THE LUR’E EQUATION IN A BEHAVIORAL CONTEXT *

TOBIAS BRULL

Abstract. The well-known Kalman-Yakubovich-Popov Lemma establishes an equivalence between
dissipativity and the solvability of a linear matrix inequality, see [25]. In this paper we strengthen this result
by showing the equivalence of dissipativity to the solvability of a so-called Lur’e equation, which mainly is a
linear matrix inequality with a rank minimizing condition. Finally, we apply the result to standard systems
to obtain the well-known result about the solvability of the algebraic Riccati equation.

1. Introduction. The importance of the algebraic Riccati equation in control theory
is widely accepted [26]. However, in its original form, the algebraic Riccati equation is only
applicable to standard system, i.e., to systems of the form

Ei(t) = Ax(t) + Bu(t), (1.1)

where E = T is the identity matrix, A € C™", B € C™™, z(t) € C" is the state, and
u(t) € C™ is the input. A generalization of the algebraic Riccati equation to descriptor
systems, i.e., to systems of the form (1.1), where E # I is not necessarily the identity, is
considered in [16]. A drawback of the results in [16, 26] is that one has to assume regular
cost/supply functions, i.e., one has to assume that the cost/supply function

s BT ¢ 3140

(with @ = Q* € C*»" S € C™™, and R = R* € C™™) satisfies the property that R is
invertible. Avoiding this assumption leads to the Lur’e equation, for the case of standard
systems, see [21].

In this paper we will generalize these results to behavioral system, cf. [29, 30, 31], which
will be introduced in Definition 1.2. The advantage of a behavioral approach to this topic
is that it incorporates systems of the form (1.1) as a special case, while at the same time
the results get simpler and one does not have to determine a-priori which of the variables
in (1.1) are inputs u or states z. Also, many systems seem to be described in a behavioral
way most naturally [32], especially electrical RLC circuits [33].

EXAMPLE 1.1. Consider the following diagram of an electrical RLC circuit, which is
taken from [8].

, R L
A‘N‘V m
ALY v, (t)
+
V(i) —/— V()= C
: I(t)
D —

Fic. 1.1. The simple RLC circuit from [8].
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By V (t) and I(t) we denote the voltage and current, resp., at time t through the source
on the left. R denotes the resistance, L the inductance, and C denotes the capacity. Since
the whole circuit consists of only one loop, i.e., since all electrical elements in the circuit are
in series, the current through each element is equal to I(t) because of Kirchhoff’s current law.
However, the voltages across the individual elements may vary. Let vg(t), vi(t), and vo(t)
denote the voltages across the corresponding elements at time t. Then with the definitions

L 00 00 0 -1 0 0 0 UI
00 C 00 -1 0 0 0 0 L
F=10 0000 “=|r 0o 0o -1 0" #=|w
00 0 00 0 -1 -1 -1 1 ﬁf

the equations which describe the electrical behavior of the circuit in Fig. 1.1 can be written
as

Fi(t) + G(t) = 0, (1.2)

see [8]. With this notation and the definition

0000 1
L0000 0
H=-10 00 0 0
2100 0 0 0
10000

the power supplied to the system (1.2) via the the port indicated by the dashed line is measured
via the quadratic function s, which is called the supply function, given by

s(z(t)) := 2" ()Hz(t) = V() I(t). (1.3)

We use the following notation. By C¢ we denote the infinitely often differentiable
functions, mapping from R to C?. By C1 we denote the decaying elements of CZ, i.e.,
all z € CL such that for every ¢ € Ny there exist a;,b; > 0 such that the inequality
|z(t)]] < bje~** holds for all t € [0,00). By C? we denote all elements of CL, which
have compact support, i.e., which vanish outside of a bounded interval. We use C, C4,
and C. as abbreviations for Cl , Ci, and C!, resp. Furthermore, by C[\] we denote the
polynomials with coefficients in C, and by C(\) we denote the associated quotient field, i.e.,
the rational functions. We use the symbol C[A]?*? to denote the p-by-¢ polynomial matrices
and the symbol C(A)P? to denote the p-by-g rational matrices. For P € C[A]P'? of the form
P\ = ZZK:O AN P;, with P, € CP? for i = 0,..., K and Px # 0 we call K the degree or
order of P and we will use the symbol ranke(y) (P) to denote the so-called normal rank,
i.e., the rank of P over the field of the rational functions. In contrast to this, for \g € C
the expression rank (P()\g)) denotes the rank of the matrix P(Ag) € CP'? in the usual sense.
Using the Smith canonical form [9, p. 141, Theorem 3| one can show that

rankc(y) (P) = max rank (P(Xo)) - (1.4)

0€eC

We will call Ao € C a zero of P, if rank (P()g)) < rankcy) (P) and the set of all zeros of P
will be denoted by 3 (P). For a polynomial matrix P € C[A]”*? we define the para-conjugate
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transposed P~ € C[\9P via P~()\) := P*(—)) and a matrix A" € C[\]** is called para-
Hermitian if N = N7, cf. [35]. By C_ we denote the strict left half plane of the complex
numbers and by C_ the closed left half plane. We use 2 to denote the imaginary unit.

In behavioral systems theory a system is usually viewed as a subset B, called the
behavior, of some superset U, called the universe, see [31]. Since in this paper we will only
deal with linear, time-invariant, first-order system we only consider universes of the form
U = CZ, and make the following definition.

DEFINITION 1.2. [18] Let P(\) := AF' + G € C[A\|”7 be a first-order polynomial matriz.
Then the set

BAF +G) = {z € CL|P () 2 =0} = kernele (P (§))
1s called the behavior of A\F' + G,

BL(AF +G) = {2z € CL|P (§) 2 = 0} =kemnele, (P (7))
is called the decaying behavior of AF + G, and

B(AF +G) = {2 € CI|P () = = 0} = kernele, (P ()

is called the compact behavior of AF' 4+ G. The elements of B(AF + G), B+ (AF + G), and
B.(AF + Q) are called (decaying/compact) trajectories of the system.

Let H = H* € C?9 be a Hermitian matrix. Then we measure the power supplied to
the system along the trajectory z € B(AF + G) at the time point ¢ € R via the expression
z*(t)Hz(t). Consequently, the amount of energy supplied to a system over a time interval
[to, t1] is then measured by

/ ! 2 () Hz(t)dt. (1.5)

to

If the expression in (1.5) becomes negative, then we say that energy is extracted from the
system, otherwise we say that energy is supplied. Of special physical interest are systems
which do not generate energy, i.e., systems from which one can never extract more energy
than the amount that has been supplied to it. This is formalized in the following definition.

DEFINITION 1.3. [27, 28] Let A\F + G € C[A\|P? be a first-order polynomial matriz and
let H= H* € C?1 be Hermitian. Then we say that (A\F + G, H) 1is dissipative if there exists
a so-called storage function, i.e., a continuous function © : C1 — R with ©(0) = 0, which
satisfies the so-called dissipation inequality

O(2(t1)) — O(2(to)) g/lz*(t)Hz(t)dt. (1.6)

to

The storage function © measures the amount of energy which is stored internally in the
system. Thus, the right hand side of the dissipation inequality (1.6) measures the gain in
internally stored energy over the time interval [to, t1].

EXAMPLE 1.4. (Ezample 1.1 revisited) To show that the circuit in Fig. 1.1 is dissipative,
we can assume that the energy, which is stored in the capacitor with capacity C, is given by
%CU% and the energy, which is stored in the inductor with inductance L, is given by %LIZ.
Thus, for (1.2) and (1.3) we define the storage function

O(z(t)) :== %Cvc(t)Q + %L[(t)Q. (1.7)
3



Using (1.83) and the individual equations which make up (1.2) we find

%@(z(t)) = Coc(t)ve(t) + LI()I(t)
= I(t)vc(t) + I(t)vr(t) = I(t)(ve(t) +vi(t)) (1.8)
= I(t)(V(t) —vr(t) = IV (t) — I(t)or(t) = s(2(t)) — RI*(t) < 2*(t)Hz(t).

Integrating equation (1.8) from to to t1 and using the fundamental theorem of calculus we
obtain that (1.7) is indeed a storage function of the system (1.2) which implies dissipativity.
DEFINITION 1.5. Let AF + G € C[\|"9. Then we call

R(AF + G) := {2 € C¥3z € B(AF + G) such that 2 = z(0)}
the reachable set of AF + G,
Ry(AF +G) == {2 € C3z € BL(A\F + G) such that 2 = z(0)}
the decaying reachable set of AF' + G, and
R(A\F +G):={z¢ (Cq‘Elz € B.(AF + G) such that 2 = z(0)}

the compact reachable set of A\F' 4+ G.

The main result of this paper states that (under the assumptions of controllability,
which is given in Definition 2.6, and feasibility, see Section 5) dissipativity is equivalent
to the solvability of a Lur’e equation. The Lur’e equation is introduced in the following
definition.

DEFINITION 1.6. Let A\F + G € C[A]P? be a first-order matriz polynomial and let
H = H* € C[\]%? be Hermitian. Form the para-Hermitian polynomial

N(A) = ANy + Np = A {_% Ig] 4 {C? fl} . (1.9)
Then we call Z € CP? q solution of the Lur’e equation (associated with (\F' + G, H)), if
the following conditions are fulfilled:
1.) F*Z = Z*F
2)0<G*Z+Z*G+H
3.) rank (G*Z + Z*G + H) = rankg(y) (N) — 2 - ranke(n) (AF + G) =: s
4.) for every Cholesky factor C € C*? of the matriz G*Z + Z*G + H = C*C, we have

that
B, (N) = m %JF(PFJGD & H By (—AF"+G"), (1.10)
and we have
3 (PF(;F GD =3WN)nC_. (1.11)

Furthermore, Z is called a strong solution of the Lur’e equation, if in addition to the above,
for every Cholesky factor C € C*1 the following condition is fulfilled:

5.) for every z € MRy (AF+GQG) there exists a zg € Ry ([AF; G]) such that F'2 = Fz.
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It is obvious that the properties 2.) and 3.) of Definition 1.6 are equivalent to the
existence of a Cholesky factor C € C*9 which fulfills G*Z+ Z*G+ H = C*C. Thus properties
1.) - 3.) of Definition 1.6 can be rewritten as

F*Z=7*F, G*'Z+2*G+ H =C*C, (1.12)

which is an equation in the indeterminates Z and C. The identity (1.12) constitutes the
actual Lur’e equation, cf. [21].

In the following example we show that the Lur’e equation for the circuit in Fig. 1.1 is
solvable. We do this by an educated guess of the solution. In the remainder of the paper
we will develop a constructive method to compute the solution. Since this method is quite
involved it is not convenient for manual calculations, but it gives a hint about how a solution
of the Lur’e equation can be computed numerically. Further notes concerning the numerical
aspects can be found in the Conclusion, Section 9.

EXAMPLE 1.7. (Ezample 1.1 revisited) We show that the Lur’e equation associated with
(1.2) and (1.3) has the solution

1 00 00
SRR -
-1 0 0 0 O
To prove point 1.) of Definition 1.6 note that
Z*F = diag (0,0,%,0,%), (1.14)
is symmetric and point 2.) is fulfilled since
Z*G+ G*Z + H = diag (R,0,0,0,0) > 0. (1.15)

Let the matrices N', Ny, and Ny be according to (1.9) with F, G, and H as in (1.2) and
(1.3). Then, using the identity (1.4), we find

9 = rank (1 - N1 4+ Np) < maxrank (N (Ao)) = rankey) (M) <9,

Ao€C

and

4=rank(1-F+G) < g\na%rank (Ao + G) = rankc(n) (AF + G) < 4.
o€

This means that in Definition 1.6 we have s = 1, which with (1.15) implies that point 3.) is
fulfilled. Let C € CY® be a Cholesky factor of H+ G*Z + Z*G = C*C, i.e, let

C=[VR 0 0 0 0.
Then, by basic manipulations we find that
AL -1 0 0
-1 0 XC 0
%(PFJGD:% R 0 0 -1
-1 -1 -1
R 0 0 0

= {0}, (1.16)

o = O OO

. Be



and also that B, (—AF* + G*) = {0}. Also, we have that B (N) = {0}, if and only if

{0} =24 ({ZI 8} {_AFPJFG* AFI; G} {é ﬂ)

- 0 AF 4+ G
R Ve e

[0 0 0 0 A -1 0 0 0
0 0 0 0 -1 0 AC 0 0
o 0 0 0 R 0 0 —-10
o 0 0 0 0 -1 -1 -1 1
=%,||-\L -1 R 0 R 0 0 0 0 (1.17)
-1 0 0 -1 0 0 0 0 0
0 -A\C 0 -1 0 0 0 0 0
0O 0 -1 -1 0 0 0 0 0
o 0o o 1 0 0 0 0 o0

The correctness of (1.17), however, can again be determined by basic manipulations. Since
one can see by a similar argument that the identity (1.11) holds, we conclude that point
4.) of Definition 1.6 is fulfilled, which means that (1.18) is indeed a solution of the Lur’e
equation associated with the circuit in Fig. 1.1. As a final remark, note that with (1.14) we
can write the storage function © in (1.7) as

O(x(t) = 2* (1) Z* F(t).

Similar to the derivation in Example 1.4 one can easily show that the solvability of the Lur’e
equation implies dissipativity. This is done in the following way. Let Z € CP'? be a solution
of the Lur’e equation and define © : C? — R through

O(2) == 2" F* 7.

Then © is continuous and fulfills ©(0) = 0. Also, we find that for all z € B(AF + G) and
t € R we have

%@(z(t)) = S ()F* Z2(t) + 2 (1) Z* F4(t)
= ()G Za(t) — 2* () Z*Gx(t) < 2 (t)H2(2).

Integration over [tg,¢1] results in

t1

O(:(11)) — OC:(to) = | %@(z(t))dtg/tlz*(t)Hz(t)dt,

which shows that © is a storage function. The other direction is harder to show, and the
proof is the content of the remainder of the paper.

2. Preliminaries. In this section we first introduce the Kronecker canonical form, a
very helpful tool for the analysis of behaviors, as defined in Definition 1.2. With this we
will introduce the reachable sets and the notion of a strong solution of the Lur’e equation.
Afterwards, we will derive some basic properties which solutions of the Lur’e equation fulfill
and then, finally, we will introduce the Thompson canonical form, which is the equivalent
to the Kronecker canonical form for para-Hermitian pencils.
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THEOREM 2.1 (Kronecker canonical form). [10, 21] Let \F + G € C[A\]P? be a first-
order matriz polynomial. Then there exist invertible matrices S € CPP and T € C%7 such
that

S(AF +G)T = diag (K1 (\), ..., Ka(V)) , (2.1)

where each of the blocks IC;(\) takes one of the forms (K1) - (K4) below.
1. Right singular block with k; rows

2. Finite eigenvalue \; € C of size k;

-1 A1
A + (K2)
1
-1 Aj
3. Infinite eigenvalue of size k;
0 1 1
A + (K3)
1
0 1
4. Left singular block with k; columns
1 0
DY L I L (K4)
S 0
0 1

EXAMPLE 2.2. (Ezample 1.1 revisited) Defining the transformation matrices T € C>5
and S € C** via

| o CcC 0 0 0
_i, - 8 8 0 0 LC 0 0
S = 60 o 1 ol andT:= |1 0 0 o0 of, (2.2)
o 0 0 1 0 RC 0 -1 0
1 RC LC -1 1

we have (with F, G, and H defined as in (1.2) and (1.3)) that

S(AF + G)T =




which means that the Kronecker canonical form for the system depicted in Fig. 1.1 has one
block of type (K1) with size k; =2 and two blocks of type (K3) with size kj = 1.

The Kronecker canonical form can be used to compute the reachable sets of Definition
1.5, by considering the reachable sets of each block (K1)-(K4) separately. From elementary
considerations we obtain that for blocks K; of type (K1) we have

R(KC) = R4 () = Ra(Ky) = €, (2.4)
for blocks IC; of type (K2) we have

CF for Re();) <0

{0} for Re();) >0’ Re(K;) = {0},  (2.5)

RK) =Ch,  Ri(K)) = {

and for blocks K; of type (K3) and (K4) we have
R(K;) = R (Kj) = Re(K;) = {0} (2.6)

With these identities and with the columns of the transformation matrix 7" in (2.1) one
can specify the reachable sets of arbitrary behaviors. A more detailed exposition of this
procedure can be found in [2, Lemma 2.19].

Also, the Kronecker canonical form reveals the set of zeros of a matrix pencil. Again,
looking at the zeros of each block (K1)-(K4) separately we find that 3 (K;) = @ for blocks K;
of type (K1), (K3), and (K4). Only blocks IC; of type (K2) have zeros, namely 3 (IC;) = {);}.
Since with (2.1) we have

3(AF+G) =3 (S(\F+G)T) (2.7)

we conclude that the set of zeros of a pencil AF' + G is given by the union of all A;, corre-
sponding to blocks of type (K2).

EXAMPLE 2.3. (Ezample 1.1 revisited) From the Kronecker canonical form (2.3) of the
circuit in Fig. 1.1 we conclude with (2.4)-(2.6) that all three reachable sets RANF + G),
RL(AF+G), and R.(AF + G) are given by the span of the first three columns of the matriz
T from (2.2). However, from (1.16) we conclude that

() -

which implies that the solution of the Lur’e equation Z given in (1.13) is not a strong
solution.

The advantage of a strong solution of a Lur’e equation is that we can use it to make a
statement about its uniqueness, as shown in the following Lemma.

LEMMA 2.4. Let A\AF + G € C[A\|”? and H = H* € C?*9 and let Zy,Z> € CP? be two
strong solutions of the Lur’e equation. Then

FF*Z12=2"F"Zyz

for all 2 € Ry (A\F + G).
Proof. For the proof we introduce the so-called available storage [2, 26, 34] associated
with (AF' + G, H) as the function ©4 : C? — R U {#o00}, which is defined through

O4(2):=— inf /000 2" (t)Hz(t)dt.

2€B L (AF+G)
z(0)=2
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Let Z be any strong solution of the Lur’e equation as in Definition 1.6. Let 2 € R4 (AF +G)
be arbitrary. Using property 5.) of Definition 1.6, let

men (¢

with F'Z = Fzy. Furthermore, let

e ([ )

with 2z(0) = zp and define p := Zz. Then from property 4.) of Definition 1.6 we conclude
that (p,z) € B4 (N). Using [3, Theorem 5] we conclude that this imples

—0.(20) = [ 2 ()H=(b)dt,
from which we deduce that /0
O.(2) = 0, (x) = — /0 T W H(bdt
_ /OOO (0 - G*Z — Z°C)=(t)dt
_ /O TG Z2t) + 2 () 2 (bt

_ / TS OF Z2(t) + 2 2 Gt
0

> d
= — — (Z*(O)F*Z=z(t)) dt
| GEwrzae)
=2"(0)F*Z2(0) = 20 F* Zzy = 2*F* Z 2.

Since the available storage © does not depend on Z we obtain the assertion. O

We make the following observation for every matrix Z which at least fulfills point 1.) of
Definition 1.6.

LEMMA 2.5. Let \F'+ G € C[\"? and H = H* € C?9. Let Z € C™7 be such that
F*Z = Z*F and define

0 AP+ G
S = rankc(/\) (|:—)\F* +G* H :|> —2- rank(co\) ()\F + G)
as in Definition 1.6. Then we have

rank (H+G*Z+ Z*G) > s

Proof. Since

I 0 0 \F+G) [T 7] 0 AF+G
75 I||-AFr+G H |0 I| T |-AF*+G* H+GZ+ 2*G

we obtain that

. 0 MNF G L 0 M+ G
ranke) \ | pr 4 g+ H TN \ AP G H+G*Z + Z2°G

0 AF+G 0 0
grankc()\) ({—/\F*—FG* 0 ]) —|—rank<c(,\) ([0 H—|—G*Z—|—Z*G]>

= 2-rankc(y) (AF + G) +rank (H +G*Z + Z*G)
9



and thus the claim follows. O

Lemma 2.5 is the reason why a solution of the Lur’e equation can also be called a rank
minimizing solution, cf. [26, Remark 10].

DEFINITION 2.6. Let A\F + G € C[\P9. Then we call the system B(AF + G) trim if
RNF 4+ G) = C4, ¢f. [25]. Furthermore, we call B(AF + G) controllable if R(A\F + G) =
Re(AF + G) and we call B(AF 4+ G) stabilizable if R(AF + G) = R (A\F + G).

The following Lemma characterizes the concepts from Definition 2.6 through properties
of the Kronecker canonical from.

LEMMA 2.7. Let A\F' + G € C[\]"? have the Kronecker canonical form (2.1). Then we
have the following assertions:

1. B(AF + G) is trim if and only if there are no blocks of type (K3) and (K4).
2. B(AF + Q) is controllable if and only if there are no blocks of type (K2).
3. B(AF + G) is stabilizable if and only if all blocks of type (K2) satisfy Re (A;) < 0.

Proof. The proof follows immediately from the identities (2.4)-(2.6). O

The following Corollary characterizes the concepts from Definition 2.6 algebraically.

COROLLARY 2.8. Let A\F + G € C]A\]}"?. Then we have the following:

1. B(AF + G) is trim if and only if rank (F) = p.
2. B(AF + G) is controllable if and only if 3 (A\F + G) = 0.
3. B(AF + G) is stabilizable if and only if 3(\F +G) C C_.

Proof. The proof follows from Lemma 2.7, identity (2.7), and the Kronecker canonical
form (2.1). A more detailed exposition can be found in [2, Lemma 2.21]. O

Looking at property 4.) of Definition 1.6 we see that systems of the form B (N), with
N = N™ being para-Hermitian, play a special role. Although such systems can in principle
also be analyzed via the Kronecker canonical form, it would be preferable to respect the para-
Hermitian structure of A/. This can be done with the Thompson canonical form, which is
introduced in the following Theorem 2.9.

Note that we only use the Thompson canonical form for theoretical purposes. Since
the Thompson canonical form involves the transformation with non-unitary matrices X,
we conclude that the computation of the Thompson canonical form is not stable, and thus
inappropriate from a numerical point of view. However, by unitary transformations it is
possible to obtain a so-called staircase form in a numerically stable way, cf. [4, 5], from
which important characteristics of the Thompson canonical form can be obtained, see also
the Conclusion, Section 9. The computation of a solution of the Lur’e equation via unitary
transformations will be discussed in a forthcoming paper.

THEOREM 2.9 (Thompson canonical form). [22, 23] Let AN + Ny € C[]A\J** be a para-
Hermitian first-order matriz polynomial. Then there exists an invertible matriz X € Ck*
such that

X* (AN} + No) X = diag (Ti(N), ..., Ta(\) (2.8)

where each of the blocks T;(\) takes one of the forms (T1) - (T6) below. By k; we denote
the size of block j and by 11, ...,7¢ we denote the number of blocks of type (T1),...,(T6).

10



1. Paired non-imaginary eigenvalues \; € C_ of size k; = 2k;

—1 A 1 .
§ 1 kj
' s
=1 4 )
A bvl ]
1 |
T ki
1 1 ;i
2. Imaginary eigenvalue w; € 1R with even size lch = 2k;
7 ' 1 wj
1 k;
7 1 iw;
€j N PR U + |- i "&J’]’,?’j’ ””””””
1. &
(2 (.AJ]
3. Imaginary eigenvalue ww; € 2R with odd size l%j =2k; +1
I 2] i 1wy
k;
€ | A 1
1. kj
L2 i LW _
4. Infinite eigenvalue with even size lch = 2k;
' 107 i 1
iz ks
110 1
G| A o 0 e S SR
7 . . ‘ k]
0 ] |1
k;
1
k;

Nt ol kj +1

11

(T1)

(T2)

(T3)

(T4)

(T5)

(T6)



We can use the Thompson canonical form to specify the zeros of a para-Hermitian pencil,
by looking at the zeros of each block (T1) - (T6) separately. This shows that 3 (7;) = () for
all blocks 7; of type (T4), (T5), and (T6). For all blocks 7; of type (T2) and (T3) we have
3(T;) = {w;}, and for all blocks 7; of type (T1) we find 3 (7;) = {A\;, —\; }.

DEFINITION 2.10. Let N' € CI\J** be a para-Hermitian first-order pencil with Thomp-
son canomnical form (2.8). Then we say that N has index v € N\ {0} if there is at least one
block of type (T4) or (T5) with size k; = v and all blocks of type (T4) or (T5) have size
lgzj <v. We say that N has index v = 0, if there are no blocks of type (T4) and (T5).

3. Inertia results. In this section we first determine the inertia indices of the blocks in
the Thompson canonical form (T1) - (T6) for points on the imaginary axis. This can already
be found in [7, Section 4] and is repeated here, for the sake of completeness. Afterwards
we will discuss how the results can be used to to make statements about the Thompson
canonical form of the pencil N from (1.9) in the case of a dissipative system. These results
are a simplification of the results in [6, 7].

DEFINITION 3.1. Let the sign function

sign : RU {£o0o} — {-1,1},

be defined as sign (w) = 1 for w > 0 and as sign (w) = —1 for w < 0. Furthermore, for a
Hermitian matriv B = B* € CKF with m positive, ¢ zero, and v negative eigenvalues we
call the 1-by-3 vector In (B) := [7r ¢ V] the inertia index of B and with this we define the
sign-sum function through

n(B):=7+¢(—r.
For a first-order para-Hermitian matriz polynomial N'(\) = ANy + Ny € C[A\]** we define

N(100) := 1Ny and N(—100) := —1Ny.

LEMMA 3.2. For every w € RU {£oo} and every block of the form (T1)-(T6) the
expression Tj(w) is a Hermitian matriz. Thus, n (T;(w)) is well-defined and its values can
be specified as in Table 3.1.

TaBLE 3.1
Sign-sum values of the blocks (T1) - (T6) on the imaginary axis

Block | sign-sum for w € RU {£o0}
(T1) n(Tj(w)) =0
0 W # wj

(T2) 1 (Tj(w)) =

1 +sign(ej) w=w;j

sign (¢ (w; —w)) w # w;

(T3) | n(Tj(w)) =

—"—

1 W= wj
(T4) n (T (w)) = {(1):Fsign(e-) Ziiz
) |- {7 2
(o) T ) = 1



Proof. We compute the inertia index of each block of the form (T1)-(T6), from which
the sign-sum function is then easily computed.
T1 Since A\; € C\R, we see that for every w € RU{+oo} there exists a non-singular matrix
A € CFiFi such that we have
0 A
T =4 ol

Let A = UXV* be a singular value decomposition of A, c¢f. [11]. Then we have

0 Al |U 0 x| |U* ~10 by
A* 0| Vil 0 % ¥ 0
I I(0 X\ (I I (I I|¥ X| (22 0
I I||X Oo||I I| |-I I|l|Y =-2| |0 =2%
and, thus, since ¥ is non-singular, the inertia is given by
In (7;(w)) = [kj 0 kj} .

T2 For every w € RU {400} with w # w; there exists an invertible matrix A € C*i:ki and
a B € CFi'*i such that we have

T = |B Al L[l —sBAT][B A I 0] [0 A
) =14 0]~ o I A 0 [-iAa'B 1| T [A o)’

which means that the inertia is given by
In(T;(w)) = [k; 0 kj].

Also, we see that

,,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,,

from which we deduce that
In(T;(wj)) = [kj =1 1 kj—1] +In(g),
where In(¢;) is the inertia of the 1-by-1 matrix with the entry ¢; = +£1, ie.,
In(1) = [1 0 0] and In(—=1) = [0 0 —1]. Later, we will also need that
m@©=1[ 1 o0
T3 For every w € RU {400} with w # w; there exists an invertible matrix A € C*i:ki and
b € CFs'! such that we have

0 b A
Ti(w) = | b ei(wj —w)
| A 0
[T 0 0 0 b Al |1 0 0
~ 0 1 —b*A* b* ej(wj — LLJ) 0 1 0
0 0 I A* 0 0 —A1p I
[0 0 A I
~ 0 Ej (Wj — w) ~ 7[ s
| A” 0 €j(w; —w)

13



which implies that

Also, we see that

,,,,,,,,,,,,,,,,,,,,,,,,

Tj(wj) = €; 1 ol

,,,,,,,,,,,,,,,,,,,,,,,,

from which we deduce
In(Tj(wy) = [k; 1 k.

T4 For every ww € 1R there exists an invertible matrix A € C*"*s and a B = B* € CFsFi
such that we have

B A
T =4 o]
which as above implies that
In(T;(w)) = [k; 0 kj].

Also, we see that

,,,,,,,,,,,,,,,,,,,,,,,,,,,

T S A — R

,,,,,,,,,,,,,,,,,,,,,,,,,,,

from which we deduce that
In(T;(+w00)) = [k; —1 1 k;j —1] +In(Fe¢;).

T5 For every ww € 2R there exists an invertible matrix A € CFi** and b € C*»! such that

we have
0 b A
Ti(w) = [ b* ¢ ,
A* 0

which, similar to the argument for the blocks of type (T3), implies that

In (7;(w)) = [kj 0 kj] +1In(e;).
14



Also, we see that

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

T;(£r00) = *ej -1

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

from which we deduce

T6 For every w € R U {400} there exists a full row rank matrix A € Ci-*i+1 such that we
have

which shows that
In(T;(w))=[k; 1 kj].

O

The notion of dissipativity can be related to the sign-sum function via the following
theorem.

THEOREM 3.3. Let AF + G € C[\P? be a first-order matriz polynomial such that
B(AF+G) is controllable and let H = H* € C[\|?? be Hermitian. Form the para-Hermitian
polynomial N' = N~ € C[A|PT2PT1 yiq

N = A H”“ f;] + [c? g} .

Then (A\F + G, H) is dissipative, if and only if
n(N(w)) =p+q—2-rankey (AF + G)

for allw € R.

Proof. The theorem is proved in [1]. O

COROLLARY 3.4. Let \F + G € C[\”? and let H = H* € C[A\|?9. Form the para-
Hermitian polynomial N' = N~ € C]A\JPT2P+4 yiq

wo a5 B (86

Assume that B(AF + Q) is controllable and trim and assume that (A\F +G, H) is dissipative.
Then the Thompson form (2.8) of N fulfills the following properties:

1. All blocks of type (T2) satisfy e; = —1.

2. There are no blocks of type (T3).

3. There are no blocks of type (T4).

4. All blocks of type (T5) satisfy e; = 1.

15



Proof. Using the assumption, Corollary 2.8, and Theorem 3.3 we obtain that
n(N(w)) =p+q—2-rankey (AF +G) = q—p, (3.1)

for all w € RU {#o00}. Assume to the contrary that there is a block of type (T3). Choose
e > 0 such that the interval ¢[w; — €,w; + €| contains no other zero. Since from (3.1) we
obtain that 1 (N (w)) is constant for all w € [w; — €, w; + €] \ {w;} we deduce that there are
as many blocks of type (T3) with negative sign, as there are with positive sign, let us say
f-many. In this case, however, we have that

1 (N (w)) + 26 < (N (w;))

for all w € [w; —€,w; + €] \ {w;}, since there might also be blocks of type (T2) with e; = 1.
This contradicts (3.1). Thus, there can be no blocks of type (T3). Blocks of type (T2) with
€; = 1 are then not possible, since they would also increase the rank at one point.

In the same way, blocks of type (T4) and of type (T5) with ¢; = —1 are not possible,
since they would increase the rank at +oo. O

We construct the following canonical form, for para-Hermitian polynomials, which fulfill
the properties 1. - 4. of Corollary 3.4. From this canonical form it is then in principle possible
to obtain, what in [21] is called Lagrangian subspaces.

LEMMA 3.5. Consider the first-order para-Hermitian matriz polynomial AN1 + Ny €
(C[/\]’f’k. Let the Thompson canonical form of ANy + Ny be given by (2.8) together with
the other notations, which were introduced in Theorem 2.9. Assume that (2.8) satisfies the
properties 1. - 4. of Corollary 3.4. Then the rank of Ny is even, let us say 2m, and there
exist matrices Y, € Ckm, Y, € Ck7s | and }73 € CkHm+7o sych that Y = [)71 Y, }73] € Ckk
1s invertible and we have

o i T AS ARy + Ry
VNY =YV* (AN, + No) Y = | —AS* I 0 ,
~AR;+R; 0 0

where ARy + Ry € C[A]™™*%™ has full row rank over C(X), S € C™™ such that [S Ri]

has full row rank over C, T € C™™ fulfills T =T* <0, B([AS AR1+ Rq]) is trim, and
we have that

By(N) = [V Vi ‘B+(PIS ARl&LRDD

and

saones =3 (7 M),

Furthermore, if the index of N is less or equal to 1, then S = 0. Also, if N has no purely
imaginary zeros (i.e., the Thompson canonical form has no blocks of type (T2)), then T =0
and B( [)\S AR1 + Ro]) is stabilizable.

Proof. Partition the transformation matrix in (2.8) as

X =: [Xl de]7

according to the diagonal structure in (2.8), i.e., such that X; € C*F5 . This means that we
have X7 (AN1 + No) X; = T;(A) and X (AN1 + No) X; = 0 for all i # j. With Oy, denoting
16



the vector of length k; which only contains zeros, set

0
O] = (k)]:| )
0
1 if 7; has type (T5),
Dj =
Ok
e CFk.0 if T has type (Tl) (T2)7 (T6)7
[0
) ] if 7; has type (T1), (T2), (T5),
Ej = B k]O
if 7; has type (T6),
| k1

for j =1,...,d. With this define the block matrices,

= diag (Ti(A),-... Ta(V)) € CIAM,
= diag (Cy, .. C’d) e ckm,

= diag (Dy,...,Dg) € C* T",

:= diag (Fy, ... ,Ed) € ChmtTs,

We see that k = 2m + 75 + 76 and that
[ D EJ,
is a permutation matrix, and thus invertible. Thus, also the matrix
Y:=X[C D E|
is invertible and we have

- Jer C*TC C*TD
Y*(AN1+No)Y = |D*| T[C D E]=|(C*TD)~ D*TD

B (C*TE)~ (D*TE)™

Looking at the blocks in this matrix, we find that

E*TE = diag (EXTiEy, ..., EXTEg) = diag (0, ..,0) = 0,
D*TE = diag (DT E1, ..., D TaE,) = diag (0,...,0) =0,

D*TD = diag (D{T1 Dy, ..., D;TqDq) = I.

Furthermore, we see that there exists a matrix polynomial ARy + Ry € C[A]™™*76 and

matrices S € C™™ and T € C™™ with T' = T* < 0 such that
C*TE = AR1 + Ry,

C*TD = AS,
C*TC = —T.

From (3.2) we see that S vanishes, if all blocks of type (T5) have size k; = 1, which by
definition is the case if the index of A is less or equal to 1. From (3.3) we see that 7= 0,

17
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if there are no blocks of type (T2). Also, we observe that C*T(c0) [D E] =[S Ri] has
full row rank. With Corollary 2.8 this implies that

B(C*T[D E])=B([AS AR+ Ry))

is trim and, furthermore, stabilizable if N has no blocks of type (T2). From the construction
of C, D, E we obtain that

S(N)WCZS(ARH—RO):B;([/\S ARlJrRoD

1 0

and also that B4 (—AR; + Rj) = {0}, from which we conclude that

i T AS ARi+Ro]|
By (N) =B, | Y| -\~ I 0 y—!
ARi+Ry 0 0
T AS ARi+ R
=B, —\S* I 0 y—1
[ AR1+ Ry O 0
0
i T AS ARy + Ry i
v, (| —as 1 0 =V g (|25 AT
AR; +Ry 0 0 + 0 0

AS AR+ R
:[3/2 Y?J %+(|:—AI 10 0:|>7

and thus the claim follows. O

The main result of this section, Lemma 3.5, states that a para-Hermitian pencil N
which fulfills the properties 1. - 4. of Corollary 3.4 has a certain structure. In Corollary 3.4,
however, we saw that for dissipative systems these properties are fulfilled, for the special
para-Hermitian matrix A/ which is given by (1.9). In the next section we will use these two
results to construct a solution of the Lur’e equation from the matrix Y in Lemma 3.5.

4. Controllable and trim systems. In this section we work out the main result for
the special case where B(AF + G) is controllable and trim, see Lemma 4.3. For this, we first
formulate the following lemma, wherein the main part is inspired by [14].

LEMMA 4.1. Let \AF +G € C[A\|P? and let H = H* € C[A\|?%. Form the para-Hermitian
polynomial N' = N~ € C[A|PT2PT1 yiq

0 F 0 G
N(A) := ANy + Ny := A {—F* O] + {G* H} .
Assume that (A\F + G, H) is dissipative and that B(AF + G) is controllable and trim. Then
there exist matrices Y1 € CPP, Yo, € CP4, Y3 € C¥P, and Yy € C?7 such that the matrices

._ Yi Y, p+4q,p+q
Y = |:Y3 YJ eC ,

and Yy are invertible, Yy =Y/, and we have

—\F* +é* Q-2 ’
18



where \F + G € C[N\P? has full column rank, F has full column rank, Q, = QT >0,
Q2 = Q3 > 0, rank (Q2) = rankc(y) (N) — 2 - ranke(y) (AF + G),

weon =[] ([0 )).

and

Furthermore, if N has indez less or equal to 1 and no purely imaginary zeros, then for every

gy € CY there exists a
A+ G
wea ([0, )
2

with Fij = Fyo and we have Q1 = 0.
Proof. Using part 1. of Corollary 2.8 we see that the dimension of the kernel of N; is
given by

p+q—2-rank (F) =q—p,
which means that
s+ 76 =q—D, (4.1)

since (in the absence of blocks of type (T4)) only blocks of type (T5) and (T6) contribute
to the dimension of the kernel of the leading matrix; each block of type (T5) and (T6) by 1.
Also, the dimension of the kernel of N (over C()\)), and thus the number of blocks of type
(T6), is given by

Te = p + ¢ — ranke(y) (V) = ¢ — p — (ranke(r) (V) = 2 - ranke(y) (AF + G)),
which together with (4.1) gives that
75 = ranke(y) (N) — 2 - rankey) (AF 4+ G) .

Thus, from Lemma 3.5 (with m = rank F' = p, m + 75 + 76 = q) we deduce the existence of
Y, e CPP Y, € CPY,) Yy € C?P, and Yy € C?9, such that

- 7
7o [YS ij
is invertible and
O - AR, + R
Y*NY — - Ql - 1~ 0 , 42
[—ART TR G (4.2)

where rank(Qs) = 75 = rankc(yy (N) — 2 - ranke(y) (AF + G). If, additionally, N has index
less or equal to 1 and no purely imaginary zeros we obtain from Lemma 3.5 (since then
S =0 and ‘B()\Rl + }NEO) is stabilizable and trim) that AR: + Ry and Q- are such that for
every & € C1 = M, (AR + Ro) there exists an

Ty € Ry (PR%;Z ROD (4.3)
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with RyZ = Ryxo. Using the singular value decomposition [11] of Y; we obtain the existence
of invertible matrices U and V such that

- I 0
el

Transform (4.2) with diag (1, W) where W := V-lU* ie., define Yy := YW, Vs := Yo W,
F:=RW,G:=RW, Qy =W*Q2W, and

_Mm 7
y i [Y?) YJ ,
to obtain
Y*NY = {—)\F* et 0, , (4.4)
with
\/ I o * *
Y4Y4WU{O O}U =Y,

being a Hermitian matrix. Using Lemma 3.5 we find

w00 = 2] (Mot ™)) = 7] ()

— AR + R A\F+ G
sorne =3 ([ ]) =3 (Ve )
Q2 Q2
In the case that N has index less or equal to 1 and no purely imaginary zeros, let

g € C%. Then & := W§ € C? and thus we obtain the existence of an z( such that (4.3)
holds. Defining yo := W !z then shows that

e () B (P 1 R (i )}

and also that

Q2 Q2

while Fyo = FW_ll‘() = Rl.T() = Rli‘ = leg = F:l)

Finally, to show that Y; is invertible, let M € C?%* be an orthonormal basis of kernel (Y}),
i.e., let kernel (Yy) = image (M) with M*M = I. We will show that £ = 0. To do so, note
that from (4.4) we obtain that

AN+ G o 0 AF + G Yz
O R BV R
_ Yy 0
= [Y; Yj} {(—AF*+G*)Y2M} (4.5)
_ [Yﬂ (CAF* + G*)YaM
Y

and from this we obtain

M*QoM = M*Y;(—=AF* + G*)YaM = (YiM)*(=AF* + G*)YaM = 0.
20



Since Q5 is positive semi-definite, there exists an C € C*4 such that ()2 = C*C, which implies
that for every y € C* we have

0=y"M*Q:My = y*M*C*CMy = ||CMy]}3,
and thus 0 = LMy and also 0 = C*CMy = Q2 My. From this we conclude that
Q2M =0,
and thus (4.5) implies that
0= Y (=AF* + G*)YaM = Yy (=AF* + G*)Y, M,

from which we conclude that image (—F*Y>M) C image (M) and, on the other hand, also
that image (G*YoM) C image (M). This ensures the existence of matrices £, A € C%* such
that

(=AF* + G*)YoaM = M(AE + A).

Furthermore, we find that the matrix

Ys YoM
= 13
has full column rank ¢ and thus also the matrix Yo M. Since by assumption the matrix F™*
and for all p € C the matrices —uF* 4+ G* have full column rank we obtain that also the
matrices F*YoM and (—uF™* 4+ G*)YaM have full column rank ¢, for all u € C. Using the
following Lemma 4.2 with £ = —F*Y; and A = G*Y53, this proves that £ = 0, and the proof
is finished. O

LEMMA 4.2. Let \E + A € C[]\J%9, \E + A € C\**, and M € C%* be such that
M*M =1,

(AE+ A)M = M(\E + A),

and rank (EM) = £ and rank (uE + A) M) = ¢ for all y € C. Then £ =0.

Proof. Assume to the contrary that £ > 0. Then, from the assumptions we see that E
is invertible. Thus, there exists a ji € C and a & € C*\ {0} such that (iF + A)o = 0 which
implies that

0= M(iE + Ao = (iE + A) M3,

in contrast to the assumption that rank ((uE + A) M) = ¢ for all ;o € C. This proves the
assertion. O

The following Lemma corresponds to the main result (cf. Theorem 6.2), in the case of
controllable and trim systems.

LEMMA 4.3. Let A\F + G € C[APY be a first-order matriz polynomial and let H =
H* € C[A\]?? be Hermitian. Assume that (\F + G, H) is dissipative and that B(AF + G) is
controllable and trim. Then there exists a solution Z € CP? of the Lur’e equation.

Furthermore, if the pencil N from (1.9) has index less or equal to 1 and no purely
imaginary zeros, then there exists a strong solution of the Lur’e equation.

Proof. Using Lemma 4.1 we verify the existence of invertible matrices Y € CPteP+4
and Yy =Y, € C?%? such that



and

. 0 A +GT ., -Q A+ G
Y{—AF*JFG* H }Y[pr@* on ] (4.6)

Transforming this equation further we can bring Y into block-upper-triangular form with
identity matrices in the two block-diagonal positions. To be more specific, define Z := Y2Y4_1
and observe that

I -7l Y| _[vi-2zvs 0] _
0 I ||Ys Yi| Ys Yi|
and thus that (Y7 — ZY3) is invertible. Define

— (Yl*ZYé)il 0 Or—1
U= [—Y[lYg(Yl—ZYs)—l 7o DR

Then, using (4.6), we have

e 0 AN+ G RE *
vy [—AF*+G* H ]YU—L Y4—*Q2Y4—1}’ (4.7)
and
Iz
wol 7]

This means that Q = Y[*QgY[l still is Hermitian, positive semi-definite, and has rank
ranke(y) (N) — 2 - ranke(y) (AF' 4+ G) and that

I 0 0 AMF+G [T Z| | I 0 0 A+ G
Z* 1| |-AF*+G* H 0 I| |Z* I||-AF*+G* H+G*Z—-\F*Z

:[ 0 A +G ]

N+ G H4GZ+2*G+A\T'F — \F*Z (4.8)

which together with (4.7) shows that H + G*Z 4+ Z*G = Q > 0 and F*Z = Z*F. The
identities (1.11) and (1.10) hold, again, with Lemma 4.1, since

s B () - [ (%)
o ()l (5

e I A F R )

and

Finally, assume that A/ has index less or equal to 1 and no purely imaginary zeros. Let
2 € M (\F + G) = C?% Then Lemma 4.1 shows that for § := Y, '2 € C9 there exists a

Yo € Ry ([/\FC; G}) with Fg) = Fyo. Define zp := Y4y9. Lemma 4.1 shows that 1 =0
2
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and, thus, from (4.8) and (4.6) we obtain

4 e TSIt

Q —\F* + G* AF* + G* H
- 0 >\F+G [ VA1 N

which implies that

e ([ ]) o o P o) o ()

Since from (4.9) we obtain that

(- -

and we also have (Y] — ZY3) *Fjj = (Y1 — ZY3) *Fyq, we find that
Fi= (Y, — Z2Y3) *FY; 'V = (Y1 — Z2Y3) " FY; 'Yy = Fo,

which proves the claim. O

The following example shows that there exist situations where a solution of the Lur’e
equation exists, but no strong solution.

EXAMPLE 4.4. Consider the system A\F+G := [X 1] € C[A]"? together with the supply

ne Y

Since A\F' + G is already in Kronecker canonical form (2.1) we can use Lemma 2.7 to obtain
that B(AF + G) is controllable and trim. Thus, Lemma 4.8 guarantees the existence of a
solution of the Lur’e equation. Setting

0 X 1
0 A+ G
N = N N } -A 10
—AF*+ G H 1 0 0
1 0 O 0O X 1] (1 0 O 0 A 1
~ 10 — 0] |=A 1 0]1]0 ¢« Ol=1]2A 1 0f,
0 0 1 1 0 010 0 1 1 0 0

shows that N' does not have index less or equal 1. Let Z = [zl 22] be a solution of the
Lur’e equation. Then

Rl R2| _ ks ok zZ1 0
I T <

which means that z1 € R and zo = 0. Furthermore, we have

O§H+G*Z+Z*G:B 8]+m (21 0]+[’ﬂ [0 1]:{211 ”ﬂ
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which implies that z1 = 0 and thus Z = 0. Thus, there is only one full rank Cholesky
factor C of H+ G*Z + Z*G = H, namely, C = [1 0]. However, since Ry(AF + G) =

Re([A 1]) =C? and
() () -

we find that, e.g., for 2 = |1 O]T € Ry (AF + G) there exists no zp € Ry ({

with Fzg = FZ.

In this section we have seen that for controllable and trim systems the solvability of the
Lur’e equation is equivalent to dissipativity. Also, we have seen an example of a system for
which a solution of the Lur’e equation exists but no strong solution of the Lur’e equation
exists.

AFCJrGD

5. Feasibility of the supply function. In this section we will introduce the notion
of feasibility in Definition 5.1. This property will be needed as an assumption in the main
result, Theorem 6.2. However, in this section we will show that every supply function can
be made feasible without changing how power is measured, see Theorem 5.3. Also, we will
see that a wide class of problems is already feasible by itself, cf. Theorem 5.4.

DEFINITION 5.1. Let \F+G € C[A]P? and let H = H* € C%9. Then we call ( AF+G, H)
feasible, if there exist invertible matrices T € C¥% and S € CP? and a matriz Z € CP9 such
that

SQF+®T:JF+G:PE+G1 0 y

0 NS + Gy (51)

1l~)h6~7“€ /\E1 —|:G1 S (C[/\]pl’(h, N +Gy € (C[)\]pg,(p, ‘B()\F1 —|—G1) 18 trim, m()\FQ—i-Gg) = {O},
F*Z =7*F, and

(1" + G2+ 2°G) [IO } 0.

q2

The following example shows that not all supply functions are feasible.
EXAMPLE 5.2. Consider the system which consists of one block of type (K3), i.e., define

1 A
wean [,

and
-1 0
we [0
Since RNF + G) = {0}, it is sufficient to show that there exists no Z = Z € C*? such that
F*Z =Z*F and 0 = H + G*Z + Z*G. Denote the entries of Z as

z z
7 —. |F11 212 ’
221 222

and observe that then F*Z = Z*F reads

0 0] [0 =m
211 212 0 Zzi2|’
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which means that Z is supposed to have the form

Z:{O r]’
221 222

where r € R is a real number. This implies the equation

o—H+@Z+TG—[_1 T+@ﬁ

T+ 291 Zo2 + 72|’

which is a contradiction.

The following theorem shows that every problem can be made feasible by changing the
supply function, without changing how power is measured.

THEOREM 5.3. Let \F + G € C[AJP4 and let H = H* € C%9. Then there exists
H = H* € C%7 such that

Z()Hz(t) = 2*(t)Hz(t),

for all z € B(AF + G) and all t € R and such that (AF' + G, H) is feasible.

Proof. Consider the Kronecker canonical form of A\F' + G given by (2.1) and assume that
the blocks IC; are ordered such that on the diagonal first all blocks of type (K1) and (K2)
appear and then all blocks of type (K3) and (K4). This means that

(5.2)

AR+ Gy 0
S(/\F+G)T_[ 0 )\F2+G2]

Since AF} +G1 only consists of blocks of type (K1) and (K2) we see that B(AF;+G1) is trim.
Since AFy + G2 only consists of blocks of type (K3) and (K4) we see that B(AF>+G2) = {0}.
Partition

T*HT —. |:H11 H12:|’

Hip Ho
according to the block structure in (5.2) and define Z := 0 and

s |Hit 0} g
-

Then obviously we have F*Z =0 = Z*F and

(r'HT+ G2+ 2°C) [IO } - [HH 0} [ 0 ] o,

q2

which means that (AF' + G, H) is feasible.
Let z € B(AF + G). Then we have that

Yi| _ . -1 AF + Gy 0
M.y.T ze%q / AFﬁGQD,

which implies that ys € B(AFy + G3) and thus yo = 0. From this we conclude that

(O Ha(t) =y (T HTy(t) = {yl(”r [H“ O} [yl(ﬂ

0 0 0 0
B [“5”}* ] [0 e [ 2| s =2 oo,
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and thus the claim follows. O
The following Theorem shows that a wide class of problems is already feasible by itself.
THEOREM 5.4. Let A\F' + G € C[A\P? and let (2.1) be its Kronecker canonical form. Let
H = H* € C?1. Assume that B(AF + G) is controllable, that all blocks of type (K3) have
size kj < 2 and all blocks of type (K4) have size kj < 2. Then (AF + G, H) is feasible.
Proof. The proof can be found in the appendix. O

6. Non-trim systems. In this section we generalize Lemma 4.3 to non-trim systems
to obtain the main result. In this course the definition of feasibility, which was introduced
in the previous section, is essential. We begin with the following Lemma.

LEMMA 6.1. Let \F+G € C[\|"? and H = H* € C%1. Let Z € CP1 fulfill F*Z = Z*F.
Then (A\F + G, H) is dissipative if and only if (A\F + G, H + G*Z + Z*Q) is dissipative.

Proof. Tt is sufficient to show that dissipativity of (AF + G, H) implies dissipativity of
(A\F+G,H + G*Z + Z*@), since then the other direction follows by replacing Z with —Z.
Thus, assume that (A\F' + G, H) is dissipative, i.e., let © : C? — R be a continuous function
which fulfills

O(x(th)) — O(=(to)) g/lz*(t)Hz(t)dt.

to

Then we have
/ Y (H G 7 4 2°G) 2t

_ /t OB = (OF Z2(0) — 5 ()2 Pt
_ / Y H) — L (0 Za0)) dt

_ / LW H=O)dE— 2 () F Za(th) — 2 (o) F* Z(to)
> O(2(t1)) — O(2(to)) — 2" (t1) F* Z2(t1) + 2" (to) F* Z2(to),

which implies that ©(2) := ©(2)—2* F*Z2 is a storage function for (AF+G, H+G*Z+2Z*@).
|

The following Theorem can be considered as a strengthening of the Kalman-Yakubovich-
Popov Lemma, cf. [25], and it constitutes the main result of this paper.

THEOREM 6.2. Let A\F + G € C[\]P? be a first-order matriz polynomial and let H =
H* € C[\]?1 be Hermitian. Assume that B(AF + G) is controllable and that (\F + G, H)
is dissipative and feasible. Then there exists a solution Z € CP-? of the Lur’e equation.

Furthermore, if the pencil N from (1.9) has index less or equal to 1 and no purely
mmaginary zeros, then there exists a strong solution of the Lur’e equation.

Proof. Let T € C%4, S € CP?, and Z € CP? be according to Definition 5.1. Partition

7 =:

= {Zn ?12
Zo1 Zo

] and T*HT =: {Hu HIQ] ,

Hiy Ha
according to the block structure in (5.1). Then from F*Z = Z*F we obtain that
[Fféu Ff@z] _ {Zlel ?:le}
E5Zo1 F5Zao ZiF 73 Fs]|
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and from (T*HT +G*Z + Z*é) [O qu]* = 0 we obtain that

{Hm + G212 + ?Sle} -0

6.1
Hoo + G570 + Z3,Go (6-1)

Since A\F' + G is controllable we see from Definition 5.1 that also A\F} + G is controllable
and trim. Define

0 N+ Gy

N = [—AF{‘ +GF Hy +GiZn + 725Gy

:| c (CP1+Q17101+Q1_

With Lemma 6.1 we obtain that (AFy +G1, H11 —|—G1‘Zn +ZT1G1) is dissipative. Thus, using
Lemma 4.3, we obtain the existence of a Z11, which solves the Lur’e equation associated
with ()\Ei + Gy, Hi1 + G5 Z11 + Z3,Gh), i.e., such that Fi'Z11 = Z7,F1, 0 < G5 (Z11+ Z11) +
(Z11 + le)*Gl + Hiqq, and
rank (GT(le + le) + (le + le)*Gl =+ Hll) = I‘ank(c()\) (Nll) — 2p1 =! 81,
and for every Cholesky factor C; € C*1%t of
G (Zn + Zu) + (Zn + 211) G+ Hy =CiGy

we have that

B (M) = {Z}l] %, ({mg GlD and 3 (PFlct Gl]) —3M\)NT.. (62)

We now show that Z € CP:? defined via

7 .— G* [anr 211 212} -1

Lo Lo

is a solution of the Lur’e equation. Therefore, note that we have

| Fr _ Zu+2Zu Zia)
F*Z:T * 1 . S *S*|: 11~ ~ :|T
FJ Zo1 Za2
_ e [F 20+ F 2 Ff?u] -1 _ [ZEF; + 20 P 25 ) e
F5Zxn F5 Zs9 Z1Fy AN D)
— T * _Ziklj— Zikl %51:| SS*I |:F1 :| T71 — 7*F
2y 235 Fy

and similarly we obtain with (6.1) that

0< (Hiy + G{(Z11 + Zn) + (Zi + Z11)*G1 0
=1 0 0
_ [Hu+Gi(Zn +Zn) 4 (Zv+ Z1)*Gr Hiz+ GiZis + @‘IGQ}
L Hiy + Z1,G1 + G5 7 Hoo + G5 755 + Z5,Go
_ [Hiq H12} + {GT 0] [lej‘le 212} + {Zﬁj-zﬁ 251] [G1 0} (6.3)
[H21 Ha 0 G Zn Z22 VAD) Z3l 10 Gao] M
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has rank s;. Multiplying this inequality from the left with 7* and from the right with 7!
shows that also

0< T ([Hn H12} n [GT 0] [Zn +Zn ?12}

Hyy  Hay 0 Gj o1 oo
N [zﬁ%zzﬁ gzj {C(?)l c(:)QD -1
=H+T* [C(Tv;f ng] g* g+ |:Z112‘21211 g;z] 71
LT {ZIHZJ%QZE ggj gg-1 [Cél C(J]Q] -1
=H+GZ+72"G

has rank
51 = rankg(y) (N11) — 2p1 = ranke(y) (N1) + 2¢2 — 2(p1 + ¢2)-

Since AFy + G5 has full column rank over C(\) and AF; 4+ G; has full row rank over C()\),
this shows that the rank is given by

[ 0 AN+ Gy 0 0
— rank —AF{+G1 Hu+GiZun+ Z11,Ga 0 0
517 ramke 0 0 0 AF; + Ga
L0 0 “\F5 + G 0
AN+ Gy 0
—2 - ranke(y) 0 AFy + G
i 0 0 AL+ Gy 0 T
= rank 0 0 B AF2 + G
TR | aFF 4G 0 Hii + GiZu + Z1,Ga 0
0 —A\F5 + G5 0 0
1 [ ML+ G 0 _
—2- rankc(k) (S ! |: ! 0 ! )\F2 + G2] T 1)
[ 0 0 AL+ Gy 0
I 0 0 AR + Go
= ran * 17 7% * 77 7%
ranie(a) —\F} + Gt 0 H11+G1?11 +%11G1 H12+G1g12+%21G2
L 0 —AFy + G5 Hoir+ G525 + Z{5G1 Hao + G3Z22 + Z3,Go
—2- I‘ank(;()\) ()\F + G)
0 0 AR+ Gy 0 )
= rank [ ~I 0 0 0 ALY+ G| (I Z
Ol I 7 [ BV el 0 Hi His 0 I
0 —A\F5 + G5 Hoy Haa

-2 rankc(k) ()\F + G)
= rankc(n) (N) — 2 - ranke(n) (AF + G) =: s.

Let C € C*7 be a Cholesky factor of H + G*Z + Z*G. Using the formulas at (6.3) we see
that in this case with [C1  C3] := CT we have

Hyy + Gi(Zy + Zn) + (Zu + Z11)*Gy 0 _ G [C C }
0 0 c;| 2
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Since [C1 Cz] has full row rank and C3 [C1  C2] = 0, this implies that C; = 0. Thus we
obtain that

B (V)
0 0 AL+ Gy 0
=15 1 X 0 0 AR +Gs
{0 T] Bl | arr+ 0 ., e (6.4)
0 _)\FQ* +G§ HfZ HQQ
0 0 )‘Fl +G1 0
S* S*Z B 0 0 0 ~ s 4 G
0 T + -\ + G 0 Hiy+ G2 + 25,Gh A
0 —AES 4Gy 0 0
- M1
S* 0|l Z * *
= [0 T] [0 I] 31 ’(Mth) € %+(J\/'11)7 Yy < %JF(_,\F2 +G2) ’
0

which together with (6.2) implies that

B Ziiz
S* S*Z 0 A+ G
BrWN) = {0 T] 2 ‘Zle%({ ‘o 1D
0

[y € By (-AF; +Gy)

oow O

since B (AFy + G2) = {0} and also B (—AF; 4+ G5) = {0}. We conclude that

B (N)
I Z1i1 0 A+ Gy 0
= {5(’) STZ] [ 0 0} B 0 AP + Go S¥)
I C1 0
I g, ([-AFF + G 0
0] ~F 0 —\F5 + G5
* * 17 le 0 1 )\Fl + Gl 0
_ |5 52 [ 0 0} i, (|70 0 MB+G|T'|a
0 T 0 1
1 Cq 0

o ([0 2o )
_ [S* <Z+ [Z(jl 8]) T o, ([AFJ GD ® H By (—AF* + Q)

o (2] oo
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Also, observe that with the transformation used already in (6.4) we have

3WN)nC_
0 0 AR+ Gy 0
_3 0 0 ~O ~ A + Gy Non
—AF} + G5 0 Hu + GiZn + Z1,Gh 0 -
0 —A\F5 + G5 0 0
=3(WNu)nC_,

since AFy + G2 has no zeros. Together with (6.2) this implies that

s ()

C1
AN+ Gy 0
=3 0 NS + Go
Cy 0

(7))

Finally, assume that A has index less or equal to 1 and no purely imaginary zeros. We have

./\/*_ 0 AN+ G N S 0 0 AF+G||S* 0
o |—AF* +G* H 0 T*| |-AF*+G* H 0o T
[ 0 0 AN+ Gy 0
_ 0 0 0 AFy + Go
TN+ G 0 Hyy Hyp
L 0 —AF3 + G5 Hi, Hao
) 0 0 A+ Gy 0 3
N ~I 0 0 0 0 AN+ G| [T Z
\Z* 1| |=AFY +GY 0 Hyy Hio 0 I
0 —A\F5 4+ G5 Hi, Hoyo
i 0 0 A+ Gy 0 i
_ 0 0 9 ~ A + Gy
Y e 0 Hu 4+ GiZn + 211G 0
i 0 —A\F5 + G5 0 0 |
[ 0 >\F1~+ G1 3 0 0
N AP+ G Hui+GiZn+ 271Gy 0 0
0 0 0 AF5 4+ Gg
i 0 0 —\F5 + G5 0
(N1 0 0
=|0 0 AFy + Go
| 0 ARy +G3 0

which means that if the Thompson canonical form (2.8) of A/ has no blocks of a certain
type, so does the Thompson canonical form of Aj;. This means that also AVi; has index
less or equal to 1 and no purely imaginary zeros. With Lemma 4.3 this implies that we can
assume that Z;1 is a strong solution of the Lur’e equation associated with (AFy + Gy, Hy1 +
GiZ1 + Z7,Gy). Let 2 € Ry (AF 4+ G). Set ¢ := T~'%. Then from Definition 5.1 and the
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assumption of controllability we obtain that

=T 2T "R . (\F+G) =T "RO\F +G) =R(S(\F +G)T)

([ e ()

which means that there exists a £ € C%* = Ry (AF1 + G1) such that § = (Z,0). Using that
Z11 is a strong solution of the Lur’e equation associated with (A\Fy+G1, H11+G5Z11+ 27, G1)

we deduce that there exists an
e (175])

such that Fizg = F12. Set zg :=T [xg O}T. Then we have

_ 1. a1 |Fr 0 |z
FZ()—FTT Zo—S |:O F2:| |:O:|

=81 H)l 122] m FTyj = F3,

and, since Ry (AFy + G2) = {0}, we have

AFy + Gy 0
=T {”ﬂ €TR, 0 AFy + Gy
C Cy
_ AFy + G 0
1 1 1
([ [ ) ()
C Cs

which proves that in this case Z is also a strong solution. 0

7. Connection to the Popov function. In this section we will introduce the Popov
function, cf. Definition 7.2. The relevance of the Popov function for systems theory is well
understood, see [12]. We will show in Lemma 7.3 that the quantity s in Definition 1.6 is
nothing else that the rank (over C(X)) of the Popov function. Also note that in [1] it was
shown that for controllable systems the zeros of the matrix A from (1.9) are the zeros of
the Popov function.

DEFINITION 7.1. Let \F'+ G € C[A]?9 and let r := rankc(y) (AF + G) denote its rank.
Let U € C(N)2977 and V € C(X\)?" be such that

e A\F+@UN) =0,
e rankc(y) (AF + G)V(N)) =7, and
o [U V] is invertible (over C())).
Then we callU and V' a kernel-spanning matrix and a co-kernel-spanning matrix of A\F+G.

With this we can define the notion of the Popov function as follows.

DEFINITION 7.2. Let A\F + G € C[A]P? with r := rankc(y) (AF + G) and let H = H* €
C?49. Let U € C(N\)?17" be a kernel-spanning matriz of A\F' + G. Then we call

.= U~HU,

a Popov function of (A\F'+G, H) or the Popov function associated with the kernel-spanning
matrix U.
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It is well-known that a controllable system is dissipative, if and only if one of its Popov
functions is positive semi-definite along the imaginary axis, see [34]. In this paper we,
however, only want to concentrate on the following fact.

LEMMA 7.3. Let A\F + G € C[\]P? be a first-order matriz polynomial and let H =
H* € C[N%? be Hermitian. As in Definition 1.6, form the para-Hermitian polynomial
N =N~ € C[NPHTTPTe yig

a 0 A\F + G
NN = \pyer  w |

and let the quantity s be given by
s := rankc(y) (V) — 2 - ranke(y) (AF + G).
Let II be a Popov function of (\F + G, H). Then we have

s = rankg(y) (I) .

Proof. We have

I 0 “To Pl[I 0
rankeoy ) = v ([o 1w ] (o ] o ')
0 0 PV
= rankc(,\) 0 II UTHV ’
v~p~ V~HU V~HV

and thus, since PV has full column rank also

0 0 PV
rankc(y) (NV) = ranke(y) 0 II o = rankg(y) (IT) + 2 - ranke(y) (PV),
V~P~ 0 0

which proves the claim. O

In this section we have shown that the quantity s from Definition 1.6 is the rank of the
Popov function. We will use this property in the next section to obtain the uniqueness of
the solution of the algebraic Riccati equation in the case were the Popov function does not
have any zeros one the imaginary axis.

8. Specialization to standard state-space systems. In this section we will deduce
the well-known results about the solvability of the algebraic Riccati equation, see [26], from
the results which we have obtained above. Consider the state-space system

(t) = Az(t) + Bu(t), (8.1)

where A € R™", B € R™™, x € C is called the state, and u € C? is called the input. With
this, build the matrix polynomial

AF+G:=\[I 0]+[-4 -B]. (8.2)

We call system (8.1) controllable, if with (8.2) we have that B (AF 4+ G) is controllable in
the sense of Definition 2.6.
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In the literature, e.g., [16], for systems of the form (8.1) the supply is frequently measured
by a quadratic function s : R™ x R™ — R of the form

wo (12 3

where Q@ = Q7 ¢ R™»", § € R»™, and R = RT € R™™. Under these circumstances system
(8.1) is called dissipative with respect to s, if there exists a storage function © : C" — R,
which fulfills

Ofa(t) - Olalta)) < [ s(ult)alt)at, (8.4)
for all trajectories (u,x) € CI* x C which satisfy (8.1) for all ¢ty < t;. Note the following
difference to Definition 1.3. In Definition 1.3 the storage function may depend on z (and
its derivatives up to some degree) just as the term on the right hand side of the dissipation
inequality in Definition 1.3 may depend on all components of z. In (8.4), however, the right
hand side still depends on all components of u and x, while the storage function © only
depends on the state . Nevertheless, one can show that Definition 1.3 and inequality (8.4)
are equivalent. This can be done in the following way. In [24] it was shown that every
storage function © is a function of a so-called state-map. Furthermore, in [20] it was shown,
that for systems of the form (8.1) a state-map is given by (z,u) — z.

Consider the rational matrices U € C(A\)"*™™ and V € C(\)"t™" given by

U\ = [(M_IA)_IB] and V() := H .

Then we immediately see that U and V' are kernel-spanning and co-kernel-spanning matrices
of AF' 4+ G given by (8.2), in the sense of Definition 7.1. Thus, with

_|1Q S
H:= {ST R} (8.5)
we have that a Popov function of (AF + G, H) is given by
U~(NHU(N)
[ -A)"'B]T[Q S| [M-A4)"'B (8.6)
o I ST R I ’

= B*(-AI* — A)"'Q\ — A)B + B*(-\I* — A*)"'S + S*(\[ — A)B + R.

COROLLARY 8.1. Assume that system (8.1) is controllable and that in (8.3) the matrix
R is invertible. Then (8.1) is dissipative with respect to the supply function (8.3) if and
only if there exists a Hermitian matric X = X* € C™™ which solves the algebraic Riccati
equation

Q—-A"X —X*A—(S—X*B)R}(S*-B*X)=0 (8.7)
and all eigenvalues of the matriz
A—BR*(S* - B*X)

are in the closed left half plane.
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Furthermore, if A has no eigenvalues on the imaginary azxis and the Popov function
(8.6) has no zeros on the imaginary azis, then X is unique.

Proof. To show that dissipativity implies the existence of a solution of the algebraic
Riccati equation, let AF 4+ G be defined through (8.2) and let H be defined through (8.5).
Then the assumption implies that (AF 4+ G, H) is dissipative, controllable, and (because of
Corollary 2.8) trim. Thus, using Lemma 4.3, we obtain the existence of a Z € C»"*™ which
solves the Lur’e equation. Partition

7 =: [X Y] ,

with X € C™™ and Y € C™™. Then we obtain from Definition 1.6 that

XY 1 sy o | X _|X* 0

{O O} _[0} [X Y]—F Z—ZF—[Y*} [I O}— {Y* O]’
which implies that X = X* and Y = 0. Since R is assumed to be invertible we see that the
Popov function in (8.6) has rank m over C(XA). Thus, from Definition 1.6 and Lemma 7.3
we obtain that

0<H+GZ+72'G= {S* Rl g X 00+ | -4 -B]

| Q-AX-X*A S-X*B

- S* — B*X R ’
has rank m and we see that R is positive definite. Building the Schur complement we find
that also

0 < [T —(S—X*'B)R7'[Q-A*X-X*A S—-X*B I 0
=10 I S*— B*X R -RYS*-B*X) I
I -(S-X*B)R'][Q-A"X - X*A—(S— X*B)R™Y(S* - B*X) S—-X*B
|0 I 0 R
[Q-A"X - X*A—(S—X*B)R™(S* - B*X) 0]
- 0 R|’

has rank m, which implies that
Q—-A*X - X*A—(S—X*B)R™'(S* -~ B*X) = 0.
Let R =T*T be a Cholesky factorization of R. Then we can factor

0< Q-A'X-X*A S-X*B| _ (S—X*B)R_l(s*—B*X) S—X*B
- S*— B*X R a S*— B*X R
_ * —1

which implies that
3 [ M- A -B
|T—*(S*-B*X) T

“5([5 b 7)o mm 1)

(.
( I BT—l} PI — A+ BR'(S" — B*X) —B])
(

Il
s

0 1 0 T

'A17A+BR61 (5" = B*X) ;D —3(M - (A—BR™ (5" — B*X))).
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Finally, assume that A is stable and that the Popov function (8.6) has no purely imaginary
zeros. Define

0 M—-A -B
. 0 AFP+G| |\ 4
e e R

Since R is invertible, we see that A is regular (i.e., in the Thompson canonical form (2.8)
there are no blocks of type (T6)) and has index 1. Define

I 0 (M—A)"~QA\ —A)"'B+38)
X(\) =0 T (M — A)'B
00 I

Since A has no purely imaginary eigenvalues we conclude that X has no poles on the imag-
inary axis. Thus, using (1.4), we find that the purely imaginary zeros of A coincide with
those of

0 M—A 0
X“NX=|-M-A Q@ of,
0 0 I

where II denotes the Popov function from (8.6). Since we assume that IT has no purely
imaginary zeros, we conclude that also N has no purely imaginary zeros. Thus, Lemma 4.3
implies that Z is a strong solution. Using Lemma 2.4 and the fact that with (8.2) we have
R (AF + G) = C""™ we conclude the uniqueness of X. O

In this section we have derived from the material in the previous sections that for
controllable standard systems with regular R the solvability of the algebraic Riccati equation
(8.7) is equivalent to dissipativity, a well-known result [26]. Also we proved that the solution
is unique, if A is stable and the Popov function (8.6) has no zeros on the imaginary axis.

9. Conclusion. In this paper we have proven that, under the assumptions that B(AF'+
G) is controllable and (AF + G, H) is feasible, dissipativity is equivalent to the solvability of
the Lur’e equation (Theorem 6.2). Furthermore, we saw that every problem (A\F+G, H) can
be reformulated into an equivalent problem (AF + G, H) which is feasible (Theorem 5.3).
This means that we essentially assume controllability of the system. It remains unclear,
if the assumption of controllability is really necessary, and we conjecture that it can be
weakened to stabilizability or that it can be dropped entirely. It is possible to derive the
standard results about the algebraic Riccati equation from our results (Corollary 8.1).

All results have been formulated on the positive time-axis, although it would be no
problem to formulate them analogously on the negative time-axis, i.e., one can show that
for controllable systems with feasible supply there exists a Z € CP? such that 1.)-3.) of
Definition 1.6 are fulfilled, while for every Cholesky factor C € C*9 of the matrix G*Z +
Z*G + H = C*C, we have that

w00 o (7 [a-com e

(with B_ defined analogously to Definition 1.2 in the obvious way) and we have

3(PFC+GD —3(\)N Ty
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Finally, the question arises, how the matrices Z and C from Definition 1.6 can be com-
puted in a numerical reliable and efficient way. The results, especially Lemma 3.5 and
the proof of Theorem 5.3, give a first hint at how this might be possible. However, the
Thompson canonical form (2.8) cannot be used for actual computations, since it involves
transformations with arbitrary invertible matrices X. From a numerical point-of-view it
is desirable to only use unitary transformations. The characteristics of the singular blocks
(T6) and the blocks of index higher than 1 (i.e., the blocks of type (T4) and (T5) with
/%j > 1) can be obtained from a so-called staircase form, which can be computed via unitary
transformations only [4, 5]. This staircase form could be a helpful tool for the computation
of solutions of the Lur’e equation.

It is well-known that Hamiltonian eigenvalue problems can be used to compute the
stabilizing solution of the algebraic Riccati equation, compare [15]. Thus, we conjecture that
this approach can be generalized to the setting employed in this paper via para-Hermitian
eigenvalue problems. Methods for para-Hermitian eigenvalue problems are an active topic
of research, compare [13, 17, 19].
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Appendix A. Proof of Theorem 5.4.

In this section we give the proof of Theorem 5.4. The basic idea is to use the Kronecker
canonical form (2.1) to transform the equations of Definition 5.1 into a set of equations, which
can be solved in a purely algebraic fashion. To do so, we have to consider the corresponding
equations, which occur by looking at individual blocks of the Kronecker canonical form.
This is done in the following Lemmata, which are needed for the proof of Theorem 5.4. The
whole construction is very similar to the one in [2, Appendix A.5].

LEMMA A.1. Consider a single block of type (K4) in the Kronecker canonical form,
i.e., let F,G € C"17 be defined as

1 L0
0 1

and consider the pencil \F + G € C[\|"*1". Let H = H* € C"" be a Hermitian matriz.
Then there exists a X = X* € C"1n+L sych that 0 = G*XF + F*XG + H.
Proof. Denote the entries of the Hermitian matrix X in the form

x1,1 N T1,m+1

X = : = [‘rivj]i,jzl,...,n-&-l = [m]i,jzl,...,nﬂ
Tn41,1 --- Typlnp+l

and the Hermitian matrix H in the form

hl,l . h1777

H= : = [hivj]i,jzl,,.,,n = %LJ:L,_,W'
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Then we see that we are looking for an Hermitian X such that

0=F'XG+G"XF+H

~ 0
1 0 Ty,1 T1,m+1 {
= : : ' +(F*XG)"+ H
L 1 0 Tn4+1,1 -+ Typ4ln+l T ?
—131,2 s Tip+1 T1,2 C Tp2 hl,l C hl,n
= : A |t '
LTn,2 -+ Tymtl Tin+l -+ Typntl L R
= [‘ri»j+1]i,j:1,...,n + [mj1i+1]i,j:1,...,n + [hi=ﬂ']i,j:1,...,n
= [®ij41 + Tjag1 + hi,j]i,jzl ,,,,, ,
= [zij +wivay +higl, - (A1)
We construct such an X in the following recursive way. First, choose all z;; = 0 for
i=1,...,n+1 and choose z; ;11 = Tip1,; = —h;‘i € Rforall i =1,...,7. With this
choice all z; ; with |i —j| < 1 are fixed and all equations in (A.1) with |i —j| < 0 are fulfilled.
As induction hypothesis, assume that for some k € {1,...,7 — 1} we have that all z; ;

with |¢ — j| < k are fixed and all equations in (A.1) with |¢ — j| < k — 1 are fulfilled.
For the inductive step, note that all equations in (A.1) with |¢ — j| = k are given by

0=2jtkj+1 + Tjtk+1,5 + jtn,j

for  =0,...,7 — k and their complex conjugate equations, which are not really additional
equations. Since |(j +k)— (j+1)| =k —1 < k, we know that all z; ;11 are already fixed
but not the x;441,5, since |(j + k+1) — j| = k+ 1 > k. Thus we define

Tjjrk+l i= Tjtkt1,j '= ~Tjakjt1 = Rk

for j =0,...,n — k and thus have fixed all x; ; with |i — j| < k + 1 while at the same time
all equations in (A.1) with |¢ — j| < k are fulfilled. Thus the inductive argument is finished
and the claim is proved. O

LEMMA A.2. Let the pencils \Fy + Gy € CIA|7Y" and AFy + Gy € CIA”H" both
be of the form (K1), as defined in the Kronecker canonical form (2.1). Let Hys € C™"2,
Then there exists a matriz X19 € CTTLm2+1 guch that

O - F1*X12G2 + GTXlgFQ + ng.

Proof. For the matrix X5 we introduce the notation

Z1,1 . T1,ma+1
X2 = : : = [.’I?i,j] i=1,...,m+1 € Cn1+1’n2+1,
. . j=1,...,ma+1
Toy+1,1 0 oo Typ41me+1
and for the matrix Hys analogously
hl,l e h1,772
Hyy = : :

h77171 cee h7717712



Then we see that we are looking for an X;5 such that

0= FX12Go+ G X12F> + Hip

~ 0
1 0 T1,1 PN 1‘17772_’_1
j— M 1
0
1 0 _(En1+1,1 cee Typp41,me+1 1
_ |1
0 1 T1,1 [N T1,my+1 0
+ : + Hia
1
0 1] |11 -0 Tpitime+1]
0
x1,2 . T1,ma+1 X211 e T2 ny h171 . hl,ng
=1 : : + : : +
T2 oo Tpimatl Tm+1,1 oo Tl Pppa oo Py
= [xi,j+1] i=1,...,m T [$i+1,j] i=1,...n7 T [hi,j} i=1,...,m1
J=1,..,m2 J=1,...,m2 J=1,...,m3
= [@iga1 iy +higlizrm - (A.2)
J=1,...,m2

We construct such an X; in the following recursive way. First, choose x;, = 0 for i =
1,...,m+1, choose x; 2 := h;1 for i = 1,...,m, and choose x,, 12 arbitrary. Then all z; ;
with j < 2 are fixed and all equations in (A.2) with j <1 are fulfilled.

As induction hypothesis, assume that for some k € {2,...,12} we have that all z; ; with
j < k are fixed and all equations in (A.2) with j < k — 1 are fulfilled.

For the inductive step, note that all equations in (A.2) with j = k are given by

Tik+1 + Tip1k + hip = 0,

with ¢ = 1,...,n;. Because of the induction hypothesis all x;1; ; are already fixed but not
the z; y+1. Thus we define

Ti k1 = —Tit1,k — Ni ks

for i =1,...,m and choose x,, 41 41 arbitrary. Then all z; ; with j < k£ 4 1 are fixed and
all equations in (A.2) with j < k are fulfilled. Thus the inductive argument is finished and
the claim is proved. O

LEMMA A.3. Let w € N and consider the pencil

AF + G =)\ diag (F1,...,F,) +diag (Gy,...,Gy),

where the pencils on the block diagonal \F; + G; € CitYmi are of the form (K4) for i =
1,...,w. Setn:=mn +...4+n, and observe that F,G € C"*%". Let an arbitrary H = H* €
C"" be given. Then there exists a matriz Z € C"%" such that

F*Z = Z*F,
0=G"Z+7*G+ H.
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Proof. We construct an X = X* € C"%n1+% guch that F*XG + G*XF + H = 0.
Then we obtain the assertion by setting Z := X F. Partition the matrix X according to the
partition of F' and G as

X110 Xiw m+1
X=1": : :
Xow1 - Xow Nw + 1
771+1 77w+1

and observe that from X = X* we obtain that X;; = X7; for alli,j = 1,...,w. We see that
we are looking for an X such that

0=F'XG+GXF+H

[F} X o X [Gh
= : : +(F"XG)"+H
i Frl |1 Xt o Xow] Gw
(FiX11Gy - FiX1,Gy [GiXuF - GiXwwFu
= : : + : :
| FrX7,G1o FiXpwG GEX, P o G XwwFu
Hyy oo Hiw
aal :
Hf, - Huyw
FiX1 G+ GiXnuF +Hy - FfX1,Gow + G X0 Fy + Hiw
= : : . (A3)
F:X:,G1+ G Xt Fr+ Hiy - Ff XuwGuo + G XwwFuw + Huw

Using Lemma A.1 we obtain X;; = X/, € CmitLni+l guch that FrXGi+Gr X, Fi+H;; =0
forall i = 1,...,w. Using Lemma A.2 we obtain X;; € CmtLmi+1 guch that FrX;Gj +
GiXjF; + Hy; = 0 for all 4,5 = 1,...,w with i < j. Since the equations in the strict
block-lower-left part of (A.3) are the conjugate transpose of the equations in the strict
block-upper-right part, they are also fulfilled. O

LEMMA A.4. Let A\Fy + Gy € CIA$T! be in the form (K1) and \Fy+ Gy € CFit1hFi pe
in the form (K4) with k; < 2. Let Hiy € C°T17 be arbitrary. Then there exist Z14 € C&7
and Z4q € CMLet1 sych that

FZ14=7Z3Fy
0= GTZU,L + ZZlG4 + H14.

Proof. Denote the entries of H by [h; ;]. If n = 1 then the matrices Z14 and Z4; take
the form

) 21,1 e Zletl
Zig=|:|, Za1 = |~ -
22,1 .-+ R2e+1
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With this we obtain

21 =—
21,1
* * .
=FZ1y=27ZF, = : ,
Ze _
0 Z1,e+1
which implies
Zut = zZ o Ze 0
22,1 --+ 22 2241
With this notation at hand we can verify that
0 z1 5271 0 52,1
* * 1. . . 0 21 :
G121+ 251Gy = — Ziat | =111 =1
Ze 29.¢ : 22.e
1 0 Zoeq1 Ze 22,641
which proves that one can choose Z14 =0 and Z3; := —h;; fori=1,...,e+ 1.
If n = 2 then the matrices Z14 and Z4; take the form
ALl A2 211 - 2le41
AV o Iy = |Z21 ... Z2e41
Ze 1 Ze,2 23,1 ce. 2341
With this we obtain
21,1 21,2 - =
21,1 22,1
=FZyy=2Z,F, =
Ze,1 Ze,2 = =
O O Zl,éJrl 22,E+1
which implies
Z11 t Zel 0
Zy = |Z12 .. Ze2 0
23,1 -+ R3e A3+l
With this notation at hand we can verify that
* *
G1Z14+ Z3,Gy
0 211 #2231 0 0 212 231
1 . 0 0 21,1 *1,2
= — Z14 + _ 1 O - — + -
. Ze, 1l Re2 23,¢ 0 1 Ze,2 23,¢
1 0 0 53’5+1 Ze,l  Re2 0 53,e+1
Thus, choosing z;1 := hijt1,1 for @ = 1,...,€, 212 1= —h11, 22 == 0 for i = 2,... ¢,
5371 = —h172, 2372 =212 — h272, and 237,' = _hi,Q for 1 = 37...,6 + 1 we obtain the

assertion. O
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With this we can prove Theorem 5.4, the statement of which is repeated here for clarity.

THEOREM A.5. Let \F' + G € C[A]P? and let (2.1) be its Kronecker canonical form.
Let H = H* € C%1. Assume that B(AF + G) is controllable, that all blocks of type (K3)
have size kj <1 and all blocks of type (K4) have size kj < 2. Then (A\F +G, H) is feasible.

Proof. Let the Kronecker canonical form of AF' + G be given by (2.1). Using the
assumption of controllability and Lemma 2.7 we find that there are no blocks of type (K2).
W.l.o.g. we can assume that the blocks K; are ordered such that first all blocks of type (K1)
appear, then all blocks of type (K3), and then all blocks of type (K4). This means that

N+ Gy
S\F +G)T = AF5 4+ G . (A.4)
Ay + Gy
Since AF} + G only consists of blocks of type (K1) we see that B(AF; 4+ G1) is trim. Since
A3 + G
Ay 4+ Gy = . R
2+ Go Ay + Gy
only consists of blocks of type (K3) and (K4) we see that B(AF; 4+ G3) = {0}. Partition the
matrix
Hiy f:[13 Hiy
T*HT =: Hik3 H33 H34 5
Hy, H3y Ha

according to the block structure of (A.4). Also partition the matrix

} Z11 ?13 ?14
Z = Z31 Z33 Zza| (A.5)
Zy1 Zyz Ly

which still has to be determined, according to (A.4). From Definition 5.1 we conclude that
the equations

FZu FiZs FiZi) o [ZnF Zaly Zah
Eils FiZs Filu|=FZ=2F |75k Ziky Zik
FiZy EiZis FpZu T FL 2 Fs 23, Fy

and
. \To @13+QT?13+Z:§‘1C}'3 1?14-1-(21‘2:14—#?11@4
0= (T*HT +G 7+ Z*G) { ] = | Hss + G5 233 + 233Gy Hay + G5 734 + 755G
QQ H3y + GiZys + 25,Gs - Hus + GiZas + Z5, Gy

have to be fulfilled. Since we assume that all blocks of type (K3) have size k; < 1 we
conclude that /\Fg + Gg =)0+ I.~ Choosing 711 =0, 243 := 0, and 213 := 0 we find that it
would be sufficient to determine Z as in (A.5) such that

0 0 FyZu 0 0 Z;Fy
o 0 o0 |=|0 0 0
FiZy 0 FiZy ZuF 0 ZiFy
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and

His +231 H14+G1214+Z41G4
0= H33+Zs3+Z33 A H34+Z34 B
H34 + Z34 H44 + G4Z44 + Z44G4

which can be achieved in the following way. Set Z33 = —7H33, Ty 1= —H34, and Z31 =

—H13 We use Lemma A.3 to construct a matrix Z44 such that Z4§F4 = F4 Z44 and 0 =
H44 + Z44G4 + G4Z44 We use Lemma A.4 to construct matrices Z14 and Z4; such that
Fl Z14 = Z41F4 and 0 = H14 + G Zl4 + Z41G4

43



