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1. Introduction.

In this paper we continue the investigation of reversible diffusion processes initiated in
[BEGK3]. Recall that we are interested in processes X () that are given as solutions of an

It6 stochastic differential equation
dX (t) = —VF(X(t))dt + V2edW (t) (1.1)

on a regular domain Q C RY, where the drift VF is generated by a potential function that
is sufficiently regular, and that both F(z) and ||[VF(z)|| tend to +oco at infinity. We are
interested in the case when the function F'(z) has several local minima. We always assume

that X, is killed on Q° if it exists.

For a general introduction to the topic and its history we refer to the introduction of
[BEGK3]. In that paper we have studied the so-called metastable exit times from attractors
of local minima of F' and we have given a precise asymptotic estimate for the mean value of
these times. These estimates were in turn based on precise estimates of certain Newtonian

capacities of sets containing small balls centered at the locations of the minima of F.

In the present paper we turn to the investigation of the low-lying spectrum of the generators

of the process defined by (1.1), i.e.
Le=—-eA+VF(z) -V (1.2)

of these processes, with Dirichlet boundary conditions on Q¢ (if Q # R9) of these processes.
Under our assumptions below on F' the spectrum of this operator will be discrete. Moreover,
it is well-known that the spectrum of such operators has precisely one exponentially small
eigenvalue for each local minimum of the function F, and more or less rough estimates of
their precise values are known [FW,Ma,Mi]. Wentzell [W2] and Freidlin and Wentzell [FW]
obtain estimate for the exponential rate, i.e. they identify lim¢jo €' 1n A;(€) using large

kd were obtained

deviation methods. Sharper estimates, with multiplicative errors of order e+
for principal eigenvalues by Holley, Kusuoka, and Strook [HKS] using a variational principle;
these methods were extended to the full set of exponentially small eigenvalues by Miclo [Mi]

(see also [Mal).

Our purpose here is to get sharp estimates, i.e. we seek upper and lower bounds with
multiplicative errors that tend to one as € tends to zero. Such estimates are known in

the one-dimensional case (see e.g. [BuMal,BuMa2] and references therein), whereas in the



multi-dimensional case only heuristic results based on formal power series expansions of WKB
type exist. (see e.g. [Kolo] for an analysis of the situation). This is due to the fact that the
stochastic tunnelling problem leads to a particularly degenerate form of the general tunnelling
problem in the context of Schrédinger operators in which classical results [Si1,Si2,HS1-4] are
not immediately applicable. While the methods introduced in the third paper on quantum
mechanical tunneling by Helffer and Sjéstrand [HS3] should in principle allow to justify such
expansions, their implementation seems rather tedious and has not been carried out to our

knowledge”.

Here we will resort to a different approach that combines ideas already suggested in [W1]
with potential theoretic ideas. In fact, this approach was developed in [BEGK2] in the
setting of discrete Markov chains, where indeed many technical problems we will be facing

here disappear, and that may serve as a nice introduction.

We will work under the same assumptions on F as in [BEGKS3] throughout this paper,

namely:
Assumptions (H.1)
(i) F € C3(Q), © C R? open and connected.
(ii) If Q is unbounded,
(ii.1) liminfy o |[VF(z)| = 00, and
(ii.2) liminfy o (|[VF(z)| — 2AF(z)) = 400
Define for any two sets, 4, B C Q, the height of the saddle between A and B by

F(A,B) = inf F(w(t 1.3
( ) w:w(O)Elﬂ,w(l)EB t:ﬁ)lj)l] (w( )) ( )

where the infimum is over all continuous paths w in €.

Remark: Condition (H.1) ensures that the resolvent of the generator L. is compact for €
sufficiently small. Moreover, it implies that F' has exponentially tight level sets in the sense

that for all @ € R,
/ e FW/egy < Cemo/e (1.4)
y:F(y)>a

7 After submission of this paper, B. Helffer realised that under stronger regularity assumptions (C*=)
complete asymptotic expansions of the low-lying eigenvalues should be obtainable using methods developed
in [HS4] in the context of the Witten complex. This was then carried out in [HN] in the case of a two-well
potential, and the treatment of the general case is in progress [HKN].
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where C = C(a) < oo is uniform in € < 1.

In the sequel the notion of saddle points of F' will be crucial. The set of saddle points is
intuitively the subset of the set G(4, B) = {z : F(z) = F(4, B)} that cannot be avoided by

any paths w that try to stay as low as possible.In general we have to define this set as follows:

Definition 1.1: Let P(A, B) denote the set of minimal paths from A to B,

P(A,B)={w e C([0,1],Q):w(0) € A,w(1) € B, SFp] F(w(t)) = F(4, B)} (1.5)

Call a gate G(A, B) a minimal subset of G(A, B) with the property that all minimal paths
intersect G(A, B). Note that G(A, B) is in general not unique. Then the set of saddle points
S(A, B) is the union over all gates G(A, B).

To avoid complications that are not our main concern here, we will make the general

assumption that all saddle points we will deal with are non-degenerate in the sense that
Assumption (ND):

(o) The set, M, of local minima of F' is finite and for any two local minima z,y € M, the set

G(z,y) is uniquely defined and consists of a finite set of isolated points z}(z,y).

(i) The Hessian matrix of F at all local minima z; € M and all saddle points 2z} is non-

degenerate (i.e. has only non zero-eigenvalues).

When dealing with domains € with non-empty boundary we will encounter situations
where saddle points in 02 are relevant. While this does not lead to serious problems per se,
there appears rather naturally a great variety of cases that makes the formulation of general
results rather cumbersome. We prefer to avoid having to discuss these issues by dealing
exclusively with situations in which the boundary is never reached by the process, i.e. we

make the further

Assumption (IB): For any sequence of points z; € Q such that lim;e ; € 0Q, lim;q0 F(z;) =
—+00.

Our main interests are the distribution of stopping times
T4 = inf {t > 0| X (t) € A} (1.6)

for the process starting in one minimum, say ¢ € M, of F, when A = B,(y) is a small ball

of radius p around another minimum, y € M. It will actually become apparent that the
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precise choice of the hitting set is often not important, and that the problem is virtually
equivalent to considering the escape from a suitably chosen neighborhood of z, provided this

neighborhood contains the relevant saddle points connecting z and y.
Let us now state the main results of this paper.

Given two disjoint closed sets A, D, we will denote by h4 p(z) the equilibrium potential,
by ea,p(dy) the equilibrium measure, and by cap 4 (D) the Newtonian capacity corresponding
to the Dirichlet problem with boundary conditions one on A and zero on D. The precise

definitions of these classical quantities (see e.g. [BluGet,Doo,Szni|) are recalled in Section 2

of [BEGK3].

Theorem 1.2: Assume that F has n local minima, z1, ..., T, and that for some 6 > 0 the

minima z; of F' can be labeled in such a way that, with My = {z1,...,zx} and My =Q

H

F(* (21, Mica)) — Flax) < min (F( (a3, Mi\e:) — F(z:)) ~ 0 (1.7)
holds for all k = 1,...,n. We will set B; = B.(z;) and S = UL B;, and hi(y) =
hp, s._.(y). Assume moreover that all saddle points z*(zy, My_1) are unique, and that
the Hessian of F' is non-degenerate at all these saddle points and at all local minima. Then
there exists § > 0 such that the n exponentially small eigenvalues Ay < Ay < --- < A, of L,
satisfy:

AL =0 (1.8)

and for k =2,...,n,
Sk
Ap = caka( gk 1)(1_|_O(e—5/e))
[Pk I3

1
- - 1_|_O —6/6
EEkTSk 1( (

_ i “’k’Mk 1))l det( VZF(“’k)) o~ IP(™ (a0, My 1))~ Flz3 )] /e
|det VZF CEk,Mk 1)))|

x (140 (¢/%1nd))

where A}(z*) denotes the unique negative eigenvalue of the Hessian of F' at the saddle point

(1.9)

z*.

Remark: The theorem can be seen as containing three results: First, an asymptotically sharp

identification of the exponentially small eigenvalues with the inverse mean exit times from



local minima; this is a general feature of metastable systems (see e.g. [D1,D2,D3,GS,GM]
for earlier results). Second, it relates these eigenvalues precisely to Newtonian capacities;
this is the key difference from our results to e.g. the approach of Kolokoltsov and Makarov
[KoMal,KoM2,Kol], since it allows thirdly to get an explicit expression for the eigenvalues

in terms of the potential F.

Remark: Conditions (1.7) state that “all valleys of F' have different depth”, which is in some
sense the generic situation. In this case a number of simplifications take place, in particular we
do not have to deal with degenerate eigenvalues. These conditions are completely analogous
to the conditions imposed in [BEGK2]. Our general approach does, however, in principle
also allow to treat degenerate situations. We postpone the treatment of such cases to future

work.

In the course of the proof of Theorem 1.2 we will also obtain rather detailed control on

the eigenfunctions of L. corresponding to its small eigenvalues.

Theorem 1.3: Under the assumptions of Theorem 1.2, if ¢ denote the normalized

etgenfunction corresponding to the eigenvalue Ay, then there ezists § > 0 s.t.

hB (z L
suly) = TR0 () | o(-s19) 1 o(e-51) (1.10)
||h’Be(zk),5k—1 ||2

where hBE(zk),sk_l(y) = IEI’y [TBE(a:k) < Tsk—l] :

Remark: We give even more precise expressions for the eigenfunctions in the course of the
proofs later on. Note that there is considerable interest in the knowledge of eigenfunctions in
the context of numerical schemes designed to recover metastable sets from the computation of
eigenfunctions. See in particular references [S,SFHD,HMS]. Let us emphasise that, using the
bounds on equilibrium potentials obtained in Corollary 4.8 of [BEGK3], Theorem 1.3 implies
that the eigenfunction corresponding to a Minimum z; is exponentially close to a constant
(~ ef(®:)/2¢) in the connected component of the level set {y : F(y) < F(z*(z;, Mi_1))} that
contains z; (i.e. in the valley below the saddle point that connects z; to the set that lies
below z;), while it drops exponentially in the other connected components of the level set
of this saddle; below the level of z; it is exponentially small in absolute terms. Note that
this implies that the zeros of ¢ are generally not in the neighborhood of the saddle points,
but much closer to the minima in M;_;. This fact was also observed in [HMS]. We would
like to stress that the fact that the eigenfunctions drop sharply at the saddle points makes

them very good indicators of the actual valley structure of the potential F', i.e. they become



excellent approximations to the indicator functions of the metastable sets corresponding to

the metastable exit time 1/A;.

Finally, it is almost a corollary from the results obtained above that metastable exit times
are asymptotically exponentially distributed, when appropriate non-degeneracy conditions

are met.

Theorem 1.4: Assume that the Hessian of F is non-degenerate at all local minima and

saddle points. Let z; be a minimum of F and let D be any closed subset of R? such that:

(i) If M; = {y1,...,yx} C M enumerates all those minima of F such that F(y;) < F(z;),
then U%_, Bc(y;) C D, and
(i) dist (2*(zi, M;), D) > 6 > 0 for some § independent of €.
Assume further that the conditions of Theorem 1.2 are satisfied. Then, there exist 6 > 0
independent of € and of t, such that for allt > 0,
Py, [tp > tEs, D] = (1 +0 (e_‘s/e)) e~H1+0(e™)

_I_ Z O(e_é/e)e_tAjEmi D _I_ O(l)e_to(ed_l)EmiTD
J>i

(1.11)

The results of this paper together with those of [BEGK3] show that the methods to
analyse metastable behaviour in discrete Markov chains introduced in [BEGK1,BEGK2] can
be naturally extended to the treatment of continuous diffusion processes. In particular we see
that the metastable behaviour of continuous and discrete diffusions is virtually identical, and
that all results for the discrete chains treated in [BEGK1] carry over to the corresponding
diffusion approximations. In fact, our results in the diffusion case are sharper, since we were
able to identify the constants in the prefactors of exponentially small or large terms (we
expect, however, that with some extra work this improvement can also be carried over to the
discrete chains, at least under certain conditions). There are a number of generalizations of
these results that can be investigated: First, one can naturally consider diffusion processes on
more general Riemannian manifolds. Second, one can consider extensions to locally infinitely
divisible processes with mixed diffusion and jump components. Such extensions will require
some extra work, but in principle our approach appears applicable, and qualitatively similar
results should be obtainable. Another potentially interesting generalization concerns non-
reversible diffusion processes. Here the main difficulty is the determination of the invariant

measure, which our methods do not address at all. However, it is to be expected that at



least in uniquely ergodic situations, some of our results can still be carried over. We hope to

address these issues in future publications.

The remainder of this paper is organized as follows: In Section 2 we prove an a priori
estimate on the spectrum of the generator when Dirichlet conditions are applied to small
neighborhoods of all the local minima of F. In Section 3 we then show that the eigenvalues
of the full generator are asymptotically close to those of the capacity matrix, which in turn
are then evaluated in the generic situation. In the course of the proof we also identify the
eigenvalues of the generator with the principle eigenvalues of appropriate Dirichlet operators.

Finally, we derive from these results the exponential distribution of the mean exit times.

Acknowledgements: We thank an anonymous referee of [BEGK2] for drawing our attention
to the paper [W2] by Wentzell. We also thank M. Eckhoff for participation in an early stage of
this work. We also thank the referees of this paper for numerous helpful remarks that greatly
helped to improve the presentation of the paper. A. Bovier thanks the EPFL and V. Gayrard
the WIAS for hospitality and financial support that made this collaboration possible.

2. A priori spectral estimates.

Most of the preparatory background and necessary technical a priori estimates were in-
troduced in [BEGK3] and will be imported from there. In this section we give an additional
a priori estimate on the spectrum of certain Dirichlet operators associated to L.. More pre-
cisely, we derive a priori lower bounds on principal eigenvalues and for the Dirichlet problem
in (regular) open sets D C  C R? with closure D. We denote by 8D the boundary of D.
We denote by A\(D) = X1 (D) the principal eigenvalue of the Dirichlet problem
0, ze€D

(2.1)
0, ze€D°

(Le - A)f(ﬂ}) =
f(=)

where D¢ = R%\ D, and sometimes use the notation LEDc to indicate the Dirichlet operator

corresponding to the problem (2.1).
The following lemma is a classical result of Donsker and Varadhan [DV]:

Lemma 2.1: The principal eigenvalue \(D) satisfies

- 1
AMDY> —MM 2.2
( ) T SUDgep E.7Tp- ( )
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In the case when we consider diffusions on a compact set, Lemma 2.1 will yield a sufficiently
good estimate. If D is unbounded, the supremum on the right may be infinite and the
estimate becomes useless. However, it is easy to modify the proof of Lemma 2.1 to yield an

improvement.

Lemma 2.2: Let ¢p denote the normalised eigenfunction corresponding to the principal

eigenvalue of LD.

Let A C D be any compact set, Then

< 1
D> 1o / dye= PO/ g (4)? 23
(D)2 ( N #0(3) (23)
Moreover, for any § > 0, there exists a bounded set A C D (independent of €), such that
< 1
A(D) > (2.4)

= supgeq Expe (1 —6)

Proof: Let w(z) denote the solution of the Dirichlet problem
Lw(z)=1, ze€D

2.5
w(z)=0, z¢€D° (25)
Note that (see e.g. Eq (2.22) of [BEGK3]) w(z) = E;7p-.
[ dae T 59(0)(19)() = [ doeTOV4(0) - V(o)
D D
d (2.6)
= lim A /D dae P Z (¢(z + he:) — ¢(=))’

Using that for any C' > 0, ab < 1(Ca? 4 b*/C) with @ = ¢(z + he;),b = ¢(z) and C =
w(z)/w(z + he;), one sees that

(9o +he) - (o) > (LZRL - EO (o he - o) (2)

Inserting this inequality into (2.6) yields

[ doe " Olga) L) @) > [ de L ()

D w(z)
:/dee_F(z)/E%qb(m) (2.8)
1

T
A

supge 4 w(2)
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Choosing ¢ as the normalized eigenfunction with maximal eigenvalue yields (2.3).

We may assume without loss of generality that F(z) > 0 everywwhere. We now claim

that for any v > 0,
/ dye= T/ (y)]? < C,) < 00 (2.9)

where F(y) = minger (F(y) — F(z)). This clearly implies (2.4).

To see this it is convenient to introduce v(y) = e~ F(¥)/2¢¢(y), which is the corresponding

ground state eigenfunction of the operator
1 1
H,=e FO/2ep FO)/2e — A 4 4—|VF(3:)|2 — S AF(z) (2.10)
€

which is a symmetric operator on L?(D, dy). The estimate (2.9) follows from a semi-classical
Agmon estimate for the ground-state eigenfunction, v, that can be found in [HS1]. In our

case this yields

/alye(l_””ﬁ(y)/e|v(y)|2 <C, < o0 (2.11)
which in turn implies (2.9). This completes the proof of the lemma. {

We will first establish that A(D) is at most polynomially small in € if D does not contain

local minima, more precisely, define
M, = {z € Q| dist(z, M) < €} (2.12)
Remark: The choice of balls of radius € is somewhat arbitrary, but works.

Lemma 2.3: Assume that D N M. = (. Then there is a finite positive constant C such
that

sup Eg7pe < Csup |{y: F(y) < F(z)}| e ¢ (2.13)
z€D z€D

Proof: The starting point of the proof is the relation (which is an immediate consequence

of [BEGK3], Eq. (2.27))

/ dye FW/ep g (z),0<(y) =2 inf E,Tpccap g, (5)(D°) (2.14)
D i ’ ZEBBP(‘E) i

between mean time, equilibrium potential and capacities. It follows from the well known

relation

E.7p- :/ Gp(z,y)dy (2.15)
D
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between mean time and Green function that the Harnack inequality of [BEGK3], Lemma

4.1, carries over to E,Tp<, implying that, if p = ce, then

sup E,7p. <C inf E,7mp. (2.16)
z€EOB,(z) z€0B,(z)

Combining this with (2.14) gives us that

dye FW/epg v pe
sup E,7mp. < CfD ve B,(=),D ()

2.17
2€8B,(x) cap B,(z)(D°) (2.17)

We now distinguish the regions {y : F'(y) > F(z)} and {y : F(y) < F(z)} in the integral. In
the former, we just use that hp_(s),p(y) < 1, while in the latter we invoke the upper bound
from Proposition 4.3 in [BEGK3]. This gives

dye_F(y)/E

sup E,7p. < Cf’.lJED:F(y)>F(z)
2€8B,(x) cap B,(z)(D°)

O [
cap g,(z)(D°) Jyep:F(y)<F(s)

(2.18)
e—F(y)/e cap Bo(y) (BP(CE))
cap B, (y)(D°)

dy

Using the upper and lower bounds on the capacities from Proposition 4.7 of [BEGK3], we

get that
sup E,7mp. < C'ep_d+2e+F(z)/€/ dye~F)/e
yeD:F(y)>F(z)

z€EOB,(z) (219)

+ C"ep_d"'2 / dy
yeD:F(y)<F(x)

By our assumption on F, the first integral is bounded by a constant times exp(—F(z)/¢) and
the second is equal to the volume of the level set {F(y) < F(z)}. This implies the claimed
bound.$

Combining our results yields the

Corollary 2.4: If DN M. = 0, then there exists a finite positive constant C < oo,
independent of €, such that

D) > Ce? (2.20)

We can generalize the bounds obtained so far to sets D containing some of the local minima

of F. Le. let N C M be nonempty and let

N = {y € RY dist(y, N) < €} (2.21)
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Assume that D D N and set A(z) = {y : hp_(z),0°\B.(2)(¥) = Maxyesm hp (2), D \B.()(¥)}-
Then

Lemma 2.5: Under the assumptions of lemma 2.2,

< ) Jagaoy e ey
(D) = .y, ©2P Bt (D\Be(2:))

‘ -

(2.22)

>0

Proof: The proof is similar to that of the preceding corollary combined with the estimate

on mean times given in Theorem 6.2 of [BEGK3]. We leave the details to the reader.$
Remark: The key fact we need to extract from lemma 2.5 is that

A(D) >~ min e F(z" (2, Mr)=F(a:)]/¢] (2.23)

1uz; €

3. Principal Dirichlet eigenvalues.

It is a well-known fact that if ¥’ has n local minima, then L. has n eigenvalues that are
exponentially small in € and that the next largest eigenvalue is of the order of a constant
[FW,Kolo]. It is also known ([Kolo], Chapter 8, Proposition 2.2) that the eigenspace of these
eigenfunctions is exponentially close in the L%(exp(—F/(y)/¢)dy)-distance to the linear hull
of the n indicator functions ; of the attractors of the minima z; under the deterministic

dynamical system y(t) = —VF(y(¢)).

In this section and the next we will derive a precise characterization of these eigenvalues
that together with the estimates on capacities of [BEGK3] will ultimately yield the exact
asymptotic formulae of Theorem 1.2. This is the analogue of Section 4 of [BEGK2] for the
diffusion case. Qur approach can in to some extent be seen as an application of the ideas of
Wentzell’s remarkable paper from 1973 [W2]. As we will see, the application of these ideas

is not as straightforward as in the discrete case, but in principle very similar.
Before we turn to the details of this construction, it is useful to explain the general strategy.

Let us now consider a set of disjoint compact sets B; = B(z;), i = 1,...,k. Let X4
denote the principal eigenvalue of the Dirichlet operator L. with Dirichlet conditions on

08k = UE_ 0B, (and on 89, if this is not empty). Consider, for A < Ag, the solution of the
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Dirichlet problem
(Le = N fM2) =0, z¢cQ\dS

fA(z)=¢(z), zcdSy (3.1)
fMz)=0, z€dn

(i.e. we consider the Dirichlet problems in the exterior and the interior of the balls simul-
taneously; note that the principal eigenvalue of L. within a ball will always be larger than
Ax and so plays no role). In the sequel when specifying the Dirichlet problems the condi-
tions vanishing of the solution on the boundary of 2 will be understood and not mentioned
anymore. The basic idea is now to construct an eigenfunction of the full operator L. as a
solution of the problem (3.1) with suitably chosen ¢. Indeed, if A is an eigenvalue of L, and
if we choose ¢(z) as the eigenfunction corresponding to this eigenvalue, then f*(z) is equal

to ¢ everywhere. To see this, note that since ¢(z) = f*(z) on dSk, we have that for z € S¢

(Le = N (f* = 9)(z) = (Le = N (f* = 9)(z) = 0 (3-2)

But since ) is not in the spectrum of LZ*, this implies that f*(z) = ¢(z) on S¢ as well. The
same argument applies in the interior of S This means that A < Ak is an eigenvalue of L. if
and only if we can find a function ¢ on 88k, such that the solution of the Dirichlet problem
(3.1) is actually an eigenfunction of L. with eigenvalue A. In other words, any eigenfunction

corresponding to eigenvalues below the principal Dirichlet eigenvalue can be represented as

solution of (3.1).

Thus the eigenvalue problem reduces to finding out for which values of A for suitable
¢ on the boundaries of B;, (L — A)f* = 0 everywhere. In fact, (L. — \)f? is in general a
measure concentrated on the surface 0S; demanding that this surface measure be zero yields
in general an integral equation for ¢(z) on 98k, which is not particularly easy to handle. In
the case of discrete Markov processes, we have considered a very similar problem in [BEGK2].
There, the balls B; were, however, simply the points z;. The measure (L. — ) f* was then a
simple measure on the finite set My, and the boundary condition reduces to the & numbers
¢(z;), and the integral equation was reduced to a simple linear equation for the unknown
vector ¢(z;),t = 1,...,k. The condition for A to be an eigenvalue was thus simply that
a certain determinant vanishes. It would be more than nice if we could reduce ourselves
to a similarly simple condition in the present case. Indeed this would be so, if we knew
beforehand that ¢(z) is constant on each surface 0B;. While this cannot be truly the case,
if € is small we may expect that ¢ varies little. In that case, we could, as we shall see, use

perturbative arguments to arrive at the desired conclusion. Unfortunately, to obtain such
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control on eigenfunctions looks rather difficult. While the Harnack- and Hdélder inequalities
will give us the desired control if we know that the eigenfunction does not change sign in a
suitable neighborhood of the minimum, one cannot exclude that some minima are close to
such zeros. We will see, however, that eigenfunctions do not change sign near a minimum,

unless they are very small there. This will be enough to carry through our arguments.

We begin this program in this section with the somewhat simpler problem of the compu-
tation of the principal eigenvalues in domains D C 2. The main application will be later
to the case where D is 2 with some small balls around local minima of F' removed. This

problem is considerably simpler because principle eigenfunctions are positive.

Regularity properties of harmonic functions. We first state a simple application of the
Harnack- and Holder inequalities (see [GT], Corollaries 9.25 and 9.24) that we have stated
as Lemmata 4.1 and 4.2 in [BEGK3].

Lemma 3.1: Assume that = is a local minimum of F. Let ¢ be a positive strong solution
of (Le—=A)¢ =0, [A| <1, on a ball By, f(z). Then there ezists a constant C' < co and a > 0,
both independent of € such that

08CyeB, (z)P(¥) < Ce*’? min ¢(z) (3.3)
y€EB.(x)

Proof: We can use Lemmata 4.1 and 4.2 stated in [BEGK3] with A=XA=¢,vy=1,c= ],
and

v=¢? sup ||VF(y)|? < const.e™? (3.4)
y€B, /(=)

Then, with R = 24/¢, we obtain first from Lemma 4.2 that

sup  ¢(y) <C  inf  ¢(y) (3.5)
YEB, () YEB, so()
and then from Lemma 4.1 that
@ d+1
oscyen, (nd(e) < Ce*/?  sup  g(y) (1+ v )) (3.6)
yEB, /()

This implies the lemma if X is not too large.{

Principal eigenvalues revisited. We will now improve on the estimates on principal
eigenfunctions A(D) obtained in Section 2 by showing that in the case when D contains a

local minimum of F, these estimates are essentially exact.
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Proposition 3.2: Assume that D contains | > 1 local minima of the function F and that

there 1s a single minimum z € D that realizes

F(z*(z,D°)) — F(z) = mémx[F(z*(:ci, D?)) — F(z;)] (3.7)

1=1
We write B = Be(z). Then there exists o > 0,C < 00,6 > 0, independent of €, such that
principal eigenvalue A(D) of the Dirichlet problem on D satisfies

cap g(D*%)

2

(1- Ce*/?)(1— e8¢y < (D) < i;:g#@ + O (1+e7%)  (3.8)

2
2

|hB,D-

where here and henceforth || -||; denotes the L? norm with respect to the measure e~ F(¥)/¢dy.

Proof: Set D° = D\B. Then we know by Lemma 2.5 that there exists § > 0 such that

A(DY) > e~[F(" (2.D)~F(e) /e b/ (3.9)

while we know that A(D) < A(D°) (and expect A ~ e [F(z"(2:D))=F(=)l/e j e much smaller).
By the general philosophy outlined above, we know that the principal eigenfunction can be
represented as the solution of the Dirichlet problem (both inside B and outside B)
(Le=2)f*(y) =0, y€ D\oB
fy)=¢p(y), yecoB (3.10)
y)=0, yeDe
where the boundary conditions ¢p are given by the actual principal eigenfunction. We will
assume that dist(z, D) > 8 > 0, independent of €. Then By (z) C D, and since ¢p is the

principal eigenfunction, it may be chosen positive on D. Therefore Lemma 3.1 applies and

shows that

inf ¢p(y)=c< sup ¢p(y) < (14 Ce*/?)c (3.11)
y€EBB y€BB

We will normalize the eigenfunction s.t. ¢ = 1, Thus we can write f*(z) = h} p(z)+¢*(z),
where k3 p. = h* is the A-equilibrium potential (see [BEGK3], Chapter 2) that solves

(Le—Mh*y) =0, ye D\OB
RMy)=1, ye€ OB (3.12)
RMy)=0, ye D°

while 1 solves

(Le = N9 (y) =0, ye D\dB
¥ Ny)=¢p(y) -1, yedB (3.13)
'll}A(y) =0, yeD°
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We want that (Le — A) f*(z) = 0 on all of D. Here we have to interpret (L. — A)f* as a

surface measure on 0B. l.e., if g is a smooth test function that vanishes on D¢,

/Ddye‘F(y)/eg(y)(Le— N y) = /Ddye‘F(y)/EfA(y)(Le— X) A y)g(y)

=/ dye FW/e fA(y)(L — /\)g(y)+/ dye FW/< fA(y) (L — N)g(y)
D\B int B

- E/aB e POV (g(4) i) f(0) = £2(4)Oniy9(v) dos(v) (3.14)
te [T (g4)0-r) P(5) = P 0)0-ri9(3)) do )

= G/BB e~ Fly)/e (g(y)an(y)fA(y) _I_g(y)a_n(y)fA(y)) dUB(y)

where dop(y) denotes the Euclidean surface measure on 0B, and O4n(y) denote the normal

derivative at y € 0B from the exterior and interior of B, respectively. Thus we can identify

dye™"OE(Le — X) fA(y) = ee™ T Oy fH () + O-ny) F1(4))doB(v) (3.15)

To get control on ), we can ask at least that the total mass of this measure on B vanishes,

i.e. that
0= [ OB 1) + 8- £ 1)) doa() (3.16)
8B

To evaluate this expression it will be convenient to observe that on B, hp p-(y) = 1 for
y € OB (where hp,pe = hj p. is the Newtonian potential (see [BEGK3], Chapter 2)).
Moreover, on B, hp p<(y) = 1, so that 8_,(,)hp, p(y) vanishes on B. Using these facts
together with Green’s second identity (see Eq. (2.8) in [BEGK3]), we get from (3.15) the

condition

— € >\ - €
0 :/ e T/ an(y)hB,DC(y)fA(y) N _/ dye= )/ hB,D“(y)fA(y)
8B D

€

b € A b €
= /BB [ F(y)/ an(y)hB,Dc (y) — Z/Ddye F(y)/ hB,Dc (y)h’%,Dc (y) (317)

—_ € >\ - €
* /aB e P/ 3n(y)hB,Dc(y)1/’>‘(y) T e /D dye T/ ehg pe (y)9 (y)

(Note that the derivative O,y is in the direction of the interior of B). The two terms
involving 9* will be naturally treated as error terms. In fact, since On(y)hB,D<(y) > 0, using

Lemma 3.1, we get that

- /aB e FO0 b, e (W) (y) < Ce/? /aB e PO yhpo(y)  (3.18)
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If we define §4* = > — 9%, we see that 1> solves the Dirichlet problem

(Le — N&y (y) = M°(y), ye D\OB
sy y) =0, yc B (3.19)
sy y)=0, ye D°

and thus
89 (y) = A(LEVP = X) 710 (y) (3.20)
and so \
A 0
1672 < m”df 2 (3.21)

By the same argument we also have that

A
< = h c
2= X(D%) - 3 1hs.0

|A%,pe — BB, D¢ 2 (3.22)

On the other hand, using the Poisson kernel representation of 1°,

¥°(2) = —6/83(¢D(y) — 1)0p(y)Gp\B(2,y)dos(y) (3.23)

where G p\ g(z, y) denotes the Green’s function for the Dirichlet problem in D\ B (see [BEGK3],
Chapter 2). Since the normal derivative of the Green’s function is negative on 0B, we get
that
0 < 9°(2) < Ce*?hp pe(2) (3.24)
With
e/ e_F(y)/Ean(y)hB,Dc(y) = cap g(D°) (3.25)
8B

(3.17) implies that

0> cap 5(D°) — M|hs,pe [3(1 — Ce*/?)(1 — M/(A(D) - 1)

0 < cap 5(D°)(1 + Ce*’?) = A|lhp,pll3

(3.26)

This implies the claimed bound on A(D). Note that, while we have only used a necessary
condition for A(D), the fact that there must be such an eigenvalue implies that it actually

lies in the bounds given by (3.26). ¢

Remark: In the case when several of the minima within D satisfy (3.7) (i.e. if D contains
several minima that are “equally deep”), one has to remove balls B.(z;) for each of these

minima. Then one may proceed as before. The only difference is that now there appears one
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value ¢; for each of the minima that is yet to be determined. One sees that in such a case

A(D) is determined by a variational formula

A(D)= min Jp e PO Vh(ey, ..., 0

2
2 a/2 ,—6/a

1+ 0(e?% e 3.97
1yt 20 1A(c1, - )l (1+0( ) (3.27)

where
Leh’(mli R} Cl)(y) = 01 y€ D\ U'li:1 aBe(m'L)

h(ci,...,a)(y) =ci, y € 0Be(z;)

It is easy to see that the result differs only by a constant factor from that in the non-degenerate

(3.28)

case stated in the proposition.

Uniform estimates on principal eigenfunctions. The proof of Proposition 3.2 has
already provided us with an approximation for the principal eigenfunction, namely hp p-.

a/2

We have seen that in L? this approximation is good on the order €*/2. We will now show

that this approximation is also uniformly good.

Proposition 3.3: Under the hypothesis of Proposition 8.2, the principal eigenfunction,

ép, of LP°, normalized such that infycap ¢p = 1, satisfies

€

hg,pe(y) < ¢p(y) < hp,pe (y)(1+ Ce*/)(1+7%/°) (3.29)

Proof: Let us first assume that D is bounded. Set § f* = f*» — f°. Then §f* satisfies the

Dirichlet problem
L fAy) = 2py), ye D\OB

§fry) =0, yecodB (3.30)
§fMy)=0, yeDe

Thus we can write

§f(y) / 1 32 (2)
ILEARC. N - q  2)hg pe(z)—L 2L 3.31
.- Jovs haoe) PP B LG &30
Assume that M =sup,cp\p #(Cy()y) < o0o. Then (3.31) together with (3.24) implies that
1
M<14+Ce/* L AM sup / hiGD\B(y,z)hB,Dc(z)

yeD\B JD\B B, (Y) (3.32)

=14 Ce*? 4+ XM sup E, [78|TB < TD-]

yeED\B
Using the representation of the conditional mean time from Proposition 6.1 of [BEGK3], one
shows that

sup E,[rg|t8 < 7pc] = 1/A(D\B) (3.33)
yeED\B
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so that

1+ Cer/? /2 iy
S Ty ST M) (334

Since by construction hg p<(y) < ¢p(y), the assertion of the proposition follows.

It remains to justify the assumption M < co. However, this is easy. First, ¢p is bounded
and C*(D). Thus, % may only diverge when hg p-(y) | 0. However, since hp p-,
is harmonic and non-negative on the boundary, it is strictly positive on D by the strong
maximum principle. Thus its explosion can occur only at the boundary of D where hp p-(y)

tends to zero. Moreover, its normal derivative on dD is strictly (and since D is compact,

¢p(y)

remains
hg pec(y)

uniformly) positive (see e.g. Section 5, Proposition 2.2 of [Tay]). Therefore
bounded also when y — 9D.

Therefore the proposition is proven if D is compact.

In the non-compact case, we can obtain a similar result for the supremum over compact
subsets I' C RY, using the rapid decay of the Green’s function in regions where F(y) is getting
very large.

4.Exponentially small eigenvalues and their eigenfunctions.

We now generalise the analysis from the previous section to the construction of all small
eigenvalues of L.. To do this we need first to establish some a priori estimates on the behaviour

of eigenfunctions near the local minima of F.

A priori estimates on eigenfunctions near local minima. For the analysis of harmonic
functions that are not necessarily positive, we need an application of an estimate for sub-

harmonic functions that allows to relate the oscillation to the L? norm.

Lemma 4.1: Let ¢ be a strong solution of (L — A\)¢ = 0 on a ball B, so(z). Then there

exist constants C'oo, independent of €, such that

1/2
oscp, ¢ < Ce /4 (/ |¢(m)|2dm) (4.1)
B

2¢+/€

Proof: This is just a specialisation of Theorem 9.20 in [GT] (that gives upper bounds on
the supremum for sub-harmonic functions in terms of the p-norms) to our case, choosing the

balls involved in such a way that the constants are uniform in €.
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Our aim is now to show that in the vicinity of order /€, eigenfunctions corresponding to
the exponentially small eigenvalues of L. are have either a constant sign, or are irrelevantly
small. That this should be the case is suggested by the following result that we cite (in
slightly adapted form) from [Kolo] (Chapter 8, Proposition 2.2):

Proposition 4.2:Let ¢ be a normalised eigenfunction of L. corresponding to one of the
|M| smallest eigenvalues. Let vy < 4 = ming yem (ﬁ’(m,y) - F(y)) Let D; be the set of
points in y € Q such that the solution of the differential equation %y(t) = —VF(y(t)) with

initial condition y(0) = y converges to z; € M. Then, there ezist constants c;

H¢ - Zci]ID,-

for some constant C = C,, < 0.

< Cexp(—7/e) (4.2)

Remark: The proposition is stated in [Kolo] for smooth V, but it is easy to see that the
proof carries through for V € C*(Q).

Unfortunately this estimate is not quite enough to conclude that ® is not changing sign
near any minimum. We will show that this is the case if the contribution of ¢ coming

from a neighborhood of a given minimum is significant. Let us set for D C Q, ||f|l2,u..0 =

(Jpp 1 £()Ppe(da)) .

For a given eigenfunction ¢ let us define the set

J = {5 @llon; > exp(—y/2¢) (4.3)

Lemma 4.3: If ¢ is one of the eigenfunctions of Lemma 4.2, 7 € J, then there ezists a

constant c; and a finite, e-independent constant C and positive, e-independent constant o,

such that for all z € B r(z;), |¢(z) — c;| < Ce*/c;.

Proof: We will first show that the weighted L? estimate on the deviation of ¢ from a constant

implies a local unweighted L? estimate on balls of radius r ~ /€ near the minima z;, j € J.
Note first that from (4.2) it follows that

16 = ¢sll2,u.,0; < Cexp(—7/e) (4.4)

Set a(:c) S and ¢; = ”(}5”;7;[)] . Then due to the definition of J, we get that for

this locally normalized function the estimate

16 — &;ll2,u0,0; < C exp(—v/2e) (4.5)



21

Note that this estimate is now unchanged if we add a constant to F(z), so that we can
pretend for the moment that F(z;) = 0. Let R > 0 such that Bgr(z;) € D;. Since z; is
a quadratic minimum, there exists a finite positive constant, b, such that, for z € Bg(z;),

F(z) < b(z — z,)?. Hence (4.5) implies in particular that
[ (@) - efde < 0 eexp(/29 (4.6)
Br(z;)

Note that also
[ 18@)de < TG0, = (4.7
Br(z;)

Now let z € B, (z;). Then Lemma 4.1 implies that
oschﬁa < Cedlt (4.8)

for some (new) finite, e-independent constant C. Now we can use the Holder estimate (Corol-

lary 9.24 in [GT] as specialized in Lemma 4.1 in [BEGK3], to obtain that for r < 4/,

oscBra < Cedlt (%ﬂ)a (4.9)
€

for a new constant and a > 0, independent of e. If we chose r ~ eﬁ"'l, we can achieve that
05Cp, (z) < Ce*/? < ¢;/2, if € is small enough. But by the estimate (4.6), then $ must be

close to c;, uniformly on B,(z). Since this argument holds for all z € B, £(z;), we have that

|¢ — &;| < Ce*/? in this ball.$

Remark: We will see later that this estimate grossly overestimates the possible fluctuations

of ¢.

Lemma 4.1 is also the appropriate tool to show that near the minima where the L? norm

is very small, a similar estimate holds uniformly. Namely

Lemma 4.4: Letz; ¢ M, 1 ¢ J. Then

P [9(a)] < Gt gt T e (4.10)
z VelZj

Proof: By Lemma 4.1,

sup  |4(2)| < Ce¥*|¢ll2,40,B, u(=;)
z€B so(z;)

< Clﬁ_d/4||¢||2,ue,Bz¢;(zj) (4.11)
< C'G_d/4€+F(m")/2€||¢||2,ue,Dj

< Clﬁ—d/4e—'y/2€e—|—F(z,-)/2€
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which proves the lemma. {

Characterisation of the eigenvalues. Let us now order all minima z; of F in such a way
that
Pz (i1, M3)) = Plaiy1) < Pz (a5, Mio1)) — F(as) (4.12)

fori = 1,...,n — 1, where M; = {z1,...,2;}. We put moreover Mg = Q°. We also
set B; = Be(z;) and S, = U;-:lBi. Note that considerable simplifications occur when all

inequalities in (4.12) are strict, and we will only consider this case here.

Suppose that we want to compute eigenvalues below A(Q2\Si) = A\x. We know that if ¢*
is an eigenfunction with XA < Mg, then it can be represented as the solution of the Dirichlet
problem

(Le=Nf(y) =0, y€Q\dS;
) =96 y), yeosk

Thus, as in the analysis of principal eigenvalues above, the condition on A will be the existence

(4.13)

of a non-trivial ¢* on 8Sy such that the surface measure

dye™ "W/E(Le — X) A (y) = e Ty FA(Y) + O-niy) £ (v) ) dos, (9) (4.14)

vanishes. A necessary condition for this to happen is of course the vanishing of the total mass

on each of the surfaces 0B;, 1 < k, i.e.

/aB. e T Bty [H(y) + Oy F(9))dos, (9) = 0 (4.15)

In view of Lemmata 4.3 and 4.4 we have the following dichotomy: Let ¢; = inf,ep, #*(y).
Then either

(i) supyem, [#*(y)/ci — 1| < Ce*/2, or
(ii) SupyeB,- |¢>\(y) < Cﬁ—d/4e—7/2€e+F(z¢)/2€

We now consider all possible cases: Let J C {1,...,k} be the set of indices where (i) holds,
and J¢ ={1,...,k}\. Given such a partition, we set

fr= ch (hJAB,- S\B; T 1@) + Z ¥ (4.16)

JEJ ieJe

where the h;‘ = h} \B, are the A-equilibrium potentials (see [BEGK3], Section 2), i.e.
719k D3
solutions of (Le — A)h; = O with boundary conditions 1 on 0B and 0 on 8(Sg\B;).
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Then 1[1;‘ satisfies, for j € J

(Le = MY (y) =0, y€ Q\0Sk
VY3 (y) = ¢My)/c; — 1, y € OB, (4.17)
Pr(y) =0, y€dB;it]

and for j € J°
(Le = NY}(y) =0, ye Q\dSk
¥ (y) = $*(y), y € dB; (4.18)
1[1]}‘(y) =0, y€oB;,,t#]

We now proceed as in the analysis of principle eigenvalues, i.e. we write as necessary

condition for A to be an eigenvalue that forall ¢ =1,...,k,

0= / e_F(y)/Eh,i(y) (an(y)fA(y) + a—n(y) f}\(y)) dO'ask (y)
8B;
= /35 e_F(y)/Ean(y)hi(y)fA(y)daask (v)
A
-2 [ aye T en ) )

e PO/, hi(y) (1 + ¥} (y))doss, (y) - %/dye‘F(y)/Ehi(y)(h?(y) + 1@(@/))]

j€J i
— € A — €
+ Z [/ e Fw)/ By hi(¥) ¥ (y)doss, (v) — z/dye Flw)/ hi(y)"l};“(y)]
jege OB (.19)
4.19
Note that by the bounds (i) and (ii), we have that for j € J
/BB e T8,y hi(y)¥} (y)doss, (y)| < Ce/? /BB e FW/<g, 1 hi(y)doss, (v)| (4.20)
and for 5 € J¢,
O b b)), ()
’ (4.21)

< Cﬁ—d/4e—'y/2€eF(zj)/26

/ e—F(y)/Ean(y) hi(y)doss, (v)
8B;
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At this point it is convenient to realize that Green’s first identity and the fact that the h; are

harmonic, implies that, for ¢ # 7,

| e r 00,y hi(y)dos, )
8B;

/ e W/ <R ()8, hi(y)dos, (1)
o5, (4.22)

— 6_1

[ e O (), hi)| < o . (Si\Boar 5, (5B
ext S;

where the last inequality uses the Cauchy-Schwarz inequality. Thus, for j € J\4,

/BB e_F(y)/Ean(y) hi(y)zp;‘daask ()| < Cex/2e? \/cap B; (Sk\Bi)cap B, (Sk\Bj)  (4.23)

and for j € J°\i

< Qe 4112 F(2)[2e 1 \/cap B; (Sk\Bi)cap B, (Sk\B;)

/8 O b)) does, (4)

(4.24)
For the diagonal terms ¢ = 5 € J, we have In particular, in the case when 7 = 7, this simplifies

to

< Ce*/*cap g, (Sk\B;) (4.25)

/8 T b3 s, (1)

For the remaining terms involving % in (4.19), we obtain in complete analogy to the

derivation of the bounds (3.20) and (3.21) that for j € J

[ v O b)) — hi(9) + ) = 01+ O 1) [ dye POV ehu(y)hy)
(4.26)
and for j € J

/ dye=FO/eh, (y)pA(y) = O (G—d/4e—v/zeeF(zj)/ze) / dye PO (Nhy(y)  (4.27)
To control all off-diagonal terms, we still need to show that the normalized functions h;
and h; are almost orthogonal.
Lemma 4.5:

(i) There is a constant C < oo such that, for i # j,

/ dye FO/ () hi(y) < Ce (D2 min (e—ﬁ(ze Si\Bi)/e o= Fl(; ,sk\Bj)/e) (4.28)
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(i) For allt,
/dye_p(y)/ehg_(y) > Cetl2e~F(zi)/e (4.29)

Proof: We first prove (i). For ¢ # j,

/dye_F(y)/Ehj(y)hi(y) = dye™ ")/ h;(y)hi(y)

/y=F(y)5max(F(ze,sk\Be),F(z]- Sx\B;))

dye T/ eh(y)hi(y)

(4.30)
oo
v F(y) >max(F(z:,5:\B:), F(z;,5:\ B;))

In the second integral we just use that h;(y) < 1; by our general assumptions on F, this

gives a bound Ce‘max(ﬁ(m“sk\B")’ﬁ(mf Sk\Bj))/€ In the first integral we use the bounds on
the equilibrium potential from Corollary 4.8 of [BEGK3]. Note that for any y, at most one of

the factors h;(y) or h;(y) can be close to one. Thus even the roughest estimate yields that®
/ o dye” TV (4)hi(y)
y:F(y)<max(F(z;,8:\B:),F(z;,Sx\B;))

<

/ dye—Fw)/e
y:F(y)<max(F(z:,8,\B:),F(z; ,Sx\B;))

2 i 4.31
% 06—1/26—max(F(zi,Sk\Bi),F(ij,sk\Bj)) ( )

< Ce Y |{y: F(y) < max(F(zi, Sk\B:), F(z;, Si\B;))}|

x - max(F(z:,8x\B:),F(z;,5%\B;))/e
Combining this upper bound with the lower bound we arrive at the assertion (i).

To prove (ii), note that

/dye—F(y)/Ehﬁ(y) > / dye~FW)/e (1 - 06—1/26—[F(z*(z]-,sk\Bjm/e)2
B s(=;)

_ Ced/ze_F(zf)/E

(4.32)

This concludes the proof of the lemma.{

Let us define the capacity matrix® C with elements
Cy=Cf = [ O h ()0 hu(s)don, 1)

8See the proof of (4.55) for more details.

9The matrix C is a classical object in electrostatics, the diagonal elements being called capacities, and the
off-diagonal ones coefficients of induction [Jack]. The off-diagonal coefficients represent the charge induced in
the i-th ball when the j-th has potential one and all others are at potential zero.
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and its normalized version

(k)

cl
fy=k®= G
7= T el

Note that this matrix is symmetric and satisfies, by (4.22),

Kij < V/KiiKjj
If we introduce the matrices

€ [op. € T8, hi(y)¥7(y)doss, (y)

Ai' = ?
I ||| |2]| 5|2
f dye_F(y)/Ehi(y)(h%(y) + 9¥My)) .
Bij = (1—6;; T : , i ied
5= (1= 8) TillallAs1l2
dye=F(W)/ep, A
B;=(1- 5ij)f i W), (y), it jeJ°
||| |2]| 5|2

and
J dye T/ h;(y) (R} (y) — h;(y) + ¥})
175113

Then the conditions (4.19) for A can be written as

Dij = 5ij

0= & (Kij = iz + Aij — M(Dig+ Big)) + D Ikl (Ai + ABij)
JjeJ JjEJe

where &; = ||hj||2¢;.
We can now collect the estimates on these matrix elements:

Lemma 4.6: The following bounds hold:

(i) Fori#j¢€J
|Bij| < Ce_d\/IC“-Iij
Dj;| < Ce™/?

and for all 1,7,
|4ij] < [KiglCe/?

(i) Fori#jeJe
I[jl|2| Aij] < Ce 33Ky

and

I[hjl|2|Bijl < Ce e\ /KK ;

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)
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We collect the results obtained so far as

Theorem 4.7: Let Sy = UX B (z;) and let )\, denote the principal eigenvalue of the
operator L with Dirichlet conditions on 08k (and 0?). Then a number A < Ak may be an
eigenvalue of the operator L., if there exists a nonempty set J C {1,...,k}, constants cc;,
7€ J, s.t Eje] ¢% = 1, and numbers A;j, B;j, D,; satisfying the constraints given in Lemma

4.6, such that for all i € J, Eq.(4.38) holds.

One would expect that Eq. (4.38) has a solution only when X is close to an eigenvalue of
the matrix X, and that indeed all eigenvalues of that matrix are close to the eigenvalues of
L.. We will not prove this directly. In fact, we will restrict our attention in this article to
the non-degenerate situation when all “depths” of the valleys z; are distinct, i.e. when for

all 2 < k the inequalities (4.12) are strict.

Lemma 4.8: Let K;; be the normalized capacity matriz and assume that

ma}zch“ S e_‘s/EICkk (444)
1<

Then, J D k, and the largest eigenvalue, py, of K satisfies

pir = Krr(1+ 0 (e8/%) (4.45)

while all other eigenvalues are smaller than Ce=%/€\,. Moreover, the eigenvector, v =

(v1,...,Uk), corresponding to the largest eigenvalues normalized s.t. vy = 1 satisfies |v;| <
Ce=%/¢, fori< k.
Proof: This is a simple perturbation argument. Note that we can write
K=K+K (4.46)
where Iﬁij = Kir6;x0:x. Now we estimate the norm of K as in the proof of Lemma 4.5.
Now recall that

Whence by assumption (4.44),

K| < KreVe8/<k + =82/ k2 (4.48)
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Since obviously X has one eigenvalue Ky with the obvious eigenvector and all other eigen-

values are zero, the announced result follows from standard perturbation theory. ¢

cap g, (Sxk—1)

The 2 ~ Ag_1, this is precisely the value we expect.

Since Kgr =

Corollary 4.9: Under the hypothesis (4.44), if there exists an eigenvalue Ay of Le in the

interval (\g, \g_1], then

(i)
M = cap 5, (Se-1)/ || el (1+0(ex/?,e78/)) (4.49)

(ii) The eigenvalue A is simple and the corresponding eigenfunction f can be written as

820 = 1 o)+ Y- dy () P2 (450

where |d;(y)| < e%/¢ for some § > 0 (uniformly on compact subsets if Q is unbounded) .

Proof: First, if J ¢ k, and if Mg is as assumed, then in each of the |J| equations there
is one term (K;; + Ay — A)é ~ ICkkaZi while all other terms are of order at most of order
exp(—6/2€)|Krk|cj. Thus no normalized solution ¢ can be found. Assume thus that & € J.
Considering all equations with i # k, the same argument as before shows that |¢;| < Ce~%/2¢.

Looking instead at the equation number k, since now & ~ 1, it implies that
|(Kxk + Ak — A)| < C|Kxrle?/<e>/? (4.51)
which yields claim (i).

As we have just seen that a solution of (4.38) with &, = 1 must satisfy |é;] < e~%/¢ for all
j # k, by (4.16), this implies that

A ( )+ oy y) + da(y)
$e(y) = il +J§k —|h 0 (4.52)

Using the same arguments as in the proof of Proposition 3.3, and the bounds on ¢* — ¢, on

the boundaries 0Bj, we get that for j € J

—5/6 h’l
||h,||2
(4.53)

|47 (v) — hi(w) < o2 1Y) S cap B, (Bj)||ull2 ha(y) <C a/2
A2 - A2 A2 A2

lEJj lEJ
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Combining these estimates we arrive at (4.50). Note that this final estimate does not actually
depend on the choice of J. Since it is impossible that two functions satisfying (4.50) are

orthogonal, it follows that A is a simple eigenvalue. <

Now we can further explore the eigenvalues below Aj_1, etc., with the same results. Thus
at the end of the procedure we arrive at the conclusion that L. can have at most the n simple
eigenvalues given by the values of the preceding corollary below the values Ce?~!. But since
we know that there must be n such eigenvalues, we conclude that all these candidates are in

fact eigenvalues. This yields the following proposition:

Proposition 4.10: Assume that all inequalities (4.12) are strict for alli=1,...,n. Then

d—1

the spectrum of L. below ¢ consists of n simple eigenvalues that satisfy:

cap , (Sk-1)

Ap = (14+0(e/?+e%/%)) k=1,...,n
113
\/det(V2F
= cap B, (Sk-1) ° (2 d(mk))eF(z”)/E (1 +0 (61/2| In e, e*/2, e_‘s/e)) (4.54)
e
1

(1_|_O(6a/2_|_e—6/e))

B Eﬂ:k TSi_1
The corresponding eigenfunctions satisfy (4.50).
Proof: We have seen in fact that Ay = ICSJ,? (1 + O(e_e/e, eo‘/z)), which provides the first

assertion of Proposition 4.10. It remains to identify the eigenvalues with the inverse mean

times. This follows from Proposition 6.1 in [BEGKS3], provided we can show that

/dye_F(y)/Ehi(y) ~ /dye_F(y)/Ehk(y) (4.55)
In fact, we will show more, namely that both sides of (4.55) are asymptotically equal to
d
e~ Flar)/e 2me (4.56)
det(V2F (zg))

We must show that the main contribution of the integrals comes from a small neighborhood
of z, which yields the contribution (4.56). It is clear that all contributions from the set
y : F(y) > F(zk) + €| ln¢| give only sub-leading corrections. To treat the complement of
this set, we use the bounds on the equilibrium potential of Eq. (4.27) in [BEGK3]. Up to
polynomial factors in e, it implies that the integrand on the right-hand side of (4.55) (and
a fortiori on the left-hand side) in the connected components of this level set that do not

contain zj is smaller than

e~ IF()+F(=" (4,B4)) ~F(=" (9,84 -1))) /¢ (4.57)
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If y is in the component of the level set that contains the minimum z;, and j < k, we see

that this is equal to
e~ F(z"(z;,Bx))/e (4.58)

which is exponentially smaller than exp(—F(zg)/€), independent of y. If j > k, we still get
the same result if F(y) > F(z*(z,Sk—1)). Otherwise, we can write (4.57) as

e~ [F(¥)—F(z;)l/ € o= [F(zx)+(F(2" (25,8 )~ F(zx ) —(F(2" (25,56 1))~ F(z;))] /¢ (4.59)
We will argue that
F(z*(zj, Bx)) — F(zx) > F(2*(zj,Sk-1)) — F(z;) (4.60)
Assume the contrary. Note that trivially
F(z*(z5, Sk-1)) 2 F(2* (2, Sj-1)) (4.61)

while

F(z* (a5, By)) = F(2" (ar, By)) < F(=" (1, 5,\By)) (4.62)
Therefore, our assumption implies that
F(2"(25,8j-1)) — F(z5) < F(z"(zx, S;\Bx)) — F(z) (4.63)

which a moments reflection shows to be in contradiction with the conditions (4.12) at stage
7. In other words, if our assumption was true, then the set By would have had to yields the

largest eigenvalue at stage 7, i.e. it would have had to be labelled B;. Thus (4.60) must hold.

Since by assumption the inequalities are strict (which is more than we need), it follows

that indeed

d
27e
dye  FW)/ep, — ¢ Flar)/e 14+0 /2| lne 4.64
[ v T b () Tty (O (¢7ime)) (e
and of course the same bound holds when Ay is replaced by AZ. This concludes the proof of

the theorem.$

Improved error estimates. To conclude the proofs of Theorems 1.2 and 1.3 we only need
to improve the error estimates. In the proofs of this section we have produced error terms
from two sources: the exponentially small errors resulting from the perturbation around

A = 0 and the not perfect orthogonality of the functions k;, and the much larger errors
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of order €*/2

that resulted from the a priori control on the regularity of the eigenfunctions
obtained from the Holder estimate of Lemma 4.3. In the light of the estimates obtained on
the eigenfunctions these can now be improved successively (as in the proof of Theorem 3.1
of [BEGK3]). Notice first that the eigenfunction corresponding to the minimum zj is small
enough at all the minima z;, [ < k that we can actually take J = {k} and J = {1,...,k—1}

in (4.17), (4.19). Then we know from Corollary 4.9 that

0SCyeB, =(zx) Pk (Y) < Ce®’?  sup  ¢p(y) (4.65)
YEB, so(zk)
which improves the a priori estimate (3.5). Then the Holder estimate stated in Lemma 4.1

of [BEGK3] gives the improvement

0SCye B, (23 )P (y) < Ce*/? (Cﬁa/z + >\k€(d+1)/2) sup  ¢r(y) < Ce®*  sup  ¢p(y)
yEB, sz(=x) yEB, sz(=x)

(4.66)
over the estimate (3.3). This allows to replace all errors of order e/ by errors of order €.

ma /2

This procedure can be iterated m times to get errors of order ¢ until these are as small

as the exponentially small errors.

Finally we would like to improve the precision with which we relate the eigenvalues to the

inverse mean exit times. This precision is so far limited by the precision with which

cap B, (Sk—1)

4.
Tl (4.67)

E, 7s,_, &=

holds. From Proposition 6.1 of [BEGK3] we know that this precision is limited only by the

variation of E,7s,_, on Bg. To improve this, we need to control

cap B, (Sk—1)  €@P B,(z)(Sk-1)

_ (4.68)
1722 178 (2),5._. Il2
Now it is very simple so see that if z € B, z(z4), then
BB, (2),50-2 (¥) = hi(¥)] < e *hi(y) (4.69)

Namely,

< IEI>y [{TBk < Tsk—l} N {Tsk—l < TBE(E)}] + IEI>y [{TBE(E) < Tsk—l} N {Tsk—l < TBkTBE(z)}]
(4.70)
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But by the Markov property

IEI>y [{TBk < Tsk—l} N {Tsk—l < TBE(E)}]

<Py [TBk < Tsk—l] ?é%}:P [Tsk—l < 7'Be(-":)] < e_é/EPy [TBk < Tsk—l] (+.71)
The second summand in (4.70) is bounded in the same way.
This implies of course that
(), 5 ll2 = l1Pwll2 < e/F[|Rall2 (4.72)

We only need a similar estimate for capacities. While this may appear more difficult at first
sight, we can take advantage of the fact that as long as A((Be(z) U Sk—1)¢) > Ak, we can
replace By in the proof of Proposition 4.10 without further changes by Be(z). Thus

€aP B,(x)(Sk-1) —6/e cap , (Sk-1) —6/e
Ae = 1+0(e = R (14 0(e 4.73

which implies together with (4.72) that

|cap B.(z) (Sk—1) — cap B, (Sk-1)| < e_‘s/eca,p B, (Sk-1) (4.74)

Based on (4.74) and (4.71), one can improve Proposition 6.1 of [BEGK3] iteratively as above

to yield
Sk—
E, 75, — €cap B, Ok-1 (1—|—O(e‘5/€)) (4.75)
[Pk |2
which together with the capacity estimate given in Theorem 1.1 of [BEGK3] implies the first

a/2

equality in Theorem 1.2. Thus all error terms of order €*/* can be removed in (4.54) and

(4.50), completing the proofs of Theorems 1.2 and Theorem 1.3. $<$

Exponential distribution of exit times. We conclude this chapter with a result that will
imply Theorem 1.4 on the exponential distribution of exit times. Let LY denote the Dirichlet
operator with Dirichlet conditions in D. To avoid confusion, we assume that D = S;_1. Note
that Proposition 4.10 (and its improvement) also applies to the operator L?, and if we denote

by 5\}; the 1 — th eigenvalue of LP, we see that within our usual errors,

At~ A (4.76)

fort=1,...,n — k, and the corresponding eigenfunction qz_S}c satisfies
i) = Periy) o Ofe-5/¢ - Aol s (D s 477
$r(v) (L+ 0™ + D di(w)h;()lIAs]l2 (4.77)

| kill2 =
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with |d;(y)| < e~%/¢. Let us denote henceforth by @i the corresponding normalized eigenfunc-
tions (e.g. ||¢L|l2 = 1). Note that ¢i = ¢% (1 + O(e~%/¢)), so in fact they can be represented
in the same way as (4.77) with redefined d; satisfying the same bounds.

Denote by Pr_; the projector on the subspace generated by 452—1 and by P, the projector
to the subspace orthogonal to span(¢:_,,..., _Z:f). Note that

sz [TD > T] = (5zk,e_TL? ]IDC)

n

|
=

-TLP , ) ( -TLP )
(5zk,e P._;1p.) + 5zk,e P 1p (478)

3 e
Il
x> H

NG (o) [ dye FOIG () + 0 (M)

e

i=1

Given the precise control on the eigenfunctions, it is not difficult to obtain that

P, [tp>T]= (5zk,e_TLED ]IDC)
(4.79)

Now using (4.55), (4.56), we get

Bislon) [ aue TN, ()

Jpe dye FW/ehy_14i(y) L Z
|hk—114ll3

Jpe dye " hji(y)
(j,j’)#(k—1+i,k—1+i) ||h.7||2||h.7||2

= hgp_14i(zi) (1 + O(e75/9)) + > didjih;(zy)c; e F(@5) = F=i)l/2¢
(3,5")#(k—1+4,k—1+1)

= hg_1+i(zk) djdjihi(z)

(4.80)
Now if 7 = k, the term in the last sum is
dydyrc, e FEI-Flanll/2e < =6/¢ (4.81)
since F(z;) > F(zy) for 7 > k; in all other cases,
hi(zr) ~ e~ [F(z7 (@i, Miyi\a;) = F(zw))l /e o o—[F(z;)=F(zx)]/e (4.82)

so that

hj(a)e P -F@I/26 o o~[F(a5)~F(a)]/2¢ = [F(})~Flaw)l /26 (~6/¢ (4.83)
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This shows that

n—k
Po,[rp > T = e 2 T(140(e™/) + Y e X-10(e™*/) + O(1)e "4~

1=2

k
1

(4.84)

This proves Theorem 1.4. OO
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