AN ELECTRONIC MODEL FOR SOLAR CELLS INCLUDING
ACTIVE INTERFACES AND ENERGY RESOLVED DEFECT
DENSITIES*
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Abstract. We introduce an electronic model for solar cells taking into account heterostructures
with active interfaces and energy resolved volume and interface trap densities. The model consists
of continuity equations for electrons and holes with thermionic emission transfer conditions at the
interface and of ODEs for the trap densities with energy level and spatial position as parameters,
where the right hand sides contain generation-recombination as well as ionization reactions. This
system is coupled with a Poisson equation for the electrostatic potential.

We show the thermodynamic correctness of the model and prove a priori estimates for the
solutions to the evolution system. Moreover, existence and uniqueness of weak solutions of the
problem are proven. For this purpose we solve a regularized problem and verify bounds of the
corresponding solution not depending on the regularization level.
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1. Introduction and notation. The paper is devoted to the analysis of elec-
tronic models for solar cells including active interfaces, which take into account energy
resolved defect (trap) densities. Different kinds of such traps occur in the bulk ma-
terial and others live only at interfaces. These traps are assumed to be immobile,
but during the time being they can change their charge states by reactions with bulk
electrons and holes from both sides of the interface. Additionally thermionic emission
effects for electrons and holes at the interface are taken into account.

Semiconductor models with varying in time densities of ionized impurities, where
the impurities are associated to a fixed energy level have been investigated in [12].
Recently, in [9], we investigated a model with energy resolved defect densities in the
bulk. But there no active interfaces (and no traps at interfaces) where taken into
account.

Our equations are based on models proposed by engineers working on solar cells
(see e.g. [20, Sect. 4.2]). But, for an easier writing we consider here the situation of
only one kind of volume defects and one kind of interface defects. We demonstrate on
this example how such defects can be analytically treated. Since there is only a very
weak coupling of the effects of the different defects our ideas can easily be generalized
to any finite number of kinds of defects in the bulk and at interfaces.

Moreover, we study here a special geometric situation of a heterostructure, which
can be generalized to more complicated geometries. 2 C R? denotes the solar cell
domain. The boundary 92 of Q splits up into a part I'p, representing the contacts
of the device and a part I'y, where the device is insulated. Let a hypersurface I
representing the active interface divide 2 into the two parts Q% and Q7 (see Figure
1, too). We assume that the active interface I' and the part of 9, where Dirichlet
conditions are prescribed, are strictly separated, that means infyer, yer|z —y| >
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ko > 0. We denote '), =TpNQY, T =907\ (T UT'p), v = o, 3. Note that T'}, is
allowed to be empty for one ~.

)

F1c. 1.1. Heterostructure Q0 with interface I'.

For the analysis we rescale the quantities, such that energies are counted in units
of kgT, where kp is Boltzmann’s constant and 7T is the temperature. In this energy
scale for E € Eq = [E1, E»] we take into account one kind of bulk (volume) defects
with given defect distribution N(z, F). To include also measure valued distributions
of traps on the energy scale we use a finite nonnegative measure 4 = NdF on G :=
Q x E¢ proposing Young measure type properties such that p(z, -) is a Radon measure
on Eg ae. onQand z — || 5. 9(E)p(z, dE) is measurable for all continuous functions
g:FEqg — R

This setting allows for u(zx,-) = Zszl 01(2)0 g, (2)(+) such that the case of point-
like distributed traps at single energies Et,.qp € E¢ as discussed in [12] result as special
case of our investigations, too.

Additionally we consider one type of interface defects with distribution Np(z, E).
Similarly we work with a finite nonnegative measure ur = NprdE on Gr :=1T' x Eg.

We use the abbreviations

(g = /E o(Byul(z,dE), {(g))r = /E 9(E)ur(z, dE).

G

Besides the densities of electrons u; and holes us depending only on the spatial
position = we have to balance the following quantities: The probability that defect
states with defect distribution N (z, FE) are occupied by an electron can be interpreted
as the density of defects occupied by electrons on G = Q2 x Eg with respect to the
measure i. We denote it by ugs, and ugy = 1 — ug corresponds to the density of non
occupied defect states with respect to the measure p. Correspondingly we denote the
density of interfacial defects occupied by electrons on Gr = I' x Eg with respect to
the measure pr by uri, and urs = 1 —up; corresponds to the density of non occupied
defect states with respect to the measure pr.

Moreover, we introduce the charge numbers of electrons, holes, volume and inter-
face traps

-1 fi tor like t
M1 A1, )\3:{ or acceptor like raps, M= g1,

0 for donator like traps

, Are = A +1,

Neor —1 for acceptor like traps
"7 00 for donator like traps
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and use the vector A = (A1,..., A4, Ar1, Are) € RS. In the bulk we consider cap-
ture/escape reactions of electrons from the conduction band by unoccupied traps and
of holes from the valence band by occupied traps (see Ry, Ry in (1.5)). Also the in-
terface defects capture and escape charge carriers from Q7, see reaction rates R}, R},
v =a,in (1.5)).

The electronic model for solar cells with active interface proposed in [20] is a drift-
diffusion model for the charge carriers coupled with ODEs for the defect occupation
probabilities in the bulk us(z, E), us(z, E), (z, E) € G and with ODEs for the defect
occupation probabilities at the interface uri(z, E), ura(x, E), (z,E) € Gr. Addi-
tionally there occur transfer conditions at the interface including thermionic emission
of electrons and holes. The incident light, generating pairs of electrons and holes
is treated as a given (time dependent) source term Gppe: in the continuity equa-
tions for electrons and holes. Let z denote the scaled electrostatic potential and let
u; = (ud, uf) be the carrier densities with u] being defined on Q7, v = a, 3, i = 1, 2.
in our notation, the model proposed in [20, Sect. 4.2] can be written as the drift
diffusion system

4 2

Ve (eVz) = f—ur+ug+ Y Nif{ui)) + 00 Y Ari{(uri))r  in Ry x Q,
(1.1) i=3 i=1

0

au?—i—v-jz =Gphot —R—((R;)) ImRy xQ", ~v=a,0, i=1,2,
the ODEs
(1.2) gu =R —R Qu———u on Ry X su

. 8t3_ 1 25 8t4_ 8t3 + PP K,
the ODEs at the interface
0 0 0

(1.3) HUr = Z (R’Il1 — Rilz), Fplr2 = —gurt on R, x supp ur,

Y=a,8
and the transfer conditions at the interface
_.7? v =ofuf — Uiﬁuﬁ + <<R%i('7u?7ul—‘1aur2)>>r7

i
B

(e
(14) 5,0 50 P
7 VP = ol — o®uf + ((RE;(uf  urt, ure)))r on Ry x T, i =1,2.

The flux terms and reaction rates in the continuity equations are given by

Jji = =D;(Vu] + \u]Vz), v=a,8, i=1,2,
R = R(uy,ug) = ro(uy, ug)[ujus — kol,

(15) Ry = Ri(E, uy,us, uq) = r1ugug — kyus],

Ry = Ry(E, uz,us, ug) = rousus — kauyl,

Ry, = Ry (B, uf, ury,ure) = riy [ujurs — kfyuri),

Y o pY ¥ Y Y v
RYy = RYy(E, ug, ur1, ura) = rig[ugurs — kpoural,

where the positive coefficients g, kg are allowed to depend in a nonsmooth way on the
spatial position and the positive coefficients r;, k;, ri;, ki, ¥ = o, 3, i = 1,2, depend
on (z, E). In the Poisson equation f means a fixed doping profile and dr denotes the
surface measure on I' such that in the sense of distributions fQ wirvdxr = fr wv da
for all test functions v.
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For the Poisson equation on 92 we suppose
(1.6) z=2PonRy xTp, v-(eVz)=0onR, xTy.

For the continuity equations for u] besides the transfer conditions (1.4) we assume
that

(1.7) uwl =ul? onRy xT), v-jl=0onRy xI'Y, v=a,8, i=1,2

? K3

We complete the model equations by initial conditions for the densities of all species
(1.8) u;(0)=U;, i=1,...,4, upr;="Ur,, i=1,2.
We introduce reference quantities us, 4, uri, ure fulfilling

u?m = kius p-a.e. in G, u‘f‘Dﬂpg = kpjur1 pr-a.e. in Gr.

Remark. Our model is an extensive generalization of the classical van Roosbroeck
system [21] describing charge transport in semiconductor devices due to drift and dif-
fusion within a self-consistent electrical field. First mathematical analysis for this
transient system was done in [18], for more references see [5]. Recently [22] investi-
gated existence and asymptotic behavior of solutions for the whole space situation.
Global existence and uniqueness of weak solutions under physically realistic condi-
tions in two space dimensions is achieved in [6]. In [14] the van Roosbroeck system
is reformulated as an evolution equation for the potentials. In this setting a unique,
local in time solution in Lebesgue spaces is available and leads to classical solutions
to the drift-diffusion equations in the two-dimensional case. To handle the electronic
model for solar cells including active interfaces we profit from techniques approved
for the van Roosbroeck system and combine them with new ideas.

The plan of the paper is the following: In Section 2 we collect our general as-
sumptions and give a weak formulation (P) of the electronic model for solar cells
including active interfaces. Section 3 is devoted to a priori estimates for solutions to
(P). In Subsection 3.1 we start with energy estimates and we establish L>-estimates
for solutions to (P) in Subsection 3.2. Section 4 contains the existence and uniqueness
proof for (P). In Subsection 4.1 we introduce a regularized problem (Pys) and prove
its solvability in Subsection 4.2. After deriving energy estimates (Subsection 4.3) and
L*>°-estimates for solutions to (Pys) (Subsection 4.4) which are independent on the
regularization level M, in Subsection 4.5 the existence and uniqueness result for (P)
is shown.

2. Assumptions and weak formulation.

2.1. Assumptions. Some notation. Let Q) C R? be a bounded Lipschitzian
domain. The notation of function spaces in the present paper corresponds to that in
[15]. To specify norms, we write [|-[|[z» and |||z instead of [|-|| (o) and ||| g1 (q)-
Moreover, let I'y, I'p be disjoint open subsets of 9Q with 09 = T'y UTp, where
Iy :=T'nyNTp consists of finitely many points. Let QUT 5 be regular in the sense of
Groger [13]. For 1 < p < oo we define W, *(Q2UTy) as the closure of the set

{w|g : w € C°(R?),(I'p UTy) Nsupp(w) = 0}

in W1P(Q) equipped with the usual norm of the space W1?(Q). Its dual is denoted by
WL (QUT y), where 1/p+1/p’ = 1, see [13]. Correspondingly we use Hg (QUT ).



For a Banach space B we denote by B the cone of non-negative elements and by

B* its dual space. We write ut (u™) for the positive (negative) part of a function u.
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The abbreviation a.e. means £%a.e., for the measures y and pr we write p-a.e. and
ur-a.e. The scalar product in R? is indicated by a centered dot. Positive constants
which depend only on the data of our problem are denoted by c.

We collect the general assumptions our analytical investigations are based on.

(A1)

2.2. Weak formulation. We use the vector U = (Uy,...,Uqs,Ur1,Ur,) and we

Q, Q2 QP cR? are bounded Lipschitzian domains, I'p, I'y are disjoint
open subsets of 9Q, 0N =Tp UT'y UTy, mes I'p > 0, I'y consists of
finitely many points (2 U Ty is regular in the sense of Groger [13]).
A part T of a hypersurface devides ) into Lipschitzian domains Q¢
and QP infyer, yer |2 —y| > ko > 0,17, =TpNQ7,

Iy =997\ ([ UTp), 7 = . B

N and Nr generate Young like measures p = NdE on G and
M = NFdE on GF
S, 1z, dE) < cae. in Q, [ pr(z,dE) < éae. on T}

Gpnor € LR, LE(Q), [|Gpnor(t) |1 < ¢ faa. t € Ry,

ko € L (), ko > ¢ > 0 ae., 1o : @ x R2 — Ry, ro(z, ) Lipschitzian,
uniformly w.r.t. € Q, ro(-,y) measurable for all y € R?H

ro(-,0) € L*(®),

i, ki € LY(G;dp), ki > ¢ > 0 p-ae. on G, 1], ki, € LY(Gr;dur),
ki, > ¢>0 pr-a.e. on Gp, 0] € LY(T), v =, 3,i=1,2;

g€ L®(Q),e>c>0ae onQ, feL*Q), P ewWh>(Q),
ZPlr, = 2P (cf. (1.6));

D;eL>*(Q),D;>e>0ae onQ,i=12

uD = ((ugP ufD) (ug®, ﬂD) 0,0,0,0), Inu)” € Whe(Q), with
|1—‘7 7” (Cf (17))’ i |F*ﬁ,7:a7ﬂai:1>27

u; € L*°(G,dp), u; > ¢ >0, = 3,4,1u1Dﬂ4 = kyuz prae. in G,

ﬂpi S LOO(GF,d,uF), ari >c> 0, = 1,2, U?Dﬂrg = k‘%lﬂrl

pr-a.e. in Gr;

Uy e L), i=1,2,

Us, Uy € LY (G:dp), Us, Uy < 1, Us+Us = 1 p-a.e. on G,
UF17 Ul"2 S L?’_O(Gr;d,ur), U[‘1, UI‘Q S 1, UI‘I =+ UFQ =1 Mr-a.e. on GF.

introduce the function spaces

Y := L*(Q)? x L*(G;dp)? x L*(Gr;dur)?, Z = Hj(QUTy),
V= L>(Q)? x L®(G;dp)? x L>®(Gr;dur)?,

X = {U = (ul’ ~..,U4,UF1,UF2) S Y:

wi = (W, uf), uj € Hy(Q\TY), v=a,B, i =1,2},

(2 ?
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and define the operators A: [(X +uP )NV ] x(Z+2P)] — X*, R: [X+uP]INV, — X*,
and P: (Z +2P)xY — Z* by

2
(A(u, 2),u) x ::Z/ D;(Vu; + \ju;Vz)-Vu;de, ueX,
=179

R(u).0)x =Y [ {roluru = o) = Gpror} s da

+/ {Tl(u1u4 — kyus) (U +ug—us)
G
+ 72 (ugug — k2u4)(a2+a37a4)} du

{Tgl(uhrz — kfyur1) (@] + tr2 — Ur1)
19 (udurs = klpurz) (@ + ry — firs) } dur

+ 3 [ (orur - oful) @ ~ ) da, de X,

2
— Z/ /\pium%\d,ur, ze Z.
i=17Gr

Note that here integrals over {2 of expressions containing uy, us or Vuy, Vug take
into account the values of u] or Vu] on Q7, i = 1,2. Then the weak formulation of
the electronic model for solar cells with active interfaces (1.1) — (1.8) reads as

uw'(t) + A(u(t), () + R(u(t)) =0, P(z(t),u(t))=0, faa.t>0,
(P) U(O) =U, wue Hl{)c(R-‘rvX*) N Li)ooc(R-H V+)7
u—uP e L2 (Ry,X), z—2P el Ry, 2)N LS (Ry, L®(Q)).

loc loc

3. A priori estimates.

3.1. Energy estimates. To prove the thermodynamic correctness of the model
we need three preparatory lemmas.

LEMMA 3.1. We assume (Al),(A2),(A4). For any u € Y there exists a unique
solution z € Z + zP to P(z,u) = 0. Moreover there is a constant ¢ > 0 such that

(3.1) lz—Z2llz <cllu—tully Yu,ueY, P(zu) =PZu) =0.

Let S = [0,T), T > 0. Then for every u € L?(S,Y) there exists a unique z €
L2(S,Z) + 2P such that P(z(t),u(t)) = 0 fa.a. t € S. Ifu € C(S,Y) then z €
C(8S,Z) + 2P follows and the last equation is fulfilled for all t € S.

Proof. 1. The problem P(z,u) = 0 may be written equivalently by Py(z — z”) =
g(zP,u) with g(2P,u) and the Lipschitz continuous and strongly monotone operator
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Po: Z — Z*,
2
(9(z",u), )z :/ {(f+ZAiui)y—ssz-vy} dz
Q i=1

4 2
+Z/ )\iui@\dﬂ“"Z/ Arjuriy dpr,
i=37G i=17Gr
(Poy, 57 = / Vy Vids, y, 77
0

To show g(2P,u) € Z*, for the last two terms we argue as follows: Because of (A2)
we have for all § € Z, and ¢ = 1,2 the estimates

/Ui+2§dﬂ < clluiv2 2 (@iam vl z, / uriy dpr < clluri| 2 (Griaur) 19 z-
G

Gr
Therefore, for all right-hand sides g(z?,u) € Z* there is a unique solution to Po(z —
2P) = g(2P,u) and (3.1) follows immediately. As a direct consequence we obtain the
result for the time dependent functions. [

Remark. If (u,z) is a solution to (P) then v € C(R4,Y). Thus, by Lemma 3.1
z—2P € C(Ry,Z) and for all t € R, the relations P(z(t),u(t)) = 0 in Z*, u;(t) >
Oae on®Q, i = 1,2, u;(t) > 0 p-ae onG, i = 3,4, up;(t) > 0, pr-a.e. on Gr,
i =1,2, are fulfilled.

LEMMA 3.2. i) We assume (A1) — (A6). If (u,z) is a solution to (P) then for all
te Ry

uz(t) +ua(t) =Us +Us =1, 0<usz(t), ua(t) <1 p-ae. onG,
upl(t) + UFg(t) =Ur+Urp=1, 0< url(t), UFQ(t) <1 pur-a.e. on Gr.

ii) We assume (Al) — (A6). Then there exist constants ¢ > 2 and ¢ > 0 such that

2
(3.2) lzllwe < {1+ luillpzareen }

i=1

for any solution (u, z) to (P).
Proof. i) The result for uz and wuy is obtained as in the proof of [9, Lemma 3.2].
By similar ideas, now testing the ODEs for upy and upy by pur(BS™(y))™! XBOr (y)
e

(where BQGF (y) is the intersection of Gr and the ball centered at y with radius ¢ and
x denotes the characteristic function) and letting o | 0 the assertions for ur; and urs
follow.

ii) We use the notation of the proof of Lemma 3.1. According to Groger’s reg-
ularity result for elliptic equations with nonsmooth data [13, Theorem 1] and (A4),
(A1) we can fix a ¢ = ¢(Q2,e) > 2 such that, if

vy e Hy(QUTN) : (Poy,P)z = (9.9), g€ W M(QUTN), y€ Hj(QUTy)

then y € Wy 9(QUTy). We set

= — = = —_— :g
(3.3) r= , T s , 8=
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Note that g(zP,u) € W=14(QUT y). We use again (A2) to estimate

/Gui+2§d/i < C|\Ui+2||Lr’(G;du)||??HLT < C||ui+2||LT’(G;du)HQT/\HWLQ’7

/G uriy dur < cllurill e (Graapm 1¥llze ) < ellurill o (aroapm 10llwre s i=1,2.
r
Groger’s regularity result thus implies

Iz = 2Pl < ellg(z", u)llw-1.a

2 4 2
< (143 luill + 3 il i + D il (G )
=1 =3 =1

Therefore, due to (A4) and part i) of Lemma 3.2 the desired estimate follows. O

LEMMA 3.3. We assume (A1) —(A6). Then for all T > 0 there exist constants
¢ >0, ¢ > 0 such that

t
/0 > (Irtyuurell o Ge ey + IrgudurllL r.dur) ds
y=a,8

2 t
+Z/
i=170

t 2
< c—l—/ {c—i— Z {7'||2V\/U7+ /\i\/UT‘VZ”QL?(Q) + Cr”“i”Ll(ﬂ)}}ds vE>0
0 i=1

/ ofuy — oiﬂu? da’ ds
r

for any solution (u, z) to (P).

Proof. Due to (Al), for v = «, we find Lipschitz continuous functions ¢7 :
Q7 —[0,1] with ” =00on T}, ” = 1 on I" and |[V¢"| < 1/kg. Testing the equations
for u;, i = 1,2, on Q% by ¢, adding them and having in mind Lemma 3.2 i), (A4),
(A5), (A6) we obtain

2 t
Z ||ui(t)¢a||L1(Qa) +/ {/ 27‘0U1u2¢0¢ dx +/
i=1 0 o QexEg
t 2
[ oRuture + risugur) due + 3 [ oz - ofu?) da} as
0 Gr i=17T

2 . .
= zzzl {HUi”Ll(Q"‘) +/0 {C—f' /a ?0|Vui + \u; Vz|dz }ds} vt > 0.

The terms in the first line can be left out since they are nonnegative. The last term in
the last line can be estimated as follows where at the end Young’s inequality is used

(riujug + T2U2U3>¢adu} ds

D;
/ R—Z|Vui + \u; Vz|de < c/ VUi |2V/u; + Aiyu; Vz| de
a RO Qo
< TH2V\/U1‘ + )\m/ui VzH%Q(Qa) + CTHUiHLl(Qa).

Similar results are obtained by testing the equations for u;, i = 1,2, on Q7 by ¢°, only

the term fr(a?uf‘ — Uz-ﬁuiﬁ) da then has the opposite sign. Combining both estimates,
the assertion of the lemma follows. O
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. D 4D ~ .
Using 2P, u]", w3~ and 43, 1y, Ury, ture from (A5), we define the two functionals

F\, Fy: Yy — R,

Fu(w) ;:/Q SV (=~ 2P s,

2 4
Fy(u) ::/QZ{ui(ln;%—1)+uf}dx+Z/G{uiln%—ui+ﬂi}d,u
i=1 i=3 ’

K2
2
ur; _
+ Z/ {uriIn Tm — ur; + ar; } dpr,
i=17/Gr Ui

where z is the solution to P(z,u) = 0 (see Lemma 3.1). The value F} (u) 4 F5(u) can
be interpreted as free energy of the state u. Because of (A4) we find for v € Y, the
estimate

2 4 2
1z = 22154+ > lus ol g+ Y lJus nwl| e + Y luri muri|l 22 @ dur)

i=1 =3 i=1

< c(ﬁ1(u)+ﬁ2(u) + 1)
We extend ﬁk, k =1,2, to arguments from the space X* by the definition
Fpi=(Ffx)*: X* >R, k=12

The star denotes the conjugation (see [3]). Following the ideas in [9, Subsection 3.4]
we find that the free energy functional F' := Fy + F is proper, convex and lower
semicontinuous. For u € Y, the relation F'(u) = Fi(u) 4+ Fa(u) is fulfilled, Fly, is
continuous. Moreover, if u € Y, u > ¢ and (In 5—{57111 :—Zg,ln 2 Ingt In gt n %) €
X, then

U1 U9 us Uy uri ur2

—5,In—5,In ==, In —,In ——,In —=) € OF (u).

Az —2")+ (In
1 Uy us3 Uy uri ur2

THEOREM 3.4. We assume (Al) — (A6). Let (u,z) be a solution to (P) and
T eRy. Then

F(u(t)) < (F(U) + co)e®t ¥t € [0,T),

where cg > 0 is a constant independent of U and T'. Moreover, if

(3.4) Gphot =0, uPul = ko, lnuZD + XizP is constant on O,y =, 3,0 =1,2,

and if
ko uaD
(3.5) kiko = uPul p-a.e. on G, k—gl = %, L u'lyDu;D, ur-a.e. on Gr,
r'1 Uy

v =a, 3, then ¢y can be chosen as zero.
Proof. 1. We use formally the test function
Uy

D’
Uy

U2

us Ugq uri ur2
Nz — 2P 1 — In— .1
(z=2")+ (In ma )

—,In —,In —
usz Uq uri ura

In In
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for (P) and apply Brézis formula (see Lemma 6.1 or [2, Lemma 3.3]). (To derive the
desired result precisely, one has to use test functions

d § § ) é é
u u u u u u
Mz —2P) + (In —é,ln %,ln =2 In=2,In="L In N—m), u® = max{u, §},
Uy Uy us U4 uri ur2

(3.6) 0< 6 < min{ iril}g{essginf Ui, essﬂinf ul}, g;,fi{esg,i;?f Ui}, g%rlg{egslﬂnrf Uri}},

and then one has to take the limit 6 | 0, see steps 1,2 in the proof of [9, Theorem
3.2].)
2. We estimate a.e. in

D;(Vu; + Au; Vz) - V(in 25 + Xi(z — 27))

> %|2wa FNVITV]? — cug|V(InuPt 2P 2,

Gonor(In B + Xi(2=2")) < [Gpnorl(Jus] + | ImuP| + |z — 2],

i wPul
ro(u1u2 — k‘o) hl ulDluzD Z —C| ln 1T02|

The last line follows by a case by case analysis. Have in mind that all considered reac-
tions are charge conserving. Moreover, we find by the monotonicity of the logarithm
function and by uPu4 = kU3 (see (A5)) that p-a.e. on G

U ULU3 U1 Ug
r1(uiug — kyus) In Doy = ri(uiug — kyus) In e 20,
_ UoUzlUy _ _ uzug k1 ko
TQ(UQU;), ]{JQ’U,4) In wWisus — 7“2(U2U3 /{32U4) [ln Tt +In M?UQD}

> —c(|ug| + 1) In féﬁif? l.

Additionally, using that u§"ury = kS Ur1 (see (A5)) we establish that pr-a.e. on Gp

a (o a ufursUr: a () a
iy (uiure — kfyur:) In S5 = g (ufure — kfyur:) In
T urzur:

«

uf urs 0
k& u =
D Ur1

B ~
B (.8 B Uy Uratry
oy (uf ure — kpyurt) In e

B B . aD
B (0B B { uy urs kpyug
~ = rh; (ufure — kg u In +1In
Traurs r1(uy ure r1Ur1) ke urs ket ulP
k?lugD
o D
kpyuy ’

> —(r?lu?upg +¢)|In

g (ugur; — kfqurs) In upunilr: _ .o (u§ury — kfgurs) | In ugury gy, kg kp,
r2\t2 uri r2uUr2 uSPururg L2\%2 Tl r2Ur?2 k2, urs ueDugD
k2 kS
> —(rfpugurs + ¢)|In 55755 |,
o (uﬁu — Kk u )In _uguriiiry = (uﬁu — k2w )| In ujury + L
r2\t2 ¥l r2Hr2 Wl Phrjur,  T2V2°0T1 2412 kD urs ugPul P

a 1.8
8 B k& K

> —(rppupurt +c)|In u,féug% )
1 2

and by u3D|p =L i=1,2,7=q,08, (see (A5)) we conclude that

=
9

BD a, o

ug u) ol ug .

(o0u$ — ol ul)In Yl — (o0uf — oPul)In T =0 ae.onl, i=1,2
u U, P
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According to our assumptions (A3), (A4) and (A5) we find from step 1 and the
previous estimates

Flu(t)) — FU) + < / 12V /T + A/ V2|22 ds

D_ D
<c / Z Vsl (9 0P 42022 e+ [ 552 o+ 10 555 e ) s

5
+e / (1 iy urell s 0 25240 1 o e di
0

t
+c /(1+IITrzUQUrlllLl(Gp,dup))Hln || oo (e dpar) 5
0

t
+ C/ (1 + [|rfpuh urt | £t (e dur) ) 225 (| Lo (G dper s

2
[ WGl {3 Cllas + i lon) + 1z = P s
i=1

3. If (3.4) and (3.5) are fulfilled, then the right-hand side of the previous estimate is
zero. Therefore the last assertion of the theorem follows immediately. For the more
general situation we argue as follows: Using (A3), (A4), (A5) and Lemma 3.3 the
right hand side in the previous estimate can be majorized by

/ e(lulls + 112 = =PI +1) + S129 v/ + /i V23 ) ds

Since 7, [luallzr + ||z — 2P ||% < eF(u) + ¢ for z with P(z,u) = 0, Gronwall’s lemma
supplies the desired result. O

Remark. Theorem 3.4 guarantees that the electronic model for solar cells includ-
ing interface kinetics and energy resolved defect densities in 2 and at the interface I'
is thermodynamically correct. The free energy functional F' is something like a Lya-
punov function. Namely, under the special assumptions (3.4) and (3.5) (meaning that
the data is compatible with thermodynamic equilibrium) the function ¢ — F'(u(t)) is
monotonously decreasing. For the more general case of data the free energy may be
increasing, but its growth can be estimated by Theorem 3.4.

Remark. If ry is independent of u1, u2 and Gphot is independent of time, and the
Dirichlet values and reaction constants fulfill

Gphot
ZPhot "y 7P

(3.7)  wPud =ko + + X\;zP is constant on Q7, y =, 3, i = 1,2,

0
instead of (3.4) in Theorem 3.4 and if additionally (3.5) holds true, then the free
energy on solutions F(u(t)) decreases monotonously, too. This can be seen by sub-
stituting the second and third estimate in step 2 of the proof of Theorem 3.4 by

D, D
Gphot UL U uy Uy
o U1U2—]€0—7 lnﬁZ—lni,
T'O ul u2 kO + phat

which is obtained by a case by case analysis, too.
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3.2. L*°-estimates of the solution. Have in mind that Lemma 3.2 provides
global upper and lower bounds for us, u4 on G and uri, ure on Gr. To prove upper
bounds for the densities of electrons and holes we argue in two steps. Starting with
estimates of the L (R, L?)-norm of u;, i = 1,2, (see Lemma 3.5), the final estimate
is obtained by Moser iteration in Theorem 3.6.

LEMMA 3.5. Under the assumptions (A1) — (AG6) there exists a monotonous
function d : Ry — Ry depending only on the data (but not on T') such that

Z w2 < d([|[F(u)llces)) VteS=[0,T]

for any solution (u, z) to (P).
Proof. For problem (P) we use the test function e (vy,v9,0,...,0),

(3.8) v;:=(u; — K)T, where K > K :=max (1, |Ul|v, | ax a7 ® || Lo )
i=1,2, y=a,

will be fixed later. The choice of K ensures that v)(0) = 0, vllry = 0,7 = a, 5,
i=1,2.

2
et
7 2 /
t
/ { / Z {v — Di(Vv; +2u; Vz) - V; + Gprorvi + 1o(ko — urug v,} dz

£y [ oz = alul)of — ) da
i=1 /T
+ / {Tl(klll{g — U1U4)U1 —+ 7‘2(]{32’&4 — UQ’U,g)’UQ} d‘UJ
G

+ ) {rgl(kglurl — ujura)v] + riy(kfyurs — ujuri)vg } dNF}
Y=o B

S/ eQSZ{ — ellvill 3 + ellwill o |V 2l Lallvi |
0 i=1

+cfuillzz+¢ > o] 72y + K} ds.
y=a,8

The exponents ¢ > 2 and r are taken from Lemma 3.2 ii) and (3.3). For the treatment
of the reaction terms we refer to (A3) and Lemma 3.2 i). Moreover, due to (A2) w
have vl 2(c,ap) < cllvillLz), 107 L2 @raur) < cllv] 2@y, @ = 1,2. Now we apply
the trace inequality (6.1), the estimate (3.2) and the three variants of the Gagliardo-
Nirenberg inequality (6.2)

’
Yol sl 15 ol

loillZe < cllvillzellvillzs,  llviller < efloil] <l
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with r and " from (3.3). At the end, Young’s inequality gives

t
g/o 2€2{ vajnp— ol +e(B) (il +1) s vies

with a monotonously increasing function ¢(K). For K fulfilling the inequality In K >
mMax;—1,2, y=a,g3 |[In uZDHLoo(m) + 1 we estimate

2
U u; (In 2% Pl dx
25 iy -t

2
= i(In K — 1 vD - 1
- Z /{z v; >0} Uz( " k:lgla)ia 8 ” Ny HL (£27) )d.r

2

>(InK — e n P |Loe @y — 1) 24: sl 1
7

Now we fix K > K as a monotonously increasing function of | F(u)||c(sy fulfilling

2 -
) &|IF(u)llogs
&y il < 5)
=1

In K — maxg—1,2 vy=a,3 IllnuzD”Loo(Qw) -1

N ™

(compare Theorem 3.4); then the term in front of the H!-norm in (3.9) is negative.
It results

2
Y lui®)lge < e ee(K)(I1F(w)llgs) +1)-
i=1

Since u; < v; + K this proves the lemma. O

Lemma 3.2 and Lemma 3.5, guarantee that for solutions (u, z) to (P) for all t € S
the norm ||z() ||y 1.4(q) is bounded by a continuous function of || F'(u)|c(s) depending
on the data but not on T. The exponent ¢ > 2 is results from Lemma 3.2 ii). We
write shortly

2r
(3.10) K= (IIVZHLoc(s,Lq(m) + 1)

Now we establish the upper bounds for the densities of electrons and holes. The
proof is based on Moser iteration techniques. Such techniques e.g. are used in [10]
for problems from semiconductor technology, in [6] for the classical van Roosbroeck
system and in [8] for spin-polarized drift-diffusion systems.

THEOREM 3.6. Let (A1) — (A6) be satisfied. Then there exists a constant ¢ > 0
and a continuous function d of ||F(u)l|c(s) depending only on the data (but not on
T) such that

an ||Loc<m2(sup||uz Mz +1), B@le < dlIF@los) Vi S



14 A. GLITZKY
for any solution (u, z) to (P).
Note that sup,¢g [|[ui(s)|| . < ¢ ([[F(uw)||cs)+1), i = 1,2, on solutions to (P) and

that this right hand side is bounded by Theorem 3.4.
Proof. Using for (P) the test functions

~

pe’ (WP 0bTh0,...,0) € LX(S,X), p=2", m>1, v; = (u; — K)T, i =1,2,

with K from (3.8) we obtain
2
et Z/ v; (t)P da
i=1"9
t 2
= / peZS{ / Z {vf — Di(Vv; + \ju; Vz) - vafl + Gphotvffl} dx
/Zro ko — ugug)v?™ ldx—I—Z/ oful — oPul )((vf)p_l—(v?)p_l)da

+ Z {TFl (kpyurt = ulure) (0] )P~ + 1y (klgure — ujur:)(v3)P~ '} dur

y=a,B

+ / {rl(klug — u1U4)Uf + 7o (koug — uous)v }d,u} ds VteS.
e

Regarding (A3), (A4), (A2) and Lemma 3.2, applying the trace inequality (6.1)
for (v;’)p/ 2 Hélder’s, Gagliardo-Nirenberg’s and Young’s inequality we continue by

2
eptZHUz’(t)HiPS/ e”s /Z ep(wi|V2|[ Vol +of + Z“’“H }dx
=1
/Zdwp/zI?derczoZ > / P+ 1)dr}ds

=1 y=a,8

< / ewZ {ep (V2o (1?12 + DIl i = ello?’ 3
2
+ep(o 213+ 30 NN 2 ey +1) } ds
y=a,p
t 2
S/ eps{ﬁcpwz H,UP/QHLl 11 ds},
0 i=1
where & is defined in (3.10). In summary it results the estimate
2
(3.11) > lwi®)ll, < CPQTRZSUP loi()I7pz +1)  VEES.
i=1
Defining

2
bm Z{bupﬂvl HL27n+1} m=20,1,...

=1 seS
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the inequality (3.11) implies

_ m+1l__o m__ m
by, < le‘fb?ﬂfl < cm+2(m 1) l<;1+2 bi@—Q <... < 02 2—m l€2 1 b2

0 »

and we continue estimate (3.11) by

Z loi(®)llza < CHZ{supllvz e +1}.

In the limit m — oo, we find

vaz ||Leo<0/<;Z{sup||vz ||L1+1} vt e 8.

Because of u; < v; + K the desired estimate for u;, i = 1,2, follows and then the
assertion for z is a direct consequence of Lemma 3.2 ii) and the Sobolev embedding
Wha(Q) — L>(Q) for ¢ > 2 in two spatial dimensions. O

4. Existence and uniqueness result for (P).

4.1. A regularized problem (P,). In order to show the existence of solutions
to (P) we study a regularized problem (Pp;) defined on an arbitrarily fixed time
interval S = [0,7]. For M > M* := max {1, ||U|ly} let pps : RS — [0,1] be a
Lipschitz continuous function fulfilling

0 if Juloo > M, B
pum(u) = {1 i oo < /2 [uloo = max{|uil, ..., [urz|}-

Additionally, we introduce the projection

—M for y<—M,
om(y) == y for ye[-M,M], yeR,
M for y> M,

and define the operators Ayr: (X +u?) x (Z+2P) — X*, Ryr: [X +uP]nVy — X7,
2
(Ani(u, 2), ) x 1= / S Di(Vas + Ailowr (us)]FV2) - Vi da,
Qi1

(Ras(w). @)= | par(){rofurue — ko)(@ + ) — Gono (@ + 1)} do
Q
+/ PM(U){71(U1U4—/€1U3)(a1+ﬂ4—a3)
G
T TQ(UQU3—k2u4)(ﬁ2+ﬂ3—ﬂ4)} du

~ o~ I
+ E , / TFl (ujury — kpyur:) (@) + drg — r1)
v=a,B

+ 10 (udurs — klpurz) (@ + firy — firs) } dur

2
+Y [ pu@)(ofud — olul) (@ — @) da, e X.
p F 1 7 K2 1 3 1
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We study the regularized problem

(Pr) ' (t) + Apr(u(t), 2(t)) + Ry (ut(t)) =0 P(z(t),ut(t)) =0, faa. tels,
M u(0) =U, uc H'(S,X*), u—uP € L*(S,X), 2 — 2P € L*(S, Z).

Solutions (u, z) to (Py) fulfil u € C(S,Y) and z — 2P € O(S, Z).

4.2. Solvability of (Pys). In this subsection the constants may depend on M
and S. We work with an equivalent formulation of (Pp;). We decompose u in the
form u = (v, w), where v = (u1,uz2), w = (us, ug, uri, urs) and make use of the spaces

Y2 =1%(Q)? Y*=L*G;du)® x L*(Gr;dur)?,
X2 = (HNQR) < HU ()%, X* = (X7,
where HI(Q;YV) = HH(QUTY). We define operators A% : L2(S, X?) — L*(S, X?%),

Ay: (L2(S, X2 )f 0P) x (L*(S,Z) + zP) — L2(S,X*), Ry: (L2(S, X2) + vP) x
L2(S,Y4) — L2(S, X?*), and Ry : (L*(S, X2) + vP) x L2(S,Y4) — L*(S,Y*4) by

2
(A (v — vD)aa>L2(S,X2) = / / ZDiV(vi —vP) -V dzds,
S =1

2
(Au(v,2), V) L2(5,x2) 12/ / ZDZ'(V’UZ-D + i [oar(v:)]TV2) - Vo, dz ds,
S ‘
(Ro(0,0),0) 12 (s x2) = / (Rar(w,wt), (3,0)x ds, € L2(S, X?),
S

(Ruw(v,w), W) 12(5,y4) := /(RM(U+,w+),(O,@)>X ds, @€ L*(S,Y?).
s

Let v € L%(S,Y?) and w € L*(S,Y*). Then (v,w) € L?(S,Y) and by Lemma 3.1
there is a unique solution z with z — 2P € L2(S, Z) N L>=(S, L*°(Q)) of
P(z(t),vT(t),w"(t)) =0 faa. tes.

By 7.: L?(S,Y?) x L*(S,Y*) — L?(S, Z) + 2P we denote the corresponding solution
operator such that z = 7, (v, w). Then the system

(v —vP) + A —vP) = —R,(v,w) — Ay (v, T.(v,w)),

oy (v =) (0) = (U1, Uz) =vP, v—2vP e W?,

(4.2) w + Ry, w) =0, w(0) = (Us,Uy,Ur1,Urs), we€ HY(S, YY),
is an equivalent formulation of problem (Pys). Note that here
W?:={ve L*(S,X?):v € L*(S,X**)} C C(S,Y?).

Solvability of (Pas) is obtained by proving that the system (4.1), (4.2) has a solution.
First we give a short overview of this proof. For an arbitrarily fixed 7 € W2 4+ v we

solve

(4.3) w + Ry (@,w) =0, w(0) = (Us,Uys,Ur1,Urs), we H(S,Y?),
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and get w = 7,0 with a solution operator T, : W2+vP — H(S,Y*) (see Lemma 4.1).
The problem

(v — o) + A (v —vP) = —R, (9, T,,0) — A, (9, T.(0, To,0)),
(v—o")(0) = (U1, U3) — 0P, v—0” e W?

consists of four independent linear parabolic problems for uf, uf , ug, ug and fixed

given right hand sides from L?(S, H'(Q}))* . Thus there exists a unique solution
v = QU to this problem. The operator Q is completely continuous (see Lemma 4.2).
Using Schauder’s fixed point theorem we obtain a fixed point v of Q (see Lemma 4.3).
Then (v, 7T,v) corresponds to a solution to (4.1), (4.2). Now we give the detailed
proof.

LEMMA 4.1. We assume (A1) — (A6). Then for all v € W? +vP there is ezactly
one solution to (4.3). Moreover ||T,0||c(s,y+) < ¢ for all v € W?+vP and

75" — T2l o5y < c{||a1 — Py + Y 07 - a2v||L2(S,L2(F)2)}
y=a,p

(4.4)

for all ', ¥% € W240P.

Proof. Since for w € L*(S,Y?) the map w — R, (v, w) is Lipschitz continuous
uniformly w.r.t. ¥, by [7, Chapt. V, Theorem 1.3] problem (4.3) has a unique solution
w = 7,0 with a solution operator 7,,: W2 +v” — H(S,Y*). Since a.e. on S

||Rw (617 wl) - Rw (627 U)2) HY4

<7 =Py + D 15 = 8 reqeye + o' — w?lys)
y=a,p

for all (v%,w!), (v2,w?) € L?(S,X) we derive by testing (4.3) (for (?%,w!) and
(02, w?)) by w! —w? and by using Gronwall’s lemma the Lipschitz-estimate stated in
Lemma 4.1. Testing (4.3) by w = 7,0, taking into account that pps(u) = 0 for u with
|u|oo > M and again using Gronwall’s lemma the uniform estimate for ||7,,0(|c(s,v+)
results. O

LEMMA 4.2. We assume (A1) — (A6). Then the mapping Q: W2+vP — W24
is completely continuous.

Proof. Let {v,} C W2+ v? be bounded. According to [16, Theorem 5.1] and
(6.1) we may assume that there exists an element v € W?2 + v” such that v,, — ¥ in
L3(S,Y?), 07 — 07 in L%(S, L*(T)?), v = o, B. Let

Up = Qana U= Qij\, Wn = Twﬁru w =Ty, zp, = ,Tz(i)\vuwn)y z = ,Tz(ﬁa U})

Lemma 4.1 and Lemma 3.1 ensure the convergences w,, — w in L?(S,Y*) and z,—2z —
0 in L?(S,Z). Testing (4.4) for D, and ¥ by v,, — v € L?(S, X?) it results for t € S

1

t
310 = )OI+ [ elo, = o ds

c t 2 oar (O] =l BTV 2 s — v))| de
< /{/ZH Bl —lon BT 1921 [V (0 — 0] d
2
+;/Q|V(Z”_Z)|V(vni_vi)|dl’

(180 = Bllyz + 32 15 = Dllaaryz + lhwn = wlhys ) on — v||Xz}ds.
Y=o
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By Holder’s inequality and Lemma 4.1 we conclude that
lvn — U\|%2(S,X2)

< c|jvn, — v||L2(s,X2){||5n — 0| p2(s,v2) + Z oy — 07| 2(s,02(r)2) + 120 — 2ll22(5,2)
v=a,B
2

+y [/OT/Q[UM@M)V ~ [on (@] 2| V[ da ds| 1/2}.

=1

Properties of superposition operators give that the square bracket term in the last
line tends to zero if n — oo. Finally we find that v,, — v — 0 in L?(S, X?). Next we
estimate

(v = v)ll2(s,x24)

<R (Vs wn) — Rv(aaw)HLQ(S,X“) + ||A?,(Un - U)||L2(S,X2*)
+ ||-Av(ij\n7 Zn) - Av(ij\a Z)||L2(S,X2*)
< e{llon = vlzasn) +18n = lzaisysy + D 15 =5 lzacs,c2myey

y=a,8

+ lwn —w|p2(s,y4) + |20 — 2l 22(5,2)
2

2 {/OT/Q [oas @)™ = [oar (@)1 2 | V2|2 da dsr/z} .y

=1

for n — oo, and we obtain v, — v — 0 in W2. The continuity of the operator Q
follows by similar arguments. O

LEMMA 4.3. We assume (Al) — (A6). Then there exists a fized point of the
mapping Q.

Proof. For given v € W2+vP let z = T, (v, T,,0) and v = Qv. We use v := v—vP
as test function for (4.4), take into account (A4), (A5) and (A6) and use for R,
that par(u) = 0 if |u|os > M and apply (6.1), Lemma 3.1, Lemma 4.1 and Young’s
inequality. Then, since || 7, (0, Zo,0) || g1 < ¢ (1 + [|0 — vP|]y2) we find

t
()2 + ¢ / 0% ds

t
<cte / (1ol + D2 107 ez + (0 + 2l olx2) ds
y=a,B

t
< c+/ (l1ol%e + ¢ (1+ [9]3 + 7 — vP|2) ) ds Vi€ S.
0
Thus there is a constant ¢ > 0 such that for all k¥ > 0 the estimate

t
(o0 + [ ol ds)

t s
—&-’e_kt/ {03 + 15 - P13 +/ (1915 + 15 = vP|%2) dr fe e} ds
0 0

IN
o

R s R ekt_l
e+ ce Msup {e=t{[o(s)[Fa+0(s) — 0”1 + / (I91a+15-vP =) dr } =
s 0

IN
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holds true. We take now k > 3¢ and obtain
t
supe (0Ol + [ o(s) s )
tes

e g (e (190 - 0PI + [ 1906) - P B as) )

Once more using for the reaction terms that pps(u) = 0 for |ulo, > M, and again
applying Lemma 3.1 and Lemma 4.1 we estimate

7' l22(s,x2 = sup  (=Ru(D, ) — AY(0) — Au(T, 2),0) £2(s,x2)

”UHL2(S,X2)S1

IN

¢ (19l z2s,x2y + 2l p2cs,mny + 110 — P || p2s,v2) + 1)

¢ (HEHLQ(S,XZ) + v - UDHL?(S y2) + 1)

< 5<||77||L2(S,X2) + [Telg{ (Ilv VP12 +/ [5(s)—v”||%2 ds) }ekT}l/z-y 1).

The non-empty, bounded, closed and convex subset of W2 4 v,

IN

t
M = {1} e W? +0P: sup {e_kt(HT)(t)”%n +/ ||17H§(2 ds)} < 3¢,
tesS 0
(0|2 (s,x2%) < 5(2\/36eﬁ+ 1) }

possesses the property that Q(M) C M. Since Q by Lemma 4.2 is completely con-

tinuous the assertion of Lemma 4.3 is guaranteed by Schauder’s fixed point theorem.
]

THEOREM 4.4. We assume assume (Al) — (A6). Then there exists a solution
(u, z) to problem (Par).
Proof. Due to Lemma 4.3 there exists a solution v of the problem

(v—vPY+A(v —vP) = =R, (v, Twv) — Ay (v, T, (v,Tyyv)),
(v —vP)(0) = (U, Us) —vP, v—ovP e W2

Putting w = T,,v € H'(S,Y*), the pair (v,w) fulfills the equations (4.1) and (4.2)
which are an equivalent formulation of problem (Py). O

4.3. Energy estimates for (P,;). All estimates in this subsection are inde-
pendent of M.

LEMMA 4.5. We assume (A1) — (A6). Then, for any solution (u, z) to (Pyr) and
for every t € S the inequalities u;(t) > 0 a.e. on Q, i = 1,2, u;(t) € [0,1] p-a.e. in
G, i=3,4, up;(t) € [0,1] pr-a.e. in Gr, i = 1,2, are fulfilled.

Proof. Let (u,z) be a solution to (Pys). We use the test function —u~. Taking
into account that

Vui + )\Z[UM(uZ)]JFVz) . Vuf < O7 —Gp}wt’u,; < 07 1= 1, 2,
ufug —ko)(uy +uy) <0 ae. on

—~~ —

wfuf —kyud ) (up +uy —ug) <0,
+
Uy

ug — kobf)(uy +uz —u;) <0 p-ae. on G;
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+ — —
(u] Tufy = krvufy) (W] 4 upy — upy) <0,
(w3 T uf, — krouy) (U™ +up, —upy) <0 pr-ae. on Gp vy = a, 53;

8, 68+
(o us™ — ou )

uf‘—uf_) <0 ae onl, i=1,2

we find that ||u~(¢)||2- < 0 for all t € S. We argue now as in the proof of Lemma 3.2
to verify the remaining results of the lemma. O

We work with a regularized free energy functional Fy, which is compatible with
the regularizations done in problem (P,s). Let ¢ fulfill (3.6). Writing for quantities y
the expression y° := max{y,§} and using the function

Lo () = Iny if 0<y<M,
MW=\ mM-14+£ if y>M,

we introduce the functionals F9,, : Y — R by

Foro(u / / (I (y°) = InuP dydm—l—Z// (I (y°) —Inw;) dy dp
Uq
JrZ// (I (y°) —Inap;) dydpur  ifu e Yy,
i=1 Gr Jur;

and ﬁlfm(u) =400 for u € Y \ Yy. Additionally, we set
Fipy=(Fiilx)" : X" >R, Fi=F+Fp,: X" >R,

with F} from Subsection 3.1. Note that the function [, has the same essential prop-
erties as the In-function occurring in the definition of F, and that for u € Y we have
F2o(u) — Fo(u) and F§,(u) — FY(u) as § | 0, where FY;,(u) means F3,,(u) for
0 = 0. Especially, by the definition of F} and lj; we have for u € Y} and z with
P(z,u) = 0 that

(4.5) |z = 2P11%, s Inwg|| o1, (|willp < cFY(u) +¢  i=1,2.

LEMMA 4.6. We assume (Al) — (A6). Let (u,z) be a solution to (Par) and
u® = max{u, 0} for § < M fulfilling (3.6). Then for all T > 0 there exist constants
¢r >0, ¢ > 0 (independently on M and &) such that

/ Z lpne (u)riy (u)° (ura)’ || 1 G aper) + loar (w0 )ry (u 2)5(UF1)6||L1(GF,dHF)}dS
y=a,B

<ot [{

2
{7’/ JM(uf)\VlM(uf) + )\in|2 dz + cTHufHU(Q)Jr ||V (u; — uf)HLl}
Q

=1

+c(1+M5+52)}ds vt > 0.

Proof. According to Lemma 4.5 we have u > 0 for solutions to (Ps). Similar to
the proof of Lemma 3.3, testing in (Pj/) the equations for u;, i = 1,2, on Q¢ by ¢%,
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adding them and leaving out nonnegative terms on the left hand side we here obtain

t 2
/ {/ pM(u)(rfflu‘fum+Tﬁ2ugup1)dup—i—Z/pM(u)(a?u —a U )da} ds
o “Jar =171
2

t .
SXKW%MM+A{H/L%Ww+MwWMMM}®}WES

Because of par(u) =0 for |u|e > M we find
par(u) [(w])° (ur2)® + (u3)° (ur1)’] < par(w) [uiurs + uJur:] + (M3 + 6%).

Since o (u®) = opr(u) and Vud = opr(u )VZM( %) we estimate the drift-diffusion
term finally using Young’s mequahty and oy (u ) < u5 by

|V + Nioar (ui)Vz| < [Vul + Noar (ud)Vz| + |V (ud — ;)]

< TUM(u?)\VlM(uf) + V2| + cT|uf| + ¢|V(u; — uf)|

This together leads to
! s s § s s §
/0 {||PM(U )ren (u)® (ur2)®ll Lr e ape) + o2 (@?)rea (uz)” (urn)® 2y Gr.dpr)

+§:ApM(u)(0?u —O’ U )da}ds
2

t
<c —|—/ {Z {T/ o ()| Vin (w) + X\ Vz | do + CT||U?||L1(Q)+ ||V (u; — u?)”Ll}
0 Q

i=1

+duwn+ﬁ§@ Vit e S.

Similar results are obtained by testlng the equations for u;, i = 1,2, on Q° by ¢°,
only the term i, pas(u) (o9 u — o7u?) da then has the opposite sign. Combining both
estimates, the assertion of the 1emma follows. O

LEMMA 4.7. Under the assumptions (A1) — (A6) there exist positive constants
c1(T), c2(T) not depending on M such that

F(u() <c(T), |ui@®)Inu;(t)||p < co(T), i=1,2, VteS
for any solution (u,z) to (Par).

Proof. Let (u,z) be a solution to (Py), let § < M fulfill (3.6), and let v’ =
max{u,d8}. Then u € H'(S,X*), u >0, z — 2P € L*(S, Z),

whri= (@) =muP), o (s ()= @i) o, (lar (uf)~Indiny) ,_, ) €L3(S, X),
and A(z(t) — 2P) € OF; (u(t)), w,(t) € OF35(u(t)) fa.a. t € S (note that Iy (u )

Inu? ae. on S x I'p, i = 1,2, and by Lemma 4.5 we have lp(ud) = Inul, i = 3
Iv(ud,) = In(ud,), i = 1,2). Thus, according to Lemma 6.1, we get for (3, :

TR
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wl; + Az — 2P) that

t

[Fu(w(t) + Frau(®)] |
==A<MGLGA@Mds

/kRM<<»+AMW@»4@di$Mds
= [ RO + A (9,260 )~ (5} .

where 6% = (Ras(u®) — Rar(u) + An (u?, 2) —.AM(u, 2),(8)x — 0 for § | 0. Since all
the reaction terms containing the factor pys(u®) become zero if |u®| > M, we have
for these terms only to discuss the situation ul < M, and here is Ip(u) = Inud. We
arrive at

5 upul :
~(Rar (), Chr)x < e 1%-§jnu o) (0 S e+ ) 5858 N )

2
+ el Gonorllo { D7 (s + Nn el 1) + llz==1 21 }
i=1

kB aD
+e(1+ [lpar(u®)rg, (Uf)é(urz)5||L1(Gp,dur))||k;{%ﬂm(cp,dm

é 6 3 ki kr.
eI+ lom (w)rea(uz)” (ur) [l @r.ape) 2By | Lo (G apr)

é & kS k2
+ ¢ (L [loar (u)rLg(ug)’ (ur1)’ |l 1 @ ape)) 5 20,55 (|12 (Gr dur)-

Observing that on solutions [oas(ud)]T = oar(ul) < ul, Vi (ud) = V(u?)/onr(ud),
i=1,2, using (A4), (A5) and Young’s 1nequahty we ﬁnd a.e. on S that

—(An(u, z) () x

/ ZD o (u {|V(lM( N+ Xi2))? = V(I (ul) 4+ Niz) - V(lnuzp—)\izD)} dz

Q.

[ V)

Z(c||u5||L1||V (Inu? + XzP)|[3 —%/UM(uf)|V(lM(u?)+)\iz)|2dx>.
Q

Putting both estimates together, using Lemma 4.6, taking § | 0 in the previous three
estimates and using (A3), (A5) and (4.5) we arrive at

%MMJMWS%O+%MmW,

where ¢ depends on the data, but not on M. Due to the choice of M we have
F{,(U) = F(U). By Gronwall’s lemma we obtain the first assertion of the lemma,
and the last result of the lemma follows by (4.5). O

4.4. Further estimates for (P,;). The estimates in this subsection are inde-
pendent of M.
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THEOREM 4.8. Under the assumptions (A1) — (A6) there is a constant ¢*(T) > 0
not depending on M such that for any solution (u, z) to (Pay)

(4.6) llullLoe (s,v) < *(T).

Proof. 1. Let ¢ > 2,7 and ' be chosen as in Lemma 3.2 ii) and (3.3) and let
(u, z) be a solution to (Pjs). By Lemma 4.5 and Lemma 3.2 ii) it results

(4.7) l®)llwre < e[t + iy Bl VEES.

2. Let v; = (u; — I%)*‘, i = 1,2, where K is given in (3.8). We test (Py) by
2(v1,v2,0,0,0,0). Estimating [oa(u;)]" by v; + K, using Lemma 4.5, (4.7), (6.2),
the trace inequality (6.1), Young’s inequality, Lemma 4.7 and (4.5) we obtain

> il </ Z _26HU%||H1 + (il lzlwrallvill e + 2] [Joi]|

i=1,2 1=1,2

il + D0 0] gy + 1)} ds

y=a,p
/ S~ { el + sl ol 3 owlyr + ) ds.
1=1,2 k=1,2

By |kl < ||ka(T 2) /THkai/;, by inequality (6.3) for p = 2 and by Lemma 4.7 we

get

e > lvillerlloilla Y | /<Z{ loilig + ellvilZa > llonl3 )

i=1,2 k=1,2 k=1,2
€ € 2
< i;2{2||vi||ip + [%\{T)nvi vl foill + elleillzn ]} < i;;uvinzl +e

By the previous estimates and inequality (4.7) we find positive constants ¢(T), K
independent of M such that

(4.8) lvillze < e(T), i=1,2, [e@®F. +1<&ET) VteS.

3. Similar to the estimates in the proof of Theorem 3.6, but estimating [ops(u;)]™ by
v; + K and using #(T) from (4.8) instead of x we can verify that [|v;(t)|z~ < ¢(T)
for all t € S which leads to the desired upper bounds for w;, ¢ = 1,2, on S. Since by
Lemma 4.5 the quantities us, ug, ur; and ure lie in [0,1] for all ¢ € S, the proof is
done. O

4.5. Existence and uniqueness result for (P). Now we are ready to prove
the main results of the paper.

THEOREM 4.9. We assume (A1) — (A6). Then there exists at least one solution
to (P).

Proof. Note that it is sufficient to show the existence of a solution to (P) on
any finite time interval S = [0,7]. We call such problems (Pg) and choose the
regularization level M = 2¢*(T) (see Theorem 4.8). Then Theorem 4.4 guarantees
a solution (u,z) to (Ps;). The choice of M ensures that the operators Ry; and R
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as well as the operators Aj;; and A coincide on this solution. Therefore (u,z) is a
solution to (Pg), too. O

THEOREM 4.10. Under the assumptions (A1) — (A6) the solution to (P) is
unique.

Proof. 'We prove uniqueness on every finite time interval S := [0,7]. Let
(uF, ), k = 1,2, be two solutions to (P). We find a constant ¢ > 0 such that
lu* @)y, [V2*#)||pe < ¢ faa. t €S, k= 1,2, where ¢ > 2 (see Lemma 3.2 ii),
too). Let @ := u' —u?, z := 2! — 22, According to (3.1) we obtain

(4.9) IZ) | < clla@®)]ly faa. tes.

We test (P) by 4 € L%(S, X) and take into account Lemma 3.2 i) and the fact that
the reaction rates are uniformly locally Lipschitz continuous in the state variable.
With the Gagliardo-Nirenberg inequality ||z || -y < |\az||i/J(m) ||111H};12(S/;), i=1,2,
v = a, B3, for r from (3.3), with inequality (4.9), the trace inequality (6.1) for ||7:LZH%2(F)
and with Young’s inequality we conclude as follows

t
Ya@lz + Y / el |22 ds

i=1,2
t 2
<c / {3 {192 Mol Vaslize + 1920 eIV alize + > 1] 130y } } ds
i=1 v=a,B

t
ny / a2 s
0
2

t
€1l — — 12/r _ 12—=2/r _
< / {3 (sl + el 192 ol 327 } + cllalld } ds

1=1
t 2
< [ {3 (sl + v e + el as
1=1
t 2
s/ {Z;\|aillip+c||m|2y}ds vt e S.
0 =1

Therefore Gronwall’s lemma leads to 4 = 0 on S, and (4.9) completes the proof. O

5. Remarks and generalizations of the results of the paper. 1. In the
paper we studied the simplest situation of a heterostructure 2 with active interface
as indicated in Figure 1 consisting of two materials Q% and Q7 and an active interface
T" in between. The presented results can easily be generalized to the situation of
multi-material-heterostructures with several active interfaces. But for the analytic
treatment we need that active interfaces and the parts of the boundary of 2, where
Dirichlet boundary conditions are prescribed, are strictly separated (see Lemma 3.3
and Lemma 4.6).

2. In our paper we restricted for an easier writing to the case of exactly one
kind of traps in the volume and one kind of traps at the interface. The results of
the paper remain true, if different kinds of traps (in possibly different subdomains)
and different kinds of traps on interfaces are considered. Such models are presented
in [20], there also the 1D simulation tool AFORS-HET for the simulation of solar
cells and solar cell characterization methods are introduced. Especially in solar cells
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with polycrystalline materials there occur simultaneously acceptor like and donator
like traps at grain boundaries which have Gaussian like profiles with respect to their
energy distribution where both profiles are slightly shifted against each other.

3. Of course also volume or interface traps which can be occupied by multiple
charge carriers can be treated by our technique. We would have to use then charge
numbers appropriate for this situation and we would have to introduce additional
ionization reactions.

4. In [11] we presented a (formal) generalized gradient flow formulation for electro-
reaction-diffusion systems on heterostructures and with active interfaces. This paper
is an extension of the ideas in [17] to heterostructures and to active interfaces, where
at interfaces the following effects are taken into account: drift-diffusion processes and
reactions of species living on the interface and transfer mechanisms allowing bulk
species to pass the interface.

For the case of closed systems the equations discussed in the present paper can be
written as a generalized gradient flow, too, provided that the rate coefficients of the
generation/recombination of electrons and holes kg, of the bulk ionization reactions k;,
of the ionization reactions at the interface k!, and the coefficients o in the thermionic
emission interface condition, ¢ = 1,2, v = «, 3, fulfill Wegscheider conditions allowing
for detailed balance of the reactions under consideration. Have in mind that in our
notation the transfer coefficients o are incorporated in the boundary value functions

~vD

u]” (see assumption (AB)).

6. Appendix. Let Q C R? be a bounded Lipschitzian domain. We use Sobolev’s
imbedding results (see [15]) and the following trace inequality which can be derived
from [15, p. 317, equ. 5] by a modified application of Holder’s inequality

-1
(6.1) ||w||%q(ag) < ca q”wH%Q(q—l)(Q)||w||H1(Q) Vw € Hl(Q)a q=2.
Moreover, we take advantage of the Gagliardo-Nirenberg inequality
2 < 1/p 1-1/p V. Hl O 1
(6.2) [wllzr < ¢p lwllz" 1wl weH (Q), 1<p<oo

(see [4, 19]). As an extended version of this inequality one obtains that for any 6 > 0
and any p € (1,00) there exists a ¢s5, > 0 such that
(6.3) lwllZ, < 6w fwlll s [lw]fn" +cspllwlr Yw e HY(S).

This inequality is verified in [1] for bounded smooth domains and p = 3. But (6.3) is
true for bounded Lipschitzian domains and p € (1,00), too, since (6.2) is valid in this
situation, too. Finally, we make use of the following chain rule, which can be derived
from [2, Lemma 3.3].

LEMMA 6.1. Let X be a Hilbert space, X* its dual, S = [0,T]. Let F : X* — R
be proper, conver and semicontinuous. Assume that u € H'(S,X*), f € L?(S,X)
and f(t) € OF (u(t)) f.a.a. t € S. Then Fou:S — R is absolutely continuous, and

dFou(t) _ <du

— E(t),f(t)>x fa.a tes.
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