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t. We introdu
e fun
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ludingthe fun
tional ba
kward error and the fun
tional 
ondition number. These results are used to es-tablish a 
ombined a posteriori error estimator embodying the dis
retization and the approximationerror for the simple eigenpair. Based on known perturbation results in H1(
) and H�1(
) normsand a standard residual a posteriori error estimator, a balan
ing AFEM algorithm is proposed. Thestopping 
riterion for the eigensolver is based on the equilibrating strategy, i.e., iterations pro
eedas long as the dis
rete part of the error estimator dominates the 
ontinuous part. All our statementsare illustrated with several numeri
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tion. Although, the need of designing the adaptive �nite elementmethods 
on
erning the iterative errors was already noti
ed in [20℄ not mu
h atten-tion was dedi
ated to this issue. In [15℄ fully 
omputable a posteriori error estimateswhi
h take into a

ount an inexa
t solution of the linear algebrai
 system are de-rived together with eÆ
ient stopping 
riteria for iterative solvers in the 
ontext of ase
ond-order ellipti
 pure di�usion model boundary value problem dis
retized in thelowest-order Raviart-Thomas-N�ed�ele
 spa
e [5℄. The 
onvergen
e of inexa
t adaptive�nite element solvers for ellipti
 self-adjoint boundary value problems was re
entlyproved in [1℄ using the quasi-optimality result introdu
ed in [9℄. Moreover, a pra
ti
alstopping 
riterion for the Conjugate Gradient method with the Hestenes-Stiefel andthe Golub-Meurant error estimates is proposed there.Most of the existing 
onvergen
e results for AFEM (Adaptive Finite ElementMethod) both for boundary and eigenvalue problems are based on perturbation ar-guments assuming that the a posteriori error estimator evaluated at an approximatesolution does not di�er mu
h from the estimator evaluated at the exa
t solution forwhi
h the 
onvergen
e was proved. Moreover, very few results in the literature analyzethe impa
t of the algebrai
 eigenvalue solver on the total 
omputational 
ost of theAFEM algorithm or design an appropriate eigensolver stopping 
riterion. An AFEMalgorithm without Galerkin orthogonality is introdu
ed in [13℄. The residual typeestimator is 
onstru
ted dire
tly with the inexa
t solution of the boundary problemand 
ontrols an algebrai
 error in terms of the BPX pre
onditioner [4℄.Resear
h for PDE eigenvalue problems have in
reased during the last few years,however there are still many 
hallenges. A 
ombined adaptive �nite element methodwith an iterative algebrai
 eigenvalue of quasi-optimal 
omputational 
omplexity(AFEMES) was introdu
ed in [7℄. In [21℄ the 
onvergen
e and a quasi-optimalityof the inexa
t inverse iteration 
oupled with adaptive �nite element methods exploit-ing the well-known results from boundary value problems are studied. In general� Institut f�ur Mathematik MA 4-5, Te
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2 A. Miedlarthe non-linear nature of eigenvalue problems does not allow to simply extend resultsfrom boundary value problems. Also de�ning the right norms to measure the 
orre-sponding errors is more 
ompli
ated than in the boundary value problem 
ase, wherethe Conjugate Gradient method naturally minimizes the energy norm of the error.EÆ
ient and reliable adaptive algorithms should take into 
onsideration not only thedis
retization errors, but also iteration errors and espe
ially for the non-symmetri
problems the 
onditioning of the eigenvalues.In [2℄, Arioli et al. introdu
e fun
tional ba
kward error and 
ondition numberand the so-
alled Compatibility Theorem for boundary value problems. Fun
tionalba
kward errors and 
ondition numbers are used to analyze the 
ontinuous dependen
eof the inexa
t solution on the data, in parti
ular to analyze the approximation errorand the ba
kward stability of the algebrai
 eigenvalue problem.Here, we are interested in applying this theoreti
al framework to analyze thein
uen
e of the a

ura
y of the algebrai
 eigenvalue approximation on the adaptivitypro
ess.In [8℄ the authors proved that the eigenfun
tion error in the H1(
)-norm is equiv-alent to the H�1(
)-norm of the 
orresponding residual. However, this result usesthe assumption that the 
orresponding algebrai
 eigenvalue problem is solved exa
tly.Using the theoreti
al framework of [2℄ we show the relation between the fun
tionalba
kward error and the dual norm of the residual. Our proofs do not require anyspe
ial assumptions on the inexa
t eigenpair (e�; eu), but we are parti
ularly interestedin the eigenpair approximation resulting from an iterative eigensolver applied to theself-adjoint PDE eigenvalue problem dis
retized with linear �nite elements.Moreover, with the shift-invert Lan
zos method and the dis
rete equivalen
e ofthe H1(
)- and H�1(
)-norm introdu
ed in [14℄ we derive a 
ombined residual aposteriori error estimator whi
h allows to in
orporate the approximation error intothe adaptation pro
ess. With this new a posteriori error estimator we present andanalyze a new balan
ed AFEM algorithm whi
h signi�
antly redu
es the number ofeigensolver iterations.The paper is organized as follows. We present the theoreti
al framework of fun
-tional perturbation analysis and establish the Eigenvalue Fun
tional CompatibilityTheorem and fun
tional 
ondition numbers in Se
tion 2. In Se
tion 3 we introdu
ethe 
ombined residual a posteriori error estimator whi
h we use to derive the balan
edAFEM algorithm in Se
tion 4. Se
tion 5 presents some numeri
al results obtainedwith our algorithm on a model Lapla
e eigenvalue problem and 
omparisons withsome well established estimators.2. Fun
tional ba
kward error and 
ondition number.We follow the notation of [2℄. Let H be a Hilbert spa
e and V a 
losed subspa
e, i.e.,V � H . Let BL(V ), BL(H) de�ne the spa
e of 
ontinuous bilinear forms V �V ! Rand H�H ! R, respe
tively. We �rst des
ribe the fun
tional ba
kward error analysisand the fun
tional 
ondition number for self-adjoint PDE eigenvalue problems invariational formulation:For a(�; �) 2 BL(V ) and b(�; �) 2 BL(H) �nd � 2 R su
h that there exist u 2 V , u 6= 0satisfying a(u; v) = �b(u; v); for all v 2 V: (2.1)For the sake of simpli
ity, sin
e V � H and b(�; �) is also a bilinear form on V , werestri
t ourself to the spa
e V . We assume that a(�; �), b(�; �) are both 
ontinuous



Fun
tional perturbation results and the balan
ed AFEM algorithm 3(bounded) on V and a(�; �) is 
oer
ive (V -ellipti
), namelya(u; v) � C1kukV kvkV ; for all u; v 2 V; with some 
onstant C1 > 0;b(u; v) � C2kukV kvkV ; for all u; v 2 V; with some 
onstant C2 > 0;a(v; v) � C3kvk2V ; for all v 2 V; with some 
onstant C3 > 0: (2.2)The spa
e of bounded linear fun
tionals ` : V ! R on V is the dual spa
e anddenoted by V 0 . V 0 is itself a normed ve
tor spa
e with a dual norm de�ned byk`(v)kV 0 := supv2V j`(v)jkvkV ; v 6= 0: (2.3)We 
an also de�ne a norm of the bilinear form a(u; v) 2 BL(V ) viaka(u; v)kBL(V ) := supu;v2V ja(u; v)jkukV kvkV ; u; v 6= 0: (2.4)The underlying theoreti
al framework of the ba
kward error analysis [11℄ in fun
tionalspa
es has the following form.Definition 2.1 (The fun
tional 
ondition number and ba
kward error). Let a,b 2 BL(V ) be bilinear forms on V . Consider a simple eigenpair (�; u) (i.e., an eigen-value of algebrai
 multipli
ity one and its 
orresponding eigenve
tor) of the problem(2.1) and let ' be the mapping' : (a; b) ! (�; u):Furthermore, let (e�; eu) 2 R�V be an approximation of the eigenpair (�; u). Then thefun
tional 
ondition number of ' isC = lim supÆa!0Æb!0 k(e�; eu)� (�; u)kVk(Æa; Æb)kBL(V ) ;and the normwise fun
tional ba
kward error asso
iated with (e�; eu) is� = minf" > 0; kÆakBL(V ) � "kakBL(V ); kÆbkBL(V ) � "kbkBL(V )su
h that (a+ Æa)(eu; v) = e�(b+ Æb)(eu; v)g;where Æa; Æb 2 BL(V ) are perturbations of the bilinear form a and b, respe
tively, and" 2 R+ .The mapping ' des
ribes how the eigenpair (�; u) is determined by the bilinearforms a; b 2 BL(V ). Similarly, as in the algebrai
 eigenvalue problem, the 
onditionnumber is the smallest upper bound for the ratio between the error in the output,i.e., eigenpair, and the error in the input, i.e., perturbations in both bilinear forms[11℄. The normwise fun
tional ba
kward error determines the size of the smallestperturbation in the bilinear forms, su
h that the approximate eigenpair is the exa
teigenpair of the perturbed variational equation. However, here the situation is mu
hmore 
ompli
ated. Sin
e, usually, the approximate eigenpair (e�; eu) is a �nite element



4 A. Miedlarsolution obtained after dis
retizing the PDE 'dis
 and applying the iterative eigen-solver 'iter to the �nite dimensional problem, the mapping ' in fa
t is a 
ompositeof two maps, i.e., '((a; b)) = 'iter Æ 'dis
((a; b)) = (�; u):Applying the perturbation arguments leads to'((a+ Æa; b+ Æb)) = 'iter Æ 'dis
((a+ Æa; b+ Æb)) = (e�; eu):Therefore, the error between the exa
t 
ontinuous eigenpair (�; u) and its �nite ele-ment approximation (e�; eu) 
an be written ask(e�; eu)� (�; u)kV = Citer'iter�Cdis
'dis
((a+ Æa; b+ Æb)) + ��:In the ideal situation, when the mapping ' is linear, obtaining the 
ondition num-ber and the ba
kward error whi
h 
ombine information from the dis
retization andthe iteration pro
ess would be relatively easy. However, eigenvalue problems arenonlinear, i.e., ' is a nonlinear mapping and the 
ondition number of the problemdoes not depend linearly on the two easily determined 
ondition numbers Cdis
 andCiter . Therefore, it seems natural to analyze the variational formulation without anyassumptions about the exa
tness of the �nite element solution.As a starting point let us determine the normwise fun
tional ba
kward error as ageneralization of [3, Theorem 3.1℄.Theorem 2.2. Let a, b be bilinear forms on V , i.e., a; b 2 BL(V). Furthermore,let Æa 2 BL(V) and Æb 2 BL(V) be perturbations of the bilinear forms a; b 2 BL(V ),respe
tively, su
h thatkÆakBL(V) � "kakBL(V); kÆbkBL(V) � "kbkBL(V);with " 2 R+ . Then, the normwise fun
tional ba
kward error asso
iated with theapproximate eigenpair (e�; eu) of (2.1) is� = kR(v)kV 0(je�jkbkBL(V ) + kakBL(V ))keukV ; (2.5)with the residual R(v) = a(eu; v)� e�b(eu; v) 2 V 0.Proof. From the ba
kward error analysis we have the following identity(a+ Æa)(eu; v) = e�(b+ Æb)(eu; v);whi
h 
orresponds to R(v) = �Æa(eu; v) + e�Æb(eu; v):Moreover, for all v 2 V , the following relation holdsjR(v)j = j � Æa(eu; v) + e�Æb(eu; v)j � kÆakBL(V )keukV kvkV + je�jkÆbkBL(V )keukV kvkV :
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tional perturbation results and the balan
ed AFEM algorithm 5Hen
e, we have jR(v)jkvkV � kÆakBL(V )keukV + je�jkÆbkBL(V )keukV ;for all v 2 V .Therefore, it is obvious thatsupv2V nf0g jR(v)jkvkV � kÆakBL(V )keukV + je�jkÆbkBL(V )keukV :We note that from the de�nition of the dual norm (2.3), it follows thatkR(v)kV 0 � kÆakBL(V )keukV + je�jkÆbkBL(V )keukV :With the assumptions on kÆakBL(V ), kÆbkBL(V ) we have thatkR(v)kV 0 � "kakBL(V )keukV + "je�jkbkBL(V )keukV ;and therefore, kR(v)kV 0�je�jkbkBL(V ) + kakBL(V )�keukV � ":Sin
e this inequality holds for an arbitrarily 
hosen ", it holds also for �, i.e.,kR(v)kV 0�je�jkbkBL(V ) + kakBL(V )�keukV � �:Let Æa, Æb be de�ned as follows (see, e.g., [2, 3℄)Æa(u; v) = � kakBL(V )kakBL(V )keukV + kbkBL(V )e�keukV kukVR(v)and Æb(u; v) = kbkBL(V )kakBL(V )keukV + kbkBL(V )e�keukV kukVR(v):Sin
e for the smallest eigenvalue e� > 0, we have from the de�nition of the norm ofthe bilinear form (2.4) and the dual norm (2.3) thatkÆakBL(V ) = supu;v2V jÆa(u; v)jkukV kvkV = kakBL(V )kakBL(V )keukV + kbkBL(V )je�jkeukV supv2V jR(v)jkvkV= kakBL(V )kakBL(V )keukV + kakBL(V )e�keukV kR(v)kV 0andkÆbkBL(V ) = supu;v2V jÆb(u; v)jkukV kvkV = kbkBL(V )kakBL(V )keukV + kbkBL(V )je�jkeukV supv2V jR(v)jkvkV= kbkBL(V )kakBL(V )keukV + kbkBL(V )e�keukV kR(v)kV 0 :



6 A. MiedlarTherefore, the following inequalities holdkÆakBL(V ) � "kakBL(V ) and kÆbkBL(V ) � "kbkBL(V );with " = kR(v)kV 0�je�jkbkBL(V ) + kakBL(V )�keukV :Moreover,(a+ Æa)(eu; v) = a(eu; v) + Æa(eu; v)= a(eu; v)� kakBL(V )kakBL(V )keukV + e�kbkBL(V )keukV keukVR(v)= R(v) + e�b(eu; v)� kakBL(V )kakBL(V )k+ e�kbkBL(V )R(v)= e�b(eu; v) + R(v)kakBL(V )k+R(v)e�kbkBL(V )k �R(v)kakBL(V )kakBL(V )k+ e�kbkBL(V )= e�b(eu; v) + R(v)e�kbkBL(V )kakBL(V )k+ e�kbkBL(V )= e�b(eu; v) + e�Æb(eu; v):Thus, (a+ Æa)(eu; v) = e�(b+ Æb)(eu; v)and � � " = kR(v)kV 0�je�jkbkBL(V ) + kakBL(V )�keukV :Following [2℄, with the fun
tional ba
kward error analysis, we prove the existen
e ofperturbations Æa and Æb su
h that the approximate eigenpair (e�; eu) of (2.1) is theexa
t solution of the same variational equation perturbed with Æa and Æb. This result
an be stated as the Eigenvalue Fun
tional Compatibility Theorem.Theorem 2.3 (Eigenvalue Fun
tional Compatibility Theorem). Let (e�; eu) bean approximate eigenpair of the variational formulation (2.1) and let R(v) the 
orre-sponding residual, i.e., R(v) = a(eu; v)� e�b(eu; v). Then the following are equivalent:(i) There exist Æa 2 BL(V) and Æb 2 BL(V) su
h that(a+ Æa)(eu; v) = e�(b+ Æb)(eu; v); for all v 2 V;with kÆakBL(V) � �; kÆbkBL(V) � �;



Fun
tional perturbation results and the balan
ed AFEM algorithm 7(ii) kR(v)kV 0 � �keukV + �je�jkeukV ; (2.6)with �; � 2 R+ .Proof. Following the proof of Theorem 2.2 we getkR(v)kV 0 � kÆakBL(V )keukV + je�jkÆbkBL(V )keukV ;whi
h together with the assumptions on kÆakBL(V ), kÆbkBL(V ) yields (2.6).Set Æa(u; v) = � ��keukV + �e�keukV kukVR(v)and Æb(u; v) = ��keukV + �e�keukV kukVR(v):Then we have�Æa(eu; v) + e�Æb(eu; v) = ��keukV + �e�keukV keukVR(v)+ e� ��keukV + �e�keukV keukV R(v)= � �keuk�keukV + �e�keukV + �e�keuk�keukV + �e�keukV �R(v);and therefore �Æa(eu; v) + e�Æb(eu; v) = R(v):Assuming kR(v)kV 0 � �keukV + �je�jkeukV and employing the de�nition of the normof the bilinear form (2.4) and of the dual norm (2.3) we getkÆakBL(V ) = supu;v2V jÆa(u; v)jkukV kvkV � ��keukV + �je�jkeukV supv2V jR(v)jkvkV= ��keukV + �je�jkeukV kR(v)kV 0� ��keukV + �je�jkeukV ��keukV + �je�jkeukV �and kÆbkBL(V ) = supu;v2V jÆb(u; v)jkukV kvkV � ��keukV + �je�jkeukV supv2V jR(v)jkvkV= ��keukV + �je�jkeukV kR(v)kV 0� ��keukV + �je�jkeukV ��keukV + �je�jkeukV �:



8 A. MiedlarTherefore, kÆakBL(V ) � � and kÆbkBL(V ) � �;whi
h 
ompletes the proof.The normwise fun
tional ba
kward error determines the size of the smallest per-turbation su
h that the approximate eigenpair is an exa
t solution of the perturbedvariational equation. It provides a posteriori information whi
h is dependent on theapproximate solution and thus on the 
hoi
e of the solution method. On the otherhand, the 
ondition number allows to analyze the sensitivity of the eigenpairs to theparti
ular perturbations in the input data [11℄. Together, they provide a possibilityto estimate the total error, i.e., the forward error of the problem. In the 
ontextof �nite element methods, the 
ru
ial element is to redu
e the number of 
ontrolledparameters. Sin
e, the dis
retization pro
ess and the iteration pro
ess intera
t, wewould like to eliminate their in
uen
e whenever it is possible. The 
ondition number
an be viewed as a priori information about the problem whi
h des
ribes a propertyof the problem and we would like it to be independent of the applied solution methodand in parti
ular independent of the dis
retization parameters as for boundary valueproblems [2℄.Definition 2.4 (Condition number of the ellipti
 eigenvalue problem). Let Æa 2BL(V ), Æb 2 BL(V ) be perturbations of bilinear forms a; b 2 BL(V ) de�ned as in thevariational formulation (2.1), respe
tively, su
h thatkÆakBL(V ) � "�; kÆbkBL(V ) � "�; with "; �; � 2 R+ :The relative fun
tional eigenvalue and eigenfun
tion 
ondition number, C(EVP�),C(EVPu), for the variational problem (2.1), are the smallest 
onstants C�, Cu forwhi
h the inequalities j�� e�j � "C�j�j;ku� eukV 0 � "CukukV ;are satis�ed. Moreover, sinV \(eu; u) � "Cu:Theorem 2.5 (The fun
tional eigenvalue 
ondition number C(EVP�)). Let Æa 2BL(V ), Æb 2 BL(V ) be perturbations of bilinear forms a; b 2 BL(V ) de�ned as in thevariational formulation (2.1), respe
tively, su
h thatkÆakBL(V ) � "�; kÆbkBL(V ) � "�;with "; �; � 2 R+ . Then, j�� e�j � "(j�j� + �) + h.o.t.;



Fun
tional perturbation results and the balan
ed AFEM algorithm 9where by h.o.t we denote the higher order terms, whi
h here are given by O(("�)2) +O(\(eu; u)2).Moreover, the fun
tional eigenvalue 
ondition number C(EVP�) satis�es the boundC(EVP�) � j�j� + �j�j + h.o.t.:Proof. The main idea of the proof is to estimate the eigenvalue error withoutassuming that the approximate eigenpair (e�; eu) ful�lls the weak formulation (2.1).First, we assume that the approximate eigenpair (e�; eu) satisfy the equation(a+ Æa)(eu; v) = e�(b+ Æb)(eu; v);whi
h means that it ful�lls the modi�ed variational equationea(eu; v) = e�eb(eu; v):Now, due to the linearity of both bilinear forms we geta(eu; v) + Æa(eu; v) = e�b(eu; v) + e�Æb(eu; v):The essential observation is that v 
an be 
hosen arbitrarily in V , so let v = u thena(eu; u) + Æa(eu; u) = e�b(eu; u) + e�Æb(eu; u):With a(eu; u) = �b(eu; u) and writing e� as (�� (�� e�)) we obtain that(�� e�)b(eu; u) = (�� (�� e�))Æb(eu; u)� Æa(eu; u)and j�� e�jjb(eu; u)j = j(�� (�� e�))Æb(eu; u)� Æa(eu; u)j:After applying the triangle inequality we getj��e�jjb(eu; u)j � j�jkÆbkBL(V )keukV kukV+j��e�jkÆbkBL(V )keukV kukV+kÆakBL(V )keukV kukV :As, kÆakBL(V ) � "� and kÆbkBL(V ) � "�, we havej�� e�jjb(eu; u)j � "�j�jkeukV kukV + "�j�� e�jkeukV kukV + "�keukV kukV :Sin
e jb(eu; u)j 6= 0, the last inequality yieldsj�� e�j � ("�j�j + "�j�� e�j+ "�)keukV kujVjb(eu; u)j :Following the de�nition of the angle between fun
tions, it is straightforward thatj�� e�j � ("�j�j + "�j�� e�j+ "�) 1
os\(eu; u) :We are now in the position to apply Wilkinson's �rst order perturbation result [19℄,namely



10 A. Miedlarj�� e�j � (j�j"� + j�� e�j"� + "�) +O(\(eu; u)2):If "� < 1 then j�� e�j � "(1� "�)�1(j�j� + �) +O(\(eu; u)2):After negle
ting higher order terms in the Taylor expansion of (1� "�)�1, we �nallyget j�� e�j � "(j�j� + �) +O(("�)2) +O(\(eu; u)2):Remark 2.6. We note that if Æb = 0 thenj�� e�j � kÆakBL(V )keukV kukVjb(eu; u)j = kÆakBL(V )
os\(eu; u)and the relative eigenvalue error is given byj�� e�jj�j � kÆakBL(V )j�j 
os\(eu; u) � kÆakBL(V )j�j se
\(eu; u) = kÆakBL(V )j�j +O(\(eu; u)2)� kakBL(V )j�j| {z }relative eigenvalue
ondition number kÆakBL(V )kakBL(V )| {z }ba
kward error+ O(\(eu; u)2):The essential observation is that the last inequality is a dire
t in�nite dimensionalanalogue of the well-known result [3, Se
tion 3.4℄ or [10℄.Theorem 2.7 (The fun
tional eigenfun
tion 
ondition number C(EVPu)). Let(�; u) be an exa
t eigenpair of the variational formulation (2.1) and let (e�; eu) be itsapproximation. Let bilinear forms a, b 2 BL(V ) satisfy (2.2) and let Æa; Æb 2 BL(V )be perturbations of a; b, respe
tively, su
h thatkÆakBL(V ) � "�; kÆbkBL(V ) � "�;with "; �; Æ 2 R+ . Let C2; C3 be the 
ontinuity and the 
oer
ivity 
onstant as in (2.2)and C = (j�j� + �)(C2 + "� + 1). If C3 > "C + C2j�j thenku� eukV � "�1� "C + j�jC2C3 ��1 1C3CkukV :The fun
tional eigenfun
tion 
ondition number C(EVPu) satis�es the boundC(EVPu) � CC3 = (j�j� + �)(C2 + "� + 1)C3 :



Fun
tional perturbation results and the balan
ed AFEM algorithm 11Proof. Let (e�; eu) be the approximate solution of the variational equation (2.1).The inexa
t eigenpair satis�es a perturbed variational equation(a+ Æa)(eu; v) = e�(b+ Æb)(eu; v);whi
h 
an be written asa(eu; v) + Æa(eu; v) = e�b(eu; v) + e�Æb(eu; v):Setting eu = u� (u� eu) implies thata(u� (u� eu); v) + Æa(u� (u� eu); v) = e�b(u� (u� eu); v) + e�Æb(u� (u� eu); v):Thena(u; v)�a(u�eu; v)+Æa(u; v)�Æa(u�eu; v) = e�b(u; v)�e�b(u�eu; v)+e�Æb(u; v)�e�Æb(u�eu; v):Sin
e a(u; v) = �b(u; v), we have�b(u; v)�a(u�eu; v)+Æa(u; v)�Æa(u�eu; v) = e�b(u; v)�e�b(u�eu; v)+e�Æb(u; v)�e�Æb(u�eu; v):With the 
hoi
e v = u� eu, we get�a(u� eu; u� eu) = e�b(u; u� eu)� �b(u; u� eu)� e�b(u� eu; u� eu) + e�Æb(u; u� eu)�e�Æb(u� eu; u� eu)� Æa(u; u� eu) + Æa(u� eu; u� eu):With the 
oer
ivity 
ondition (2.2), we 
an show thatC3ku� euk2V � je�� �jkbkBL(V )kukV ku� eukV + je�jV kbkBL(V )ku� euk2V+ je�jkÆbkBL(V )kukV ku� eukV + je�jkÆbkBL(V )ku� euk2V+ kÆakBL(V )kukV ku� eukV + kÆakBL(V )ku� euk2V :The boundness of the bilinear form b (2.2) and the assumptions on the size of pertur-bations kÆakBL(V ), kÆbkBL(V ), yieldC3ku� euk2V � je�� �jC2kukV ku� eukV + je�jC2ku� euk2V+ je�j"�kukV ku� eukV + je�j"�ku� euk2V+ "�kukV ku� eukV + "�ku� euk2V :Sin
e ku� eukV 6= 0, we getC3ku� eukV � je�� �jC2kukV + je�jC2ku� eukV+ je�j"�kukV + je�j"�ku� eukV + "�kukV + "�ku� eukV :



12 A. MiedlarBy setting e� = �� (�� e�), we obtainC3ku� eukV � je�� �jC2kukV + j�� (�� e�)jC2ku� eukV+ j�� (�� e�)j"�kukV + j�� (�� e�)j"�ku� eukV+ "�kukV + "�ku� eukV ;and C3ku� eukV � je�� �j(C2kukV + C2ku� eukV + "�kuk+ "�ku� eukV )+ j�kC2ku� eukV + j�j"�kukV + j�j"�ku� eukV+ "�kuk+ "�ku� eukV :Using the estimate of the eigenvalue error from Theorem 2.5, we arrive atC3ku� eukV � �"(j�j� + �)��C2kukV + C2ku� eukV + "�kukV + "�ku� eukV �+ j�kC2ku� eukV + j�j"�kukV + j�j"�ku� eukV+ "�kukV + "�ku� eukV ;whi
h implies thatC3ku� eukV � "�j�j� + ���C2 + "� + 1�kukV+ "�j�j� + ���C2 + "� + 1�ku� eukV + j�kC2ku� eukV : (2.7)Let now C = �j�j� + ���C2 + "� + 1�, then (2.7) readsC3ku� eukV � "CkukV + "Cku� eukV + j�kC2ku� eukVand the inequality ku� eukV (C3 � "C � j�jC2) � "C3kukV ;holds. If (C3 > "C + j�jC2), then we have thatku� eukV � 1(C3 � "C � j�jC2)"CkukVand readily ku� eukV � "�1� "C + j�jC2C3 ��1 CC3 kukV :Therefore, the fun
tional eigenfun
tion 
ondition number C(EVPu) satis�esC(EVPu) � CC3 = (j�j� + �)(C2 + "� + 1)C3 :



Fun
tional perturbation results and the balan
ed AFEM algorithm 133. A 
ombined residual a posteriori error estimator for self-adjointeigenvalue problems. Let us 
onsider the Lapla
e eigenvalue problem:Determine a non-trivial eigenpair (�; u) 2 R �H10 (
),��u = �u in 
; u = 0 on �
; (3.1)in its variational form (2.1) with V := H10 (
).Let (�h; uh) 2 R�Vh be the exa
t dis
rete eigenpair (the Galerkin solution), su
hthat a(uh; vh) = �hb(uh; vh) for all vh 2 Vh � V:For the 
ase of the Galerkin solution (�h; uh) 2 R � Vh the equivalen
e be-tween the dis
retization error ku� uhkH10 (
) and the dual norm of the residual, i.e.,kR(v)kH�1(
) = ka(uh; v)��hb(uh; v)kH�1(
), up to the higher-order terms, is a well-known relation [8, 12℄, whi
h allows to derive the standard residual error estimator�(�h; uh), i.e., �(�h; uh) . ku� uhkH10 (
) . �(�h; uh);with the norm equivalen
e
ku� uhkH1(
) � ku� uhkH10 (
) � Cku� uhkH1(
);for some 
onstants 
; C > 0. Here x . y means inequality up to 
onstant independenton the mesh-size h.If we 
onsider the inexa
t �nite element solution (e�h; euh) 2 R � Vh, the 
orre-sponding equivalen
e relation between the 
omplete error ku� euhkH10 (
) and the dualnorm of the residual, i.e., kR(v)kH�1(
) = ka(euh; v) � e�hb(euh; v)kH�1(
) holds by
hoosing " = � in Theorem 2.7. However, the equivalen
e between the dual normof the residual, i.e., kR(v)kH�1(
) = ka(euh; v) � e�hb(euh; v)kH�1(
) and the standardresidual error estimator evaluated at the inexa
t eigenpair (e�h; euh), i.e., �(e�h; euh) doesnot follow and is hard to prove.Nevertheless, it is still possible to 
ontrol the adaptive �nite element methodwith the standard residual error estimator 
al
ulated with a non-Galerkin solution(e�h; euh) if the in
uen
e of the approximation error kuh�euhkH10 (
) 
an be analyzed and
ombined into the error bounds. In [13℄ a 
ombined a posteriori error estimator for anon-Galerkin solution of the boundary value problem was designed where theH�1(
)-norm of the residual is split dire
tly into the dis
rete part, the BPX pre
onditioner [4℄of the algebrai
 residual and the 
ontinuous part, i.e., the standard residual errorestimator �(e�h; euh). The �rst part of the estimator 
ontrols the iteration error andre
e
ts the in
uen
e of the quality of the approximate solution on the estimator,where the latter term measures the size of the dis
retization error.Let us 
onsider the following bound on the global eigenfun
tion errorku� euhkH10 (
) � ku� uhkH10 (
) + kuh � euhkH10 (
);where ku� uhkH10 (
) is the dis
retization error and kuh � euhkH10 (
) the error in thesolution of the algebrai
 eigenvalue problem. We now exploit the idea of the 
ombineda posteriori error estimator introdu
ed in [13℄ and bound ea
h term independently.



14 A. MiedlarIn order to 
ontrol the dis
retization error, we 
an use the standard residual errorestimator �(�h; uh), i.e.,�(�h; uh) . ku� uhkH10 (
) . �(�h; uh):Let uh, euh be the representation ve
tor for uh and euh, 
al
ulated as an approximatesolution of the generalized eigenvalue problemAhuh = �hBhuh;with the matri
es, Ah and Bh being symmetri
 and symmetri
 positive de�nite, re-spe
tively, and k � kH be a dis
rete H10 (
)-norm. Thenkuh � euhkH10 (
) = kuh � euhkH;and the following upper bound holdsku� euhkH1(
) � ku� uhkH1(
) + kuh � euhkH1(
) . �(�h; uh) + kuh � euhkH: (3.2)The 
orresponden
e between this upper bound and the upper bound derived in [13℄is straightforward. The dis
retization error is 
ontrolled by the standard residual aposteriori error estimator, while the approximation error is 
ontrolled by the di�eren
ebetween underlying representation ve
tors measured in the dis
rete H10 (
)-norm. In
ontrast to [13℄, where all the bounds are derived dire
tly with the inexa
t eigenpair(e�h; euh), here we �rst use the residual a posteriori error estimator derived with theGalerkin solution uh, i.e., �(�h; uh) and afterwards apply the perturbation argumentwhere we assume that the di�eren
e between �(�h; uh) and �(e�h; euh) 
an be measuredby kuh � euhkH, whi
h makes this result slightly weaker, i.e., the la
k of the lowerbound prevents to prove the eÆ
ien
y of the estimator.The major questions are now: How are the dis
rete H10 (
)-norm and its dualnorm de�ned, how 
an we estimate the size of the approximation error in the dis
reteH10 (
)-norm and how is the dual norm H�1(
) of the dis
rete residual taken intoa

ount.In [14℄ a shift-invert Lan
zos method with a spe
ially de�ned inner produ
t wasintrodu
ed. It was shown that applying the H := (A + B)-inner produ
t in theshift-invert Lan
zos method for the matrix pen
il (A;B) enables to measure the sizeof the residual ve
tor in the dis
rete H�1(
)-norm and that the H-norm itself 
anbe identi�ed as a dis
rete H10 (
)-norm. Let us re
all the 
ru
ial perturbation resultstated in [14℄.Proposition 3.1. [14, Proposition 3.2℄Let (A;B) be a symmetri
 de�nite pen
il, H = A+B a symmetri
 positive de�nitematrix, and � a real number su
h that A� := A��B is invertible. Let ex be a nonzerove
tor in Rn , e� a real number su
h that e� 6= � and the residual ve
torr = Aex� e�Bex:If ��� 1�� � � 1e�� � ��� = min�i ��� 1�i � � � 1e�� � ���;



Fun
tional perturbation results and the balan
ed AFEM algorithm 15and Ax = �Bx, where kxkH = 1, then����� e��� � ��� � krkA�1� HA�1�kexkH ;0 � j sinH \(ex; x)j � ����
 � ��
 � e� ���krkA�1� HA�1�kexkH ;where ��� 1�
 � � � 1e�� � ��� = min�i 6=� ��� 1�i � � � 1e�� � ���:Proof. See [14℄.Following Proposition 3.1, theH-norm 
an be identi�ed as a dis
reteH10 (
)-norm,whereas the A�1� HA�1� -norm 
an be identi�ed as a dis
rete H�1(
)-norm.Our next task is to approximate the eigenve
tor error in a dis
rete H10 (
)-norm.With the appropriate normalization, kuhkH10 (
) = 1, the di�eren
e between the rep-resentation ve
tors is given bykuh � euhkH = sinH \(uh; euh):Let us now apply Proposition 3.1 to the pen
il (Ah; Bh). With H = Ah+Bh we havesinH \(uh; euh) . krkA�1� HA�1�keuhkH : (3.3)whi
h together with (3.2) gives a �nal upper boundku� euhkH1(
) . �(�h; uh) + krkA�1� HA�1�keuhkH := �new(�h; uh): (3.4)This theoreti
al upper bound has to be slightly modi�ed to be used in pra
ti
e.At �rst we are not able to 
ompute �(�h; uh). However, sin
e we know that these
ond term in (3.4) measures the approximation error, we 
an use �(e�h; euh) instead.On the other hand, we want to get the right hand side of (3.3) as a by produ
t of theshift-invert Lan
zos method. Therefore, as shown in [14℄, performing m iterations ofthe shift-inverse Lan
zos algorithm with the pen
il (Ah; Bh) and H = Ah +Bh innerprodu
t, gives an approximate eigenpair (e�h; euh) su
h thatkrkA�1� HA�1�keuhkH = �mjeTmsj� ;where (�; s) is an approximate eigenpair of the tridiagonal Lan
zos matrix Hm fromthe Lan
zos fa
torization VmHm + �mvm+1eTm. For the 
omplete analysis we referto [14℄.Consequently, after m iterations of the shift-invert Lan
zos method we have thefollowing global upper bound for the eigenfun
tion errorku� euhkH1(
) . �(e�h; euh) + �mjeTmsj� := �new(e�h; euh):



16 A. Miedlar4. The balan
ed AFEM algorithm. With an appropriate norm and the new
ombined a posteriori error estimator, we 
an redu
e the number of Lan
zos itera-tions preformed during the AFEM algorithm for solving self-adjoint eigenvalue prob-lems, e.g., the Lapla
e eigenvalue problem. We 
onsider stopping 
riteria for theiterative eigensolver and the adaptive mesh re�nement based on the new estimator�new(e�h; euh). As we have mentioned before, the upper bound (3.4) is a global upperbound. The only part of the new estimator whi
h 
an be used to 
ontrol the errorlo
ally, is a standard residual type error estimator, i.e., �(e�h; euh) or pre
isely ele-mentwise re�nement indi
ators �T (e�h; euh) extra
ted from it. Although, the dis
reteH�1(
)-norm of the algebrai
 residual 
ontains the global information about the dis-
rete problem, we 
an still de�ne an appropriate stopping 
riterion and perform theadaptive mesh re�nement.Let us for a moment 
onsider the ideal situation when after ea
h Lan
zos iter-ation step we 
he
k if the H�1(
)-norm of the algebrai
 residual, i.e., �mjeTmsj� , issmaller than a 
ertain fra
tion ! of the 
orresponding 
ontinuous part of the error,i.e., �(e�h; euh). Obviously, we 
an stop the iteration if this 
ondition is satis�ed or
ontinue if not. This balan
ing strategy ensures that the iteration stops when the ap-proximation error is of order of the dis
retization error. Therefore, the set of markedelements, determined by sele
ting only those elements for whi
h lo
al re�nement in-di
ators �T (e�h; euh) are satisfying a 
ertain marking 
riterion, will guarantee a 
ertaina

ura
y of the solution. Of 
ourse 
al
ulating all re�nement indi
ators �T (e�h; euh)at every iteration of the eigensolver is not optimal. Therefore, the number m of theLan
zos iterations performed before 
al
ulating �T (e�h; euh) and a proper parameter! for equilibration have to be analyzed. In order to have an eÆ
ient estimator it isne
essary to obtain also a lower bound, i.e.,�new(e�h; euh) . ku� euhkH1(
):Unfortunately, the proof for the eÆ
ien
y of this new estimator is still under inves-tigation. Instead, we will analyze the behavior of the estimator numeri
ally. Thepseudo-
ode of the balan
ed AFEM algorithm des
ribed in this se
tion is presentedbelow (Algorithm 1). In [14℄ the shift-invert Lan
zos method is dis
ussed, however,sin
e we are interested is the smallest eigenvalue, we analyze the simplest versionof the algorithm, i.e., with shift � = 0. Of 
ourse 
al
ulating the error estimator�(e�h; euh) at ea
h iteration step is expensive and not possible in pra
ti
e, neverthe-less, in order to formulate some hypothesis about the minimal number of requirediterations we will make this e�ort here.5. Numeri
al experiments. Throughout this se
tion we investigate severalaspe
ts of our new balan
ed AFEM algorithm. As a model example, we 
onsider theLapla
e eigenvalue problem (3.1) on the L-shape domain, i.e., 
 = [�1; 1℄ � [0; 1℄ [[�1; 0℄ � [�1; 0℄. We dedi
ate all numeri
al experiments to approximating only thesmallest eigenvalue whi
h we 
ompare with a referen
e value obtained in [18℄, i.e.,�1 � 9:639723844:At �rst we analyze the 
omplexity and the a

ura
y dependen
e of our new algorithmon the 
hoi
e of the balan
ing parameter !. Next we give some empiri
al informa-tion about the minimal number of Lan
zos iterations required at ea
h step of thebalan
ed AFEM algorithm to determine an a

urate �nal approximation. Sin
e our
ombined error estimator �new(e�h; euh), 
ontains a residual type a posteriori error es-timator �(e�h; euh), the last part of this se
tion is dedi
ated to 
ompare the behavior
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tional perturbation results and the balan
ed AFEM algorithm 17Algorithm 1 The balan
ed AFEM algorithm for 
omputing the smallest eigenvalueof the Lapla
e eigenvalue problem (3.1)Input: An initial regular triangulation T ih , a balan
ing parameter !, a maximal num-ber of degrees of freedom maxDOFOutput: Approximation e�h to the smallest eigenvalue � of (3.1) together with the
orresponding approximate eigenfun
tion euh.Solve: Dis
retize problem (3.1) on T ih and obtain the matrix pen
il (Ah; Bh)Sele
t shift � = 0while krkA�1h HA�1hkeuhkH � !�(e�h; euh) doPerform one iteration of the H-Lan
zos method with (Ah; Bh)Compute the approximate eigenpair (e�h; euh), the 
ontinuous and the dis
reteerror estimators �(e�h; euh) and krkA�1h HA�1hkeuhkHend whileEstimate: Cal
ulate the 
ombined error estimator �new(e�h; euh) and the standarderror estimator �(e�h; euh)Mark: Mark the elements based on �(e�h; euh) using the bulk 
riterionRe�ne: Re�ne the 
oarse mesh T ih using the green, blue or red re�nement to getT i+1hif #DOF < maxDOF thenreturn (e�H ; euH)elseStart the algorithm with T i+1hend ifof the 
ombined error estimator �new(e�h; euh) where �(e�h; euh) is 
hosen to be a stan-dard residual type estimator �DPR(e�h; euh) [12℄ or an edge residual error estimator�CG(e�h; euh) [8℄.All the experiments were realized with the openFFW [6℄ �nite element frame-work, whi
h 
ontains implementations of both �DPR(�h; uh) and �CG(�h; uh) errorestimators introdu
ed in [12℄ and [8℄, respe
tively. For our new balan
ed AFEM al-gorithm we use our own implementation of the Lan
zos method with the H-innerprodu
t, while the standard Matlab eigs fun
tion is used for 
omparison.5.1. Balan
ing with di�erent values of parameter !. Let us �rst examinethe behavior of our new balan
ed AFEM algorithm with respe
t to the 
hoi
e of theparameter !. We 
onsider here the ideal situation that after ea
h Lan
zos iterationstep we 
an 
he
k whether the H�1(
)-norm of the algebrai
 residual, i.e., �mjeTmsj� ,is smaller than a 
ertain fra
tion ! of the 
orresponding �(e�h; euh). Here we restri
tourselves to �(e�h; euh) = �DPR(e�h; euh) and we assume that the minimal number ofrequired Lan
zos iterations is set to 2k + 1, where k is the number of eigenvalues ofinterest, here k = 1.Tables 1 { 3 present the numeri
al results for ! = 0:5; 0:1; 0:9, respe
tively. Ex
eptfor the eigenvalue approximation and the number of degrees of freedom, informationabout the size of the 
ontinuous �(e�h; euh) and the dis
rete krkA�1� HA�1�keuhkH part of the
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ements
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#DOFFig. 1. The �nal mesh with 6737 degrees of freedom and the 
onvergen
e history for the smallesteigenvalue for (3.1) on the L-shape domain with ! = 0:5.estimator is presented. We noti
e that for ! = 0:5 three Lan
zos iterations are enoughto obtain a good error estimator to steer the adaptive mesh re�nement.Redu
ing ! to ! = 0:1 for
es the dis
rete residual to be smaller whi
h leads toslightly more Lan
zos iterations, however, the �nal a

ura
y is rea
hed with a smalleramount of degrees of freedom. Obviously 
hoosing ! = 0:9 leads to meshes withmore degrees of freedom but redu
es the number of Lan
zos iterations performed onea
h step of the adaptive algorithm. The 
orresponding �nal meshes and 
onvergen
ehistory plots are depi
ted in Figures 1 { 3.These few examples show that determining the approximate solution of the samea

ura
y with a di�erent balan
ing parameter is possible. Parti
ularly 
hosen valuesof ! may lead to more Lan
zos iterations or more degrees of freedom. Of 
ourse,performing one more Lan
zos iteration on the 
oarse mesh is 
heaper than dealingwith �ner problems, therefore, this de
ision has to be made by the user, dependingon existing limitations. Table 1Approximations of the smallest eigenvalue for (3.1) on the L-shape domain with ! = 0:5.ref. level #DOF # iterations e�1 j�1 � e�1j �(e�h; euh) krkA�1� HA�1�keuhkH �new(e�h; euh)1 33 3 10.6008 0.9610 2.2454 0.0401 2.28532 78 3 10.2025 0.5628 1.0976 0.0349 1.13253 166 3 9.8854 0.2457 0.5476 0.0430 0.59064 341 3 9.7941 0.1544 0.2890 0.0373 0.32625 622 3 9.7234 0.0837 0.1540 0.0384 0.19246 1203 4 9.6805 0.0407 0.0866 0.0085 0.09507 2096 4 9.6606 0.0208 0.0472 0.0091 0.05628 3946 4 9.6518 0.0121 0.0273 0.0088 0.03619 6737 5 9.6464 0.0066 0.0154 0.0012 0.0167



Fun
tional perturbation results and the balan
ed AFEM algorithm 19Table 2Approximations of the smallest eigenvalue for (3.1) on the L-shape domain with ! = 0:1.ref. level #DOF # iteration e�1 j�1 � e�1j �(e�h; euh) krkA�1� HA�1�keuhkH �new(e�h; euh)1 33 3 10.5862 0.9465 2.2422 0.0284 2.27062 78 3 10.1976 0.5578 1.0908 0.0370 1.12783 168 3 9.8906 0.2509 0.5550 0.0448 0.59984 330 4 9.7850 0.1452 0.2964 0.0080 0.30445 601 4 9.7043 0.0646 0.1588 0.0075 0.16636 1174 4 9.6814 0.0416 0.0886 0.0087 0.09737 2048 5 9.6601 0.0204 0.0489 0.0013 0.05028 3839 5 9.6510 0.0113 0.0280 0.0012 0.02929 6585 5 9.6465 0.0068 0.0158 0.0013 0.0171

−1 −0.5 0 0.5 1
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

10
1

10
2

10
3

10
4

10
−3

10
−2

10
−1

10
0

10
1

 

 

PSfrag repla
ements
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#DOFFig. 2. The �nal mesh with 6585 degrees of freedom and the 
onvergen
e history for the smallesteigenvalue for (3.1) on the L-shape domain with ! = 0:1.5.2. Balan
ing with ! = 0:5 and di�erent minimal number of requiredLan
zos iteration. Although, in [16℄ the minimal number of required Arnoldi/Lan
zositerations, as the well-known rule of thumb, is set to 2k+1, where k is the number ofeigenvalues of interest, here we analyze the a
tual restri
tions in this respe
t. Table 4
ontains numeri
al results for the 
ase where no restri
tions are given. In �rst re-�nement steps we see that only one iteration was enough to assure that the iterationerror is smaller than the dis
retization error, however, this one iteration was of 
oursenot enough to obtain a good approximation of the eigenvalue. Surprisingly, after fewadaptive steps, the approximate solution has the same a

ura
y as the 
orrespondingapproximation (approximation at the same adaptive step) obtained by the AFEMalgorithm starting with a mu
h better approximation, see, e.g., ref. level 5 in Table 1and 4. Of 
ourse the 
orresponding grid is mu
h �ner in the latter 
ase. The resulting�nal mesh and the 
onvergen
e history are presented in Figure 4.We have already noti
ed, that performing only one Lan
zos iteration may notbe enough to assure the a

ura
y and the optimal 
omplexity of our new balan
edAFEM algorithm. Nevertheless, our next example shows that performing at least two



20 A. MiedlarTable 3Approximations of the smallest eigenvalue for (3.1) on the L-shape domain with ! = 0:9.ref. level #DOF # iteration e�1 j�1 � e�1j �(e�h; euh) krkA�1� HA�1�keuhkH �new(e�h; euh)1 33 3 10.5838 0.9441 2.2443 0.0244 2.26882 78 3 10.2022 0.5625 1.0891 0.0398 1.12893 169 3 9.8829 0.2431 0.5535 0.0385 0.59204 342 3 9.8110 0.1713 0.2888 0.0507 0.33955 638 3 9.7329 0.0932 0.1552 0.0469 0.20216 1209 3 9.7104 0.0707 0.0874 0.0457 0.13317 2200 4 9.6597 0.0200 0.0462 0.0088 0.05508 4028 4 9.6518 0.0121 0.0266 0.0088 0.03559 6916 4 9.6473 0.0075 0.0151 0.0088 0.0239
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ements
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#DOFFig. 3. The �nal mesh with 6916 degrees of freedom and the 
onvergen
e history for the smallesteigenvalue for (3.1) on the L-shape domain with ! = 0:9.Lan
zos iterations at every step of our AFEM algorithm seems to be enough. The
orresponding numeri
al results and the 
onvergen
e history are given in Table 5 andFigure 5.For 
omparison Table 6 and Figure 6 present results obtained on the uniformlyre�ned grid. The information about the size of the 
ontinuous �(e�h; euh) and thedis
rete krkA�1� HA�1�keuhkH part of the estimator is given only to illustrate the stopping
riterion used for the Arnoldi/Lan
zos pro
ess. None of this information is usedduring the grid generation pro
ess. To 
on
lude, we point out that obtaining thesolution with an a

ura
y of 10�3 for our balan
ed AFEM algorithm requires twotimes fewer degrees of freedom than determining the similar solution on the uniformlyre�ned grid, with the same number of Arnoldi/Lan
zos iterations.5.3. Comparison with di�erent error estimators. As we mentioned at thebeginning of this se
tion, our new 
ombined error estimator 
onsists of two parts: the
ontinuous part �(e�h; euh) and the dis
rete part krkA�1� HA�1�keuhkH . So far we have analyzed
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ed AFEM algorithm 21Table 4Approximations of the smallest eigenvalue for (3.1) on the L-shape domain with ! = 0:5 andno restri
tion on the minimal number of iterations.ref. level #DOF # iteration e�1 j�1 � e�1j �(e�h ; euh) krkA�1� HA�1�keuhkH �new(e�h; euh)1 33 1 37.9495 28.3098 9.3925 1.4206 10.81312 103 1 71.6865 62.0467 8.9268 2.1554 11.08233 230 1 124.0862 114.4465 8.9370 2.8001 11.73714 533 1 253.2587 243.6190 9.1481 4.0423 13.19045 1193 3 9.7568 0.1171 0.1237 0.0508 0.17456 1533 4 9.6856 0.0459 0.0769 0.0095 0.08657 2310 4 9.6642 0.0245 0.0450 0.0089 0.05398 4102 4 9.6536 0.0138 0.0257 0.0088 0.03469 7313 5 9.6466 0.0069 0.0145 0.0013 0.0157

−1 −0.5 0 0.5 1
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

10
1

10
2

10
3

10
4

10
−3

10
−2

10
−1

10
0

10
1

10
2

10
3

 

 

PSfrag repla
ements j�� e�hj�new #DOFFig. 4. The �nal mesh with 7313 degrees of freedom and the 
onvergen
e history for the smallesteigenvalue for (3.1) on the L-shape domain with ! = 0:5 and no restri
tion on the minimal numberof iterations.the behavior of our new balan
ed AFEM algorithm where the 
ontinuous estimatorwas 
hosen as �DPR(e�h; euh) [12℄. Let us now �rst 
ompare the performan
e of ournew balan
ed AFEM algorithm with the standard AFEM algorithm based on the�DPR(e�h; euh) estimator, where the underlying algebrai
 eigenvalue problem will besolved withMatlab fun
tion eigs up to �nal a

ura
y. The resulting meshes are pre-sented in Figure 7, while Figure 8 shows the 
onvergen
e history. Both algorithms re-sult in the optimal 
onvergen
e with respe
t to the number of degrees of freedom. Thenew 
ombined error estimator, due to the right 
hoi
e of the dis
rete norm, estimatesthe real error mu
h better than the standard residual type estimator �DPR(e�h; euh).Furthermore, we 
ompare our balan
ing algorithm with the standard AFEM algo-rithm where �(e�h; euh) is 
hosen as the edge residual error estimator �CG(e�h; euh) [8℄.We observe that the original �CG(e�h; euh) guarantees the optimal 
onvergen
e ratewith respe
t to the number of degrees of freedom. Although, our balan
ed AFEMalgorithm deviate slightly from the optimal 
onvergen
e, it almost perfe
tly 
aptures



22 A. MiedlarTable 5Approximations of the smallest eigenvalue for (3.1) on the L-shape domain with ! = 0:5 andthe minimal number of required iterations equal 2.ref. level #DOF # iteration e�1 j�1 � e�1j �(e�h; euh) krkA�1� HA�1�keuhkH �new(e�h; euh)1 33 2 10.8075 1.1678 2.3114 0.1185 2.42992 86 2 10.5196 0.8799 1.1524 0.1641 1.31653 157 2 10.2919 0.6522 0.6536 0.1726 0.82624 339 3 9.7909 0.1512 0.2915 0.0415 0.33305 610 3 9.7367 0.0970 0.1552 0.0498 0.20496 1159 4 9.6802 0.0404 0.0852 0.0089 0.09417 2103 4 9.6592 0.0195 0.0466 0.0085 0.05508 3856 4 9.6517 0.0119 0.0265 0.0086 0.03519 6736 5 9.6459 0.0062 0.0150 0.0013 0.0163
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PSfrag repla
ements
j�� e�hj�new

#DOFFig. 5. The �nal mesh with 6736 degrees of freedom and the 
onvergen
e history for thesmallest eigenvalue for (3.1) on the L-shape domain with ! = 0:5 and the minimal number ofrequired iterations equal 2.the behavior of the real error, see Figures 9 { 10.6. Con
lusions. We have formulated fun
tional perturbation results for PDEeigenvalue problems in
luding the fun
tional ba
kward error and the fun
tional 
on-dition number. These results are used to relate the eigenvalue and the eigenve
torerror to the residual in the H�1(
)-norm and furthermore to establish a 
ombined aposteriori error estimator embodying the dis
retization and the approximation error.We have analyzed the behavior of the balan
ed AFEM algorithm whi
h signi�-
antly redu
es the number of eigensolver iteration by in
orporating the dis
rete resid-ual into the adaptation pro
ess. The eigensolver stopping 
riterion is based on anequilibration strategy. Several numeri
al examples 
on�rm the reliability of our es-timator. A formal proof for the eÆ
ien
y of the 
ombined error estimator and the
onvergen
e of the balan
ing algorithm is still an open question. Also there are sev-eral other 
hoi
es of the eigensolver stopping 
riterion whi
h are an interesting subje
tfor further resear
h. The 
onvergen
e of the inexa
t adaptive algorithm based on a
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ed AFEM algorithm 23Table 6Approximations of the smallest eigenvalue for (3.1) on the L-shape domain re�ned uniformlywith ! = 0:5 and the minimal number of required iterations equal 2.ref. level #DOF # iteration e�1 j�1 � e�1j �(e�h; euh) krkA�1� HA�1�keuhkH �new(e�h; euh)1 33 2 11.2225 1.5828 2.4189 0.1851 2.60402 161 2 10.4686 0.8289 0.6589 0.1867 0.84553 705 3 9.7616 0.1219 0.1711 0.0476 0.21864 2945 4 9.6710 0.0312 0.0520 0.0092 0.06125 12033 5 9.6504 0.0107 0.0162 0.0012 0.0174
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PSfrag repla
ements
j�� e�hj�new

#DOFFig. 6. The 
onvergen
e history for the smallest eigenvalue for (3.1) on the uniformly re�ned L-shape domain with 12033 degrees of freedom, ! = 0:5 and the minimal number of required iterationsequal 2.slightly di�erent 
ombined a posteriori error estimator is a subje
t of ongoing work.7. A
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10
1

10
2

10
3

10
4

10
−3

10
−2

10
−1

10
0

10
1

10
2

 

 

PSfrag repla
ements

�newj�� e�hj with �new�DPRj�� e�hj with �DPR

#DOFFig. 8. The 
onvergen
e history for the smallest eigenvalue for (3.1) on the L-shape domain.[6℄ A. Byfut, J. Gedi
ke, D. G�unther, J. Reininghaus, and S. Wiedemann. openFFW, The FiniteElement Framework. GNU General Publi
 Li
ense v.3.[7℄ C. Carstensen and J. Gedi
ke. An adaptive �nite element eigenvalue solver of quasi-optimal
omputational 
omplexity. Preprint 662, DFG Resear
h Center Matheon, Strasse des 17.Juni 136, D-10623 Berlin, 2009. http://www.matheon.de/.[8℄ C. Carstensen and J. Gedi
ke. An os
illation-free adaptive FEM for symmetri
 eigenvalue



Fun
tional perturbation results and the balan
ed AFEM algorithm 25

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

Fig. 9. The �nal mesh for the AFEM with �CG with 5577 degrees of freedom (left) and the�nal mesh for AFEM with �new with 5995 degrees of freedom (right).

10
1

10
2

10
3

10
4

10
−3

10
−2

10
−1

10
0

10
1

10
2

 

 

PSfrag repla
ements

�newj�� e�hj with �new�CGj�� e�hj with �CG

#DOFFig. 10. The 
onvergen
e history for the smallest eigenvalue for (3.1) on the L-shape domain.problems. Numer. Math., 118(3):401 { 427, 2011.[9℄ J. M. Cas
on, C. Kreuzer, R. H. No
hetto, and K. G. Siebert. Quasi-optimal 
onvergen
e ratefor an adaptive �nite element method. SIAM J. Numer. Anal., 46(5):2524{2550, 2008.[10℄ F. Chaitin-Chatelin. The in
uen
e of nonnormality on matrix 
omputations. In R. J. Plemmonsand C. D. Meyer, editors, Linear Algebra, Markov Chains and Queing Models, pages 13{19.Springer-Verlag, New York, 1992.



26 A. Miedlar[11℄ F. Chaitin-Chatelin and V. Frayss�e. Le
tures on Finite Pre
ision Computations - Software,Environments, and Tools. SIAM Publi
ations, 1996.[12℄ R. G. Dur�an, C. Padra, and R. Rodr��guez. A posteriori error estimates for the �nite elementapproximation of eigenvalue problems. Math. Mod. Meth. Appl. S
i., 13:1219{1229, 2003.[13℄ H. Harbre
ht and R. S
hneider. On error estimation in �nite element methods without havingGalerkin orthogonality. Preprint 457, Beri
htsreihe des SFB 611, Universit�at Bonn, 2009.[14℄ U. L. Hetmaniuk and R. B. Lehou
q. Uniform a

ura
y of eigenpairs from a shift-invert Lan
zosmethod. SIAM J. Matrix Anal. Appl., 28:927{948, 2006.[15℄ P. Jiranek, Z. Strako�s, and M. Vohralik. A posteriori error estimates in
luding algebrai
 error:
omputable upper bounds and stopping 
riteria for iterative solvers. SIAM J. S
i. Comput.,32:1567{1590, 2010.[16℄ R. B. Lehou
q, D. C. Sorensen, and C. Yang. ARPACK User's Guide: Solution of Large-S
ale Eigenvalue Problems with Impli
itly Restarted Arnoldi Methods. SIAM Publi
ations,Philadelphia, 1998.[17℄ A. Miedlar. Inexa
t Adaptive Finite Element Methods for Ellipti
 PDE Eigenvalue Problems.PhD thesis, Te
hnis
he Universit�at Berlin, 2011.[18℄ L. N. Trefethen and T. Bet
ke. Computed eigenmodes of planar regions. Contemp. Math.,412:297{314, 2006.[19℄ J. H. Wilkinson. The Algebrai
 Eigenvalue Problem. Oxford University Press, Oxford, 1965.[20℄ Ch.-T. Wu and H. C. Elman. Stopping 
riteria for iterative methods in solving 
onve
tion-di�usion equations on adaptive meshes, 2004. Presented in the third international 
ongressof Chinese mathemati
ians, 2004.[21℄ A. Zeiser. On the Optimality of the Inexa
t Inverse Iteration Coupled with Adaptive FiniteElement Methods. Preprint 57, DFG-SPP 1324, 2010.


