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Abstract

This paper establishes the equivalence of conforming Courant finite ele-
ment method and nonconforming Crouzeix-Raviart finite element method in
the sense that the respective energy error norms are equivalent up to generic
constants and higher-order data oscillations in a Poisson model problem.
The Raviart-Thomas mixed finite element method is better than the previous
two whereas the conjecture of the converse relation is proved to be false.
This paper completes the analysis of comparison initiated by Braess in Cal-
colo (2010). Two numerical benchmarks illustrate the comparison theorems
and the possible strict superiority of the Raviart-Thomas mixed finite el-
ement method. Applications include least-squares finite element methods
and equality of approximation classes for concepts of optimality for adap-
tive finite element methods.
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Figure 1.1: CFEM (left), CR-NCFEM (middle), RT-MFEM (right).

1 Introduction

Given a bounded polygonal domain Q in the plane and data f € L*(Q), the Poisson
model problem seeks the weak solution u € H'(Q) of

—Au = finQ and u = 0 on 9Q. (1.1)

This paper compares the error of three popular finite element methods (FEM) for
the numerical solution of (1.1) as depicted in Figure 1.1, the conforming Courant
FEM (CFEM) [11], the nonconforming Crouzeix-Raviart FEM (CR-NCFEM)
[12], and the mixed Raviart-Thomas FEM (RT-MFEM) [18] with respective solu-
tions uc, ucr, and (pgr, ugr) based on a shape-regular triangulation of Q.

As the main result (in Theorems 1 and 2) we will show that

(IVu - pRT||L2(Q) < IMve(u — MCR)”LZ(Q) ~ ||V(u - MC)”LZ(Q) (1.2)

holds up to data oscillation osc(f,7 ) and up to mesh-size independent generic
multiplicative constants (hidden in the notation < and =~). The conjecture

[IMc(u — ucr)ll2) < VU = prrllize)

is false in general (Theorem 3). It is remarkable that those results do not rely on
the regularity of the solution u.

A comparison of the methods under consideration has been initiated in [5],
where the hypercircle method proves ||[Vu — prrll < [[Wc(u — ucr)ll S |V(u — uc)|l.
This paper gives direct proofs and a throughout comparison. The novel result

IMc = ucr)llrze) S llp = Hopllizg) + ose(f, 7)) (1.3)

from [14, Section 3.1] with the L? projection of the flux p := Vu onto its piecewise
constant integral means Ilp leads to a third proof of ||[Mc(u — ucr)ll;2) < [IV(u -
uc)llz2q) with other tools.

An immediate application to least-squares finite element methods improves a
comparison result of [15] and disproves a further conjecture. The comparison re-
sults also clarify that various approximation classes for the optimality of adaptive
FEM coincide.



The outline of this paper is as follows. Section 2 introduces the precise no-
tation and states the main results in Theorems 1, 2, and 3 and comments on it.
Section 3 gives their proofs based on arguments from the a posteriori error analy-
sis. Section 4 illustrates the equivalences in a typical situation and in the context
of the counterexample of Theorem 3 below. The arguments are expected to be
possibly generalised to further applications and numerical schemes as well as to
higher dimensions and more general boundary conditions.

Throughout this paper, standard notation on Lebesgue and Sobolev spaces is
employed and A < B abbreviates an inequality A < C B with some mesh-size
independent generic constant 0 < C < oo; A ~ B abbreviates A < B < A. All
hidden generic factors depend on a lower bound of the minimal angle in 7.

2 Results

2.1 Three Finite Element Methods

This section defines the three finite element methods of Figure 1.1 and states the
main results of this paper. The proofs follow in the subsequent section.

Let 7 denote a shape-regular triangulation of a polygonal bounded Lipschitz do-
main Q into (closed) triangles, i.e., Q@ = U7 and any two elements are either
disjoint or share exactly one edge or share exactly one vertex. Let hyr € Po(7)
denote the 7 -piecewise constant mesh width function with hs|; = diam(7") for
all T € 7. Let & denote the set of edges of 7 and N the set of vertices, N(€2)
denotes the interior nodes. Throughout the paper, let

P (T) =1{vi: Q> R|VT € T,vr is a polynomial of total degree < k}

denote the set of piecewise polynomials and I1j : L*(Q) — Py(7") denote the L*-
projection onto 7 -piecewise constant functions or vectors, i.e., (Ilp f)|r = fT fdx
forall T € 7 and all f € L2(Q;R™).

Given such a shape-regular triangulation 7, recall the three FEM under con-
sideration.

CFEM. The Courant finite element space reads
Ve(T) :={vc € P{(7) | vc is continuous and vanishes on 0€2}. (2.1.2)

The corresponding (unique) Galerkin approximation uc € V(7)) satisfies

fVuc -Vyedx = ffvc dx forall ve € V(7). (2.1.b)
Q Q



CR-NCFEM. The Crouzeix-Raviart finite element space reads

CR(I)(’T) :={vcr € P1(7) | ver is continuous at midpoints of interior

edges and vanishes at midpoints of boundary edges}. (2.2.a)

A general function in CR(l)(T) does not belong to H'(Q). However, the 7 -piecewise
gradient Wcver, with (Mcver)lr = V(verlr) for all T € 77, exists and Wever €
Py(7;R?). The (unique) Crouzeix-Raviart approximation ucg € CR(I)(‘T) satisfies

f Wettcr - Wever dx = fvaR dx forall veg € CR(I)(‘T). (2.2.b)
0 Q

RT-MFEM. The mixed lowest-order Raviart-Thomas finite element space reads

RTy(7) :={g € H(div,Q) |VT € 7 Ja;y e R Ab;y e RVx e T,
qlr(x) = ar + brx}.

The (unique) mixed finite element approximation (pgr, urt) € RTy(7) X Po(T)
satisfies

prT * RT dx + f URT div 4qRrT dx=0 for all qrt € RT()(T),
Q Q

Hof + div PRT = 0.

(2.3.a)

(2.3.b)

2.2 Main Results

This subsection presents the comparison results proved in Section 3. The Lebesgue
and Sobolev spaces L*(Q2) and H'(Q) are defined as usual, C(Q) denotes the set
of continuous functions on Q and we define || - || := || - [|;2¢r) and osc(f,T) :=

7 (f = o fII.
Theorem 1 (Equivalence of CFEM and CR-NCFEM). It holds

IVi — Vucll < [[Vu — Weucrll < IVu = Vucll + ose(f, 7).
Theorem 2 (Comparison of RT-MFEM and CR-NCFEM). It holds
IVu — Weucrll < 1Af1l + IVu — prrll < [IVu = Weucrll + ose(f, 7).
Theorem 3 (Superiority of RT-MFEM). The conjecture
IVie — Wcucrll < IVie = prell + osc(f, 7)

is false in general in the sense that, given f = 2 and M > 0, there exist some
convex Lipschitz domain Q = Qy, and a quasi uniform triangulation T~ = Ty such
that

M (IIVu = prell + 0se(f, 7)) < IIVu — Weucrl-



Figure 2.1: Criss-cross triangulation of the unit square (left) and a red-refined
triangle (right).

2.3 Comments

Two possible conjectures. In the context of Theorems 1-3 and the hypercircle
identities, two possible conjectures read

IVu — Vuc|| < [IVuc — Weucrll + osc(f, 7))
and

IVu — Wcucrll < [IVuc — Weucrll + osc(f, 7).

The two statements are false in general, because for f = 1, and the criss-cross
triangulation 7~ of the unit square Q = [0, 11> into four congruent triangles as
depicted in Figure 2.1, it holds uc = ucgr # u.

Results for the Least-Squares FEM. Amongst the possible immediate applica-
tions, we briefly discuss the least-squares finite element method. The least-squares
functional

LS(f; qus, vis) := I + div gisIP® + llgLs — Vvisll®

1s minimised amongst all (grs, vis) € RTo(7) X V(7). It is well known [3] that
the Least-Squares FEM is quasi-optimal in the sense that

IVu— prsllp@ivo) +IV@—us)ll € min  [[Vu—grrlla@ive + min_ [[V(u—vo)ll.
grTERTH(T) veeVe(T)

In particular, with regard to Theorems 1 and 2, the choice ggr := prr and v¢ = uc
for prr and uc the Raviart-Thomas and the Courant solution leads to

IVu — prsllaiv.e) + IV = ups)ll = IV — uc)ll + |1 f — o f1]. (2.4)

Since ||V(u — uc)|| < ||V(u — urs)||, this proves

IVu — prslla@iv.e) < IV = ucs)ll + |If = o f1l.



The counterexample from Theorem 3 shows that the possible conjecture

IV = ucs)ll < IVu = pusll + [1f = Hofl

is false in general. This is a consequence of supercloseness of [6] and elementary
calculations. This result is counterintuitive in the sense that the rule of thumb in
minimisation of LS(f; e, @) expects two contributions of similar size.

At least for piecewise constant right-hand sides f, the equivalence (2.4) is also
an improvement of [15, Theorem 5.1] on the separate approximation within the
least-squares method.

Equality of Approximation Classes. The notion of optimality of adaptive FEM
in the literature is based on the concept of an approximation class [9, 2]. Given
some s > 0 and an initial regular triangulation 7, one defines admissible triangu-
lations 7~ with |77| < |7To| + N and considers a minimum of an approximation term
approx(7, u, f) specified below. For the Courant FEM,

approx(7-, u, f) := \IIVu — Vuc|P? + osc(f, T)?,

where uc € V(7)) is the solution of (2.1.b) with right-hand side f. For CR-
NCFEM [1, 17],

approx(7", u, f) := V|IVu — Weuckl? + llhs f1P

or (the equivalent term)

approx(7-, u, f) := V|IVu — Weucrl? + osc(f, T)?

are in use for the CR-NCFEM solution ucg € CR(I)(T) of (2.2.b) with right-hand
side f. For RT-MFEM [8, Definition 3.5], [10],

approx(7-, u, f) := |IVu — prell* + osc(f, T)?

are in use for the discrete solution prr € RTy(7") based on (2.3) with data f.
Given any such approximation term approx(7, u, f), the approximation class

A = {(u, f) € Hy(Q) x LA(Q) | u solves (1.1) with right-hand side f
and |(u, f)lz, < oo}

is defined via the seminorm

, =5 min N’ approx(7, u, f).
(s, )l sup _min_ N"app X(T,u, f)
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Clearly, the approximation class depends on the approximation term approx(7, u, f)
at hand and hence on the FEM at hand. Correspondingly, we have

A,(C), A,(CR), and A RT)

according to the above choices related to the discretisation scheme at hand. From
the comparison results of this paper, we deduce

Ay = A(C) = A,(CR) C A(RT)

for A, defined as before with p := Vu and the approximation term

approx(7, u, f) := Vllp — Hopll? + osc(f, T)>.

The aforementioned result (1.3) from [14, Section 3.1] leads to

lp = opll + osc(f, T) = ||Vu — Wcucrll + osc(f, 7)

and, hence, (1.2) proves the equivalence of the approximation terms which then
shows the equality of the approximation classes.
The counterexample of Theorem 3 motivates the conjecture

ART) # A,.

A detailed discussion of a proof requires the approximation of the curved bound-
ary dB(0, 1) (it is no longer sufficient to consider refinements of some fixed 7)
and lies beyond the scope of this paper. Similar arguments apply to the approxi-
mation classes of the least square finite element method.

3 Proofs

3.1 Proof of Theorem 1

The first proposition is already included in [7, Theorem 5.1] with a different proof.

Proposition 4. Any vcg € CR(I)(‘T) satisfies

min_|[Wcver — Vvell ® min [[Wever — V|
veeVe(T) veH}(Q)

Proof. Let Qr := U{K € 7| T n K # 0} denote the patch of first order layers

around 7 and let E(Q7) :={E € E|ENT # 0}and 7 (Q7) ={T € T | T C Qr}

denote its edges and triangles. For z € N define 7 (z) :={T € 7 |z € T}.



Given vcg € CR)(7)) define I¢ veg € V(7)) by

(Iever)(@) = [T ()™ Z (verlr)(z) (3.1

TeT(2)
for any interior node z € N(€). For v¢cr € CR(I)(T (Q7)), define
P1(ver) = [[Mac(ver = Ic ver)llz2er

and

€&(Qr)

p2(ver) 1= \/ Z IENChever) - Telellly g, -
E

where 7z denotes a unit vector tangential to E. If p,(vcgr) = 0, then veg € C(Q7r)
and vcrlg = O for a boundary edge E C 0Q N Qr, hence Icveg = ver on T
and p;(vcr) = 0. Since p; and p, are seminorms on CR(])(‘]~ (Q7)), there exists
a constant, such that p; < p, on CR(I)(T(QT)). A scaling argument shows that
the constant is independent of the mesh-size. The sum over all 7 € 7 and the
bounded overlap of the patches (Q7 | T € 7°) show that

Mc(ver = Ieverl D IENII(Rever) - Telell, ,, -

Ee&

By a straight-forward modification of [13, Theorem 3.1],

Eeg < (@)

\/Z |E] I[(Micver) - TE]E”iz(E) ~ min |[Wever = V|

Hence, one inequality is proven. The reverse inequality follows from VV(7") C
VH)(Q). =

The remaining part of this subsection is devoted to our proof of Theorem 1. A
different proof can be found in [5]. The inclusion V(7") C CR(I)(T ) and Galerkin
orthogonality show

IMcucr — Vuell = min_ [[Wcucr — Vvell.
veeVe(T)

Together with Proposition 4 and the triangle inequality it follows

IVu — Vuc|l < IVu — Wecucrll + [[Mctcr — Vucll < IVu — Wecucrll

which is the first inequality in Theorem 1.



For the proof of the second inequality let e := Inc # — ucg, where the noncon-
forming interpolation Ixc u € CR(I)(T ) is defined uniquely by

JCINCuds: quds forall E € &.
E E

Since We(Inc u) = Iy(Vu), it holds

IVu — W\ICMCRHU(Q) < |IVu — W Inc M||L2(Q) + |N\IC€||L2(Q)

(3.2)
< |IV(u = uc)ll2@) + l1Weell2q)-

Since Ve is constant on E € &, [e] is affine on £ € & and vanishes in the
midpoint of E, it follows for ec := Ic e € V(7)) (with I¢ from (3.1)) that

IWcell?q, = fVNce-V&c(e—ec)dx
Q

Z f [(e — ec)Wce - velp ds
E

Ee&

Z Il%ce - vElgll 2 ||Ce - €C>E||L2<E>

EeE:ECQ
D UEINIkce  velellg, [ B [e = ec)el];
C EIE LZ(E) C/E L2(E)'
Ec&E:ECQ EcE

Let Qp := U{T € 7 | ENT # 0} denote the patch of first order around E and let
7 (Qg) denote its triangles. Define for vcgr € CRYT(Qp))

IA

IA

1
p3(ver) = |E] 2||<VCR —-Ic VCR)E”Lz(E) and p4(ver) = [[Weverllzap)-

If p4(vcr) = O then vcg is constant on each T € 7 (Qg). Since vcg is continuous
on the midpoints of interior edges of 7 (Qf), vcr is constant on Q. Hence, vcr =
Icver on E and p3(ver) = 0. Since p3 and p4 are seminorms on CRY (T (Qp)),
there exists a constant such that p3 < p4 on CRYT(Qp)). A scaling argument
shows that the constant is independent of the mesh-size. The sum over all interior
edges of 7 and the bounded overlap of the patches (Qg | E € &) show that

_ 2
D UIE e = ece]| 2z, < IVhcel.
Ee&
This leads to
IMcel < > 1ENIce - VLl - (3.3)

Ee&

For any vertex x € N let ¢, denote the associated hat function (i.e., ¢, is con-
tinuous, 7 -piecewise affine, and ¢,(y) = 6y, for all y € N). Given any E =
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convia,b} € Ewith E = T, N T_ for T, = conv{a, b,c},T_ = convi{a,b,d} € T,
let bg := 6 0.0 — 100,050, — 100,054 be some bubble function supported on
wg =T, UT_. Compute

|E|”2||[(wce)-vE]EuLz(E)=‘ | e teu = Beuan) vl as
E

= be [(McIncu —u) - velpds — flﬁE [(Mcucr) - Velp ds
E E

= f Wc(INcu—u)-Vbde—fAu bde—fV{vcuCR-chde
WE Q Q

IA

+

f W\IC(INC u— Ll) . VbE dx
Q

ff(bE —Yg)dx
Q

(3.4)
Since, by definition, JCT (bg = yp)dx = 0 and ||bg — YEll~@ = 1, the Poincaré
inequality leads to

< lwel 1 =Tofll2gwp)- (35)

Lf(bE_'vl’E) dx

Moreover, ||[Vbell 2@y = 1 and We Inc u = Ip(Vu) yield

f (f ~Tlof) (be —z) dx

< M@ = Inc W2y S IV = uc)llizwy-  (3.6)

f Welncu —u) - Vbg dx
Q

The combination of (3.2)—(3.6) plus the finite overlap of (wg | E € &) proves the
second inequality in Theorem 1.

3.2 Proof of Theorem 2

Letiicg € CR(I)((i~ ) denote the Crouzeix-Raviart solution with respect to the right-
hand side f = I1yf. Marini [16] shows that

prr = ciicr — 3o f)(e — mid(7)))

where mid(7")|; = mid(7) and mid(7") denotes the barycentre of 7T € 7 and
(e —mid(7T)) € P1(7) equals (x —mid(7T)) at x € T € 7. Hence,

IVu — Wcucrll < [IVu = prrll + l|prr — Wciicrl| + [[Mclicr — Weucrll
< IVu = prell + I2£]I.

This proves the first inequality in Theorem 2. The proof of the second one exploits
Marini’s identity again,

IVu — prrll < [IVu — Weiicr|l + IMclicr — prrll < IVu = Weucrll + 1A f]].
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The efficiency of ||if|| up to oscillations [19], namely
I A11 < IVi — Weucrll + osc(f), (3.7)

concludes the proof.

3.3 Proof of Theorem 3

The counterexample concerns the quadratic polynomial up,
ug(x) := (1 — |x*)/2 in the unit disk B = B(0, 1).

Note that uz € C*(R?) solves —Au = 2 in B and u = 0 on dB. Moreover, Vu =
—x € RTo(7).

Given a small 0 < & < 1 as the uniform edge-length of a regular polygon Q
with vertices on dB, let 7 denote a shape-regular quasi-uniform triangulation of
Q with maximal mesh size ~ h. Let u € Hé(Q) solve —Au = 2 in Q.

The point of departure is the claim ||V(u — ug)|| < h*2. To prove this, observe
that, since ug — u is harmonic with boundary values up|sq,

IV(u = up)ll = min {[[VV]| | v € H'(Q) : Vlaa = uplaa).

Therefore it remains to design some function w € H'(Q) with w|sq = uglyq and
IVw|| < h*2. To do so, set for any E € & with E = conv{a, b} = dQ N T for some
T € 7 and nodal basis functions ¢, and ¢, of the Courant FEM,

1
WEg 1= §h2<pa<pb e H'(Q) with suppwg =T and w = [ Z wE] e H(Q).
Ee&E:ECoQ

Since wg(x) = up(x) for all x € E, and ||[Vwg|| = h?, it follows

V@ —upll < [ >, IVwelP ~ B,

Ee€&E:ECoQ

For Q(f,7) := {grr € RTo(7) | divgrr = —1Ilyf }, the RT-MFEM approximation
prr of Vu on Q is characterised by

IVu = prell = min{|[Vu — grrll | grr € Q(2, 7))

This is well-understood in the context of minimisation under side restrictions and
its connection to saddle-point problems [4]. Since Vug € Q(2,7), it follows

IVu = prell < IV - up)ll s 2. (3.8)
Since f = 2, it holds osc f = 0 and ||4f]| = h. Hence, (3.7) and (3.8) imply
Ch™'2(|IVu = prell + 0sc(f, 7)) < [V — Weucel|
Given M > 0, the choice h = (C/M)? proves the assertion of Theorem 3.
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4 Numerical Illustration

The first experiment illustrates the counterexample of Theorem 3 which appears
to be non-generic. The second example with a corner-singularity shows equality
of convergence rates as a typical behaviour.

4.1 Illustration of Theorem 3

In the first experiment, the domains Q;, j = 2,3,...,9, are regular polygons with
2/ edges whose vertices lie on the unit sphere dB(0, 1) as in the proof of Theorem
3. For each domain Q; a series of red-refined triangulations 7 := red([)(‘Tp of an
initial triangulation 7; determines the discrete solutions u(’ f) and p(’ 0 of (2.2.b)
and (2.3.b). For the red-refinement of the triangulation each triangle is refined
as in Figure 2.1. The initial triangulations are given as follows. 7, is the criss-
cross triangulation and given the triangulation 7}, a red-refinement red(7;) of 7; is
modified in that the new boundary nodes are projected to the circle dB(0, 1). This
defines 7},1; the triangulations 7,, 73, 76 are depicted in Figure 4.1.

Table 1 contains the quotients of the flux errors with exact solution u based

on the Poisson model problem on €2; and its flux approximations Wcu(f ) and p(’ 0
based on the triangulation 7,
IVu? = pig Il
q(t, j) = . 4.1)
IVulh ~ wcu“ Il

The convergence history plot of Figure 4.2 shows the flux errors plotted against
the number of degrees of freedom. The crosses and the triangles mark the errors
for the Crouzeix-Raviart and the Raviart-Thomas solution. In order to compute
the error, for each domain Q; some P, reference solution is computed on 7;;_;.
The dashed lines connect the errors for the triangulations 75,73,..., 79 of the
proof of Theorem 3 and show the expected convergence rates.

The Raviart-Thomas errors show a larger convergence rate on the initial trian-
gulations than the Crouzeix-Raviart errors, while for a fixed domain the Raviart-
Thomas errors converge with the same convergence rate as the Crouzeix-Raviart
errors after a very long preasymptotic plateaux. The same behaviour can be ob-
served in Table 1: For a fixed ¢ the quotients g(¢, j) are decreasing while for a
fixed j the quotients first increase and then stay on the same level.

4.2 Numerical Comparison on L-shaped Domain

The second example is devoted to a prototypical equivalent behaviour of the three
finite element schemes. The corner singular functions on a typical corner of a

12
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Figure 4.1: 7;, 73 and 7 from Subsection 4.1

Table 1: Quotient g(¢, j) from (4.1) for RT-MFEM and CR-NCFEM

t=0 1 2 3 4 5 6 7
=2 .94097 90727 90405 .90346 .90335 .90333 .90333 .90333
3 1.51218 72172 77759 .80313 .81703 .82517 .83011
4| .34413 56908 .66257 71381 .74579 .76746
51.23909 43216 .53576 .60128 .64662
6 | .16793 31867 .41264 .47906
71 .11856 .23084 .30735
8 |.08424 .16622
9 1.06103
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Figure 4.2: Errors of CR-NCFEM (x) and RT-MFEM (V) in Subsection 4.1.
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polygonal domain Q c R? for instance, do not allow for the improved convergence
of the Raviart-Thomas MFEM.

To illustrate this, let the origin 0 be a nonconvex vertex of JQ2 with maximal
interior angle w such that, up to some smooth truncation function, the leading
singular function has the form

Using(r, @) = ¥ sin(ap) forO0<r<land0<¢ <w

with 1/2 < @ := n/w < 1. Given any triangle 7" with vertex 0, the approximation
error of the flux Vug,, = ar®!(sin ap, cos ap) by Raviart-Thomas functions is
bounded from below by

min ”Vusing(-x) - (a’ b) - C-x”LZ(T) ~ h(YI"
a,b,ceR

and hence is of the same order as the interpolation error of the piecewise affine
nodal or edge-wise interpolation in the Courant or Crouzeix-Raviart FEM. For
meshes where this defines the convergence rates like in the numerical examples
below, this shows that the Raviart-Thomas MFEM has the same order of conver-
gence and is not superior to the remaining two finite element schemes.

The L-shaped domain Q = [-1,1]>\ ([0, 1] X [—1, 0]) illustrates this with the
right-hand side f = 2. The solutions of (2.1.b), (2.2.b) and (2.3.b) are computed
on a sequence of red-refined triangulations 7y, 771, . . . , 76 and a sequence of graded
meshes 7;6 for j = 3,4,8,16,32,64, 128,256 with grading parameter 8 = 3/2
where j denotes the vertices on one side of one macro triangle. The initial trian-
gulation 7 for the red-refined triangulations and the graded mesh 73(; are depicted
in Figure 4.3. The errors for solutions on a red-refined triangulation are computed
by a P, reference solution on % and the errors for a solution on a graded mesh
A G are computed by a P, reference solution on red(z)(‘ij'.G). Figure 4.4 reveals the
expected convergence rates 1/3 (resp. 1/2) for uniform (resp. graded) meshes for
all three methods. The equivalence of the three methods is clearly visible.
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Figure 4.3: The initial triangulation for the red-refined triangulations (left) and a
graded mesh (right) of the L-shaped domain from Subsection 4.2.
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