60

Table 1: Computed mean values for all four settings

Table [I] shows aggregated results of our experiments. The first row shows
the evaluation of the normalized primal integral over the entire testset. For each
instance, the corresponding integral P(tmax) is divided by the integral obtained
with the setting Heur_OFF. This reference value is then used to compute the
geometric mean ¢(P) for each setting. The remainder of the table shows the
geometric means of the time until the first (¢1) and the best (¢op¢) primal solution
were found and the mean solving time (tsolved)-

The advantage of rounding and propagation heuristics can be best seen in
the time to first solution ¢1: they are valuable for finding start solutions. The
impact on the time to the best solution and the overall solving time is much
smaller, the latter even showing a degradation. The primal integral P(tmax)
implies the following ranking: To get good primal solutions, using cheap and
expensive heuristics together (DEF) is slightly better than using only expen-
sive heuristics (noR&P), which is considerably better than using only cheap
ones (R&P), which is much better than using no heuristics (Heur_ OFF). This
behavior is only partially expressed by the other measures.

Detailed computational results including charts for the development of the
primal gap function p(t) can be found in the Appendix.
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Appendix

In Table 2] the results of the experiment are explicitly shown for each of the
82 instances in our test set. Different performance measures are evaluated for

the four settings Heur_ OFF, R&P, NoR&P, and DEF, see above.

For

each

instance, the first row shows the time until the first (¢1), and the best (topt)
solution were found, the overall solving time (¢so1veq) and the normalized integral
value (P(tmax)). The second row shows the development of p(t) over time. Note
that according to the definition of the normalized integral, P(tmax) will always

be 1.00 for the setting without primal heuristics.

For the figures, a square at 3600 seconds indicates that the solver hit the
time limit, because the incumbent solution was not proven to be optimal. Note
that the light shaded areas, which indicate the period without an incumbent
solution, are cut off at the top.
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DEF NoR&P R&P Heur-OFF
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DEF NoR&P R&P Heur-OFF
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DEF NoR&P R&P Heur-OFF
Problem Name t1  topt tsolved P (tmax) t1  topt teolved P (tmax) t1  topt tsolved P (tmax) t1  topt tsoled P (tmax)
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DEF NoR&P R&P Heur . OFF
Problem Name tq t@t tsolved P (tmax) i1 topt tsolved P (tmax) tq topt tsolved P (tmax) 1 t%t teolved E (tmax)
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NoR&P

R&P
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Problem Name t1  topt tsolved P (tmax) t1  topt tsoled P (tmax) t1  topt tsolved P (tmax) t1  topt tsoled P (tmax)
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DEF NoR&P R&P Heur-OFF
Problem Name t1  topt tsolved P (tmax) t1  topt teolved P (tmax) t1  topt tsolved P (tmax) t1  topt tsoled P (tmax)
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Table 2: The results for every instance
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