Localization of Elliptic Multiscale Problems

Axel Malqvist * Daniel Peterseim '*

October 4, 2011

Abstract

This note constructs a local generalized finite element basis for elliptic
problems with heterogeneous and highly varying diffusion tensor. The basis
functions are solutions of local problems on vertex patches. The error of
the corresponding generalized finite element method decays exponentially
w.r.t. the number of element layers in the patches. Hence, on a uniform
mesh of size H, patches of diameter log(1/H) are sufficient to preserve the
convergence rates of the classical P{-FEM for the Poisson problem. The
analysis does not rely on regularity of the solution or scale separation in the
coeflicient. The result justifies the use of the class of variational multiscale
methods, introduced in [Comput. Methods Appl. Mech. Engrg., 196:2313—
2324, 2007].
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1 Introduction

It is well known that classical polynomial based finite element methods might per-
form arbitrarily badly for elliptic problems with strongly heterogeneous and vary-
ing diffusion coeflicient, see e.g. [4]. In the present context, the heterogeneities
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and oscillations of the coeflicient might appear on several, possibly non-separated,
scales. To overcome the lack of performance in such cases, many methods that are
based on general (non-polynomial) ansatz functions have been developed. Early
work [3, 1], that applies to essentially one dimensional problems has been gener-
alized to the multi-dimensional case in several ways during the last fifteen years,
see e.g. [12, 11]. In these methods the problem is split into a coarse and a (possi-
bly several) fine scales. The fine scale effect on the coarse scale is either computed
numerically or modeled analytically. The resulting modified coarse problem can
then be solved numerically and its solution contains crucial information from the
fine scales. Although many of these approaches show very promising results in
practice, their convergence analysis usually assume certain periodicity and scale
separation of the coefficient.

For problems with general L™ coefficient, [2] gives error bounds for a gener-
alized finite element method that involves the solutions of local eigenvalue prob-
lems. The construction [6] only depends on the solution of the original problem
on certain subdomains. The size of these subdomains strongly depends on the
mesh size. This is suboptimal with regard to the theoretical statement given in
[10], that is, for any shape regular mesh of size H there exist O((log(l/ H ))d+1)
local (non-polynomial) basis functions per nodal point such that the error of the
corresponding Galerkin solution uy satisfies the estimate |[u — ugllq) < CrH
with a constant C that depends on f and the global bounds of the diffusion coef-
ficient but not on its variations. However, the derivation is not constructive in the
sense that it involves the solution of the (global) original problem with specific
right hand sides.

In this paper, we show that such a basis can indeed be constructed by solving
only local problems on element patches. We use the modified nodal basis pre-
sented in [14] and prove that these basis functions decay exponentially away from
the node they are associated with. This exponential decay justifies an approxima-
tion on localized patches.

The precise setting of the paper is as follows. Let Q € R be a bounded polyg-
onal Lipschitz domain and let the diffusion matrix A € L* (Q, Rgf;g) be uniformly
elliptic:

0<a(A, Q) :=essinf inf M
xeQ  verRA[0}  (V, V)
(1
00 > (A, Q) :=esssup sup M
xeQ  veR4\(0} v, v)

For given f € L*(Q), we seek u € V := H(Q) such that
a(u,v) = f(AVu, Vvydx = ffv dx=: F(v) forallveV. 2)
Q Q
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The bilinear form a is symmetric, coercive, bounded, and hence, (2) has a unique
solution.

The main result of this paper shows that the error u — u}® of the generalized
finite element method, which is based on our modified (local) basis functions
mentioned above, is bounded as follows (cf. Theorem 5)

1AV (u — uf)l| < Cr(H +95);

H being the mesh size of the underlying coarse finite element mesh, k referring
to the number of element layers that form the support of the of the localized basis
functions, and y < 1. Moreover, this result is stable with respect to perturbations
arising from the discretization of the local problems. These results give a theoret-
ical foundation for numerous previous experiments where the exponential decay
of the modified basis has been noticed, see e.g. [17].

The outline of the paper is as follows. In Section 2, we derive a set of local
basis functions and define the corresponding multiscale finite element method.
The error analysis is done in Section 3. Section 4 is devoted to the discretization
of the local problems and Section 5 discusses application of this theory to several
state-of-the-art multiscale finite element methods.

2 Local Basis

This section designs a set of local basis functions for the multiscale problem under
consideration. The construction is based on a regular (in the sense of [8]) finite
element mesh 7~ of Q into closed triangles (d = 2) or tetrahedra (d = 3). Sub-
section 2.1 recalls the classical nodal basis with respect to 7~ and motivates its
lack of approximation properties. Subsection 2.2 defines a modified (coefficient
dependent) nodal basis and analyzes its approximation properties. This basis is
localized in Subsection 2.3.

2.1 Classical Nodal Basis

Let H : Q — R denote the 7 -piecewise constant mesh size function with
H|r = diam(T) for all T € 7. The mesh size might vary in space. In practical
applications, the mesh 7~ (resp. its size H) shall be determined by the accuracy
which is desired or the computational capacity that is available but not by the
scales of the coefficient.

The classical (conforming) P, finite element space is given by

Sy :={veClQ)|YT € T,v|r is a polynomial of total degree < 1}. (3.a)



Let Vy := Sy NV denote the space of finite element functions that match the ho-
mogeneous Dirichlet boundary condition. Let NV denote the set of interior vertices
of 7. For every vertex x € N, let A, € Sy denote the corresponding nodal basis
function (tent function), i.e.,

A(x)=1 and A,(y) =0 forally#xeN.

These nodal basis functions form a basis of V. The availability of such a local
basis is a key property of any finite element method and ensures that the resulting
linear system is sparse.

The (unique) Galerkin approximation uy € Vjy satisfies

aluy,v) = F(v) forallv e Vy. (3.b)

The above method (3) is optimal with respect to the energy norm ||| - ||| := ||| |llq :=
A2V - || ;2 on V which is induced by a. It holds

llu — uplll = min [[lu —vgll. 4)
vgeVy

Assuming that the solution u is smooth, the combination of (4) and standard in-
terpolation error estimates yields the standard a priori error estimate

2
Il = uplll < CllHI| Lo lIVull20).-

This estimate states linear convergence of the classical finite element method (3)
as the maximal mesh width tends to zero. However, the regularity assumption is
not realistic for the problem class under consideration. Moreover, even if the co-
efficient is smooth, it might oscillate rapidly, say at frequency £~! for some small
parameter &. In such a situation the asymptotic result is useless, because V>u might
oscillate at the same scale, a fact, which is hidden in the constant ||V2u]| Q) ~ el
Unless H < &, the above finite element space is unable to capture the behavior of
the solution neither on the microscopic nor on the macroscopic level. In what
follows, we present a modification of this method that resolves this issue.

2.2 Multiscale Splitting and Modified Nodal Basis

Let 34 : V — Vg denote the Clément interpolation operator [9, 19]. Then the
space
Vii=(veV|3v=0)

represents the microscopic features of V that are not captured by Vy. Forv € Vg
define ¥v by
a(Fv,w) = a(v,w) forallw e V'
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The finescale projection operator & : Vi — VI leads to an orthogonal splitting
V=Vr 1,V with VI :=(Vy - V).

Hence, every function u € V can be split into u* € Vi and u' € V', u = ul}® + uf,
with a(u}’, u") = 0. Since dim Vi = dim Vy, the space Vj;* can be regarded as
a modified coarse space. The corresponding Galerkin approximation uy® € Vg*
satisfies

a(uy’,v) = F(v) forallve Vy°. (5)

The error (u — uj;®) of the above method (5) is analyzed in Section 3.1.
The image of the nodal basis function A, under the fine scale projection ¥ is
denoted by ¢, = A, € V1, i.e., ¢, satisfies the corrector problem

a(p.,w) = a(d,,w) forallw e V' (6)
Hence, a basis of V}}® is given by the modified nodal basis
A= | xe NN QL. (7)

In general, the corrections ¢, of nodal basis functions 4,, x € N have global
support. Hence, the modified basis (7) and the corresponding method (5) is of
limited use in practice.

2.3 Localization

In this section, we will show that the correction ¢, decays exponentially fast away
from x and that a simple truncation leads to localized basis functions with good
approximation properties.

Let k € N. Define nodal patches of k-th order w* around x € N by

Wy =it(U{T €T |xeT)), ®
We =int(U{T €T | TNwy 20}, k=2,3,4....
Then, the solutions ¢, x € Vi(wyy) := VI N Hy(w.y) of
a($ei, W) = a(d, w)  forallw e Vi(wy), ©)

are approximations of ¢, from (6) which have local supports. By extending ¢, x
by zero in Q \ w,; we have that ¢, € V.
We define localized multiscale finite element spaces

Vit = span{d; — i | x € N}, (10.a)



The corresponding multiscale approximation of (2) reads: Find uz € Vg such
that
a(uyy,v) = F(v) forallv e Vy;. (10.b)

Note that dim Vg“k = |N| = dim Vy, i.e., the number of degrees of freedom of
the proposed method (10) is the same as for the classical method (3). The basis
functions of the multiscale method have local support. The overlap is proportional
to the parameter k. The error analysis of Section 3.2 suggests to choose k ~ log %

Remark 1 The localized modified basis functions could be localized further to
vertex patches w,, x € N, by simply multiplying them with the classical nodal
basis functions. This procedure leads to O ((log(l /H ))d) local basis functions per
vertex which span a generalized finite element space with similar approximation
properties as Vi [5].

3 Error Analysis

This section analyzes the proposed multiscale method in three steps. First, Sub-
section 3.1 presents an error bound for the idealized method (5). Then, Subsection
3.2 bounds the error of truncation to local patches and proves the main result, that
is, an error bound for the multiscale method (10).

As usual, the error analysis depends on the constant p > 0 which represents
shape regularity of the finite element mesh 7;

diam Br
diam T

where By denotes the largest ball contained in 7. In addition, a moderate depen-
dence on the ratio Cy := ||H]|| LOO(Q)”H_IH =« appears. However, its influence on
the total error can be controlled by the localization parameter k.

p:=maxpr with pr:= forT €T, (11)
TeT

3.1 Discretization Error

Lemma 2 Let u € V solve (2) and u3® € V3;° solve (5). Then it holds
llle = wfPlll < Cs, 07 ' 1H fllr2q)-

Proof. Recall the (local) approximation and stability properties of the interpola-
tion operator 3¢ [20, 7]: There exists a generic (computable) constant Cs, which
only depends on pr but not on diam 7" such that for all k,m €e Nwith0 <k <m
and for all v e H™(Q) and for all T € 7 it holds

||Vk(V - STV)”LZ(T) < CST(diam T)m_k”VmV”LZ(wT) (12)
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withwr :=U{K e T |TNK # 0}.
Due to the splitting from Section 2.2, it holds u — 'y = u'. Since Jru' = 0,
the estimate (12) and the finite overlap of the patches wy conclude the proof,

f1112 f f  ~ . f -1 f
eI = Fuy < 3 M llealie’ = Srulli < Csp o™ IH Al lle I
TeT

3.2 Error of Localized Multiscale FEM

First, we estimate the error due to truncation to local patches.

Lemma3 Forallxe N,k >2 €N, and € € N, the estimate
k%l

C
s — draalll < Ca (7‘) sl

holds with constants Cy, C, that only depend on p but not on x, k, €, or H.

Proof. Let x € N and k > 2, € N. Observe that

2 2 2
6 — rcll’ = 162 — Sl + Ndallay, -

The function ¢, — ¢, 4 is an element of the linear space X := {¢ € VI | Vy €
Vf(wx,gk), a(¢,y) = 0}; its trace (¢» — dxa)lw,, belongs to the linear space ¥ :=
{g € (0w, p) | A € X - #low,, = & in the sense of traces}. The trace operator
|6w, 4 18 @ continuous linear mapping from the Banach space (X, ||| - |ll.,, , ) onto the
Banach space (Y, || - l|;2@w, ). Given any ¢ € X, observe that ||@low, . /11200, 4 =

0 implies ”(ﬁla‘”ﬂk”H Yoo 0 and, hence, [[|¢lll.,, = 0. Therefore, the trace

operator is a bijection between X and Y and, by the inverse mapping theorem, its
inverse is bounded, i.e., there is a constant C), such that

Pl e < C5 diam(w, i) 2 ll 200, for all ¢ € X.

A scaling argument shows that C’, does not depend on diam(w, ¢). Since ¢y silow, , =
0, this yields

. 1
s = dxerlllo, < Cs diam(w,e0) 2 1Pkl 2290, )

The trace theorem for H'-functions on simplices [7, Remark 4.1], together
with 37¢, = 0 and (12), shows that

. _1
C) diam(w i) 29l 200, ) < Collldilllvw, q
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holds with a constant C, that does not depend on the diameter of w, ». Thus,

16 = dralll < Collldslllore, - (13)

Further estimation of the right hand side in (13) is possible using cutoff func-
tionsn; : Q —[0,11€V, j=2,3,...,k with

(nj)lwx,f(j_m. = ()9 (14a)
M)lovw,,; = 1, (14.b)
VT € T, IVjllz=cry < C,t~" diam(T)™". (14.c)

For example, one might choose 1; € Sy with nodal values

nix) = 0 forallx € NN wygj-1)+1>
ni(x) = 1 forallxe NN(Q\w,y), and
ni(x) = M forallxe NN Wy (j-1ye14ms m=0,1,2,...,0— 1.

t—1
With the above choice, (14.c) holds with a constant C,, that only depends on p.
Since | supp(VA,) N supp(mx)| = 0 and supp(Vik) = wyie \ Wa k-1ye+1 We have

1AV .17

1/2 2
L2(Q\wq ) <A / nkV¢x|I

L2(Q)

= f (AVo.. VOrg) dx - 2 f My (AV Sy, Vi) dx
Q Q

- [ (v v0ie0)ax -2 [ mo.ave. Tnydx
Q Q

<2 Z IVl A2V Bl 2y IA 2Bl 2

TeT: TCWx ke \Wx (k-1)e+1

The property (14.c) of the cutoff function and the upper bound of the interpolation
error (12) yield

1/2 2 -1 1/2 2
”A V¢X||L2(Q\wx,(’k) S le ||A V¢X||L2(Q\wx,(k—l)[)’ (15)

where C; := 2C5, VC4C,, with Cy := maxrer ﬁ((f‘g For j = kk—-1,...,2,a
similar argument (with 7, replaced by ;) yields

A2V e.|I7 < C,/ A2V, (16)

L2 Q\wyj-1y0) — L2(Q\wyj-2)0)"

Starting from (15), the successive application of (16) for j =k, k- 1,k-2,...,2
proves
1A'V g7 < (G TNAY VeI (17

L2 Q\wxp) — LA(wye)*
Combining (13) and (17), we finally obtain the assertion. m
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Lemma 4 There is a constant C3 depending only on p, Cy, and 3/a, but not on
IN|, k, or € such that,

2
1> v, = s < B Y vcotio. - g
xeN

xeN

Proof. There exists continuous functions £, : Q — [0, 1] such that,

(é/x)la)x,[[ = 1, (é,x)lﬂ\wx_[kﬂ = 0’

IVl <

- for some constant C’, and
diam(T)

Vve Vi tve Vi

We note that a(¢,, (1-,)v) = 0 for all v € V. Furthermore also a(Pyo, (1=4)v) =
0 for all v € V' since the functions support are disjoint. We get,

2
= Y v ald, = bea ) V0N — $r)

D @) (e = )

xeN xeN yeN
= Y V@ Ay = ol D VONSy — i)
xeN yeN
< > V@ g = penll- ‘ Lo D vy — B
xeN yEN

< D V@ g = doall- B {|(VEI(1 = 37) D v0)(y = b)

YeN yeN L2 (wx eer1)

+ ) Vs = dradll- ‘HZ vy = By.ai)
xeN yeN

< C" Y V@ g = gl || D vONBy = dya0)
== yEN Wy k+2
1/2 2
<c” (Z V)l - ¢x,fk|||2] [Z 2,V0N@, = b0) )
=~ N yEN Wi k+2

PIRLEI IS

xeN

b

1/2
< Gtk [Z (g, - ¢x,fk|||2] |

xeN

where C3 depends on C’, Cy, Cs,, and B/a. The result follows by dividing by
Il Zsen V() (@x — dre0)lll on both sides. m



Theorem S Let u € V solve (2) and, given k > 2, € N, let upggy € Vi otk solve
(10). Then

lle — upgeelll < Ca (5 ‘/_) (Cl/f) ||f||L2(Q) + Cy, . [|H fllz20-

holds with Cy from Lemma 3 and a constant C, that depends on Cy, B/a, and p
butnoton H, k, {, f, or u.

Proof. Let @i}y, := Yen tp (%) (Ax ¢x o), where u}*(x), x € N, are the coeffi-
cients in the basis representation of u};°. Due to Galerkin orthogonality, Lemma
2, Lemma 4, and the triangle inequality,

~1MSs

ot = gl < e = a1 = Nl = + w® = dagy P
< C3, @ IH I}y + G Y uip PNy = danll?. 1O
xeN

The application of Lemma 3 yields

D@ lgy = geall? < CHCO Y WP lgE, -

xeN xeN

Observe that, || Xyennw,, 4 0Pylllo,,, = 0 implies that 3 cnne,, , Uz (V@) is con-
stant on w, . Hence, X cnno, ., Uy M@y = 37 (Zye Nowes ugs(y)gby) = 0 and there

exists a constant C} such that
8 2 2 o
E ug M NS, < C; § Uy ()

YeNNwy e YeENNwy e

2

Wyt

The constant C} might depend on the shape regularity of 7~ but a scaling argument
shows that C} does not depend on the mesh size H and the parameter £. Hence,

DRI, < DT >, ure2lige,,

xeN xeN yeNNwy e

<C4Z‘

xeN )ENﬁw

2

u (Ndy

Wy ¢
< Co @Il
The constant C; depends only on C} and Cy. This yields

gy = il < Ca(@R)(C1 /O PPl

B - (19)
< Cua ' (LPR)(C 10" 1)/2||f||L2(Q)a

where C4 only depends on C;, C3, and CZ. The assertion follows readily be com-
bining (18) and (19). =

10



4 Discretization of the Fine Scale Computations

We have not yet mentioned anything on how the local basis functions will be
computed. There is a lot of freedom in choosing different finite elements and and
different refinement strategies, see e.g. [14, 15]. We will here focus on a very
simple and natural approach, also considered in [16]. We assume that the local
basis functions are computed using subgrids of a fine scale reference mesh, which
is a (possibly space adaptive) refinement of the coarse grid 7.

We let 7, be the result of one or several (conforming but possibly non-uniform)
refinements of the coarse mesh 7~. We introduce 4 : Q — R, as the 7,-piecewise
constant mesh width function with 4|y = diam(7) for all T € 7. We construct
the finite element space

S,:={veC’Q)IVT e T(Q),v|risa polynomial of total degree < p}.
Weletu, € S, N Hé (Q2) be the reference solution solving,
a(uy,v) = F(v) forallve S, N Hy(Q).
Locally on each patch we let V), ((w,x) =S, N Hé (wyx) and furthermore,
VE (@er) = (v € Vo | 370 = 0). (20)

We now define the numerical approximation of ‘/’ﬁ,k in the following way: find
¢, € VI (wyy) such that,

a(@l ., w) = a(d,w) forallw € V; (wyp).
We denote the discrete multiscale finite element space
Vﬁ’h = span{d, — ‘/’ﬁ,k | x € N}.

The corresponding discrete multiscale approximation is given by: find ugf,;h €
V" such that

aGuy!,v) = F(v) forallve Vil @1

Theorem 6 Let u € V solve (2) and let ”2}: € V;i’h solve (21). Then

ms d kL -
llee = willl < Ca (€VE) (C1/O7 Ml + Cpe I1H flliay + e = gl

11



Proof. We let [[lu— 5 lIl < [llu—uplll+|lln — sy |ll. The estimation of ||fuy —uyy I
is almost verbatim the same as in the proof of Theorem 5 with V := §, N Hé(Q).
The are only two minor issues.

First, the proof of Lemma 3 requires n?qﬁx € S, N V; which requires a suit-
able choice of the cut-off function ;. If 7j; is any cut-off function that satisfies
(14), then 77? can be defined as the S ,-piecewise rational function ¢, /3, (fﬁgbx).
Straight forward computations show that n; satisfies (14). The fact that its defini-
tion depends on ¢, does not create additional difficulties.

Second, in Lemma 4 we need that {,v, with v, € §,NV/, stays in the the space
S N Vy. We accomplish this by replacing v, with (1 — 37)37,({vy) € S, N V5.
The argument then follows because I and I, are both stable in H!. =

Remark 7 The third part in the error bound in Theorem 6 can be bounded in
terms of data, mesh parameter h, and polynomial degree p using standard a priori
error estimates available for all properly analyzed finite element methods.

Remark 8 The local problems need to be solved in the spaces V}fl,x(wx,k). Thisis a
standard finite element space with the additional constraint that the trail and test
Jfunctions should have no component in V. In practice this constraint is realized
using Lagrange multipliers.

The resulting coarse scale system of equations is of the same size as the orig-
inal problem, dim(Vl'ZI”,;h = Vy and it is still sparse. The number of non-zero
entries will be larger and depend on k. Note however that the non-zero entries in
the stiffness matrix decay exponentially away from the diagonal.

5 Application to Multiscale Methods

Several multiscale methods for solving elliptic partial differential equations with
heterogeneous coeflicients have been developed during the last 15 years.

5.1 The Variational Multiscale Method

The variational multiscale method was first introduced in [12]. The function space
V is here split into a coarse part (standard finite element space on a coarse mesh),
in our case Vy, and a fine part, in our case V'. The weak form is then also decou-
pled into a coarse and a fine part. The method reads: find iz € Sy and u’ € V' such
that,

a(i,v) + a(u’',v) = F(v) forall v € Vy,

a@W’,v')=FO) —a(a,v) forallv e V'
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The fine scale solution is further decoupled over the coarse elements 7 € 7~ and
approximated using analytical techniques. Note that the fine scale solution u’ is
an affine map of the coarse scale solution . If we let u’ ~ Mu + m and plug this
in to the method we get a coarse stiffness matrix of the form a(v + Mv,w) i.e. a
non-symmetric bilinear form for a symmetrical problem.

5.2 The Multiscale Finite Element Method

In [11] the multiscale finite element method was first introduced. Here modified
multiscale basis functions are computed numerically on sub-grids on each coarse
element individually. The basis functions fulfill the equations, find ¢, 7 € Hy(T)

a(dy — ¢.7,v) =0 forallve Hy(T)and forall T € T.

Here homogeneous Dirichlet boundary conditions are used on the boundary of
each element 7 i.e. the local problems are totally decoupled. To get a more accu-
rate method one can improve the boundary conditions using information from the
data A. A larger domain can also be considered (this procedure is often referred to
as over-sampling), see e.g. [11]. Note that since the coarse scale basis functions
are modified (both trail and test space) the resulting method is symmetric.

5.3 The Proposed Method

The modified basis function construction given by equation (6-7) was first intro-
duced in a variational multiscale framework in [13, 14]. It has also been used to
modify basis functions in the spirit of the multiscale finite element method, see
e.g. [17]. The exponential decay in terms of layers of coarse elements have been
demonstrated numerically in several works, see e.g. [15, 17, 16]. From these pa-
pers it is clear that / = 1 or at most [ = 2 in Theorem 5 is sufficient to get decay
for all problems we have considered, i.e. C; < 2. The first paper where the expo-
nential decay was analyzed is [16]. Here the theory of iterative solvers was used
to show convergence to a discrete reference solution.

The proposed method has been extended to convection dominated problems
and problems in mixed form [17] as well as time dependent problems [18]. A
posteriori error bounds have been derived and adaptive algorithms designed where
a local mesh and patch size are chosen automatically in order to reduce the error.

5.4 Application of the Presented Analysis

The convergence proof in this paper generalizes the results of [16] and gives a
valid bound also as 4~ — 0 independent of the patch size. The proof does not rest
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on regularity of the solution and gives a very explicit expression for the rate of
convergence. The present analysis confirms the numerical results in [15, 17, 16]
and gives together with [16] the method the solid theoretical foundation that has
previously been missing. The analysis also justifies using the a posteriori error
bounds for adaptivity [14, 17] since we can now prove that the quantities measured
on the patch boundary decays exponentially in the number of coarse layers.

For the variational multiscale method this result says that it is important to
allow larger subgrid patches than just one coarse element. This will result in over-
lap but the local problems are totally decoupled and we have in previous works
demonstrated how adaptivity can be used to only solve local problems where it is
needed, see e.g. [14, 17]. For the multiscale finite element method the analysis
is not directly applicable since the fine scale space V! is not used. It is the decay
in this space which we have proven to be exponential (in number of coarse layers
of elements in the subgrid). If this decay is not present inhomogeneous boundary
conditions are instead needed for the subgrid problems. To our knowledge only
very special cases, e.g. periodic coeflicients, can then be analyzed.
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