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Abstract

We consider three-dimensional models for rate-independent processes describing materials un-
dergoing phase transformations with heat transfer. The problem is formulated within the framework
of generalized standard solids by the coupling of the momentum equilibrium equation and the flow
rule with the heat transfer equation. Under appropriate regularity assumptions on the initial data,
we prove the existence a global solution for this thermodynamically consistent system, by using a
fixed-point argument combined with global energy estimates.

1 Introduction

Motivated by the study of shape memory alloys, we consider rate-independent processes describing
materials undergoing phase transformations. In the framework of generalized standard solids due to
Halphen and Nguyen (see [HaN75]), the unknowns are the displacement field « and an internal vari-
able z and the problem is described by the momentum equilibrium equation combined with a flow
rule for the evolution of the internal variable. A very powerful tool to study such problems is the so
called energetic formulation, introduced in [MiT04, Mie0O5] and later on developed and intensively ap-
plied in [FrM06, MiR06, MiR07, Mie07, MiPO7, MRSO08]. Note that coupling rate-independent processes
with rate-dependent processes makes, in general, the problems much more difficult; see for instance
[EfMO6, MPMO08, BaR08, Rou09a, Rou09b].

In this paper, we are interested in coupling the rate-independent process with the thermal process,
which is not rate-independent, and viscous damping. The model is based on the Helmholtz free en-
ergy W (e(u), z, Vz,6), depending on the infinitesimal strain tensor e(u) = &(Vu+VuT) for the
displacement u, where ()T denotes the transpose of the tensor, the internal variable z and the temper-
ature 6. For simplicity, we will omit any dependence on the material point x €  and t € [0, 7] with
T > 0. We assume that W can be decomposed as follows

W(e(u), z,Vz,0) = Wi(e(u), 2, Vz) — Wo(6) + 0Wa(e(u), 2). (1.1)

This partially linearized decomposition ensures that entropy separates the thermal and mechanical vari-
ables (see (2.8)). Let us emphasize that the last term §W5s(e(u), z) allows for coupling effects between
the temperature and the internal variable, which is motivated by the phenomenological models for shape
memory alloys presented in Section 2. Since coupling terms will appear both in the momentum equilib-
rium equation and in the inclusion describing the evolution of the internal variable, this setting is more
general than the one presented in [Roul0]. We make the assumptions of small deformations. The prob-
lem is thus described by the following system

— div(oet+Le(n) =, oo = DeuyW (e(u), z,Vz,0), (1.2a)
OU(2) + Mz +0in 20, oin =D, W(e(u),z,Vz,0) —divDy.W(e(u), z,Vz,0), (1.2b)
c(0)6 — div(k(e(u), z,0)V0) = Le(u):e(i) + 00,Wa(e(u), z) + U(2) + Mz:2. (1.2¢)



Here W denotes the dissipation potential. As it is common in modeling hysteresis effect in mechanics, we
assume that U is positively homogeneous of degree 1, i.e., ¥(vz) = y¥(z) for all v > 0. The viscosity
tensors are denoted IL and M, ¢(#) is the heat capacity and x(e(u), z, #) is the conductivity. As usual,
() Di and O denote the time derivative %, the 2-th derivative with respect to z and the subdifferential
in the sense of convex analysis (for more details see [Bre73]), respectively. Observe that (1.2a), (1.2b)
and (1.2c) are usually called the momentum equilibrium equation, the flow rule and the heat-transfer
equation, respectively.

The paper is organized as follows. In Section 2, the thermodynamic consistency is justified and some
illustrative examples are presented. Then the mathematical formulation of the problem in terms of dis-
placement, internal variables and temperature is presented in Section 3. Our problem is reformulated
in terms of enthalpy, which is a crucial ingredient to prove the existence result. Sections 4, 5 and 6 are
devoted to the proof of a local existence result by a fixed point argument. More precisely, in Section 4,
we consider first the system composed by the momentum equilibrium equation and flow rule for a given
temperature # and we prove existence and regularity results. Next in Section 5, we recall existence and
regularity results for the enthalpy equation for any given right hand side. Then a local existence result
follows in Section 6 by using a fixed-point argument. Finally a global energy estimate is established in
Section 7 leading to a global existence result for the system (1.2).

2 Mechanical model

We justify here the thermodynamic consistency of the model (1.2). Starting from the Helmholtz free
energy W, we introduce the specific entropy s via the Gibb’s relation

s = = _DGW( ( ) 27V279)7 (2.1)
and the internal energy
Win(e(u), 2, Vz,0) £ W(e(u), 2, Vz,0) + 0s. (2.2)

Then the entropy equation is given by
0s+div(j) =€, (2.3)

where j is the heat flux and £ is the dissipation rate. We get
¢ = Le(u):e(u) + Mz:2 + ¥(2) > 0,
and, assuming Fourier’s law for the temperature, we have
Jj = —rk(e(u),z,0)Vo.

We can check now that the second law of thermodynamics is satisfied if @ > 0. Indeed, assuming that
the system is thermally isolated, we may divide (2.3) by 6 and Green’s formula yields

/de_/ div(k(e(u )d +/ Lo(u’):c(a)—zMé:,é—i-\I/(z') da
Q

:/ e 2EVOVE g +/ Le(ie(itMa+ V() 4 > g
Q Q

We differentiate now Win(e(u), z, Vz, ) with respect to time, we obtain by using the chain rule and
(2.2) that

Win(e(u),z,Vz,0) = DeuyW (e(u), 2, Vz,0):e(u)

2.4
+ D, W(e(u),z,Vz,0):2 4+ Dy.W(e(u),z,Vz,0)-Vzi+0s. 24



We integrate (2.4) over 2, thus we use the Green’s formula and (2.3), we find
/Q Win(e(u), 2, Vz,0)dx = /Q DeuyW (e(u), 2, Vz,0):e(i) dx
+ /Q D.W(e(u),z,Vz,0):2dx + /Q Dy.W(e(u),z,Vz,0)-Vidx (2.5)
+ /Q(div(/i(e(u), z,0)V0)+Le(u):e(u)+Mz:2+V¥(2))dz.

On the one hand, we multiply (1.2a) by 7, and we integrate this expression over ) to get

/QDO(H)W(e(u),z,Vz,H):e(zl)dx+/Q]Le(u):e(u)dw:/Qﬁ'udw. (2.6)

On the other hand, the definition of the subdifferential U (£) leads to the variational equality associated
to (1.2b)

/DZW(e(u),z,Vz,H):de+/DvZW(e(u),z,Vz,H)-V,éd:U
Q Q
2.7)
—i—/Mé:édx—i—/\I’(é)dx:O.
Q Q

We use (2.6) and (2.7) into (2.5), we obtain

/VVin(e(u),z,Vz,H)dx:/E-ud$+/ k(e(u), z,0)VO-ndx.
Q Q o0

This means that the total energy balance can be expressed in terms of the internal energy, which is the
sum of power of external load and heat.

Note that from (2.1), we get
S = DGWO(G) - WQ(G(’LL), Z)v (2.8)
and
Win(e(u), 2, Vz,0) = Wi(e(u), 2, Vz,0) + 0DgWo(0) — Wo(6). (2.9)

We use (2.9) into (2.3), we may deduce the heat-transfer equation (1.2c) with the heat capacity given by
c(0) = 6D2Wy ().

Motivated by the study of shape memory alloys, we will focus in the rest of the paper on the special case
where W7 is given by

Wi(e(u), z, Vz) = 1E(e(u)—2):(e(u)—2) + %|Vz|* + Hi(2),

where the internal variable z is a deviatoric d X d tensor, H; is a hardening functional and the term
%\Vz]z, v > 0, takes into account some nonlocal interaction effect for the internal variable. Moreover
we will assume

Wa(e(u), 2) £ atr(e(u)) + Hy(z).

Here al, with & > 0 and I the identity matrix, is the isothermal expansion tensor. Furthermore, the sum
H(z,0) £ Hy(z) 4+ 0H(z) may be interpreted as a temperature-dependent hardening functional.
Note that the system (1.2) is then rewritten as

— div(E(e(u)—z)+abl+Le(w)) = ¢,
oY (2) + Mz — E(e(u)—z) + D,Hi(2) + 0D, Hs(z) — vAz 3 0,
c(0)6 — div(k(e(u), z,0)V0) = Le(t):e(i) + O(atr(e(w))+D, Ha(2):2) + (%) + Mz:2.



We may illustrate the presented model by a nontrivial example, namely, a three-dimensional macroscopic
phenomenological model for shape-memory polycrystalline materials undergoing phase transformations.
This model was introduced by Souza et al ([SMZ98]) and by Auricchio et al (see [AuP02]). The internal
variable describes the inelastic part of the deformation due to the martensitic phase transformation and
the hardening functional H takes the form

H(z,0) = c1(0)|2] + c2(0) 2 + x(2).

Here x : R2X? — [0, 400] denotes the indicator function of the ball {z € REX? : |2| < ¢3()} and
the coefficients ¢; () are positive real numbers. Let us observe that ¢1(#) > 0 is an activation threshold
for initiation of martensitic phase transformations, c2(6) measures the occurrence of hardening with
respect to the internal variable z and c3(6) represents the maximum modulus of transformation strain

that can be obtained by alignment of martensitic variants.

The dependence of the coefficients ¢;, i = 1, 2, 3, with respect to € is due to a strong thermo-mechanical
constitutive coupling coming from the latent heat absorption or release, which is one of the main features
of the behavior of shape-memory alloys (see [AuP04] for more details).

For mathematical purposes, we should regularize the hardening functional as in [MiP07]. Namely, we
replace H(z,0) by

def 2| —c= 4
HY(2,0) 2 c1(0)v/F+ 2 + ea0) o + Lo,

where § > 0 is a small parameter. Then, assuming that the mappings ¢;, i = 1,2, 3, are of class C' we
can consider an affine approximation of H°(z,6) as H(z) + 0 H3(z) with

—é- 4
H)(2) = a1/P+]2 + &2 + s,
where¢; > 0,7=1,2,3.

Let us emphasize that the existence proof presented in the next sections can be easily extended to more
general models of shape memory alloys for which W7 is given by

Wi(e(u), 2, Vz) = 1E(e(u)—E(2)):(e(u)—E(z)) + 4|Vz|* + Hi(2),

where the internal variable z is a vector of RV =1, with N > 2, and E is an affine mapping from RN-1
to the set of d x d deviatoric tensors. In such models, IV is the total number of phases, i.e., the austenite
and all the variants of martensite, and the components z1,...,zy—1 of z and 2N 11— Zk 1 2k are

interpreted as phase fractions. Then E(z) is the effective transformatlon strain of the mixture, given by

N-1 N-1
Z) = Z 2B + <1— Z Zk)EN,
k=1 k=1

where . is the transformation strain of the phase k and the temperature dependent hardening functional
H (2, 0) is the sum of a smooth part w(z, #) and the indicator function of the set [0, 1]V ! (see [MiT99,
Mie00, HaG02, GMH02, MTL02, GHHO7]). The hardening functional can be regularized in a similar way
as in the previous example by replacing H (z, 6) by

N-1
§ z zp—1
H(2,0) = w(z,0) —I—kz (= ’“6(1+|Z§€"‘) ) ),
=1

and we may consider an affine approximation of w(z, ) as wi(z) + Qws(z). For more details on this
example the reader is referred to [PaP11].



3 Mathematical formulation

We consider a reference configuration 2 C R3. We assume that €2 is an bounded domain such that
09 is of class C**7. We will denote by ngff the space of symmetric 3x 3 tensors endowed with the
natural scalar product v:w = tr(vTw) and the corresponding norm |v|? £ v:v for all v, w € R

particular, we assume that

3x3
sym - IN

Wi(e(u), z, Vz) = 1E(e(u)—2):(e(u)—2) + 5|Vz|* + Hi(2),

Wa(e(u), 2) = atr(e(u)) + Ha(z),

where v > 0, a > 0, is the isotropic thermal expansion coefficient, IE denotes the elastic tensor and Hj,
1 = 1,2, two hardening functionals. Given a function £ : QX(O, T) — Rg, we look for a displacement
u : Qx(0,T) — R3, a matrix of internal variables 2 : Qx(0,T) — R§§,3 and a temperature
0 : Qx(0,T) — R satisfying the following system:

— div(E(e(u)—z)+abI+Le(d)) = ¢, (3.1a)
0V (%) + Mz — E(e(u)—z) + D,H1(2) + 0D, Ha(z) —vAz 3 0, (3.1b)
()0 — div(r(e(u), z,0)V6) (3.1¢)

= Le(d):e(u) + O(atr(e(u))+D,Ha(2):2) + U(Z) + Mz:2.

We have naturally to prescribe initial conditions for the displacement, the internal variables, and the

temperature, namely
u(-,0) =u°, z(-,0)=2" 6(-0) =6 (3.2)

The problem is to be completed with boundary conditions. More precisely, we suppose here that

=0, Vzn,, =0, rVln,, =0, (3.3

U g

where 7) denotes the outward normal to the boundary 052 of €2. The original problem (3.1) can be rewritten
in terms of enthalpy instead of temperature by employing the so-called enthalpy transformation
def 0
g(0) =9 = [ c(s)ds. (3.4)
0

Clearly, g is the unique primitive of the function ¢, which is supposed to be continuous, such that g(0) =
0. Furthermore, we will assume that for all s > 0, ¢(s) > ¢© > 0 where ¢ is a constant. Hence we
deduce that g is a bijection from [0, 00) into [0, c0). We define

W) >0
o) =19 ( = 35
) {0 otherwise, (3:52)
K (e(u), z,9) = 7’6(6(;&’(219’)()(0)), (3.5b)

where g_l is the inverse of g. For more details on the enthalpy transformation, the reader is referred to

[Rou09b] and the references therein. Therefore the system (3.1) is transformed into the following form

— div(E(e(u)—z)+a(9)I+Le(w)) = ¢, (3.6a)
oV(z) + Mz — E(e(u)—z) + D, Hy(2) + ((9)D,Ha(z) — vAz 3 0, (3.6b)
9 — div(k®(e(u), z,9)VV) (3.6¢)

= Le(t):e(it) + C(9)(otr(e(i))+D. Ha(2):2) + () + Mz:2,



with boundary conditions

=0, Vzn,, =0, sVin,, =0, (3.7

Ul o

and initial conditions
u(-,0) =u’, z(-,0) =2% 9(,0) =" = g(6°). (3.8)

The identity (3.6c¢) is called the enthalpy equation. As usual Korn’s inequality will play a role in the mathe-
matical analysis developed in the next sections. We have assumed that OS2 is of class C%+7, so that the
Korn's inequality holds, i.e.

0% > 0 € HY(9) ¢ [le(u) 22y = Ol - 39)

(see [KoO88, DuL76]).

Let us introduce now the assumptions on the dissipation potential ¥, on the hardening functions H;,
def

i=1,2,andonthedata E, L, M, /¢, ¢ = ¢(f) and = k(e(u), z,0), which will allow us to obtain
some regularity properties that are needed to prove the existence result.

We assume that the dissipation potential ¥ is positively homogeneous of degree 1 and satisfies the
triangle inequality, namely, we have

Yy >0z € RIS W(y2) = 40(2), (3.10a)
ACY > 0Vz e R 0 < W(2) < CYzl, (3.10b)
Vz1, 29 € Rg’yﬁ?’ D W(z1422) < U(z1) + U(22). (3.10c)

It is clear that (3.10a), (3.10b) and (3.10c) imply that W is convex and continuous. We impose that the
hardening functionals H;, i = 1, 2, belong to Cz(R?’X?" R) and satisfy the following inequalities

dev
Jeth M > 0z e R3S H(2) > |2 — 2, (3.11a)
3CHi > 0vz e RX3 . D2H;(2)| < CHi (3.11b)
Note that (3.11b) leads to
3CH > 0Vz € R |D.Hi(2)| < CHi(1+4]2]), |Hi(2)] < CHi(1+]2]?). (3.12)
The elastic tensor E : 2 — E(Rg’yfn?’, Rg’yfn?’) is a symmetric positive definite operator such that
3t > 0vz € L2(Q;R§yxm3) : CEHZHI%Q(Q) < / Ez:zdx, (3.13a)
Q
L — . OEi,;() oo

We assume that I. and M are symmetric positive definite tensors. This implies that
3, O > 0z e RP3 cH‘|z|2 <Lzz< C’H‘|z|2, (3.14a)
IM M > 0z e RS M|212 < Mz:z < CM|z)2 (3.14b)

We assume furthermore that
Vz e R3X3 . Mz e R3X3. (3.15)

dev dev



We consider that £ is an external loading satisfying
¢ € HY(0,T;12(Q)). (3.16)

Finally, for the heat capacity ¢ and the conductivity < we assume that

¢ :[0,00) — [0, 00) is continuous, (3.17a)
381 >23c¢°>0V0>0: “(14+0)71 < ¢(8), (3.17b)
kS ROSXRIZ? xR — R is continuous, bounded and uniformy positive definite, e  (3.17c)
3™ > 0V(e, 2,0) € Rg’yfng X R3X3 x RVo € R : k¢(e, z,0)v-v > ¢ |u|?, (3.17d)
30" > 0V(e, 2,9) € REZ x RS xR 1 |k°(e, 2,0)| < C*. (3.17¢)

Let us emphasize that the three dimensional model for shape memory alloys presented in Section 2
fulfills the previous assumptions so that we may apply the abstract result obtained in the next sections.

Let us end this section by some comments about the proof strategy. In order to obtain a local existence re-
sult for the coupled problem (3.6)—(3.8), a fixed point argument will be used. More precisely, for any given

¥, we define 0 = ¢ (1) and we solve first the system composed by the momentum equilibrium equation
c def

and the flow rule (3.1a)—(3.1b), then we solve the enthalpy equation (3.6c) with K¢ = k°(e(u), z, C(ﬁ))
This allows us to define a mapping

(b:ﬁb—wﬂ,

and our aim is to prove that this mapping satisfies the assumptions of Schauder’s fixed point theorem.

Therefore, let us consider a given ¢ € LI(0,T;LP(2)) with 5 > 1 and ¢ > 1. We define 6 = ((9).
Since ( is a Lipschitz continuous mapping from R to R, we infer that the mapping

¢1: L0, T;L7(Q)) — L9(0, T: L7 (2))
90
is also Lipschitz continuous. Furthermore (3.17b) implies that
VO € [0,00) : S ((140)" 1) £ g1(0) < g(6).

Thus we have
V9 € 0,00) 1 0< (W) <G(9) = gt (),
and L
V9 eR: [C(W)] < (BoF41)m —1,

with 9 = max(4, 0) for all ¥ € R. It follows that
VB e LAV ER: (D) < (Bot+1)7 —1 < (&9+)7, (3.18)

Hence, for all 3 € [1, 81] and for all ¥ € LI(0, T;LP(£2)), we have = ¢(9) € LP9(0,T;L5P(Q))
with .

1 o 1
HHHLB@(O,T;LW(Q)) < (%) g HﬂHEé(QT;Lﬁ(Q))'

In the rest of the paper, we will assume that ¢ > 4 and p = 2.

When there is not any confusion, we will use simply the notation X(€2) instead of X(2;Y) where X is a
functional space and Y is a vectorial space.



4 Existence and regularity results for the system composed b y the mo-
mentum equilibrium equation and the flow rule

This section is devoted to the proof of existence and uniqueness results for the system composed by the
momentum equilibrium equation and the flow rule (3.1a)—(3.1b) under the consideration that § = C(ﬁ) is
given in a bounded subset of L(0, T'; LP(£2)) with ¢ = f1gand p € [4, min (31, 6)] . More precisely,
we look for a solution of the problem (P, ):

— div(E(e(u)—z)+abI+Le(d)) = ¢, (4.1a)
0V (z) + Mz — E(e(u)—z) + D,Hi(2) + 0D, Ha(z) — vAz 35 0, (4.1b)
with initial conditions
u(-,0) =u’, 2z(-,0) = 2Y, 4.2)
and boundary conditions
Upg =0, Vzey,, =0. (4.3)

Furthermore we will establish some a priori estimates and some regularity results for the solution of
(Pyz).

As a first step, we use classical results for Partial Differential Equations (PDE) and Ordinary Differential
Equations (ODE) to obtain an existence result. Let A : H'(Q) — (H'(£2))’ be the linear continuous
mapping defined by

Y(u,v) € (HY(Q))?: (Au, v) (11 )y 1 (Q) = / v M Vu:Vodz.
Q

Classical results about elliptic operators implies that A generates an analytic semigroup on L2(Q), which
extends to a Co-semigroup of contractions on LP(£2). We denote by A, (resp. Ag) the realization of its

generator in LP(Q2) (resp. LP/Q(Q)) and by X, ,(£2) the intersection of interpolation spaces

Xap(®) £ (L), D(A))1_2 4 N (L72(Q), D(A)), 1,

_2
q’

wha

(see for instance [HIR08, PrS01] and the references therein). Here D(Ap) (resp. D(Ag)) denotes the
domain of A,, (resp. Ag).

In the sequel, the notations for the constants introduced in the proofs are valid only in the proof and we
also use the set O, = Q x (0, 7) with 7 € [0, 7.

Theorem 4.1 (Existence for (P,,.)) Let 6 be given in LI(0, T; LP(£2)). Assume that u® € H(Q),
20 € HY(Q) and that (3.10), (3.11), (3.14) and (3.16) hold. Then the problem (4.1)—(4.3) admits a solu-
tion (u, z) € HY(0,T; H () x L2(Q)) N L0, T; H{(Q)xHL(£2)). Furthermore if 20 € X, ,(€2)
then z € L4(0, T; H2(Q)) N C°([0, T, HY(Q)) and 2z € LI(0, T;L3()).

Proof. Observe first that for all f € L2(0, T (HA(2); R?)) and for all u* € H}(Q;R?) the following
problem
—div(Ee(u)+Le(w)) = f,

with initial conditions
u(-,0) = u* € HY(R?),



and boundary conditions
= 0’

Ulaq
possesses a unique solution u = L(u*, f) € HY(0, T; HL () N CO([0, T]; H(R2)). Note that
Vf1, fa € L2(0,T; (Hy(Q); R?)) Vu* € Hy(R?) + L(u*, fitf2) = L(u*, f1) + L(0, f2),
and the mapping
Lo() = £(0,) = L(0, T3 (H5()')) — H(0, T3 Hg(2)) N CO([0, T]; Ho (),
f=u,
is linear and continuous. Moreover, the classical energy estimate gives

t
Wt € 0.7 = ¢ le(u(-, )| g + O /0 (-, )12 (g ds
(4.4)

t
< e [ 15, gy

forall f € L2(0,T; (H(2)")) and u = Lo(f). It follows that (4.1a) and (4.1b) can be rewritten as

OV (2) + Mz +Ez+D,Hi(2) + 0D, Hy(2) — vAz + g1(6) + g2(2) 5 0, (4.5)
with initial conditions
Z('70) = zO € Hl (Q;Rge;/s)v (4-6)
and boundary conditions
Vzn,, =0, 4.7)

where g1 (6) = —Ee(L(u,0)) — Ee(Lo(div(abl))) € HY(0, T LZ(Q;Rg’yﬁ?’)) and

g2+ L2(0, T3 L2 (s RE®)) — HY(0, T L2 (4 REE)),

dev sym

z — Ee(Ly(div(Ez))).

Let o : L2(Q; R3X3) — (—00, +-00] defined by

dev

; 3x3
. %HVZHI%Q(Q) if z€ H'(Q;RY),
400 otherwise,

is a proper, convex lower semicontinuous function. Clearly, J¢ is a maximal monotone operator, for more
details on the maximal monotone operators and their properties, the reader is referred to [Bre73]. The
resolvant of the subdifferential O is defined by

Ve>0: J. = (I+edp) "t

Note that the resolvant .7, is a contraction defined on all L2(€2; Rg’gi”). Let us introduce also

Ve > 0Vz e L2(QR3X3) : o (2) € min Llz=2|1? 200 +(2) ),
( dev ) E( ) zeL2(Q;R§e§3){ 2e ” HL (9)) ( )}
which, is a convex and Fréchet differentiable mapping from LQ(Q; R?’X?’) to R. Using [Bre73, Prop. 2.11],

dev
we know that the Yosida approximation of J¢ coincide with the Fréchet differential of ., i.e., we have

Ve>0: dp. = 1(1-T0), (4.8)



3><3).

and Jy, is a monotone and %-Lipschitz continuous mapping on L2(Q; Ry

We approximate now the problem (4.5)—(4.7) by
OV (2¢) + Mze + 0pe(ze) + Eze + D Hi(2e) 2 —(91(0c)+92(Teze)+0. D, Ho(Teze)),  (4.9)
with the initial condition
2:(0,-) = 2. (4.10)

Here 0. € C3°(0,T) @ C3°(2) and 0¥ (%) is taken in the sense of the L%(2)-extension of the
subdifferential of the convex function ¥ (see examples 2.1.3 and 2.3.3 in [Bre73)), i.e., (4.9) is equivalent
to

— Mz (t,2) — Opc(2(t,x)) — Eze(t,x) — D Hi(2:(t, x)) — g1(0c(t, x))

— go(Teze(t, 7)) — 0c(t,2)D, Ho(Teze(t, 7)) € OU(2c(t, x)).

forall t € [0, 7] and almost every x € §2. Since we are looking for a solution with values in Rﬁjﬁ, the
test-functions should be taken in Rg’;\,g. More precisely, we have
U(Z) — U(2(t, ) + (MZ2(t, 2)+0pe(2e(t, x))+Eze (¢, )+D, Hy (2¢(t, )) (4.1
+91(0c(t, )+ 92(Teze(t, ) +0c(t, 2)D, Ho(Teze(t, 2))): (Z—2c(t, x)) > 0,
forall z € Rggf,s and ¢t € [0, 7] and almost every = € 2. Observe that (4.11) is equivalent to

Ugeu(Z) — Yaev(Ze(t, x)) + Pl’ojRgga(M,éE(t, ) +0pe(ze(t, x))+Eze(t, 2)+D, Hy (2 (t, x))
+gl(9€(t7 :17))—1—92(;75255)(1;, :L')“‘ee(ty x)DzH2(u7eZe(t7 x))):(z_ze(ty 3:)) 2 07
forall 7 € R3X3
ProjR;sxs denotes the projection on

3x3
Jey and

. Using the definition of

and ¢ € [0, 7] and almost every z: € 2. Here Wqey is the restriction of ¥ to R

R3%3 relatively to the inner product of Rg’me3

the subdifferential O gey(Z¢ (¢, x)) leads to the following differential inclusion
- PrOJ'R(?gS(&Pe(Zs(t’ x))+Eze(t,2)+D, H1(ze(t, ) + g1(0e(t, z))
+92(Teze(t, ) +0c(t, 2)D, Ha(Teze(t, ) € 0Wdev(2e(t, ) + Mzc(t, ),

for all t € [0, 7] and almost every = € €. Note that the operator 0¥ qe, + M is strongly monotone
on R3%3 as well as its 1.2(2)-extension, still denoted OWgey + M, on L2(Q; R3X3). This operator is

dev dev
invertible and its inverse is c%M-Lipschitz continuous. Thus (4.9) can be rewritten as

Ze = q>(067ze)7 (4.12)

with
(O, 2) Z(OVger+M) 1 (ProjR;sxs(—&pe(z)—IEz—DzHl(z)

—91 (06)—92($Z)—06D2H2($Z))) )

forall z € L2(0, T; L2(£2; R3X3)) and we have to solve this differential equation for the unknown func-

tion z.. We may observe that we are not in the classical framework of ODE in L2(Q; Rg’g?’) (see [Car90]),

since go(J.z) can not be defined for z € L2(€2; R3X3) but only for z € L2(0, T; L2(€2; R3X3)). How-

dev dev

ever we can solve (4.12) with the Picard’s iterations technique. Indeed, ®(0,,2) € C°([0, T]; L2(Q2))
forall z € C°([0,7]; L3(Q)) and z. € C([0,7];L%(f)) is a solution of (4.9)—(4.10) if and only if z
is a fixed point of the mapping

Ac: C°([0,T];L*(Q)) — C'([0,T]; L*(2))

2 Ae(2) it 20+ /0 D(0c(-,s),2(-,5))ds.
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Let us assume that 21, 2o € C°([0,77]; L2(£2)). By using (3.11b) and (3.13b), we find that

[Ae(z1(+5 8))=Ae(22(+, ) lL2 ) < /(H@%(Zl( $))—0¢c(22(-, 8)) |2 (o
(B (@) +CHEHCE 0l lLe (0, 121 (- 8) =22 (-5 8) L2 ()
+Hg2(Tez1 (5 8))—g2(Tez2 (- ))||L2 )ds

forall t € [0, 7). Since . is L-Lipschitz continuous on L2(£2) and g is linear, it follows that

t
vt € [0,T] : |Ac(21 (s t)—Ae(z2(- 1)) [lL2 @) < CE/ [21(-; 8)—22(+, 8)[|L2 () ds
0 (4.13)

/ l92(Teza (- 8)— Tz, )z ds,

€ def

where C
to infer that

( + B[00 () +CHE +CH2 10|10 (0 ) - Thus the energy estimate (4.4) allows us

1

E|lp 2
(et 5Dl o) < VA2 ([ v B2, 0)) gy o)

I|EII
C]EZ];Z'(IZr)n /H HL2 dU) )

forall s € [0, 7] and all z € L2(0,T;L2(£2)). This leads to

/ lg2(Tez1 (-, 8)—Teza(cs 8 ))||L2(Q) ds

IEN? s 1
< e /HJezl Ty o) s,

for all ¢ € [0, T]. Since 7. is a contraction on L2(£2) we infer

IEIZ oo 3
/ l92(Te1 (- 8) =Tzl ) ey ds < Sbizioy / 212 0) 2200, ) [y do ) * i

Bl e VT
< —aoer tlzi—22lleo o,z @),

forall ¢ € [0, T']. Finally, we find

¢ ElR ooy VT
vt €[0,T]: [[Ac(z1 (1) —Ae(22(,1)) 20 < (C +W¢%)t|’2’1—22\\00(0TL2(9))

We iterate the previous computation to get

m m € ||E||2oo f mm
JAT (21, )~ AT 22, 8) ey < (O Hrs @B ™ 2y 2ol oogozn(e)-

forallt € [0,7] and m > 1. It follows that there exists mg > 1 such that

(Ce_i_”E”iOO(Q)\/T)mo 7m0 <1
di/Edomen)  mel S b

and A possesses a unique fixed point in C°([0, T]; L2(£2)), which is also the unique fixed point of
A.. We may conclude that there exists a unique solution z. € C([0, T]; L2(Q; R3%%)) to the problem
(4.9)~(4.10).

11



Let us choose now a sequence (05)5>0 such that

0. — 6 in LY(0, T;LP(Q)).
Since p, g > 2, it follows that

0. — 6 in L2(0,T;L%(Q)).

We will establish that there exists a subsequence of (z. )¢, still denoted by (z )0, such that

ze — z in HY(0, T; L2(Q; R3X3)) weak,

dev
Ze — z in L®(0,T; HY(Q; R3X3)) weak *

dev

where z is a solution of the problem (4.5)—(4.7). To do so, we notice that

V€ [0,T]: 2, t) =(0WdevtM) " (Projgsxs (ge(t, Jeze(-, 1))
_6906('26('7 t))—EZE(', t)_DzHl(zE(" t)))) >

where g (t, Jeze(-, 1)) = —(91(0c(, ) +92(Teze (-, 1)) +0(-, )D, Ho(Te 2e(+, 1)) ). Define
vt € [0>T] ¢ We ( t) ﬁ gE(t t7ez6( 9 )) - a@ﬁ(ze('vt)) - Eze('>t) - DZHI(ZE('vt))'

We have w, € CO([0,T]; L2(Q; R2X3)) and

sym

vt e [07 T] : wG('? t) + 8905(2'6('7 t)) + EZG('7 t) + DzHl(Ze(’a t)) = ge(ta \752'6(’7 t))7 (4-143-)

Yt € [0,T): z(-t) = (8\Ifdev—|—M)_1(PrOjR§,x3(wE(-,t))). (4.14b)
In order to obtain a priori estimates, we multiply (4.14a) by Z., and we integrate this expression over Q.
to get

/wgzz'gdxdt—k 8@6(25):z'€da:dt+/ Eze:z.dxdt

QT T
—1—/ DZHl(zE):Zedazdt:/ 9e(t, Teze): e dx dt.
T QT

We observe that fg 0, zg)'z"6 do dt = @c(2(-, 7)) — @(2°) and fg D,Hi(z¢):2 do dt =
Jo Hi(ze(-,7))da — [, H1(2°) da. Moreover, recalling that Z € CO([O T); L2(; R3X?)), we have

dev

/ wezzedxdt:/ ProjR3x3(w€):Z€dajdt20M/ HéEHiz(Q)dt
dev 0

T T

since 20 € HY(Q;R3X3) = D(p), we have o (2°) < ©(2°) (for technical details, the reader is

dev

referred to [Bre73]) and
/ HzeHLg dt—H,pE ze(y T /H1 ze(y7))de + 5 /Ezg(.ﬂ-):ze(.ﬂ-)dx
)+ [ >dw+§/Ez°z ot gt [ ot Tz ) oy .
Q Q

Furthermore

Ve > 0Vz € LALRE’) : ¢e(2) = §l100e(2) |2 () + 0(Te2) = 5l 7= T2y + (Te2).
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Thus J.z € CO([0, T]; H (Q; R3X3)) for all z € CO([0, T); L2(€; R3%3)) and

dev dev

F [ alladt+ el =Tzl )y + o) + [ Hileuter
44 [ Bal e <o) + [ 06

Q
—i-%/Ez da:—i— / lge(t, Teze(- ))HL2 dt.

Q

By using (3.11a), (3.12) and (3.13a), we infer that

o / el gt £ 2 7= Tezes 1) oy + Cllze P 2o
(4.15)

+ OV oy < Cot g [ et el g

where Cy = ¢ +fQH1 dac—l—NHl\Q]—i- fQEzo 2Vdzand C; £ mln( Hl—i—% %) Since
Jeisa contractlon and 7.0 = 0, we have

vz e IAQRYY) [Tzl = 17— T0lla@) < Izl
Then we find

CM T . T
o /0 2122y dt + C1llTeze (o)) < Co+ 5 /0 196 (t, Teze(, )Py dt. (4.16)

For the bound on g, (¢, Jez¢(+, t)), we use (3.12) to get
[ ot Tzl e <3 [ on(@0 By at +3 [ ga(z) oy
0 0 0
. (4.17)
+6(CI)? [ 16y dt +6(CE2)? [ 0PIz P dact
0 o,

By using the definition of mappings g1 and gs, the first two terms on the right hand side of (4.17) can be
estimated. More precisely, it is plain that there exists Cy > 0 such that

9102y At + | l9a(Teze) 22
0 0
3 (G My A oy AL AN

The last term on the right hand side of (4.17) is estimated by using Holder’s inequality and the continuous
embedding H'!(Q) < L*(£2). Namely, it follows that there exists C3 > 0 such that

(4.18)

/Q 10| Tz 2 dadt < Cg/o 10ellF 10 || Teze 171 o At (4.19)
We insert (4.18) and (4.19) into (4.16), we obtain
CM T ) T
7/ 12l 2(0) At + Cl|Teze (-, ) 10y < Co + %(HUOH%{I(Q)"'/O HEH%P(Q)dt)

T C +6(C 2)2Cs]10 |12 (4.20)
C! 6 2 31Y€ll; 4
+ 2+2CM / ||0 ||L2 dt + / 26M L7 ||'~7€ZEHH1(Q dt
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Since 6, is bounded in L4(0,T;LP(Q2)), with ¢ > 2 and p > 4, we may deduce from Grénwall's
lemma that 7, z. is bounded in L>°(0, T; H' (2)), gc(-, J:zc) is bounded in L2(0,7;12(£2)) and z
is bounded in H' (0, 7; L2(Q)) N L*°(0, T'; L2(12)), independently of € > 0. Therefore (3.12) implies
that D, H(z.) is bounded in L°°(0,T; L2(12)), independently of € > 0. Furthermore the definition of
the subdifferential G\I/dev(z’e) enables us to infer from (4.14b) that

_ Mz‘e:wfdwdt—i—/ waHiz(Q)dtg/ (\I/(wf—i—,ég)—\ll(z‘e))dxdtg/ U (w?) dzdt,
Q- 0 o, .

where wf = Projgsxs (w,), and using (3.10b), we get
dev

1wl l20,112(0)) < cYVTIO + CMHZEHLQ(O,T;LQ(Q))- (4.21)

Observe that . is bounded in L2(0,7;L2(f2)), independently of ¢ > 0, allows us to conclude that

w? is bounded in L2(0, T'; L2(£2)), independently of ¢ > 0. On the other hand, we multiply (4.14a) by

D (zc) and we integrate this result over Q. Recalling that di. (2. ) takes its values in L2(€2; R3X3),

the Cauchy-Schwarz’s inequality, (3.12) and (4.21) give

[0¢e(2e)lL2(0,m12(02)) < (CchyC?)yTIO + (CZHI‘FHEHLOO(Q))”ZeHL2(0,T;L2(Q))
+ CY|zellL2 0.2y + 196 (5 Teze) 2 .02 @) -
Thus O, (z.) is bounded in L2(0,7;12(f2)), independently of ¢ > 0 and finally w, is bounded
in L2(0,T;L2(R)), independently of ¢ > 0. Furthermore, there exists z € H'(0,7;L?(Q)) N
L>®(0,T;L%(Q)), z € L*(0, T; HY(Q)), w,v € L2(0,T;L%(Q)) such that it is possible to extract
subsequences, still denoted by z, Jeze, we and Jpe (2, ) satisfying the following convergences
ze — z in HY(0,T;1L23(Q)) weak,
ze — z in L0, T;L*(R)) weak *,
Jeze — Z in L>=(0,T; H'(Q)
we — w in L2(0,T;L%(Q))
Opc(z) — v in L*(0,T;L*()) weak.

) weak *,

weak,

Moreover, using (4.15) there exists Cy > 0 such that
Vr € [0,7] 1 |lze(7)=Teze (5 MF2i) < Cae(1H1ge (-, Tez) 120 m12(0))) (4.22)

which, allows us to infer that 2 = Z. Since 7, is a contraction on LQ(Q), it follows also that, possibly
extracting another subsequence, still denoted by 7. z¢, we have

Vr € [2,6) : Jeze — 2 in CO[0,T];L7(Q)).
We may deduce from (4.22) that
ze — z in CY0,T;L%(Q)).

Our aim now consists to pass to the limit in (4.14). To do so, we observe that the mapping Ly is linear
and continuous, the mappings g1 and g2 are also continuous, which, gives

91(8e) — g1(6) in L*(0,T1L(2)),
92(Teze) — go(2) in L2(0,T; L2(Q)).
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Since D, H;, ¢ = 1, 2, is Lipschitz continuous, it follows that

D.Hy(z) + Ez. — D, Hi(z) + Ez in C°([0,T];L*(Q)),
Vr € [2,6) : D, Hy(Jez) — D, Ha(2) in C°([0,T); L7 (2)).

Hence we consider r such that 1—1) + % = % to get
0D, Ho(T.2:) — 0D, Ho(2) in L2(0,T;L%(Q)).
We can pass to the limit in all terms of (4.14a), we obtain
w+v+ D H1(2) + Bz = —(g1(0)+92(2)+6D. Ha(2)). (4.23)

It remains to pass to the limit in (4.14b) and to prove that z solves (4.5)—(4.7). Using (4.10) and the
strong convergence of (z¢)e=o to z in CO([0, 7]; L%(92)), we infer that (0, -) = 2°. Then we prove that
v(t,-) € Op(2(t,-)) for aimost every t € [0, T, i.e, v € Op(z) where Oy is identified to its L2(0, T')-
extension. To do so, we use the classical results for maximal monotone operators (see [Bre73]). More
precisely, since Ope(ze) € Jp(Teze), itis sufficient to prove that

limsup/ (agpﬁ(ze)):(jeze)dazdtg/ vizdazdt, (4.24)
e—0 Or Qr

which is an immediate consequence of the convergence results for the subsequences (9. (z¢))e>o and
(Jeze)e>0- Hence, using the definitions of w and , we may conclude that z is a solution of (4.5)—(4.7)
if we can prove that ProjRjgf’ (w(t,-)) —MEz(t,-) € OWqev(2(t,-)) for almost every ¢t € [0, T]. So we
may use the same trick as previously and we only need to check that

limsup/ ProjRgxg(we):,éEdwdtg/ Projgsxs(w):2dzdt. (4.25)
QT ev

e—0 sz“ dev

But 2. takes its values in Rg;\</3 and thus Z takes also its values in ]Rg’exvg. It follows that (4.25) is equivalent
to

limsup/ wgzzgdwdtg/ w:zdxdt.
e—0 Or Qr

We compute fQT We: 2 dx dt and fQT w:Z dx dt from (4.14a) and (4.23), then the convergence results
obtained above imply that (4.25) holds if and only if

lim inf 0pe(ze):zedadt > 0p(z):2dxdt.
=0 Jor Qr

We observe that [, Ope(ze):Ze do dt = pe(2e(T)) — pe(z%) > @(TezelT)) — (") and
fQT Op(2):2dxdt = p(2(T)) — ¢(2%). Recalling that 2° € D(ip), we get lim, g . (2°) = ©(2°)
and the lower semicontinuity of , allows us to conclude. This proves the existence result.

Finally we observe that

—PI’OJ'Rgxg(w) = PI'OJ'R39§3(91 (0)+g2(2)+Ez) + D,Hy(2) + 6D, Hy(z) + v,

dev

and, using the definition of the mappings g1, g2 and ¢

—Projgsxs(w) = Projgsxs (—E(e(u)—2)) + D, Hy(2) + 0D, Ha(z) — vAz.

dev dev
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So we may rewrite (4.1b) as follows
5—uvM Az =MLf (4.26)

with f* £ PI’OjRgxs(E(e(u)—z)) —D,Hi(z) — 0D, Hs(z) — ¢ and ¢p = PrOjR;sxs(w) — Mz e
OV gev(£). With (3.10) we infer that

Vi) € OWgen(2) : ] < CV ae. (2,t) € Q x (0,T).

Since z € L>°(0,T; H!(Q)), we infer by using (3.12) that D, H;(z) belongs to L°>°(0, T'; LP(£2)) for
i = 1,2. Then it follows that M~ ! £~ belongs to L(0, T'; L2(2)). Since ¥ € X, ,(£2), we may deduce
from the maximal regularity result for parabolic systems that z € L(0, T'; H2(22)) N C°([0, T]; H!(Q2))
and Z € LI(0,T;1L2(£2)). We refer to [Dor93, HiR08, PrS01] and the references therein for more details
on the maximal regularity result for parabolic systems and its consequences. ]

Let us observe that here neither OWgey + M nor Op + D, Hy + 0D, Hy + Projgsxso(E+g1+g2) are
dev

linear and self-adjoint operators of LQ(Q; Rg’exv?’), so we can not use the ideas proposed in [CoV90] to

prove uniqueness. The uniqueness result proved below relies on the boundedness assumption (3.11b)
for the hardening functional H; combined with Grénwall's lemma. More precisely let A1 € C? (Rg’g?’; R)
be defined by

Vz e R3X3: hy(z) € Hy(z) — C1|z)2, (4.27)
with a real number CH1 > (. Assumption (3.11b) implies that there exists C™ > 0 such that
V21,29 € Rggf,g : |Dzh1(21)—Dzh1(Z2)| < Ch1|21—Z2|. (4.28)

Proposition 4.2 (Uniqueness for  (P,)) Assume that 6 is given in LI(0,T; LP(2)), (3.10), (3.11),
(3.14) and (3.16) hold and u® € H'(2), 2 € X, ,(£2). Then the problem (4.1)~(4.3) admits a unique
solution.

Proof. Let & = (uy,21) and & = (ug, z3) be two solutions of (4.1a)—(4.1b) satisfying (4.2) and (4.3).
With the results of the previous theorem we already know that (u;, 2;) € C°([0, T]; H} (2) x HY(Q))

and Az; € L9(0,T;L%(Q)), i = 1,2. Define
() = %/ E((e(u1)—21)—(e(uz)—22)):((e(u1) —21) = (e(uz) —22)) dx

Q
(4.29)
+ 5 / V(z1—2):V(21—2)dx + CHh / | 21— 2| dz
Q Q

forall ¢ € [0, 7. Since
V(t) = %/ E((e(u1)—21)—(e(uz)—22)):((e(u1) —21) —(e(uz) —22)) dx
Q
_%/ A(zl—z2).(z1—22)dx+C'H1/|z1—22|2d:£,
Q Q
the mapping - is continuous on [0, 7] and its derivative in the sense of distributions belongs to L1 (0, 7).

Thus 7 is absolutely continuous on [0, 7' and with assumptions (3.12) and (3.13a) combined with Korn's
inequality, we infer that there exists a real number x > 0 such that

Vi€ 0,712 1(t) = wllus (o t)—ua(, OlF g + laa =22 D). (430)
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On the one hand, recalling that 0Wgey(-) is @ monotone operator, the Green’s formula and (4.3) enable
us to deduce from (4.1b) that

VZ; € L2(Q; R3X3) /(I\\/JIZZ E(e(u;)—2)+D, Hi(2)4+0D, Hy(2)):(2—7%) da

(4.31)

—V/ Az (2—7z)dx < /(\I/dev(Ei)—\I/dev(z‘i))dw.
Q

On the other hand, we multiply (4.1a) by %; — u;, we integrate this expression over €2, and with the help
of the Green'’s formula together with (4.3), we obtain

Vii; € HY(Q) : / (B (e(u;)—2)+a0T+ Le(t)): (e(is) — e(di;)) dar = / 0 — ;) dz. (4.32)
Q Q

Thus we add (4.31) and (4.32), we get
/(MZZ—E(G(UZ)—ZZ)—I—DZHl(ZZ)—I—GDZHQ(ZZ))(ZZ—ZZ)dﬂj‘—I// Azl(zl—ZZ)daz
Q Q
+/Q(E(e(ui)—zi)—i-aHI—i—]Le(ui)):(e(ui)—e(ﬂi))dac (4.33)
< / (0 (i~ T0)+ Ve F)— Voer(1)) da.

Q

We choose now (u;, z;) = (t3—i, 23—;) for i = 1,2 in (4.33), we add these two inequalities, and with
the help of (3.14), we find

50+ ¢ [ [51=2Pdot & [ fe(ia)—ein) P da
< —/Q(Dzhl(21)—Dzh1(22)):(z‘1—722)dac
—/QH(DZHg(zl)—DZHg(ZQ)):(21—22)daj ae. tel[0,7].
We estimate the terms of the right hand side of the previous inequality as follows:
‘/Q(Dzhl(zl)—Dzhl(ZQ)):(731—22)daj‘ < 0h1/9|z1—z2||z'1—zg|dx
< %/Qyzl—zgmﬁ%Ayzl—zzy2dx,

and
‘/ H(DZHQ(Zl)—DZHQ(ZQ))Z(Z"l—22)dl“ < CgQ/wHZl—ZgHz"l—Zg‘dw
Q

< —/|z1—22|2d3:—|— /|9| |21 —29)? dz
< —/|21—Z2|2d33+ ||9HL4 HZI—Z2HL4(Q)-

Since H' () < L*(£) with continuous embedding, we infer that there exists C' > 0 such that

’Y(t) < C(1+|’0('7t)HI2_,4(Q))”Zl('7t)_22( )”H1 < %(1+“9('7t)|’i4(9))7(t) ae te [07T]'
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Butf € L4(0,7;LP(2)) with ¢ > 4 and p > 4, thus we get
Vi€ 0,71 A(t) < y(0)e® B0
which, allows us to conclude. O

We provide that 9 — (u, z) is a continuous mapping from L9(0, T; L7 (£2)) into H(0, T; H{ () x

L2(Q)) N L°(0, T; Hy () x HY(Q2)) where (u, 2) is the unique solution of (P,.) when 8 = ((4).

Lemma 4.3 Assume that (3.10), (3.11), (3.14) and (3.16) hold and that u® € H(Q), 2° € X, ,(Q).
Then ¥ +— (u, z) is continuous mapping from LI(0,7;LP(£2)) into H(0, T; H§ () x L%(Q)) N
L°°(0,T; H () x HY(Q)).

Proof. We consider ©; € LZ(0,T;LP(Q)) and for i = 1,2, let §; = ¢(%;) € LI(0,T;LP(R)) and
(u;, 2;) the solution of the following system:

— div(E(e(u;)—z;)+ab;I+Le(i;)) = ¢, (4.34a)
0V (%;) + Mz; — E(e(u;)—z) + D,Hi(z) + 0D, Ha(z) — vAz; 5 0, (4.34b)
together with initial conditions
ui(0,-) =, 2(0,-) = 2°, (4.35)
and boundary conditions
Ujjpo =0, VzZim,, =0. (4.36)

Since the mapping ¢1 : ¥ — 6 = ((¥) is continuous from LI(0, T; LP(2)) to LY(0,T;LP(Q)),
it is enough to check that the mapping 6 = ((9) — (u, z) is continuous from L7(0,T;LP(Q)) to
L7(0,T;1LP()).

Once again the key tool is the structural decomposition (4.27) combined with Gronwall’s lemma. We
reproduce the same kind of computations as in Proposition 4.2. More precisely, the total energy inequality
associated to (4.34)—(4.36) is obtained by multiplying (4.34a) and (4.34b) by u3_;—u; and 23_;—2;
respectively, and integrating over 2. Then, we add these two inequalities, we find

/E(e(ui)_Zi):((e(a?»—i)_z"?,—i)—(e(?li)—i’i))dw‘+/Méi:(ég_i—zi)dx

Q Q

+AQHitf(e(ﬂs—i)—e(ﬂi))dw+/QLe(m):(e(ug_i)—e(ui))dx

_/VAzi'(Zé—i—Z.i)dZE—l—/ DZHl(Zi)t(Zg_i—Zi)d;E (4.37)
Q Q

+ / HZ'DZHQ(ZZ‘):(Z"g_Z‘—Z"i)dx — / B-(zlg_,-—ui)dx
Q Q
+ \Pdev(zg_i) — \Pdev(zl) 2 0 ae. te [0, T]

It is convenient to introduce the notations: @ = U1 —U2, 2 = 21—=z9 and 6= 01—05. Therefore, we take
1 = 1,2 in (4.37) and we add these two inequalities, we get

/Q E(e(@))—2):(e(i) —3) dz + /Q M#:3ds + /Q Le(ii):e(i) da
_ /Q VAz-Ede + /Q (D Hy (1) =D Hy (29)):5

< —/Qaétl’(e(ﬂ))dx—/Q(01DZH2(zl)—HQDZHg(zg)):Edaj.
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Define

vt e [0,7]: (1) = 5 | Elle(un)=21)=(e(uz)=22)):((e(ur) =21) ~(e(uz) —22)) da

_%/ V(21—20):V (21 —29)da + O /,21_22,2dx

As in Proposition 4.2, we can check that -y is absolutely continuous on [0, 7’| and (3.14) and (4.27) imply
that

() + ZI 2 ) + lle(@)F2q) < /(D hi(z1)—D:hi(22)):zdx
- / afitr(e(d)) dz — / (01D Hy(21)— 03D, Hy(29)):3 dx,
Q Q
for aimost every ¢t € [0, T']. Clearly, it follows from (4.28) that

() + ZI 2 ) + lle(@)F2 ) < —/Qaetr(e(’d))dx
—/(91DZH2(21)—02DZH2(22)):2dx—i—C’hl/]z]\é]dx.
Q Q

We estimate the first and third term on the right hand side with the help of Cauchy-Schwarz’s inequality,
while for the second term, we use the following decomposition

(91DZH2(21)—92DZH2(22))Z§ = (éDZHQ(Zl)+92(DZHQ(Zl)—DZHQ(ZQ))):é.

Hence, we obtain

(Ch1

() + 212 o) + Flle(@ T2 < IR0 + 3210120
+/Q(’9\’Dsz(Zl)’\5”+\92’\Dsz(Zl)—Dsz(Zz)\’Z'Ddx- o
It remains to estimate the last term on the right hand side of (4.38). We use (3.11b) and (3.12) to get
/Q(IéllDsz(Z1)||?|+l9zlIDsz(zl)—Dsz(@)II?I)dfv
<c [ (al) Bl o+ [ joal2112 do.

The Young'’s inequality implies that there exists v; > 0, ¢ = 1, 2, 3, such that

n = - 2
/Q(|9||DzH2(Z1)||Z|+|92|IDzH2(21)—DzH2(Zz)||Z|)dﬂf<C 16122 )

+

+ "1‘0222 3|l
G [0l de+ G2 [ 6l de + SEPeCEn 2,

Since z; € L4(0,T; H?(2)) and H(2) < L°°(£2) with continuous embedding, we get

/Q(IéllDzH2(21)||3|+|92|IDzH2(21)—DzH2(z2)||?|)dﬂc<C 161122 0

2
., I } (4.39)
052 n szz = C: 2 + +szz 3|l
+ G2 R @ 101320y + S 101 ) 12 1Ry + S 242, )
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We insert (4.39) in (4.38) and we choose 71 = V2 = —x7
embedding H!(Q) — L*(2) and (4.30) give

M .
and y3 = 26‘3‘—,{2 Therefore the continuous

. M- Ly 7 _
Y(t) + T”ZH%Q(Q) + 7\\e(u)|]i2(9 C(0,21) + 0(92)\\2\\1211(9)

3 (4.40)
<O, 21) + Ly (1),

Y def Q 2 H2 2
fora.e. t € [0,T]. Here C(0,21) = (%4—27)”(9“2(Q Z(CZ ) Hle%OO H9||L2(Q and

C(6y) = (chp +& (C“ H02||L4(Q where C' > 0 is the generic constant involved in the continuous

embedding H!(Q2) — L4(Q) Since ¢ > 3 we can check that C'(6, z1) € L(0,T) and

o 2 2
/ C(0,z)dt < (%‘F%)HGHL? (0,T51L2(2))

a(c2 2 a2
R ey P OllLao,rr20)-
[l 21l L 0.1 L) 1011T.2 0,712

Note that C'(f2) € L1(0,T), which, thanks to Grénwall's lemma, gives
vt e [0,7] / CB(-.5). 21 (-, 8))et S CO =000 do g

Recalling that the mapping U — 6 is Lipschitz continuous from L7(0, T; LP(€2)) to LI(0, T; LP())
and maps any bounded subset of LI(0,T’; LP(2)) into a bounded subset of L7(0,T;LP(£2)) with
p=2andq>4,p>4,q=p1q > 8, the last estimate allows us to conclude. ]

Let us observe furthermore that the image of a bounded set of L7(0,T;1LP(£2)) by the mapping J —
¢(¥9) = 6 — (u, 2) is a bounded subset of H! (0, T; H} (Q2) x L2(Q)) N L°(0, T; H{ (Q) x HL(Q)).

Let us introduce now some new notations. For any r > 1, let
V(4 R?) = {u e L2(QR?) : Vu e L7(Q;R¥3)},
and for any r > 2, let
def
V(4 R?) = {ue VI(RY) : up,, =0}.
We endowed V" (€2; R?) with the following norm

def

Vu € V(R ¢ [lullvr @) = l[ulliz@) + IVl @)

The aim of the next two lemmas is to prove further regularity results for the solutions (u, z) of the
system composed by the momentum equilibrium equation and the flow rule. More precisely, assuming
that 6 remains in a bounded subset of L4(0,7"; LP(£2)), we will prove that e(%), Z and z remain in a
bounded subset of L4(0, T; LP(R2)), LI(0, T; LP/2(Q)) N L4/2(0, T; LP(2)) and LI(0, T; H2()),
respectively.

Lemma 4.4 Assume that (3.10), (3.11), (3.13b), (3.14) and (3.16) hold. Assume moreover that 20 e
Xqp(Q) and u® € VE(Q;R3). Then e(u) belongs to W4(0,7;LP(€2)) and 6 — e(u) maps any
bounded subset of L4(0, T'; LP(2)) into a bounded subset of W14(0, T'; LP(Q)).
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Proof. The idea of the proof is to interpret (4.1a) as an ODE for u in an appropriate Banach space. More
precisely, let 7, = L2(€; R3)xLP(Q; R3$3) endowed with the norm

sym

Vo = (¢1,02) € Fp: llellz, = o1, 2)ll7, = llerlliz) + ezl @)-
It follows that , is a Banach space. Let us introduce now the mapping Ag
Ag : Vg(Q;IR?’) — Fp,
u @ = (0, Ee(u)).

Since E € L*°(12), we infer that A is a linear continuous mapping from V§(€2) to F,,. Besides since
L is a symmetric, positive definite tensor, classical results about PDE in Banach spaces imply that, for all
¢ = (p1,¢2) € Fp, there exists a unique u € V5(Q; R3), denoted u = A, (i), such that

Yo € VP (Q;R3) /Le(u):e(v)da::/gol-vdzn—l—/gogze(v)dzn,
Q Q Q

where p* is the conjugate of p, i.e 1% + = = 1. Furthermore there exists a real number C' > 0,

independent of ¢, such that

1
p

ullve@rs)y < C(lleillz@)+lellr@) = Cllels,,

and Ap is linear continuous from 7, to Vg(Q; R3) (for more details, the reader is referred to [Val88]). It
follows that (4.1a) can be rewritten as
U= Gp(pz0, ), (4.41)

with .9 = (£, Ez—afl) and Gy (.0, u) = Ap(p.a—Agu) = Ap(@.e)—Ap(Agu).

With the assumption (3.16) and the previous results, we already know that .9 € L9(0, T} fp) and we
can apply classical results for ODE in Banach spaces to conclude that u € W4(0, T; V5 (; R?)), the
reader is referred to [Car90] for more details.

We can also obtain estimates for u and @ in V§ (; IR3). To this aim, we introduce the following notations:
Ca, = Ay 27, ve () and Cag = A&l £(v2(),7,)- Then, we observe that (4.41) gives

[a(-, t)ve) < Ca, (lez0(,t) —Asu’|| 7, +Coag lu(-, )= |lva(q)) ae t€[0,T]. (4.42)

Let us turn now to the term ||u(-, t)—uOHVp(Q). It is clear that

t
()= oy < / 1602200 8), - )|y (e ds
< Oy, /H@ze )—Agu|| £, ds + Cy, CAE/ (-, 8)=u’|lyp (o) ds.

Therefore, we may infer from Grénwall's lemma and the continuous embedding H' (2) < LP(12) that
there exists a generic constant C'; > 0 such that

t
(-, ) yniey < O Castcy / lp:0(5)—Aze®]| 7, ds
0

CapCagt ! (4.43)
< e trAetOy Gy (W(S)HLQ(Q)+HEHL°°(Q)HZ(’aS)HHl(Q)

+allo(; s)l[Lr +CAEHU [ve(y) ds.
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We insert (4.43) in (4.42), we find that there exists Cs > 0 such that

%] a(0,75vr (@)
< Co (1l 0, r51.200) F B oo () 12l La 07311 02y F Ol L 0,750 (02)) F1 [T v () -
Recalling Lemma 4.3 we infer that the image of any bounded set of L(0,T'; LP(2)) by the mappings

0 C(9) =0 — e(u) and J — C(J) = 6 — e(4) are still bounded sets in L (0, T; LP()) and
L4(0,T;LP(Q2)), respectively. O

Let us conclude this section with some regularity results for z and 2.

Lemma 4.5 Assume that (3.10), (3.11), (3.13b), (3.14) and (3.16) hold. Assume moreover that 20 e
X,p(Q) and u® € VH(Q;R3). Then # and Az belong to L%/2(0, T; LP(Q))NLI(0, T; LP/%())
and z € C°([0,77,X,,()) N LI0,T; H?(2)). Moreover 6 — (%, Az, z) maps any bounded
subset of L(0,7; LP()) into a bounded subset of (L%/2(0,T;LP(Q)) N L4(0, T; LP/2(Q)))? x
(CO([0,T1; Xq,p(2)) N LI(0, T3 H*(2))).

Proof. Let us rewrite again (4.1b) as
i—vM Az =M1 fE (4.44)

with f* £ Projgaxs (E(e(u)—2)) — Dz Hi(z) — 0D.Ha(z) — ¢ and ¥ . Projgaxs (w) — Mz €
OV gev(£) where w has been defined in the proof of Theorem 4.1. With the assumption (3.10b), we have

Vi) € OWge(2) : 1| < CY ae. (z,t) € 2 x (0,T).

Then Lemma 4.4 enables us to infer that ProjR§e§3 (Ee(u)) — v remains bounded in L>°(0, T"; LP(£2)).
Furthermore, we know with Lemma 4.3 that z is bounded in L°°(0, T'; Hl(Q)) S0, using (3.12), we infer
that D, H;(z) is bounded in L°(0, T; LP(2)) for i = 1,2. Then it follows that M~ f* is bounded
in LI(0, T; LP/2(Q)) if § belongs to a bounded subset of L4(0, T'; LP(£2)). We may deduce from the
maximal regularity result for parabolic systems that z is bounded in LZ(0, T’; H2(Q)) and z is bounded
in L(0, T; LP/2(2)) (see [Dor93, HIR08, Prso1]).

since H2(Q) — L°(£) with continuous embedding, z is bounded in LI(0,7;1>°(f)) and thus
0D, Hy(z) is bounded in 1.9/2(0, T; LP(Q)). We may deduce that f* is bounded in L4/2(0, T; LP(£2))
and, the maximal regularity result for parabolic systems allows us to infer that Z and Az belong to a
bounded subset of L4(0, T; L?/2(€2)) N L9/2(0,T; LP(Q)) and z belongs to a bounded subset of
C°(]0, T); X4(€2)) whenever 0 belongs to a bounded subset of L(0, T; LP(9)). O

5 Existence and regularity results for the enthalpy equatio n

In this section existence and uniqueness results for the enthalpy equation are recalled and some regu-
larity results are obtained. More precisely, let us consider the enthalpy equation (Py):

0 — div(ReVY) = f (5.1)

together with initial conditions
9(0) = 9°, (5.2)
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and boundary conditions
KV, = 0. (5.3)

We assume that the initial enthalpy ° belongs to L2(£2) and f belongs to L2(0, T; L?(12)). Further-

more, we assume that ¢ € L°°(Qp; R3x3) and satisfies

3¢ >0V e R? : &z, t)vv > & |u? ae. (x,t) € Or, (5.4a)
30" > 0: [F(x,1)| < C° ae. (x,t) € Qr. (5.4b)

The weak formulation of the problem is given by

Find ¥ : [0, T] — H(Q) such that ¥(0) = 9" and for all ¢ € H'(£2),

. 55
/Q%dm—l—/%cVz?-V{dm:/fﬁdm in the sense of distributions. (5:5)
Q Q Q

Theorem 5.1 (Existence and uniqueness for  (Py)) Under the previous assu.mptions, (5.1)—(5.3) pos-
sesses a unique solution ¥ € C°([0,7];L2(Q)) N L2(0, T; HY(Q)) with ¥ € L2(0,T; (H(Q)).

Moreover we have

v € 0,7 [[9(7)|F2(q) + 26“6/0 IVI(@)I2 () dt < e (19172 )+ IF 20,120 )-

Proof. The proof of existence and uniqueness of a solution is quite classical and can be found in [Bre83,
RaT83]. The estimate is straightforward and its verification is left to the reader. O

Let us introduce the following functional space
W E {9 € L2(0,T; H'(Q)) NL>(0, T;L*(Q)) : ¥ € L*(0,T; (H'(Q))},

endowed with the norm

def

V9 eW : [[9]lw Z 192 @) + 19llLes 0.2 + 19120701 @)

Due to [Sim87], we know that WV is compactly embedded in L(0, T; LP(2)). Note that the previous
estimate implies that there exists a generic constant C' > 0 such that the solution of problem (Py)
satisfies

19w < C(I19°(lr2)+1f 20 mr2(0)))-

6 Local existence result

This section is dedicated to the proof of a local existence result for (3.6)-(3.8) by using a fixed-point
argument. To this aim, for any given ¥ € LI(0,T;LP(2)), we consider ¢ = x°(e(u), 2,6) and
f= j”§ = Le(u):e() + 0(atr(e()) + D, Ho(2):2) + W(2) + Mz:% in (Py), where (u, z) are the
solutions of (P,) with § = ¢(1). With the results obtained in the Section 4, we already know that f5
belongs to L4/4(0, T; LP/%(Q2)). Since p > 4 and ¢ > 8, we infer that f5 belongs to L2(0, T'; L(92))
and we can define 9 € C%([0, T]; L?(£2)) N W as the unique solution of (Py). Thus we can introduce
the fixed point mapping ¢ : ¥ — 9 from L9(0, T'; LP(€2)) to L4(0, T; LP(Q2)).
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Proposition 6.1  The mapping ¢ is continuous from LI(0, T'; LP(€2)) to L(0, T; LP(Q2)).

Proof. Let (9, )nen be a converging sequence of L4(0, T; LP(€2)) and let 9, be its limit. We denote by

9y = $(9,) foralln > 0 and 9, = ¢(1d,). Since (¥, )nen is a bounded family of LI(0, T; L (Q)),
we infer from the previous results that (1, ) nen is bounded in C°([0, T; L2(£2)) N W. We may deduce
that (9, )nen is relatively compact in L(0, T; LP(€))) (see [Sim87]) and there exists a subsequence,
still denoted (¥, )nen, such that

9, — 0 in L2(0,T; HY(Q)) weak,
YU — 9 in LY0,T;LP(Q)).

Let us define Vr = {w € C>([0,T7]) : w(T) = 0}. Hence we observe that for all n > 0, we have

Ve e HY(Q) Yw € Vr

- o Oz, t)E(z)w(t)dedt + /QT Ky VO, (2, t)VE(x)w(t) dedt 6.1)

= / f’gn (x,t)¢(z)w(t)daedt + / 99 (2)€(z)w(0) du,
Qr Q
with K¢, ke (e(un), Zn, 0pn) and (uy, 2zy,) solutions of (Py,) with 6,, = C(@n) Since (5n)n€N con-
verges to ¥, in LI(0, T'; LP(£2)), we infer from Lemma 4.3 that (uy,, 2, )neN converges to the solution

(U, 2:) Of (Py) with 6, = ¢(J,) in Hl(O,T;gé(Q)xLz(Q)) N L0, T; H§(Q)xHY(Q)). Let

us recall that the mapping ¢1 : ¥ — 6 = ((V) is Lipschitz continuous from LI(0,T;LP(Q)) to
L7(0,T;LP()), which implies, possibly after extracting another subsequence, that

Ony Uny 2 — Os, Uy, 2 ae. (z,t) € Op.

Note that the continuity of the mapping k¢ gives

Ry, = KS(e(un), zn,0n) — Ko = k°(e(ux), 2, 0+) ae. (x,t) € Qr,

and due to the boundedness assumption on k¢, we obtain with the Lebesgue’s theorem that
REVE — REVE in L2(0,T;1L2(Q)).

Therefore it is possible to pass to the limit in all the terms of the left hand side of (6.1) to get

Ve e HY(Q) Yw e Vp: — W, t)€(x)w(t)dzdt —I—/ RV (x, t)VE(x)w(t)dadt
Qr Qr

= dim [ P () w(t) dedt + /Q 9 ()& (2)w(0) da.

n—-+00 Or

Recalling that p € [4,6] and ¢ > 8, we infer that U f5 is continuous from LI(0,T'; LP(£2)) to
L™ (0,751 () with % = % + 1 and % = % + 1. Indeed, for any ¥; in L9(0, T; LP(R2)), let

(u;, ;) be the solution of (Py,) with 6; = ((¥;), i = 1,2, we find

fgl — f52 = Le(ﬂ1+ﬂ2)te(’[b1—ﬂ2) + (91—92)(atr(e(a1))+DZH2(z1):21)
+ eg(atr(e(ﬂl—’[Lg))+DZH2(Z1)221—DZH2(Z2)222) + \I’(Zl) — \I’(ZQ) + M(Zl—l-ZQ):(Zl—ZQ).
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On the other hand, (3.10c) and (3.10b) imply
U (21) =¥ (22)] < C|21—2],
and (3.12) and (3.11b) give
|D,H(21):21—D, Ha(22):22| < |D,Ha(21)||21—22| + |D,Ha(z1)—D, Ha(22)||22]
< CF2(14|21]) 21— 22| + CH2| 21— 29)| 2.

The boundedness and the continuity properties proved in Lemma 4.4 and Lemma 4.3, respectively, allow
us to deduce the desired result. Therefore, we may infer that

Ve e H Q) Yw e Vp: Tim [ [0, 0)E(@)w(t) dudt = /Q £ (2, D)€ (@)w(t) dadt.

=10 Jor

We conclude that ¥ is solution of problem (Py) with the data k$ and f?+. Moreover by uniqueness of
the solution, it follows that ¥ = ¥, and the whole sequence (¥, )nen converges to ¥, = ((Us). O

We establish now that the mapping ¢ fulfills the other assumptions of the Schauder'’s fixed point theorem.
To this aim, we introduce some notations: let EO, R? > 0 be any given positive real numbers such that
max ([|[u®llvea)s 12°0x, @) < R®and [|[9]|La0,7L(0)) < RY. Clearly, we have

1€ (9 )”L‘I(OTLP( Q) = ”HHLQ(O,T;LP(Q)) > (51)ﬁ1 Q| B“’” W”Lq(OTLp(Q))

1PP

< RG def (BlR’ﬂ) Bl |Q| Bipp

Therefore once again the results of Section 4 are used, which imply that there exists a constant R/ =
R/ (R RY, 1]l cofo,77:1.2(2))) > 0, depending only on R?, R? and 1€l cojo,77;.2(02)), Such that
177 larao.rrerz sy < B (R BY, (1l coo,ry,020))-

The results of Section 5 imply that there exists a generic constant C' > 0 such that

191l 0,712 () < CUL 2o,z 19 iz @)
P
<C(191% T2 | f a1 lL2@)
2oL 8 o fip0 Db 0
< (192 T 2 R (R°, R%, ||€llcoo,m2(0))) + 10 2 ) -

Now let 0 < 7 < T"and let us introduce the following functional space
= {9 e L*0,7; HY(Q)) NL>°(0,7; L%(Q)) : 9 € L*(0,7; (HY(Q)))}.

Forany ) € L9(0,7; LP(9)), we define its extension 5% by @xt = Jon [0, 7] and Jeq = 0 on (7, T
Itis clear that Ve € LI(0,T; LP(£2)) and the mapping ¥ — Yy is a contraction from LI(0, 7; LP(2))
into LY(0, T'; LP(€2)). For any ¥ € LI(0,7;LP(Q)), we define ¢, (1)) as the restriction on [0, ]
of ¢(Jext). We infer immediately from Proposition 6.1 that ¢, is continuous from LZ(0, 7; LP(Q2)) to
L7(0, 7;LP(£2)). Furthermore, for any ¢ € LI(0, 7; LP(Q2)), we have

Q=

6 (D) ILa(o.rm@) = 67 () llLaor12@y = H¢ ea(, )] o) dt
()
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and the previous estimates allow us to show that, for any R > 0, there exists T € (0, T] such that
¢ maps the closed ball BL@(OJ-;LE(Q))(O, RY) into itself. Note that the image of BLQ(O’T;LE(Q))(O, RY)
by ¢ is a bounded subset of W and thus it is relatively compact in LI(0, T'; LP(£2)). It follows that the
image of By (o,.17(q)) (0, RY) by ¢, is also relatively compact in LI(0, 7; LP(Q2)). Consequently, we
may conclude that the problem (3.6)—(3.8) possesses a local solution (u, z,?) defined on [0, 7] such
that u € WH9(0,7;VE(Q)), z € L0, 7 HY(2)) N HY(0, 75 L2(2)) N CO([0, 7]; Xy p(2)) N
L9(0,7; H2(Q)), 2, Az € L4/2(0,7; LP(Q)) N L4(0, 75 LP/2(Q)) and ¥ € W,

We have to go back to the problem (3.1)—(3.3). First we observe that g and { define a Cl-diffeomorphism
from (0, 00) to (0, 00) and any solution of (3.6)—(3.8) provides a solution of (3.1)-(3.3) as soon as the
enthalpy ¢ remains strictly positive. So we assume now that the initial enthalpy is strictly positive almost
everywhere on (), i.e., there exists 9 > 0 such that

g(0°(z)) =9°(2) > 9 >0 ae. z€Q. (6.2)

Therefore it is possible to use the Stampacchia’s truncation method and to prove a local existence result
for the problem (3.1)—(3.3).

Theorem 6.2 (Local existence result)  Assume that (3.10), (3.11), (3.13), (3.14), (3.16) and (3.17) hold.
Then, for any initial data u® € Vh(€2), 20 € X, ,(2) and ¥° € L*(Q2) satisfying (6.2), there exists
7 € (0,T1] such that the problem (3.1)—(3.3) admits a solution on [0, 7].

Proof. Let (u, z,v) be a solution of (3.6)—(3.8) on [O, T] . We prove now that
Hx,t) >0 ae. (x,t) € Q.
To do so, we introduce some notations: let C' = (‘3 12 ( ) and let ¢ : [0, 7] — R such that
ef = _6_ (cz ) 2
Vit e [0,7] : p(t) © P Jo (C+ =5 l=(s oo (o)) ds (6.3)
We use the classical Stampacchia’s truncation method. Let us define G € Cl(]R) satisfying

() Vo c RICE >0: |G'(0)] < CY,
(i) G is strictly increasing on (0, 00),

(i) Vo <0: G(o) =
Let us define also H(c) = [7 G(s)dsforallo € R, 93 = —9 + p and h(t) = [, H(Y:) dz.
Clearly, we have H € C2(R R) and H( ) > Oforall ¢ > 0. Furthermore, 91 (0) = —9° +4J < 0

almost everywhere on ) implies that h(0) = 0. Since ¥ € W, and ¢ € H!(0, 7;R), we infer that h is
absolutely continuous and

:/QG(ﬂl)ﬁldw
—/QG(ﬂl)(div(/icVﬁ)—HLe(ﬂ):e(ﬂ)+9(atr(e(u))+DzH2(z):z‘)—HI/(z‘)—FMz‘:z‘—(p) dz
—/ G,(’ﬂl)I{CV’ﬂlZV’ﬂleE

Q

_ /Q G(91) (L) (i) +0(atr(e(i))+ Dy Ha(2):2) + 0 (2)+ Mz —3) da,
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for aimost every ¢t € [0, 7]. It follows from (3.12), (3.14) and Cauchy-Schwarz’s inequality that

Le(it):e(i)+aftr(e(i)) > e(i)|® — 3al0]le(a)| = G le(a)[? — CWE,

2cL

and
Mz:2 + 0D, Ho(2):2 > M2 — |0]|D, Hy(2):3|
H
> M2 — CH2(6] (1+]2))|2] > &[22 — L (14)22).

Since G'(11) > 0 and G(¥1) > 0 almost everywhere and (3.10b) and (3.17d) hold, we get
/G (1) (16)? (C+ \ ?)+¢)dz ae. t € [0,7].

But @ = ((¥), and reminding that /3; > 2, we have with (3.18) that

0] = [C(I)] </ %75““#1 —1<y/ %6” ae. (z,t) € Q.

On the other hand, G(1J1) vanishes whenever 1 > ¢, it follows that
/ G 191 ccsﬁ e )2|z|2)—|—<,b) dz <0 ae. t€|0,7]

We may deduce that h(t) < h(0) = 0 forall ¢ € [0, 7]. Then we infer that
H(Y:) =0 ae. (x,t) € 2x(0,7),
which implies that
Y =—-0+¢p<0 ae. (z,t) € Qx(0,7).

This concludes the proof. O

7 Global existence result

We begin this section with some a priori estimates for the solutions of the problem (3.6)—(3.8). As usual,
the result relies on an energy balance combined with Grénwall’s lemma. Then the global existence result
is proved by using a contradiction argument together with the results obtained in the previous sections.

Proposition 7.1 (Global energy estimate) Assume that (3.10), (3.11), (3.13), (3.14), (3.16) and (3.17)
hold. Assume moreover that u’ € VH(Q), 20 € X, ,(€2), ¥° € L%(2) such that (6.2) holds. Then,

there exists a constant C' > 0, depending only on ||u° 1) ||ZOHH1(Q), ||190HL1(Q) and the data such
that for any solution (u, z, %) of problem (3.6)—(3.8) defined on [0, 7], 7 € (0, T, we have

VE € [0,7] ¢ Jluls ) + 1 P gy + 1967 i oy < €.

Proof. On the one hand, we multiply (3.6a) by @ and we integrate this expression over Qz, with 7 € [0, 7],
to get

/(E(e(u)—z)—ka@l—kLe(d)):e(u)dxdt:/ C-adzdt. (7.1)

T T
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On the other hand, by using the definition of the subdifferential OW (Z), we deduce from (3.6b) that

/ (MZ—E(e(u)—z)—FDZHl(z)+0DZH2(z)—VAz):7Ldwdt+/ U(z)dedt =0. (7.2
Qz Qz

Adding (7.1) and (7.2), we obtain

! /Q E(e(u(- 7))~ 2(, F):(e(u(-, ) ~2(, ) de + §[V2(, )22 0

+ I\\/JIZ:zdxdt—l—/ Le(u):e(u)dxdt—l—/ Hy(z(-,7))dx (7.3)
Q5 Q5 Q

+ O(atr(e(w))+D,Ha(z):2)dzdt + / U(z)dadt = Cy* + / C-udxdt.
Oz Qz Qz

where Cy* = 1 [ E(e(u®)—20):(e(u®)—2°) dz + %HVZOHI%Q(Q) + Jo H1(z") dz. We integrate
(3.6¢) over Q=, by taking into account the boundary conditions (3.7), we find

/ﬁ(-,?)dx:/ﬁodx+/ Le(w):e(d)dzdt + Mz:Zdxdt
@ Q Q= Q=

—i—/Q; 9(atr(e(u))+DzH2(z):z’)dwdt+/Q;\I/(,é)dxdt.

We add this last equality to (7.3), and thanks to (3.11a), we obtain
b | Blelul,7)=2( Pl ) =2 P o+ §IT=, A + =, Py
+ / I(-,7)dz < C* +/ 90 dx + ¢t Q) +/ ¢adzdt.
Q Q ~

F

E

Clearly there exists C'y > 0, depending only on ¢*, v and ¢t such that

Cullu(, D)l (@) + Cillz( Dl o +/ O, 7)dz
Q

(7.4)

< "+ 190l (o) + €0 —I—/ (-udzdt.

F

Since ¢ € H! (0,T; L2(Q)), we may integrate by parts the last term of (7.4), we get

Gl 7)oy + Cull=C 7)oy + /979('7?) da < G5 + [[9°lL oy + ¢

+ |1l co o,z 1w’ llLa@) + 52 100180 (o 102y + 31T 0 2y + %/0 [ulF2 0y dt,

which allows us to conclude with Grénwall’'s lemma since J(x, t) > 0 almost everywhere on Q. g

Note that (3.18) enable us also to obtain a global estimate for the temperature. More precisely, under the
assumptions of Proposition 7.1, we have

~. L
HHHLOO((],T;LM Q) < (%C) i, (7.5)

for any solution (u, z, §) of problem (3.1)—(3.3) defined on [0, 7] with 7 € (0, T'].
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We assume that (3; > 4. We define
_ B1—4 -
RO ETi|q) i (B0
and using the notations of Section 6, we define
= e = _ e Q;S o B e % B
RFZRIRO, R || coompizcay), Roe = C(T % RN 12)), R =T7RY +1.

Then, the results of Section 6 allow us to infer that there exists 7 € (0, T'] such that ¢ admits a fixed
point in Bra(o,r12(0)) (0, RY). Let us define

7 Zsup{r € (0,T] : ¢, admits a fixed point iByq( ,.1.2(q)) (0, R’)} € (0, T].

It is clear that problem (3.6)—(3.8) admits a global solution if and only if 7 = T". This identity is established
below by a contradiction argument. To do so, we assume that 7 € (0,7") and we choose € > 0 such that
7—e € (0,7). By definition of 7, there exists 7 € (T—e, 7] such that ¢, admits a fixed point ) = ¢ (1)
in BL@(OJ-;LQ(Q))(O’ RY), i.e., the problem (3.6)—(3.8) admits a solution (u, z, ) defined on [0, 7]. We
infer from the results of Section 7 that |||y, (o -1 () < Cand |0 = C)lnago,rra) < R
Then, the definition of RY. and the results of Section 5 imply that ¥ = ¢, () € L>®(0, 7; L2()) with
9]0 (0,751.2(02)) < R

Now let 7~'~6 (0, 7—7] an~d RY & ((Rﬂ)‘j—f(}?go)j)% > 0. For any 1:9: € BLq(T,TJF;;Lz(Q))(O,Eﬁ),
we define Jey as follows Jee = 9 on [0, 7], Text £ Yon (7, 7+7] and Jey £ 0on (747, T]. Clearly,
we have

Hﬂext”Lq(()T[ﬂ ”79HLq 0TL2( + HﬂHLq(TT_H- L2(Q)) (Rﬂ ) (Rﬂ)q S (Rﬂ)(jj

and the mapping U Do is @ contraction on L4(7, 74+7; L(2)). Let 0 = ((Jex)- By definition of ¢,
we have 6§ = () = 6 on [0, 7], 6 = () on (r,7+ 7] and § = ¢(0) = Oon (7 + 7, T)]. Hence
6 € 1L9(0,T;L4(9)) and

o ranoy < @+ [ @,

< (B4 ()10 B Iy < (RO

with R? = ((R?)1+ (&) Pr|Q 451 Y(RY)1 ) . By definition of ¢, we getimmediately that the restriction

of ¢(9 ext) on [0, 7] coincide with ¢.(9) = ¥ and we define ng( ) as the restriction of ¢ (¢ ext) to
[7, 747]. Furthermore, with the estimates of Section 6, we have ¢(Ue) € L°(0, T'; L2(£2)) and

~ q—8 ~
16(Fext) o< (0,7:12(0)) < C (T3 RI(R, RY, ||| co o200+ 190 lr2(a) ) -

It follows that there exists 7 € (0,T—7], independent of 7, such that (bT admits a fixed point Jin
Brarri7:12(0)) (0, RY). By construction of ¢z, the restriction of (Jex) to [0, 7+7] is also a fixed point
of -5 in BLq(OJJFT;Lz(Q))(O, RY). Butwe may choose € € (0,7)suchthatT +7 > 7 —e+7 > 7,
which gives a contradiction with the definition of 7.

Hence we can conclude that 7 = T'. Consequently, we deduce the following theorem:
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Theorem 7.2 (Global existence result)  Assume that (3.10), (3.11), (3.13), (3.14), (3.16) and (3.17)
hold. Assume moreover that 31 > 4, u® € VH(12), 2% € X, ,(Q), ¥° € L?(Q) such that (6.2) holds.
Then the problem (3.6)~(3.8) admits a global solution (u, z,9) such that u € W14(0,T; VE()), 2 €
L0, T; HY(Q) N X, () NHY(0, T;L2(Q)), 2, Az € L4/2(0, T;LP(Q)) N LI(0, T; LP/2(2))
and ¥ € W. Moreover ¢ remains strictly positive and (u, z, 60 = ((19)) is a solution of problem (3.1)—
(3.3)on [0, 7.

Remark 7.3 Let us assume furthermore that there exists 552 > 0and p; € (0,1) such that

dev

Vz e RS . D Hy(2)| < CH2 (14|2).

Then we may obtain a global existence result for any 3; > max (3, 5(1%6701)). Indeed, we can establish
a global a priori estimate for the enthalpy by using the technique proposed by Boccardo and Gallouét
([BoG89)), i.e., by choosing the test-function x = 1 — == for some { > 0. By reproducing the

(1+19)
same computations as in [Roul0, Prop. 4.2], we may obtain an estimate of V¢ in L"(0, 7; L"(Q2)),
independent of 7, for any r € [1, %) provided that 3y > (d+2)2g_p1) = 5(15@1) since d = 3. Then

we consider o > 1 such that 2ua < r and é > u(%—é) + 1 — p for some real number p € (0, 1).
Using Gagliardo-Nirenberg’s inequality, we may deduce that there exists Cgy > 0 such that

1—p)2a T 2uo
Hﬂ”LM O7:Le(Q) = CGN”79H£OOZ)TL1(Q /0 (|’79(t7‘)HL1(Q)+HV19(ta M @)) " de,

and reminding the estimate of 1 in L°°(0, 7; L1(€2)) obtained at Proposition 7.1, we infer that there
exists a constant C' > 0, depending only on the data, such that

191120 (0751002 < C(A+NVO|Lr0,75072))) -
The three conditions

1<r<gi§, 2pa <7 éz,u(%—é)—l—l—,uwith 0<p<l,

allow us to choose 1 = Wirl) € (0,1) and thus @ = 2u = % + T(C;il'l) € (6, 3) (here d = 3). It
follows that, for any (3, > max(3, 5(1%61)1)), we will obtain a global estimate of ¥ in L2%(0, 7; LY())
forany o € (%,4) and of 0 = ((¥) in L2190, 7; L1%(Q)). Thus, with o such that By > 4, we
may obtain a global existence result by the same contradiction argument as in Section 7.
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