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Abstract

We consider general economies in which rational agents interact locally. The local aspect
of the interactions is designed to represent in a simple abstract way social interactions, that
is, socioeconomic environments in which markets do not mediate all of agents’ choices, and
each agent’s choice might be in part determined, for instance, by family, peer group, or ethnic
group effects. We study static as well as dynamic infinite horizon economies; we allow for
economies with incomplete information, and we consider jointly global and local interactions,
to integrate e.g., global externalities and markets with peer and group effects. We provide
conditions under which such economies have rational expectations equilibria.

We illustrate the effects of local interactions when agents are rational by studying in detail
the equilibrium properties of a simple economy with quadratic preferences which captures, in
turn, local preferences for conformity, habit persistence, and preferences for status or adher-
ence to aggregate norms of behavior.

Journal of Economic Literature Classification Numbers: C62, C72, Z13

Keywords: rational expectations, local interactions, existence of equilibria

*This research was supported by the German Academic Exchange Service and the C.V. Starr Center for Applied
Economics. It was carried out while the second author visited Princeton University. We wish to thank José
Scheinkman for support and valuable comments. We are grateful also to Aloisio Araujo, Jess Benhabib, Michele
Boldrin, David Levine, Manuel Santos, Ennio Stacchetti, to the seminar participants at Impa, Universitat Di Tella,
Leuven, the SED Meetings in New York, the Workshop on Modelling Social Interactions at Paris IX, the VIII-th
Workshop on Economies with Heterogeneous Interacting Agents in Kiel, and to the Associate Editor and two
anonymous referees for their comments.

tNew York University, Department of Economics, 269 Mercer St., New York, NY, 10003; e-mail: al-
berto.bisin@nyu.edu

¥Humboldt University of Berlin, Department of Mathematics, Unter den Linden 6, D-10099 Berlin, e-mail:
horst@mathematik.hu-berlin.de

$New York University, Department of Economics, 269 Mercer St., New York, NY, 10003; e-mail: 00218@nyu.edu



1 Introduction

We consider general economies with local interactions. Agents interact locally when each agent
interacts with only a finite (small) set of other agents in an otherwise large economy. The local
aspect of interactions is designed to capture in a simple abstract way a socioeconomic environment
in which markets do not exist to mediate all of agents’ choices. In such an environment each
agent’s ability to interact with others might depend on the position of the agent in a predetermined
network of relationships, e.g., a family, a peer group, or more generally any socioeconomic group.

Local interactions represent an important aspect of several socioeconomic phenomena. For
instance, the decision of a teen to commit a criminal act or to drop out of school is often im-
portantly influenced by the related decisions of peers, as documented by ([14], [29]) and ([15]),
respectively. Other phenomena for which relevant peer effects have been identified include out-of-
wedlock births ([15]), and smoking habits ([35]). More generally, local interactions occur not only
between peers but also between family members, ethnic groups, neighbors in a geographical space.
For example, neighborhood effects are important determinants of employment search ([45]), [38]),
of the pattern of bilateral trade and economic specialization ([36]), and of local technological com-
plementarities ([19], [16]) while ethnic group effects play a fundamental role in explaining urban
agglomeration, segregation ([5], [43]), income inequality and stratification ([17]).!

The documented empirical evidence of peer and neighborhood effects in socioeconomic phe-
nomena has spurred an interesting theoretical literature studying formally economies with local
interactions. This literature has generated existence and characterization results for important
but special classes of static economies: for instance economies with additive quadratic prefer-
ences, extreme value distributed shocks, and symmetric interaction effects, introduced by [8] and
[11] (see also [12]); or general economies with a finite number of agents, studied by [27]. In
this paper, we contribute to this literature by extending the classes of economies under study in
various dimensions. First of all, we do not impose any specific functional form assumption on
the agents’ preferences or on the nature of the stochastic elements of the economy, and we study
economies with an (countably) infinite number of agents. Most importantly, we look at equilibria
of both static and dynamic economies with local interactions. Also, we study economies in which
the interactions as well as the distribution of information across the agents is local (economies of
incomplete information). Finally, we introduce global interactions together with local interactions
to integrate e.g., global externalities and markets with peer and group effects.

For all the distinct economies we study, static economies with complete and incomplete infor-

mation, as well as dynamic infinite horizon economies, we provide conditions under which such

!Finally, local interactions control the dynamics and spread of ideas and beliefs, and therefore might in particular
play an important role in the microstructure of financial markets; see ([11], [32]) for theoretical applications to
financial markets.

See [13], [10], [27] and [28] for good surveys of the theory of social interactions, and its applications.



economies have rational expectations equilibria which depend in a Lipschitz continuous manner
on the parameters. For each of these economies, we show that such conditions impose an ap-
propriate bound on the strength of the interactions across agents.? They exclude in particular
economies in which strategic coordination gives rise to multiple equilibria; for instance economies
in which it is always optimal for each agent to match the action of a neighboring agent. We
also illustrate the effects of local interactions when agents are rational by studying in detail the
equilibrium properties of a simple economy with quadratic preferences. In this economy, agents
have local preferences for conformity, that is, each agent has a preference for behaving as much
as possible as his close peers. Local conformity characterizes many instances of socioeconomic
relevance, from smoking to out-of-wedlock pregnancies. Moreover, in the dynamic version of this
economy, agents’ preferences also display habit persistence and possibly preferences for status.
Habits and addictions in fact often complement preferences for conformity: for instance, in the
case of the consumption of addictive substances, like nicotine and several chemical drugs. Other
examples include the decision to commit criminal acts or to drop out of school, which are partly
determined by social interactions and preferences for conformity, and are difficult to reverse over
time. Preferences for status or adherence to aggregate norms of behavior also are extensively
associated to several socioeconomic phenomena, like the formation of specific group cultures.

We briefly discuss here the relevance of the distinct contributions of this paper. First of all, as
we noted, we extend the study of economies with local interactions by considering also economies
of incomplete information. Economies in which information is incomplete and is distributed
locally allow to study environments in which, for instance, only the agents directly interacting
with each other observe each other’s private characteristics. This extension is important because
the restriction to complete information, that is to economies in which each agent observes all
the other agents’ private characteristics, is hard to justify in the socioeconomic environments we
study in which strategic interactions are instead only local.?

For our main example economy, where local interactions take the form of a preference for
conformity, we compare the magnitudes of the social multiplier effects with complete and differ-
ent degrees of incomplete information. The social multiplier summarizes the equilibrium effects
of the interactions, and measures the amplification of individual effects in aggregate due to the
correlation across the agents’ actions induced by social interactions. We show that incomplete in-
formation has the effect of reducing the social multiplier with respect to the complete information
case and hence to dampen the aggregate effects of the agents’ preferences for conformity.

The study of the equilibrium dynamics of economies with local interactions is our major con-

2Similar conditions for related economies have appeared in the literature; [28] refers to them as conditions of
Moderate Social Influence.
3The restriction to economies with complete information is in fact implicitly adopted by the literature only for

simplicity: it allows the direct use of mathematical techniques and results from the physics of interacting particle

systems and statistical mechanics ([8], [9], [11], [12]; see [39] for a presentation of such techniques and results).



tribution. The theoretical literature studying local interactions is in fact not yet fully integrated
into the mainstream dynamic economic analysis of equilibrium. When dynamic economies are
studied, the analysis is only confined to the case of backward looking myopic dynamics, either
as a simple explicit dynamic process ([12]) with random sequential choice or as an equilibrium
selection procedure for static economies ([27], [9]); the only exception is a simple example in [28].
It is our contention that the study of equilibrium dynamics of economies with local interactions,
by allowing for rational expectations of forward looking agents, may elucidate several important
aspects of social interactions. Our analysis of economies in which agents have preferences for
local conformity as well as habit persistence illustrates the usefulness of the proper explicit equi-
librium analysis of dynamic economies in the presence of local interactions. Consider for instance
a teenager evaluating the opportunity of dropping out of high school. His decision will depend
on the conditions of the labor market, and in particular on the relevant wage differentials, which
requires him to form expectations about the wage and labor conditions he will face if he grad-
uates from high school. The teenager’s decision might depend also on the school attendance of
a restricted circle of friends and acquaintances: dropping-out is generally made simpler if one’s
friends also drop-out (local conformity). But as the decision of dropping out depends on the
teenager’s expectations of the wage differential, it will also in part depend on his expectations
regarding the behavior of his peers, considering the possible irreversibility of his and his peers’
choices (the habit persistence component): he will consider, for instance, that while his friends
have not yet dropped out of school, they soon will, perhaps even motivated by his own decision
of dropping out. Similarly, our teenager might decide to stay in school even if most of his friends
dropped out, if he has reason to expect their decision to be possibly reversed.

We also attempt at a comparison between the equilibrium actions when agents have rational
expectations with the actions of the myopic agents previously studied in the literature. We
show that, in the context of our local conformity economy with habit persistence, the effect
of rational expectations dynamics is to spread the correlation of equilibrium actions across all
agents in the economy. Most importantly though, we show formally that when agents have
rational expectations, the effect of the local conformity component of their preferences on their
equilibrium actions is reduced with respect to the case in which agents are myopic. We also show
then by means of simulations that the extent to which rational expectations reduce the agents’
reliance at equilibrium on local conformity effects is quite substantial.

Finally, allowing for both local and global interactions is important to integrate the standard
economic analysis of competitive markets and externalities, in which interactions are mediated
by global components like prices and aggregate externalities, with the analysis of peer and social
group effects captured by local interactions. In other words, the extension to local and global
interactions allows us to consider economies in which agents interact locally and, at the same

time, act as price takers in competitive markets, or take as given aggregate norms of behavior,



such as specific group cultures like piercing or rap music.

The paper proceeds as follows. We first study static economies with local interactions with
complete and incomplete information. We then study dynamic economies with local interactions
and incomplete information (the results adapt simply to the complete information case). Finally,

we introduce global as well as local interactions in the dynamic analysis.

2 Static Economies with Local Interactions

In this section, we introduce our concept of a static economy with local interactions. We consider
economies with a countable set A of agents. To each agent a € A is associated a type, the
realization of a random variable 6 taking values in a set © C R. Types are independent and
identically distributed across agents with law v,* and with no loss of generality we assume that
the random variable 6 := (6) ., is defined on the canonical probability space (2, F,P). That
is, @ = © := {(0%)4ea : 0% € O}, and 0%(w) = w® for any w = (W*)aen € . The utility of an
agent a € A depends on his type 6%, and on an action x® he chooses from a common compact
and convex action set X C R.> The agent interacts locally with the agents b in some small
neighborhood N(a) C A, and his utility also depends on the actions z° taken by the agents b in
his neighborhood N(a).

Remark 2.1 We assume that X and © are subsets of the real line. This assumption is made
primarily for notational convenience. Our results carry over to models where X ,which is closed

and compact and © are subsets of some Hilbert space.

Regarding the interaction structure in our economy, we first assume that the agents are
disposed on the integer lattice Z, i.e., we assume that A = Z. We also assume that each agent
a € A only interacts with the agent a+1, i.e., N(a) = {a+1}. Such a system of local interactions
has two properties: (i) neighborhoods never overlap; that is, if b € N(a), then b ¢ N(c) for
any ¢ # a; (ii) interactions are one-sided; that is, if b € N(a), then a ¢ N(b). The property
that neighborhoods never overlap is not crucial; our analysis can in fact be extended to the

more general case in which local interactions are described by means of directed graphs.® On

4The assumption of independence of types can be relaxed, thereby adding to the model another form of local
and/or global interaction between the agents; see e.g., [23] for the study of local correlation across types. The inde-
pendence assumption we adopt allows us to concentrate on the case where the local interactions arise endogenously
through the agents’ actions, rather than exogenously through the correlation of the preference shocks determining
the agents’ types.

SCompactness and convexity of the choice set X can naturally be relaxed if we bound preferences and allow
agents to choose lotteries, i.e., probability distributions over actions; see e.g., [44]. We adopt the more stringent
compactness and convexity assumptions to focus the notation and the proofs of our existence theorems on the novel
mathematical issues which arise from local interactions.

Directed graphs have been studied e.g., by Estigneev and Taksar in a series of papers, ([20], [21], [22]), to study
trade networks in space and time.



the other hand, assuming that interactions are one-sided has an important technical role in our
analysis; see Remark 2.12. One-sidedness is also a substantive assumption, as it excludes various
forms of strategic interactions inside neighborhoods. In economic applications, this assumption
is appropriate for environments in which agents’ interactions are structured hierarchically inside
each social group: this is the case for instance when one subset of the agents in each social
group looks at the others as role models, as in our study of conformity in Sections 2.2, 4.3,
and 5. Economies which allow for more complex interaction patterns (e.g., relaxing the one-sided
property) are analyzed in [34], but under the assumption that each agent observes the realizations
of the types of all agents in the economy, an assumption we will relax in this analysis. Future
work might succeed in joining these two strands of the literature.

Any heterogeneity across agents can be incorporated in the probabilistic structure of the types
0*. Agents can therefore be considered identical ex-ante without loss of generality. Thus, the

preferences of each agent a € A are described by a utility function u of the form
(xa,xa—l-l’ 9(1) — (xa’xa—&—l’ ea) .

We assume throughout that u : X? x © — R is continuous and strictly concave in its first
argument. We can now be specific about the information structure of our economy. Prior to his
choice, each agent a € A observes the realization of his own type 6° as well as the realizations
of the types 6 of the agents b € {a + 1,a +2,...,a + N}. Here N € N* U {cc}.” If N = o
each agent has complete information about the current configuration of types when choosing his
action. In particular, each agent a € A observes the types of all the agents b € {a + 1,a+2,...}
with whom he is directly or indirectly linked. When instead N € N, an agent only has incomplete
information about the types of the other agents. In particular, if N = 0, agents only observe
their own type, while if N = 1, agents also observe the type of the agent with whom they directly

interact.

Remark 2.2 Observe that actions and types of agents ‘to his left’ have no intrinsic effect on the

choice of agent a € A.

Definition 2.3 A static economy with local interactions is a tuple S = (X,0,u,v,N). A static
economy with local interactions is an economy with complete information if N = oo, and with

incomplete information if N € N.

In order to introduce our notion of an equilibrium for a static economy with local interactions
S = (X,0,u,v, N), we need some notation. The vector of types whose realization is observed by
the agent a = 0 is denoted Oy := {6°,0',...,6N}; by analogy Ty := (9“, ... ,0a+N) denotes

“If N = oo, it is understood that {a+1,...,a+ N} ={a+1,a+2,...} while, if N =0, {a+1,...,a+ N} =0.



the vector of types whose realization is observed by the agent a € A.® In case N = oo, we let
On = {6°,61,6%, ...} and Ty = {0%,6%7 922 ...}, Finally, the set of possible configurations
of types of all agents a > 0 is given by @0 := {(6%),>¢ : 0% € O}.

We first focus on the simpler case of economies with complete information. In such a situation,
the choice of the agent a € A is represented by a function g¢ that maps any 7%y € ©° into an
element of X.% Since the agent observes T%0y = {0%,6%T1 ...}, his optimization problem takes
the form

E}g}(u (:L,a’gaJrl (Ta+16N) ’ea) .

If § is an economy with incomplete information, by observing the realization of the types T%0y :=
(0“, o0t ), agent a cannot determine his neighbor’s optimal choice. The choice depends on
the realization of the random variable 8%tV +1 and this information is not available to the agent
a € A. The choice of each agent is represented by a function mapping g which associates to each
TN € ©N*! the action ¢* (T*0x) € X. Thus, in a situation with incomplete information, an
agent’s optimization problem is given by

Iglggc(/u (a:a,g“H (9“*1, o TN 9) ,0“) v(do).

Since the utility functions are strictly concave with respect to an agent’s own action, the maps
% — u (ac”b,ga+1 (T“H@N) ,9“) and 2%~ /u (zrta,ga+1 (0““, ... ,9“+N,«9) ,9“) v(df)

are strictly concave, too. Thus, the conditional choice of agent a € A given the types of all the
agents b € {a+ 1,a+2,...,a+ N} is uniquely determined both for economies with complete
and with incomplete information. We are now ready to introduce our notion of an equilibrium

for static economies with locally interacting agents.

Definition 2.4 Let § = (X,0,u,v, N) be a static economy with local interactions.

(i) If S is an economy with complete information, then an equilibrium is a family (¢**)eca of

measurable mappings g** : O° — X such that

g (T0N) = arg max u (z°, gt (T“'HGN) ,0%) P-a.s. (1)

for all a € A.

8Formally, T : Q +— Q (a € A) is the a-fold iteration of the canonical right shift operator T on €; that is,
T*((ws)ber) = (Wota)vea; furthermore, T*0n = (0°(T°w),...,0N (T°w)) = (6%,...,6°Y).

9We therefore restrict the arguments of each of the agents’ choice to exclude any extrinsic effects through the
realization of the types of the agents to their left, and hence we exclude sunspot and correlated equilibria; see
Remark 2.2.



(ii) If S is an economy with incomplete information, then an equilibrium is a family (g*%)4en
of measurable mappings ¢g** : ON*TL — X such that

g (T*0y) = arg max / u (z%, gt (et L0 0),60%) v(do) P-a.s. (2)
S}

zreX
for all a € A.
An equilibrium (g**)qen for an economy S is symmetric if
g (T"0n) = g"(T"0n)  P-a.s. (3)
for some mapping g* and each a € A.

An equilibrium for an economy S can also be viewed as a Nash equilibrium of a game with
infinitely many players in which the agents’ common strategy set is given by the class B(@°, X)
of all bounded measurable functions f : ®® — X. Sufficient conditions for existence of correlated
equilibria in games with infinitely many players and compact strategy sets are given in, e.g., ([30]).
These results, however, do not apply to our model, because (i) B(®9, X) equipped with the usual
sup-norm is not compact; and (ii) our focus is on Nash equilibria of the game rather than on

correlated equilibria. In what follows, we shall restrict our analysis to symmetric equilibria.

Remark 2.5 (i) As we will see, in our complete information setting, a symmetric equilib-
rium a € A, given T%0y, is uniquely determined. The equilibrium map g* : @ — X can
equivalently be identified with the mapping G* : © x X — X defined by

G*(*, z°!) = arg max u (3:“, 2ot 9“) .
zeeX

In fact, the previous literature has only studied this case, where each agent reacts to the
actions taken by his neighbors; see, e.g. [8], [9], [11], [12], [27], [29] or [34].

(ii) Suppose that an agent’s utility function takes the additive form
u(z®, 2 0%) = v(z®) + 2% 4 g(27, 0%).

In such a situation, the agent may as well maximize his utility with respect to the expected
action Bqz®1 of his neighbor. Here, E, denotes the conditional expectation operator of the
agent a € A. Thus, as a special case of our analysis, we may as well assume that the utility

functions are given by
u(z®, x2, 0%) = v(2?) + 2Bz + g(2,6%).

Such preferences are analyzed in, e.g., [12]. In this sense, our framework can be viewed as

an extension of the model by [12].



2.1 Existence, Uniqueness, and Lipschitz Continuity of Equilibrium

In order to guarantee the existence and uniqueness of an equilibrium for static economies with
local interactions, we need to impose a form of strong concavity on the agents’ utility functions.

To this end, we recall the notion of an a-concave function.

Definition 2.6 Let o > 0. A real-valued function f : X — R is a-concave on X if the map

z— f(z)+ 1alz|? from X to R is concave.

This definition is first due to [41], and is used for purposes related to ours by [40].

Remark 2.7 Observe that a twice continuously differentiable map f : X — R is a-concave, if
and only if the second derivative is uniformly bounded from above by —«a. For a more detailed
discussion of the properties of a-concave functions we refer the reader to [40] and references

therein.

We will also require any agent’s marginal utility with respect to his own action to depend in
a Lipschitz continuous manner on the action taken by his neighbor. In this sense we impose a
qualitative bound on the strength of local interactions between different agents. More precisely,

we assume that the following condition is satisfied.
Assumption 2.8 The utility function u: X x X x © — R satisfies the following conditions:

(i) The map x — u(x,y,0) is continuous and uniformly a-concave for some a > 0.

(ii) The map u is differentiable with respect to its first argument, and there exists a map L :
O — R such that
8 0 8 ~ 0 O\ ~ 0
%u(fn,yﬁ ) — %u(m,y,e ) < L(6°)|g —y| and such that EL(0") < «. (4)

A simple example where our Assumption 2.8 can indeed be verified is studied in the next

section.

Remark 2.9 The interpretation of the condition EL(6Y) < « is of interest. In the differentiable

2
case, the quantity L(0Y) defines a bound on %@zﬂ; whereas o may be viewed as a bound on
2
W. Thus, EL(0°) < o means that, on average, the marginal effect of the neighbor’s action

on an agent’s marginal utility is smaller than the marginal effect of the agent’s own choice. It
is in this sense that (4) imposes a bound on the strength of the interactions between different
agents. A similar condition has also been employed to study uniqueness of equilibria in related
environments by [2] (see also [3]). The Moderate Social Influence condition in [27] corresponds

to the stronger contraction condition L(6°) < a.



We are also interested in deriving conditions which guarantee that the economy admits a
Lipschitz continuous equilibrium. Lipschitz continuity of the equilibrium map may be viewed as
a minimal robustness requirement on equilibrium analysis. In particular it justifies comparative
statics analysis. We therefore introduce the notion of Lipschitz continuity we will use in our

analysis. For an arbitrary constant 7 > 0, we define a metric d,, on the product space @0 by

dy(6.0) =Y 27100 =6 (0= (0")aerr, 0 = (6")aen) ()
a>0

and denote by Lipn(l) the class of all continuous functions f : ®® — X which are non-expanding

with respect to the metric d,, i.e.,

Lip, (1) == {f : ©° — X : |f(0) — f(0)| < d,\(6,0)}

We are now ready to formulate the main result of this section. Its proof can be found in

Appendix B.

Theorem 2.10 Let S = (X,0,u,v, N) be a static economy with local interactions and complete

information, that is with N = oo.

(i) If the utility function u : X? x © — R satisfies Assumption 2.8, then S admits a unique

symmetric equilibrium g*.

(ii) If, instead of (4), the utility function u satisfies the stronger condition,

0 0 A .
- - -~ < N _ .

then there exists n* > 0 such that the unique symmetric equilibrium g* is almost surely

Lipschitz continuous with respect to the metric dyy:

* *10 L N
°0) — 5°0) < Ly (0.6)  Peas.

(0%

Establishing the existence of a symmetric equilibrium is equivalent to proving the existence

of a measurable function ¢* : @® — X which satisfies

g* () = arg max u(z?, g* o T(6), 6°) P-a.s. (7)

zreX
Observe that each such map is a fixed point of the operator V : B(@° X) — B(0°, X) which

acts on the class B(@%, X) of bounded measurable functions f : @° — X according to

V(0) = arg max u(a’, g o T(0), 0") (8)
(S



On the other hand, each fixed point of V is a symmetric equilibrium. It is therefore enough to
show that V has an almost surely uniquely defined fixed point.

The existence and uniqueness of equilibrium for economies of incomplete information, where an
individual agent only observes a finite number N < oo of types, requires an additional continuity
assumption on the utility function. The proof is analogous to the proof of Theorem 2.10 and is

given in Appendix B.

Theorem 2.11 LetS = (X, 0,u,v, N) be a static economy with local interactions and incomplete
information, that is with N € N.

(i) If the utility function u : X2 x © — R satisfies Assumption 2.8 and if it is continuously dif-
ferentiable with respect to its first argument, then S admits a unique symmetric equilibrium

*

g .

(ii) If u satisfies condition (6), then g* is almost surely Lipschitz continuous:
* X/ N L ~
lg*(On) — 9" (ON)] < EWN —On| P-a.s..

Remark 2.12 The proofs of our existence results, 2.10 and 2.11, cannot be extended to economies
in which local interactions are two-sided, e.g., to the case in which the utility of an arbitrary agent
a depends on the actions of agent a — 1 as well as of agent a + 1.

In the complete information setting, each symmetric equilibrium can be viewed as a fixed point
of the operator V' defined by (7). If information is incomplete, similarly, a symmetric equilibrium
will be represented by a map g : ONTL — X satisfying the fixed point condition

Vg(0) = arg max / u(z?, g o T(6),6%)v(dh).
z2%eX Jo

Under the Moderate Social Influence assumption, we can, in either case guarantee the ex-
istence, in the class of bounded measurable functions, of a set Lip(1l) of Lipschitz continuous
functions, which V' maps continuously into itself. Our proof is based on a mean contraction

argument. Specifically, we show that

L(6°)

(%

[Vg(0) — V()] < lgoT(0) —goT(0)] forall g,5 € Lip(1).

Similar fized point conditions can also be formulated for economies with general local interaction
structures, e.g., ones where the one-sided condition is relaxzed. For our existence proofs, however,
it is essential that the random variables L(6°) and T(0) = (6%,62,...) are independent. Such

independence in fact, together with Assumption 2.8 (ii), guarantees that for one-sided interactions

EL(6%)

E|Vg—-Vg| <~E|lg—g| where ~:= < 1.

10



This mean contraction property of the operator V turns out to be the key to the proof of Theo-
rem 2.10. For general interaction structures, however, best reply functions depend on the entire
configuration of taste shocks; and independence of L(6°) and g o T(0) will typically be lost. As a
consequence, in this case, there is no reason to expect that a Moderate Social Influence condition,

as Assumption 2.8, translates into a mean contraction property of the operator V.

We close this section with a discussion on the structure of the distribution of equilibrium
action profiles in economies with complete information.

For a given configuration 6 = (6%),ca of types, let the action profile (¢*(T%0n))qca be called
an (symmetric) equilibrium action profile. Let X := X* denote the compact set of all action
profiles and p* the law of the random variable g*(#). For any continuous function F' : X — R,
we have

[ FGout @0 = [ F({g' 0" 67V en) [] tas).
X © achA
We already argued that in situations where each agent a € A has complete information about
the actual realization of the types 6%, a symmetric equilibrium ¢g* : @ — X can be identified with
the mapping G* : © x X — X defined by
G*(Qa7 xa+1) = arg :g}g}( U (xa, {L‘aJrl, aa) )

The map G* is continuous by Assumption 2.8. We denote its compact range by X. We can
now explicitly specify the conditional distribution 7*(2x%*1;-) of an agent’s equilibrium action z

given the equilibrium action x%*! of his neighbor. We have
7 @5 = [ Ggegpern (v(d0) (9)

In particular, (9) specifies a family of conditional probability distributions (7*%(x;-))qea on X4
by

(x5 ) = wr (x0T,
The law p* of the action profile g*(0) may therefore be viewed as a Gibbs measure specified by
the family of conditional probability distributions (9).1°

2.2 Example: Local Conformity

In this section, we study in detail an economy in which agents have a local preference for con-

formity: each agent a enjoys utility from behaving as much as possible as his close peers. In

10Tn his pioneering contribution, [23], Follmer considers an economy where the law of the configuration of agents’
exogenous types is a Gibbs measure. In our setup of the complete information economies with local interactions,
it is instead the law of the configuration of the endogenous choices of agents that is a Gibbs measure, as e.g., in
(8], 191, [12], [27].

11



many instances of socioeconomic relevance, from smoking to dropping out of school, preferences
for conformity act at the level of peers rather than at the level of society as a whole; see [6] for a
study of preferences for status, where interactions are global rather than local and agents try to
match the mean behavior in the society.

The economy is a special case of the general environment studied in Section 2 in which the
agents’ equilibrium actions can be given in closed form. We also derive interesting statistical
properties of the equilibrium action profile. In particular, we characterize the effects of local
conformity on the variance and the correlation structure of individual actions in the population
as well as on the variance of the mean action across different economies. When the variance of
the mean action across economies is larger than the variance of each action in the population,
we say that social interactions generate a social multiplier effect; see e.g., [2], [27]. The social
multiplier summarizes the equilibrium effects of the interactions, and measures the amplification of
individual effects in aggregate due to the correlation across the agents’ actions induced by social
interactions. It is interpreted to explain the large variability across time and space observed
in empirical data regarding smoking, criminal activity, dropping out of school, out-of-wedlock
pregnancy and other socio-economic decisions in which a social interactions component is relevant;
see [28] for a survey. We compute the social multiplier for our local conformity economy under
complete and incomplete information, and we study the differential effects of the distribution of
information about agents’ types across the neighborhood structure.

Consider the following utility function:
u(z®, 201, 0%) i = —ay (2% — 0%)? — ag(z® — 2712 (10)

for a1 ag > 0. Quadratic utility functions of the form (10) describe preferences in which agents
face a trade-off between the utility they receive from matching their own idiosyncratic shocks
and the utility they receive from conforming to the action of their peers, which will in general be

different. The higher the ratio g—f, the more intense is the agent’s desire for conformity.

The equilibrium action of a generic agent a € A can now be solved for in closed form (we do

not report calculations for this section).!' Let 3; := al‘i‘ﬁw and [y := alofa2. In the complete

and incomplete information cases, respectively, the map g* is given by

Sl atN o N+1
g (T0n) =B Y By 0" and g* (T°0n) =F1 | > By "0+ 12_ ﬁQEH“ :

Note that, in either case, the equilibrium action of the agent a € A is given by a convex combi-

i=a

nation of all the observable types and the mean of the random variable 6°.
Table 1 reports the variance of action x® and the covariance of the actions taken by agents

a and b. The variance of action x® is highest when agents have no preference for conformity. In

Tt is easy to verify that the map x® — u(z®, 2%, 0%) is a-concave if o < 2(a1 + az), and that our Moderate

Social Influence assumption holds if oy > 0.
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such a situation, in fact, the whole variability of an agent’s idiosyncratic type is reflected on the
action he chooses, % = §*. When agents do interact instead, and therefore attempt to conform
to the action of their neighbor, they choose an action which depends on a weighted average of the
types of all agents on their right. Because types are i.i.d. across agents this type average has in
fact a smaller variance than each single type, and the effect of local interaction is then to reduce

the variance of the actions chosen by each agent.'?

No Interaction Complete Info Incomplete Info
(1 > 0,0 =0) | (a1,2 > 0; N = 00) (1,0 > 0; N =1)
2

var(z%) var(6%) 1_1% var (0%) B2(1 + 33) var (6)

2 %) forb=1
co $a,$a+b 0 83 b ar(6° ﬁlﬂQ‘lar(

v ) - (P) var(6%) 0 for b> 1

var(T) var(6%) var(6%) B2 (1 + B2)*var (%)

Table 1: Statistical Comparison

Notice also that when information is incomplete, the variance of a generic action is lower
than when information is complete. In Table 1, we only report the case in which each agent
observes the type of the neighbor whose action he wishes to conform to, N = 1. However, it is
easily shown that the variance increases with the dissemination of information, that is, with the
number of neighbors’ types each agent observes, IV, and converges to the variance of the complete
information case for N = co. When information is incomplete, in fact, in attempting to predict
the action of the neighbor to conform to, an agent necessarily relies on the mean of the types of
the agents he does not observe and the variance of his chosen action is reduced.'3

Local interactions in our conformity model have then the effect of reducing the variance of

each agent’s action, but introduce a correlation across the actions of the agents. In the case of

12This is in contrast with the results obtained e.g., by [28] for a related economy with preferences for conformity.
In [28]’s formulation of conformity, agent a’s equilibrium action (with complete information, the only case they

study, and in our notation) takes the form: z* = 6% 4 Goz®*!

. In this case, therefore, each agent’s attempt to
conform to his neighbor adds to his action rather than simply shifting the weight away from his own type, as in
our case. As a consequence, more intense preferences for conformity, in [28]’s specification, increase the mean and
the variance of each agent’s action.

13Extending their analysis to the case of incomplete information, we can show that this effect is also present in

[28]’s specification of conformity.
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complete information, such correlations extend over all agents, while with incomplete information
only the actions of agents at most IV spaces apart are correlated.

The correlation of actions across agents with preferences for conformity in turn increases the
variance of the mean action across economies.'* In fact, if the mean action is defined as T :=
My oo D2 j01<n %, it can then be shown that var (Z) = var(2°)+2lim, . Y0y cov(z?,z).15
Therefore preference for conformity decreases var(z®), but increases the covariance terms in the
variance of the mean action 7. It turns out (see Table 1) that these two effects exactly compensate
in our conformity model when information is complete, and hence conformity does not generate
a variance multiplier, as e.g., in [28]. In the case of incomplete information, conformity even
dampens the variance of the mean action with respect to the case of no interactions.

To better understand and summarize the effects of incomplete information on social interac-
tions, we study the social multiplier of our economy with incomplete and complete information.
Let the social multiplier be defined formally as the ratio of the variance of action z® and the

variance of the mean action T. From Table 1 it is clear that in the complete information case the

)
multiplier is equal to ! 52 which is larger than the multiplier in the incomplete information case,
1
2
(111%22) for N =1 (in fact it can be easily shown that the multiplier with complete information is
2

larger than the multiplier with incomplete information for any N < oo).

3 Dynamic Economies with Local Interactions

The theoretical literature on dynamic economies with local interactions has so far concentrated on
models with ad hoc myopic dynamics. One of the main reasons for the widespread use of myopic
dynamics is that the resulting equilibrium process for {z };cn has been intensively investigated in
the mathematical literature on interacting particle systems. Conditions for asymptotic stability
of these processes have been established under suitable weak interaction and average contraction
conditions; see e.g., [39], [37] or [24]. In this paper, we instead study economies with forward
looking agents and consider rational expectations equilibrium dynamics. In our economy, there-
fore, an agents’ actual action typically depends on his current type, on his past choices, on the
present states of all the other agents and on the expected future behavior of his neighbors. His
expectations with respect to the future actions of his neighbors are assumed to be rational, that
is, the expectations are assumed to be consistent with the equilibrium dynamics of the neighbors’
actions at each time in the future.

In the context of a dynamic extension of the local conformity economy of Section 2.2, with

HMFollowing [28] and [29], the different statistical properties of the variance of individual actions and the variance
of the mean action across economies could be exploited to empirically identify the intensity of preferences for local
conformity, that is, B2 in our formulation.

15Since the process 2%, for a € A, is stationary and satisfies a strong mixing condition with exponentially declining

bounds, central limit behavior results; see [42].
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quadratic preferences accounting for habit persistence effects, we can identify the characteristics of
the behavior of locally interacting agents. This behavior stems from rational expectations about
the future and about the behavior of neighbors, which do not exist in the standard analysis of
myopic economies; see Section 4.3.

We are now going to introduce our notion of a dynamic economy with locally interacting
agents as well as our equilibrium concept. As in the case of static economies, we consider a
countable set A of agents. Each agent is infinitely lived, and is of type 6 € © at time ¢ € N.
Types are assumed to be distributed independently and identically across agents and time.'® The
law of the random variables 6 is denoted by v. The instantaneous utility of agent a € A at time
t € N depends on his current type 67, on the action x{ he chooses from a common compact and
convex action set X C R, and on his action z{ ; in the previous period ¢ — 1. We maintain
the simple interaction structure introduced in the previous section, and assume that the agents’

a+1
t

momentary utility also depends on the current action x of his neighbor, agent a + 1. His

instantaneous preferences at time t are described by a continuous utility function

(:1:?,:1:?,1,3:?“, 92‘) — U (:z:?, Ty, x?“, 0?) (11)

where the map (zf,2{ ) — u (2, 2{_,, x}

+1 9?) is assumed to be strictly concave. An agent’s
overall utility is the expected sum of future utilities, discounted at a rate 8 < 1. Prior to his
choice at time ¢, the agent a € A observes the realization only of his own type 6¢. In this sense, we
focus on economies with incomplete information, in which agents do not observe the type of any
other agent except their own. This is just for notational and analytical convenience. We allow

agents to observe the entire action profile x;_1 = (2%)4ea of previous periods 7 =t —1,t —2,....
Definition 3.1 A dynamic economy with local interactions is a tuple S = (X, 0, u, v, 3).

In order to describe an individual agent’s optimization problem, we need to introduce some
notation. We denote by X := {x = (2%)4ea : 2* € X} the space of all configurations of individual
actions and let X9 := {x = (2%),>0}. We equip the configuration spaces X and X° with the
product topologies, and so compactness of the individual action spaces implies compactness of
the configuration spaces X and XO.

At each time t, the agent a € A observes the entire action profile x;_; € X, in particular, he
observes the past actions 2% ; of all the agents b > a with whom he interacts either directly or
indirectly. Even though his instantaneous utility only depends on present and expected future
actions of his neighbor, the information contained in all the choices (z{*{).>1 is used to predict

his neighbor’s expected future actions, and is therefore relevant for the solution to his decision

6Tndependence of types across agents is imposed for clarity and can be relaxed; see footnote 4. Independence
over time also simplifies the analysis substantially; see [44] for standard dynamic programming techniques to deal

with correlated shocks over time.
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problem. In fact, the choice x?ff of the agent a + ¢ at time ¢t — 1 affects the action of agent
a+ ¢ — 1 in period t; this has an impact on the action of agent a + ¢ — 2 in period ¢t + 1, and so
on. A rational agent a € A anticipates these effects, and so he bases his current decision on all
the states (2V_1)p>q-

In principle, agent a could base his decision at t on the action profiles at time ¢ — 2, ¢t — 3
etc., which he observes. In fact though, we study Markov perfect equilibria, in which the policy
function of any agent at ¢ will only depend on period ¢t — 1 actions. Of course actions at ¢t — 2 also
affect future actions, but at a Markov perfect equilibrium, they only affect future actions through
the actions at t — 1. As a consequence, an agent observing actions at ¢ — 1 finds the information
contained in actions at ¢t — 2 irrelevant to compute the expectations about future actions that he
cares about for optimizing at time ¢.17

As in the static case, we shall focus on symmetric equilibria.!® Thus, we may assume that the
optimal action of an economic agent a € A is determined by a choice function g : X x © — X
in the sense that

28 = g(T%_1,0%) where T%; 1 = {22 1 }p>a-

In a symmetric situation, it is thus enough to analyze the optimization problem of a single
reference agent, say of the agent 0 € A. Given the action profile z;_1 = (a:i’_l)bzo € X9 of the
agents b > 0 in the previous period and a continuous choice function g : X° x © — X, the agent
a > 0 takes as given his neighbor’s current choice g(T%x;—1,6¢). We denote by 7y (T%x;_1;-) the
conditional law of the action «¢, given the previous configuration x;_1, and so the choice function
g: X% x © — X induces the Feller kernel

g(s-) := [] mo(T ;). (12)
a=1

If the agent 0 € A believes that the agents a > 0 choose their actions according to g, the kernel
I, describes the stochastic evolution of the process of individual states {(z{)q>0},cn- In this

case, for any initial configuration of individual states * € X° and for each initial type 69, the

7Our economy is formally equivalent to a dynamic game. See [25], ch. 13, for the standard justifications for
Markov perfect equilibria in dynamic games. Restricting the analysis to the class of Markov perfect equilibria is
substantial; trigger strategies and other dynamic punishment strategies, for instance, are excluded. The analysis of
these strategies requires different mathematical techniques as in the study of repeated games; see [18] for a study
of repeated games in a local interaction environment where punishment strategies spread by contagion across the
economy.

8We will also, as in the static case, restrict the arguments of each agent’s choice to exclude the actions of
agents ‘on the left’, that is, we exclude extrinsic effects. This assumption is not too stringent in a dynamic set-up
when restricting to Markov perfect equilibria. This is because, as we already noted in the previous footnote, the

equilibrium concept precludes the analysis of complex dynamic punishment strategies as, e.g., in [18].

16



optimization problem of the agent 0 is given by

r{n%i( /u(a:(f,wo,w%,ﬁ?)wg(Tx;dazl)—i—Zﬁt1/u(m?,x?1,37%,9?)H§(Tx;dw,:)u(d0?) . (13)
Ty t>2

The value function associated with this dynamic choice problem is defined by the fixed point of

the functional equation

Vo(2i-1,07) = Vy(ai_y, T, 67) = max {/U (21,20, 91 0F) mo (T3 dyy) (14)
Ty
#0 [ Vol 0 Taioas digw(as') |
X0x©

The following is a well known result from the theory of dynamic programming, see e.g., [44].

Lemma 3.2 Assume that the choice map g is continuous. Under our assumptions on the utility
function w, the functional fized point equation (14) has a unique bounded and continuous solution
Vy on X0 x ©. Moreover, the map Vy(-, Txi—1,0Y) is strictly concave on X and there exists a

unique continuous policy function g, : X0 x © — X that satisfies

o (v th) = ongma { [ (el y.afol 6F) my (T )
Ty
-l—ﬁ/Vg(a:g,it,GI)HQ(Txt_l;dit)y(dﬁl)}. (15)

We can now define a symmetric Markov perfect equilibrium in a dynamic random economy

with forward looking interacting agents.

Definition 3.3 A symmetric Markov perfect equilibrium of a dynamic economy with forward

looking and locally interacting agents S = (X,0,u,v,3), is a map g* : X® x © — X such that

g (:Ut,l,ﬁg) = arg 1%12)>§ {/u (x?_l,x?,ytl,ﬁg) Ty (Txt,l;dytl) (16)
Ty

+3 / %*(mg,it,el)ﬂg*(ﬂct1;d:%t)y(d91)}.

By analogy to the static case, a symmetric equilibrium might be viewed as a fixed point of a
certain operator. Indeed, every fixed point of the operator V that acts on the class of bounded

measurable functions g : X% x © — X by

Votot) = argax { [[0(2%0%00,0%) my(Tasay) (1)
e

+ﬁ/vg(az~0,az~,91)ng(n; d@)y(del)},
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defines a symmetric equilibrium; and every symmetric equilibrium ¢g* satisfies the fixed point
relation

‘?g*(x, 90) = g*(x, 00).

We proceed by establishing a series of general results, on the existence and the convergence of
the equilibrium process. Such results require conditions on the policy function g4, and hence are
not directly formulated as conditions on the fundamentals of the economy. In the next section, we
will then introduce an example economy with quadratic preferences which we are able to study
in detail. For this economy, we can show that our general conditions are satisfied, and hence they

are not vacuous.

3.1 Existence and Lipschitz Continuity of Equilibrium

In order to state a general existence result for equilibria in dynamic random economies with

forward looking interacting agents, we need to introduce the notion of a correlation pattern.
Definition 3.4 For some finite C > 0, let

Lg = {C = (Ca)aeN Do 20, an < C}
a€h
denote the class of all non-negative sequences whose sum is bounded from above by C. A sequence

ceE Lg will be called a correlation pattern with total impact C.

Each correlation pattern ¢ € Lg gives rise to a metric

dc(fay) = an|xa - ya‘
a€eN

that induces the product topology on X°. Thus, (dc, X°) is a compact metric space. In particular,

the class
Lipd = {f: X® = R: [f(2) — f(y)| < de(,y)}

of all functions f : X% — R which are Lipschitz continuous with constant 1 with respect to the

metric d. is compact in the topology of uniform convergence.

Remark 3.5 For a fized 0° € O, let g(-,0°) € Lipg be the policy function of the agent 0 € A.
The constant ¢, may be viewed as a measure for the total impact the current action xz® of the
agent a > 0 has on the optimal action of agent 0 € A. Since C < 0o, we have lim,_,o cq = 0.
Thus, the impact of an agent a € A on the agent 0 € A tends to zero as a — oo. In this sense,
we consider economies with weak social interactions. The quantity C' provides an upper bound for

the total impact of the configuration x = (z%)a>0 on the current choice of the agent 0 € A.
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We are now going to formulate a general existence result for symmetric Markov perfect equi-

libria in dynamic economies with local interactions.

Theorem 3.6 Assume that there exists C < 0o such that the following holds:

(i) For any ¢ € LY, for all 8° € © and for each choice function g(-,6°) € Lip$, there exists
F(c) € LY such that the unique policy function gy(-,0°) which solves (15), is Lipschitz

continuous with respect to the metric dp () uniformly in 8° € O.
(i) The map F : LY — LS is continuous.
(iii) We have limy, .o [|gg, (-, 0°) — g(-, 0°)loo = 0 if limy, o0 |gn — glloe = 0.

Then the dynamic economy with local interactions has a symmetric Markov perfect equilibrium

g* and the function g*(-,0°) is Lipschitz continuous uniformly in 6°.

PROOF: Let us first show that, for any C' < oo, the convex set Lg may be viewed as a closed
subset of [0, C]N with respect to the product topology. To this end, let {c™},en be a sequence in
Li that converges to ¢ = (¢q)a>0 € [0, C]N in the product topology. Clearly, ¢, > 0 for all a € N,

and so the sum C := > >0 Ca €Xists by monotone convergence. If C>cC , then there exists b € N
and € > 0 such that

a=0

i
[=}
)
v
=}

which contradicts ¢® € LY. Due to (i) and (iii), the operator V defined by (17) maps the compact

and convex set Lipg continuously into itself and therefore does also have a fixed point g*. O

3.2 Convergence to a Steady State

In the previous section, we have formulated conditions on a dynamic economy with local interac-
tions S = (X, u, 3,0, v) which guarantee the existence of a symmetric Markov perfect equilibrium
g*. In this section, we study the asymptotic behavior of the process {x¢}ten in equilibrium. To
this end, we denote by
Oy (i) = [] 7 (Ta3)
acA

the stochastic kernel on X induced by the policy function ¢g* and by Htg*, its t-fold iteration. Given
an initial configuration x € X, the measure IT!(x; ) describes the distribution of the configuration
of individual states at time t.

Let us introduce the vector r* = (7}),ca with components

*

ri = sup{|lmye (23 ) = mg+ ()| s @ = y off a}. (18)

19



Here, ||mg«(x;-) — mg+(y; )| denotes the total variation of the signed measure mg(z;-) — mg=(y; -),
and = = y off a means that 2? = y® for all b # a. The next theorem gives sufficient conditions for
convergence of the equilibrium process to a steady state. Its proof follows from a fundamental

convergence theorem by[46].

Theorem 3.7 If Y . rg. <1, then there exists a unique probability measure p* on the infinite
configuration space X such that, for any initial configuration x € X, the sequence Hg* (x;+)

converges to u* in the topology of weak convergence for probability measures.

4 Example: Local Conformity and Habit Persistence

This section studies a dynamic extension of the local conformity economy introduced in Section
2.2 where the assumptions of Theorem 3.6 and of Theorem 3.7 can indeed be verified. As in the
static model analyzed in Section 2.2, agents have a preference for conformity, and each agent a
receives utility from conforming his own action to his neighbor’s. In the dynamic economy we
study in this section, however, agents also face habit persistence: each agent faces a disutility from
changing his action over time. Habits and addictions are often associated with social interactions
and preferences for conformity: for instance, the consumption of addictive substances, like smoke
and several chemical drugs, is often initiated by the desire to conform with peers; the decision
to commit criminal acts, partly determined by social interactions and preferences for conformity
(see [27]), is difficult to reverse over time.

We consider an economy where the preferences of a generic agent a are represented by the

utility function

2 2
w(afoy,af,2f ™ 0F) = —an (af ) —f)” — a2 (6] —af)” — ag («f " —af) (19)

where a1, a9 and ag are positive constants. The agent’s utility can be decomposed into three
components. The first term of the utility function u (zf_;, ¢, o+t 6¢) in (19) represents habit
persistence, the second the effect of the agent’s own type, and the third the local conformity

component, that is, social interactions.

4.1 Existence of Equilibria
Our first aim is to prove existence of a Markov perfect equilibrium for this economy.

Theorem 4.1 Let X = © = [-1,1]. Assume that E6Y = 0, and that an agent a € A only
observes his own type 0%. If the instantaneous utility function takes the quadratic form in (19),
the economy has a symmetric Markov perfect equilibrium g*. The policy function g* can be chosen
to be of the linear form
g (z,0°) = i’ + 40° + Z cab
b>1
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for some positive sequence c* = (¢})a>0 and some constant v > 0.

The proof of Theorem 4.1 will be carried out in several steps. In a first step, we prove the
existence of an interior solution to an agent’s optimization problem in an economy with quadratic

utility functions.

Lemma 4.2 Let g : X° x © — X be a continuous choice function for the agents a > 0. Under
the assumptions of Theorem 4.1, the induced policy function, g4, of the agent 0 € A is uniquely
determined and

P (gg(x4-1,07) € {—1,1} for some t € N) = 0. (20)

Thus, we have almost surely an interior solution.

PRrOOF: The existence of a unique policy function follows from continuity of g along with the
quadratic form of the utility functions, using standard arguments from the theory of discounted

dynamic programming. In order to prove (20), we let
=inf{t >0: gy(m1,07) =1} and y; := gg(zs1-1,07).

It suffices to show that P[r < oco] = 0. Let us assume to the contrary that P[r < co] > 0. In such

a situation y, = 1 is optimal and this means that

—a1(1—yr1)® = B (1(1 = yr1)® + 2(1 — 27)° + az(1 — 69)?)
> —ai(y—yr1)® = B (ar(y — yr11)* + aaly — 27) + as(y — 09)%)

for all y € X. Otherwise y, < 1 would lead to a higher payoff. This, however, requires 60 =
Yr—1 = Yr+1 = 1. This shows that y, = 1 = 69 for all ¢ € N. This, of course, contradicts E6? = 0.
Thus, P[r < oo] = 0. O

Let us now establish a representation of the agents’ policy function in terms of the expected
behavior of his neighbor. To this end, we denote by M (XP?) the class of all probability measures
on X9 equipped with the topology of weak convergence. The utility of the agent 0 € A at time
t € N depends on the actions x¢ taken by the agents a > 0 only through his neighbor’s expected

action
2zt = /ylﬂg(T:Ut;dy) and through /(yl)QHg(Txt;dy).

We may thus view the agent’s dynamic problem as an optimization problem depending only on
the stochastic sequence {09};cn, and on the deterministic sequence {HE(T x; )} teN In fact, in
our present setting, we can let u(-) := I1,(Tz; ), for any initial configuration x € X%, and rewrite

his optimization (13) as

max < U(2Y, 20,69, 1) —i—Zﬂt 1/U z9 29 |, 69 uHé)V(d&?) (21)
{=f}en =2
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where
U(.Q??,.Z‘g, 90? N) = _al(x(l) - $8)2 — o (:B(l) - 00)2 — a3 /('x(l) - yl)Qﬂ(dy)

This allows us to show that the agent’s optimal action is given as a weighted sum of his present

type, of his action taken in the previous period and of the expected future actions of his neighbor.

Lemma 4.3 Let the assumptions of Theorem 4.1 be satisfied. Given an action profile x € X°
and a choice function g : X0 x © — X for the agents a > 0, the policy function of agent 0 € A

is of the linear form

Gg(2,0) = y12° + 720° + Z Or—1 /y1HZ(T1:; dy). (22)
t>1

With A :== a1 + as + as + a1 8, the constants v1, Y2, 09, 01, - - . are given by

AN - 404 and . (23)
o 208 2T Xl
and by
a3 a1 8
0p i = ———— d 641 =—"—0 t>1. 24
TN T M M T N ™ Jort = (24)

The constants in (23) and (24) do not depend on g and satisfy 11 +v2 + D 4500t < 1.

Proor: Fix an initial configuration z = (2%)s>0 and let p := IIy(Tz;-). The value function

associated with the optimization problem (21) solves the functional fixed point equation

Vet = s { oo o) -l ) s [0"
Ty
—i—ﬁ/‘/g(x?,@g,uﬂg)u(ng)}. (25)

In view of Lemma 4.2, the fixed point equation (25) has a unique solution V" : X x © x M(XO) —
R and the agent’s policy function g, : X x © x M(X%) — X is uniquely determined and the

optimal solution is almost surely interior. Thus, the first order condition takes the form

9 s
~201(af — af) — 20008} ~ 28)? ~ 200 [ (0! () + 8 [ 5 5V 0, () =,
1
and the envelope theorem gives us
0 .
871:[1)‘/(1:(1)’ Qg,uﬂg) =20 (x(l] - :E(Q)) =20 (x(l) — Yg (:C(l)v 98, :LLHQ)) : (26)
This yields
1
0 0 0 1 ~ (.0 g0
= 0 d 0y, pll . 27
xq ar+ oz + a3 + Boy (041550"‘042 1+a3/y N( y)+a1ﬁgg(x1, 25 M g)> ( )
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Let us now assume that we have the following alternative representation for the optimal path
{2 hren:
oo
) =gy + 0]+ dizeri € (0,1) (28)
i=0
where z; denotes the expected action of the agent a = 1 at time t. Using Ef) = 0, it does then
follow from the first order condition, from (26) and from (27) that

(e e}
) = p——— +1a3 o (Oqivg + agt + 043/3/11_[9(90; dy) + on fyaf + alﬁ§z2+i) . (29)
Now we need to find coefficients 71,72, do, 01, . . . such that the representations in (28) and in (29)
coincide. This can be accomplished recursively and yields the constants in (23) and (24).1

In order to prove that the sum of the coefficients is bounded from above by 1, we consider the
situation in which the agents maximize the discounted sum of their expected utilities over the
periods ¢ € {0,1,...,7} and denote by g7 (x,8°) the optimal action of the agent 0 € A. Using a
cumbersome, but rather straightforward induction argument along with an argument similar to

the one given in the proof of Lemma 4.2, one can easily show that
T

g7 (,0°%) =772 + 307+ 67 12
i=1

Here, the coefficients satisfy the recursive relations

as 5T — a1

2
— aif
= , = et Tl

)\T+1 ! >\'r

Ar

ot (1=1,2,..) and Ay =A-—

with A\ = oy + oo + a3. This shows that 7] — viand 6] — §; for all i =0,1,2,... as 7 — oo.
Thus,

71+’Y2+Z5i <1 because 7{4—'754—25{ <1 for all 7.
i>0 i>0
O

Our representation (22) of the policy function does not yet allow us to apply Theorem 3.6.
For this, we need a representation of g, in terms of the sequence (2%),>0. This, however, can be
accomplished as follows: Let us fix a correlation pattern ¢ = (¢4)a>1 € Li_w and assume for the

moment that the choice function of the agents a > 0 takes the linear form

§(T%,0%) = cox® 4+ 720* + Z cpz® P, (30)
b>1

9The solution method for linear rational expectation models in [7] cannot be applied in a context, as ours, with

an infinite dimensional state space.
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In view of (22), we have ¢g = 1 and the continuous choice function g induces a Feller kernel II;
on X°. Thus, it follows from (30) and from E#Y = 0 that

/ 1H (z;dy) = anx
a>0
Hence the expected action of the agent a = 1 in the second period is given by
/y H2 (z;dy) = Z cal/ aHH (x;dy) = Z Cay Z Cqprt ozt
a1>0 a1>0 a2>0

By induction we obtain

/ylﬂtg(x;dy) - Z Ca; Z Cay*** Cay_, Z e I (31)

a1>0 az2>0 at>0

for all t € N. Thus, we have the alternative representation of our policy function:

§§<$, 9) = ’}/1230 + ")/29 + Z lbl'b
b>1

where the strictly positive sequence (Ip)p>1 is given by

b—1 b—1
Iy = Fy(co ety 0p-1) Z(St 1 (Z <Ca1 Z Cay " - ) Z Cat> Lt a=b-1y- (32)

t>1 a1=0 a2=0 ar=0

This representation allows us to prove the main result of this section.

PROOF OF THEOREM 4.1: Since g;(z,0°) € X, we have 7,5,y <1 — 71 — 72. Thus, the map
F' defined by

F(c) == (Fy(y1,c1,- - 1) b1 (33)

maps the set Li_%_w into itself. Since F' is continuous in the product topology, it has a fixed

point ¢* = (¢})q>1 and

Iy =Fy(y1,¢],...,¢5_1) =c¢; forallb>1.
Finally, let ¢ = 71 and v = 72, as defined in (23). Then the assumptions of Theorem 3.6 are
satisfied. This proves the assertion. O
4.2 Convergence to a Steady State

We turn now to study the convergence to a unique steady state for the example economy with

quadratic preferences. To this end, we consider the representation

9" (2;0%) = cia® + 720° + Z cx®

a>1
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of the policy function g*. For any two configurations x,y € X? which differ only at site a € A,
9% (,6°) — 9" (y, 0°)] < cgla® =y,
Assuming that the taste shocks are uniformly distributed on [—1, 1], we obtain
g (2 A) — mgu(y; A)| < 26,

for all A € B([—1,1]), and so Y 5qrg- < 1if D°,50c; < 1. This yields convergence to a steady
state if a1 is big enough and if ag is small enough, i.e., if the interaction between different agents

is not too strong.

4.3 Rational Expectations, Local Conformity, and Habit Persistence

As already noticed, the literature has only studied the myopic dynamics of economies with local
interactions. In particular, the specific form of myopic expectations assumed in the literature

contains two components:

(i) an agent a € A, when choosing z¢ at time ¢, is assumed not to consider that he or his

neighbors will choose again at time ¢ + 1;

(ii) an agent a € A, when choosing x{ at time ¢, is assumed to expect his neighbors, agents

b > a, not to change their previous actions.

In this case, the dynamics describe a backward looking behavior of the agents since the config-
uration (z§).ea only depends on the current configuration of types and on the previous action
profile (z{_{)acA-

In this section, we study a simple 2 period version of the local conformity and habit persistence
introduced in the previous section and solve it for both myopic and rational expectations, to
illustrate the effects of rationality of expectations on the dynamics of actions. Each agent a € A
chooses at time ¢ and ¢ + 1, respectively, actions z§, xf, ;. The initial condition of the dynamic
economy, that is, the configuration of actions at time ¢ — 1, is {2%}4ca.

Consider first, as a benchmark, the case in which a generic agent a € A chooses x{ at time ¢
in a fully myopic manner: he does not expect to choose at ¢ + 1, that is, he expects z¢_; = z{;
and he expects his neighbors’ actions to remain z both at ¢ and at ¢ + 1. In this case it is easy

to show (we do not report the calculations for this section) that his choice will satisfy:

28 = 200 4 32R09) + Lpo 4 (14 5) Lot (34)
Co (&) Co (&)
aztas

where ¢co = a1 +as +as+ 3 . Note that action x¢ is chosen as a convex combination of

ajtaztas
the arguments (6%, E(6%), 2% z**!). That is, the weights on the arguments sum to unity.
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Consider now the case in which agent a still expects his neighbors’ actions to remain z’ at
both ¢ and at ¢+ 1, but he now realizes that he will choose again at time £+ 1 and that his choice
will be optimal (conditionally on x%’ = mi’ 1= xb, for all agents b > a). In this case, his choice at

time t will satisfy:

a2 a2 aq a1 aq (%]
o= 2go g2 N pgeyp Mpoy (14— ) DBl (g5
c1 c1 o1 + oo+ as c1 o] t+agt+az /) ¢
where ¢ == a1 + ag + a3 + alﬁ%. Thus, an agent’s choice is given in terms of a convex

combination of his type, his expected type and in terms of his own and his neighbor’s action in
the previous period. Because ¢; < cp, though, agent a’s own type 6¢ and his past choice £ have
now a larger weight in his choice, while the mean action and the action of the neighbor he wishes
to conform to have a smaller weight. This effect is due to the fact that the agent now rationally
anticipates that he can re-optimize at time ¢ 4 1, and hence at time t, he will attempt matching
more directly those arguments which change at time ¢ + 1 (remember he myopically expects his
neighbor not to change actions at ¢t nor at ¢t + 1). Rational expectations of the agent’s own
dynamic choice therefore reduce the dependence of the agents’ actions on the local conformity
effect, but on the other hand strengthen the effect of habits.

Consider now the case in which the expectations of the agents in the local conformity and
habits economy are fully rational. Agent a in this case, when choosing at time ¢, not only
anticipates rationally his own choices at time ¢ + 1, but also the choices of his neighbor, agent

a+ 1, at time t and t + 1. In this case, his choice will satisfy:

a2 o + A> E(6%) + %g + > Fa’ (36)
1

Qg
xf = —0F + (ﬂ
C1
b=a+1

c1al+az+ag
where A and Fy, (b > a+1) are positive constants, and x{ is given in terms of a convex combination
of the arguments (6¢,E(6), 2%, {2°}p>a+1)-

Taking into account the rational expectations of agent a regarding the behavior of his neigh-
bors has the effect that his choice at ¢ depends on the past actions of all the agents to his right,
and not only on the choice of his immediate neighbor, as in the previous case. This introduces
long spatial correlation terms in the resulting configuration of actions. But most importantly,
comparing (35) and (36), it is apparent that the fully rational choice of agent a is more weighted
on the mean shock E(0f) and less on the past action of the neighbors. This property of the
equilibrium actions is the consequence of the rational expectations of agent a regarding the per-
sistence of the actions of the agents b > a: even though all agents face habits, they still will, in
general, change their actions at time ¢, and hence agent a’s action will depend less on the past
actions of his neighbors; this further limits the component of local conformity in the choice of

agents in this economy.
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Closed form solutions for the policy function (36), that is, solutions for A and {F},};-,,,, are

hard to derive. We have therefore run some simulations to better illustrate the properties of the

policy function; Figure 1 reports the shape of {F},<, 41 In two representative simulations.2’

o,=10,=1; a,=1; pB=.9
0.1 T T T

0.08 - b

o ©
o o
I =)
T T
1 1

Weight in the Policy Function
o
o
N
T
1

0 L L L L L Il 1 1
0 5 10 15 20 25 30 35 40 45 50

Agent Number
alzl; azzl; a3:10; B=.9
0.07 T T T

- L Il 1 1 1
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Agent Number

Figure 1: Weights of the Neighbors’ Past Actions in the Policy Function

First of all, notice that when local conformity is not the predominant component of the agent’s
preferences (that is, when a3 = as = ag = 1 in the simulations), the number of neighbors that
significantly affect each agent’s action is relatively limited, of the order of 7 or 8. On the contrary,
when local conformity is predominant (that is, when a1 = ag = 1, and a3 = 10 in the simulations)
the number of neighbors that affect each agent’s action increases substantially, about three times
in our parametrization of preferences.

As we noted, the policy function of myopic agents (34) overestimates, with respect to the
policy function of fully rational agents (36), the dependence of equilibrium actions on the agents’
neighbors, that is, it overestimates the local conformity effect. In our simulations such overesti-

mation is quite substantial. When local conformity is predominant in preferences the weight on

20The code for the simulations, available from the authors, uses a recursive algorithm to compute the weights
associated to z®, for any arbitrary b > a, in agent a’s policy function. The code does not perform any truncation

or approximation, but rather computes the exact weights.
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2971 in (34) is .8382, while the sum of the weights on z°, b > a + 1, in (36) is only .2928. When
local conformity is not predominant, instead, the respective weights are .3611 and .1278.

We conclude therefore that our analysis of the local conformity and habits economy shows
that the effect of rational expectations dynamics is to spread the correlation of equilibrium ac-
tions across several agents in the economy, but to substantially reduce the effects of the local

interactions, that is of the agents’ preferences for local conformity.

5 Dynamic Economies with Local and Global Interactions

This section extends the analysis of dynamic economies with local interactions to economies in
which interactions have an additional global component. In particular, we study economies in
which each agent’s preferences depends on the average action of all agents. Such dependence
might occur, for instance, if agents have preferences for social status. Similarly, preferences to
adhere to aggregate norms of behavior, such as specific group cultures like piercing or rap music,
also give rise to the form of global interaction we study in this section. More generally, the
analysis of global interactions could capture other externality effects as well as price effects.

Formally, we study a dynamic economy with quadratic preferences, as in our analysis of local
conformity and habit persistence in Section 4.3, in which the preferences of each agent a € A also
depend on the average action of the agents in the economy,

n

1 .
o(x) = lim_ 2n+1aZ T

=—n

when the limit exists. We denote by X, the set of all configurations such that the associated

average action exists:

RS S
Xe::{xeX:EQ(x)::nILnC}OQn+1 Za: }

a=—n

The preferences of the agent a € A in period t are described by the instantaneous utility

function u : Xe X © — R of the quadratic from

u (xg—la $?, $?+1’ g? Q(Xt))

2 2
= —an (2 —af)” —ao (0f — 2f)* — ag («f T —2f)” — aq (o(x) — ) (37)
for some positive constants aq,...,as. The first term in (37) represents habit persistence, the

second the own effect of the agent’s type, the third the local conformity component, and the last
the global conformity component. As before, we assume that X = © = [~1, 1] and that E§° = 0.
We also assume that information is incomplete so that an agent a € A at time t only observes
his own type 6f, and all agents’ past actions. Following the analysis of Section 4.3 we can define

a symmetric Markov perfect equilibrium of this economy.
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Definition 5.1 Let x € X, be the initial configuration of actions. A symmetric Markov perfect
equilibrium of a dynamic economy with local and global interactions is a map g* : XOxOx X — X
and a map F*: X — X such that:

g (241,09, 0¢) = arg max,oc x {[u(af i, 2y}, 00, 00) mge (Tp—1; dy})
(38)
+B [ Vg ($(t)a 4,0, Qt+1) g (Tai—1; dﬁct)u(dél)} .
and
ot+1 = F" (01),
and

o1 =0(x) and o= 0(x) almost surely.

At a symmetric Markov perfect equilibrium the policy function ¢* determines the optimal
action of each agent under the rational expectations condition that all agents choose their own
action by the policy function g*. Moreover, each agent rationally expects the sequence of average
actions {o(x¢)},cy to be determined recursively via the map F*.

In studying existence of an equilibrium of a dynamic model with local and global interactions
several mathematical difficulties arise. First of all, the endogenous sequence of average actions
{0(x¢) }+eny might not be well-defined for all ¢ (that is, x; might not lie in X, for some t). Moreover,
even when x¢ € Xe, an agent’s utility function depends on the action profile x¢ in a global manner
through the average action o(x;), and hence will typically not be continuous in the product
topology. Thus, standard results from the theory of discounted dynamic programming cannot
be applied to solve the agent’s dynamic optimization problem in (38). We are going to show
though that, when preferences are quadratic and interactions are one-sided, i) the endogenous
sequence of average action {o(x¢)}ien exists almost surely if the exogenous initial configuration
x belongs to Xe, and that ii) it follows a deterministic recursive relation. This allows us to view
dynamic models with local and global interactions as purely local interaction models to which a
deterministic time-varying component is added.?!

More specifically, in order to establish the existence of an equilibrium for an economy for
locally and globally interacting agents, we proceed in three steps. We first consider an economy
where the agents’ utility depends on some exogenous quantity g, constant over time. We then
extend the analysis to the case in which the agents’ utility depends on some exogenous but time-
varying quantity {o;}+en described in terms of a possibly non-linear recursive relation. Finally,

we show that the recursive structure of {o;}sen is preserved if we require each element of the

21Quch separation arguments originally appeared in [24] and [31] where the long run dynamics of locally and
globally interacting Markov chains are analyzed. Similar separation arguments have also been successfully applied
in the context of a static equilibrium model with locally and globally interacting agents in [34], and in the context

of microstructure models for financial markets in [32].
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sequence to be endogenously determined as the average equilibrium actions of the agents’ of the
economy: o, = o (%), for any ¢, at the equilibrium configuration x;.
Consider then, first of all, an economy in which the agents’ utility depends on some exogenous

constant quantity o.

Lemma 5.2 Assume that the agents’ instantaneous utility functions take the quadratic form

2 2 2 2
w(@f g2, 2700, 0) = —an (ef_y — 2f)” — a2 (0f — 2f) —as (277 —af) " —au (0 — 2f)” (39)
with o € X and positive constants a1, . .., au, then there exists a policy function g* : XOxOx X —

X such that

g* (xt—h 9797 Q) = aIg maXx?EX {f u ('1"?717 x?v ytl7 9797 Q) Tg* (T.Tt_l; dytl)

+ﬂ f ‘/iq* (w?, fi’t, 61, Q) Hg* (Tact_l; dirt)v(dé?l)} .
The policy function g* can be chosen of the linear form

g (z,60°, 0) = epx® + €6° + Z erx® + A(o) (40)
b>1

where the correlation pattern €* = (e} )q>0, and the constant € > 0 are independent of p.

ProOF: Fix a continuous policy function g for the agents a # 0. Continuity of g together with
our special interaction structure guarantees that the optimization problem of the agent 0 € A can
be solved by standard methods from the theory of discounted dynamic programming. In fact,
using the same arguments as in the proof of Lemma 4.3, we see that the optimal action of the

agent 0 is given in terms of a weighted average of his neighbor’s future action and of p:
Gg(2,0°,0) = e1a® + 26" + ) {5t1 /ylHZ(Tfﬂ; dy) + mw} (41)
t>1

where €1, €2 and (1, d;) (¢t € N) are strictly positive constants satisfying e;+ea+) ,~q (0 + 1) < 1.

Suppose now that the agent a = 0 assumes that the other players’ policy function is given by

g(T%,0% o) = e12° + 26° + Z epr®™ 4+ B(o) € [-1,1] (42)
b>1

where the non-negative correlation pattern {eq}q>1 is independent of the states {z%},>1 and
where the constant B(p) depends only on p. In this case, agent 0’s policy function, g, defined by
(41), takes the form

Gg(x,0°,0) = e12” + €260° + Z laz® + B(0) Z 51C" + QZ N1

a>1 t>1 t>1
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where the constants [, = Fy(€1,€1,...,€e,—1) are given by (32), and C := € + ), €qa-

In order to prove our assertion it is thus enough to find a correlation pattern e* = (e})g>1
and some B(p) such that
er = Fy(er,el,...,er_q) foralla>1 (43)
and such that
B(Q)Zét,lc’t—l—QZnt,l = B(o) where C:=¢ +Z€Z' (44)
t>1 t>1 a>1

To this end, we first consider the case B(gp) =1 — C. Condition (44) translates then into

(1-C)Y 61C" +0> ma=1-C.
t>1 t>1
By continuity, this equation has a solution C'(g) € [0, 1], where C(p) is increasing in |g|.

Choose a sequence ¢ = (cq)a>0 With cg = € such that > . c. < C(0). The correlation
pattern | = (ly)q>0 in (42) satisfies then ) -, l, < C(0), because an agent’s optimal action is
almost surely interior, and because the quar;cities l, are increasing in cg,...,cq—1. Hence the
same arguments as in the proof of Theorem 2.10 show that, for any o € [—1, 1], the map F' has a
fixed point, i.e., there exists a sequence (e})q>1 such that (43) is satisfied.

For a given g, we have a fixed point in the set of sequences such that > . cs < C(p). In
fact, we can look for a fixed point such that »  -qcs < C(1) (recall that C (95 is increasing in

| p|). An equilibrium for an arbitrary external condition ¢ € [—1,1] is then given by
g*(x,0% 0) = efaz® 4 €0° + Z epz’ + A*(o)
b>1

where € = €3, €0 = €1 and A*(p) is given by

Zt21 N—1

A*(p) = 0T Sy (O

|

Note that the policy function (40) has the property that a change in ¢ has a direct effect on
the chosen action but does not affect the dependency of the action on the realized agent’s type
nor on the neighbors’ actions. In other words, both ¢ and the correlation structure {e;},., are
independent of o. It is this property that allows us to proceed to the second step of our angmlysis,
that is, to study the case in which the agents’ preferences at time ¢ are described by a quadratic

utility function

a a a+l pa
u(xt—lv'xtvl‘t aetaQt)

2 2
= —an(ef g —af)” —a (6] —af)? —as (2 —af)” —au (o — ), (45)
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and the dynamics of the process {o;}tcn is described by a possibly non-linear recursive relation
of the form

ot+1 = F(o;) for some continuous function F:X — X. (46)

Since F' is continuous, an agent’s optimization problem can again be solved using standard
results from the theory of discounted dynamic programming. In fact, we can apply the same
arguments as in the proof of the previous Lemma in order to show that for given a continuous
policy function g for the agents a # 0, the optimal action of the agent a = 0 is given in terms of
a weighted average of his neighbors future actions and of future external conditions. In order to
make this more precise, we fix a continuous policy function g : X x © x X — X for the agents
a # 0 and denote by 7(T%z, g; -) the conditional distribution of the agent a’s optimal choice, given
the states (xp)p>o and given p. Since preferences now depend on g, which is no longer constant
but evolves according to a deterministic dynamics, the expected action of the agent 1 € A in

period ¢, given some continuous policy function g : X% x © x X — X is of the form

/yll_lg1 Iy, (Tx;dy)  where II,,(Tz;-) := H 7(T%, o4 +)
a>1
and 7(x, g¢;-) denotes the distribution of the random variable g(z, -, o).
Let 0,(-) be the Dirac measure concentrated on p, and assume that the policy function g is

continuous. The kernel

~

Iz, 0;-) := (23 ) @ Op(g)(-)-
which describes the joint evolution of the sequences {z{}ien (a > 1) and {o;}+en has the Feller
property because F' is continuous. Hence, an agent’s optimization problem can again be solved
using methods from discounted dynamic programming and arguments as in the previous section

show that the optimal choice of our reference agent a = 0 is given by
Gg(2,0°, 01) = €120 + €26° + ) {&_1 /yng1 - Iy (T dy) + m_mt} : (47)
t>1
If agent 0 expects all the other agents’ policy functions to take the linear form
9" (T%x,0%, p) = eja® + €0 + Z eZmb + Z hi ot
b>a+1 >1

with the correlation pattern e* = (€})q>0 derived in Lemma 5.2 and with a suitable sequence

h = (ht)¢>1, then (47), using tedious but straightforward calculations, can be written as

992, 0%, 01) = ez’ + e0” + > " eja’ + Y Gi(h)or
b>1 t>1
for suitable constants G;(h). By analogy to the proof of Lemma 5.2 one can now show that there

exists a sequence h* = (h});eny which does not depend on the specific sequence {g; }ten such that

Gi(h*) = ht.

32



Thus, we have the following result.

Lemma 5.3 Assume that the agents’ instantaneous utility functions take the quadratic form (45)
and that the sequence {o;}ien follows the deterministic recursive dynamics (46). Then there exists
a policy function g* : X x © x X — X such that

g (xtflaega Qt) = arg 1%12)}2 {/U (xg—lax?aytlae?» Qt) Tg* (Tift—l;dytl)
Tt

+5/Vg* (2f, 2,0, F (o)) Iy (Tﬂftlsdi‘t)’/(del)} .
The policy function can be chosen of the linear form

g(z,60°, 01) = efa® + e6° + Z e;,‘:z;b + Z hi ot
b>1 t>1
for some correlation pattern e* = (e})a>0 and a positive sequence h* = (hf)i>1. These sequences

can be chosen independently of F' and satisfy

e+ > hi<l
a>0 t>1
We are now ready to prove the existence of a symmetric Markov perfect equilibrium of our
economy. Let a continuous function F' : X — X determine recursively the sequence {o;}ten by
(46). Assume that the exogenous initial configuration x has a well defined average o := o(x),
that is, assume that x € Xo. Let F(®) denote the ¢-fold iteration of F' so that g, = F (t)(g). Since
the agents’ types are independent and identically distributed, it follows from the law of large

numbers that the average equilibrium action in the following period is almost surely given by

n

> g1 z,0%0) = (C*)2e+C* Y hiFW(g)+C* Y hiF(g)

a=—n t>1 t>1

= G(F)(o)-

1

lim
n—oo 2n + 1

Thus, the average action in period t = 2 exists almost surely if the average action in period t = 1
exists, and an induction argument shows that the average action exists almost surely for all t € N.
In order to establish the existence of an equilibrium, we first show that there exists a continuous

function F™* such that, with g1 := o(x) we have
02 1= F*(01) = G(F")(01).
Lemma 5.4 Let C(X) be the class of all continuous functions F' on X equipped with the usual

sup-norm || + ||oo. The map F — G(F) on C(X) has a fized point F*.
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ProOF: Let Lip C C(X) be the class of Lipschitz continuous function F' on X with constant 1.
Due to the theorem by Ascoli and Arzela, the set Lip is compact with respect to the topology
induced by the norm || - ||o. Thus, the assertion follows from Brouwer’s fixed point theorem if
we can show that the map F' +— G(F') maps the compact convex set Lip continuously into itself.
Continuous dependence of G(F, ) on F is obvious. Since F' is Lipschitz with constant 1, we
obtain F®) € Lip for all . Hence G(F) € Lip(X) because C* + > ¢>1 i < 1; see Proposition 5.3.
OdJ

We are now in a position to prove the main result of this section.

Theorem 5.5 Let X = © = [—1,1]. Assume that E° = 0 and, that the initial configuration
of actions x belongs to Xe, that an agent a € A only observes his own type 0%, and that the

instantaneous utility function takes the quadratic form in (37). Then the following hold:

(i) The economy has a symmetric Markov perfect equilibrium (g*, F*) where g* : X" x O x X —
Xand F*: X — X.

(ii) In equilibrium, the sequence of average actions {o(X¢)}ten exists almost surely.

(iii) The policy function g* can be chosen of the linear form

g*(x,0°) = epa® + €0 + Y epa’ + B*(o(x)) (48)
b>1
for some positive sequence € = (e})a>0, a constant € > 0, some constant B*(o(x))that

depends only on the initial average action.

PRrROOF: Let €* = (e})a>0 and h* = (h});>1 be the sequences derived in Lemma 5.2 and 5.3,
respectively, and let F™* be a fixed point of the operator G studied in Lemma 5.4. If, for a given
initial configuration x € Xe, the agent 0 € A expects the policy functions of all the agents a € A
to take the form

g(T%2,0% o(x)) = ejz” + 0" + > g™+ " hiF*D(g(x)), (49)
b>1 t>1

then his own policy function is given by

g(x,0%, o(x)) = efa’ + 0° + > ejal + > hrF* D (o(x)),
b>1 t>1

and the average action in period ¢ is almost surely given by

o(x¢) = or = F*D(0(x)).
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It is important to re-iterate that, for our analysis in this section, it is essential that the agents’
utility function is quadratic (and hence policy functions are linear). Only in this case, in fact,
can the dynamics of average actions {o(x¢)}ten can be described in terms of a recursive relation.
In models with more general local interactions, such a recursive relation typically fails to hold, as
shown e.g., by [24]. In such more general cases, the average action typically is not an appropriate
state variable, i.e., a sufficient statistic, for the aggregate behavior of the configuration x; and
the analysis must be pursued in terms of empirical fields, which require a probabilistic framework

that is beyond the scope of the present paper, along the lines of [24].

6 Conclusions

In this paper, we study existence and continuity of rational expectations equilibria of static
and dynamic economies in which an infinite number of agents interact locally. Some of our
results should be strengthened. For instance, several other examples for which the assumption of
Theorems 3.6 and 3.7 can indeed be verified, should be studied. Also, the class of economies we
study is restricted in that we impose several simplifying assumptions on preferences, on the agents’
choice space, and on the stochastic structure of preference shocks. While these assumptions can
be relaxed using standard methods, this is not the case for the severe restrictions we have imposed
on the structure of local interactions. In particular, we have restricted the analysis to the case
of ‘one-sided’ interactions, which greatly limits the strategic aspect of the interactions between
agents. Allowing for more general forms of local interactions will certainly require a non-trivial
and independent analysis. No doubt the first steps introduced in this paper will be of use for
such extensions, which we plan for future work, along the lines of the work by Horst-Scheinkman
(2002) for the static complete information model.

In the analysis of the dynamic model of local interactions in this paper, we have only considered
Markov perfect equilibria. While the restriction to Markovian strategies is common to most
analyses of dynamic games, for technical as well as substantive reasons, we have noted that it
possibly misses an important class of equilibria supported by trigger strategies and other complex
dynamic punishment strategies, in analogy to the case of repeated games. This is also content
for future work.

Finally, we have studied the mathematical properties of existence, continuity, and, in the
dynamic models, of ergodicity of the equilibrium of our economies with local interactions. A
detailed study of the welfare properties of equilibrium would also be exceptionally interesting.
While such a study is outside the scope of this paper, we can show in the special context of our

static local conformity example that equilibria will in general (almost surely) be Pareto inefficient.
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Appendix

A Maximizing a-Concave Functions

The following theorem plays a central role in our analysis. Even though its proof follows primarily
from straightforward modifications of arguments given in the proof of Theorem 3.1 in [40], we

prove it to keep the paper self contained.

Theorem A.1 Let X C R be a closed and convex set and let (Y, || - ||y) be a normed space. Let

F: X xY — R be a continuous function which satisfies the following conditions:
(i) For eachy €Y, the map x — F(z,y) is a-concave on X.
(ii) F is differentiable with respect to x and the derivative Fy(-) := %F(-) satisfies
[F1(, 1) = Fi(z, y2) < G(y1, 92)
for some function G:Y xY — R.

Then there exists a unique map f : Y — X such that sup,cx F(z,y) = f(y). Moreover, f satisfies

F1) = F2)] < 2 Gy 2).

In particular, |f(y1) — f(y2)| < Ellyr — welly if G(yr,32) = Llyr — vally-

PRrROOF: Our proof uses modifications of arguments given in [40]. It follows from Lemmas A1l -
A3 in [40] that, for any y; € Y, the a-concave function x — F(x,y;) has a unique maximizer
f(y1) which satisfies

oz = fy)l* < Fi(e,y)(f(n) - 2). (50)

Thus, choosing = = f(y2) in (50) for some y2 € Y, we obtain

al fn) — F)” < Fu(f(y2), y)lf (1) — Fy2)). (51)

Since f(y2) maximizes the differentiable function = — F(z,y2), we obtain Fi(f(y2),y2)[f(y1) —
f(y2)] < 0. Indeed in case of an interior solution Fi(f(y2),y2) = 0. If we have a boundary
solution, strict concavity of F'(-,y2) implies F1(f(y2),y2)) > 0 and f(y2) > f(y1). Hence

al f(y1) = f) < (Fi(f(y2), 1) — Fu(f (y2),52)) Lf (1) — f(32)];

and so
alf(yr) = f(y2)l < [Fi(f(y2), y2)| < G(y1,y2)-

This yields the assertion. O
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B Proof of Theorems 2.10 and 2.11

This section gives the proofs of Theorems 2.10 and 2.11. While related, both proofs are reported

for the sake of completeness.

B.1 Proof of Theorem 2.10

In this section we are going to prove Theorem 2.10. For this, it is enough to prove the existence of
an almost surely uniquely defined fixed point of the operator V : B(@°, X) — B(®%, X) defined
by (8). In a first step, we establish the following result.

Lemma B.1 If the utility function uw is uniformly a-concave in its first argument and if the

contraction condition (6) holds, then the operator V satisfies the following conditions:
(i) There exists n* > 0 such that V' maps the set Lip,.(1) continuously into itself.
(i) The operator V has a unique fived point g*, and g* € Lip,.(1).

PrOOF: Let us denote by
9(y,0°) = argmaxu(z,y, 0°) (52)
X

the conditional optimal action of the agent 0 € A, given his type #° and given the action y € X
of his neighbor. It follows from Theorem A.1, from Assumption 2.8 (i) and from (6) that

19(y,60°) — 9(9,6°)| < v(|ly — 4| + |6° — 6°)) (53)
where v := é < 1.

(i) Let us first show that V is a continuous operator on the Banach space (B(©°, X), | - [/oo)-
Indeed, due to (53) we have

Vg(0) = Vg(0)| <vlgoT(0) —goTO) <7llg - dllw (54)
for all g, g € B(@°, X). Thus,
Vg =Villo <7llg = glloo-

Since L < «, the operator V is not only continuous, but also a contraction. In particular,

it has a unique fixed point.

(ii) Let us now choose n > 0 such that 27y < 1 and fix g € Lip, (1). It follows from (54) that

Vg(0) = Vg(0)] <~ [ 16°— 8"+ 27 Vg — 6|

a>1

< 27y 9 (00— 00+ > 2710 — 6% < dy(0,0)

a>1
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This shows that V maps Lip, (1) into itself. Since Lip, (1) is a closed subset of B(@°, X)
with respect to the topology of uniform convergence, (Lipn(l), Il - ”oo) is a Banach space.
Thus, V may also be viewed as a contraction on the Banach space (Lipn(l), | - [lo), and so
the unique fixed point g* of V' belongs to Lip, (1).

This proves the lemma. O

We are now ready to prove our Theorem 2.10.

PROOF OF THEOREM 2.10: In view of Lemma B.1, it remains to prove part (i). Due to Theorem

A.1 and Assumption 2.8, we have

|g(y7 90) - g(:gu 00)‘ <

where the map ¢ is defined by (52). This shows that the operator V satisfies

L(6°)

(0%

[Vg(0) — V()] < lgoT(0) —goT(0)]

for all g, g € B(@®%, X). Since the types are distributed independently across agents, the random
variables L(6°) and |g o T(§) — g o T(0)| are independent, and so

R EL(¢" R R
BIVo(0) ~ V(o) <~ VRlg o T(0) — o T(0)] < ¥Elg o T(0) — 3o T(0)|.
Here ~ := EL(©%) < 1. As the types are also identically distributed, we obtain

E[Vg(6) — V(o) < ~E[g(6) — 9(6)|.
Thus, denoting by V"™ the n-fold iteration of the operator V', we see that
lim E|[V"g(0) —V"g(6)| = 0. (55)

In particular, the sequence (V"g),en satisfies

E[V™H™g(0) — V™g(0)] E[V*(V™g)(0) — V"g(0)]
Y"E[V™g — g

cHy"™

IN

IN

for some C' < oo. This shows that (V"g)en is a Cauchy sequence in L'(P). Since L'(P) is a
complete space, there exists an almost surely uniquely determined random variable G*[g] such
that
Lt %
Vg — G"[g].
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Due to (55), the L!-limit G*[g] does almost surely not depend on g. In other words, there exists

an almost surely uniquely defined random variable g* such that
n L! * 0
Vg — ¢g* forall g€ B(O®", X).

Recall now that L!(PP)-convergence of the sequence (V"g),cn to the random variable g* implies
almost sure convergence along a subsequence (ng)ren. Thus, it follows from the continuity of the
choice correspondence that

Vg =g* P-a.s.

and so ¢g* is a symmetric equilibrium. Since any symmetric equilibrium g satisfies P[Vg = g] = 1,
it follows that
g= lim V"%g = g* P-a.s.
k—o0

This shows almost sure uniqueness of the symmetric equilibrium. O

B.2 Proof of Theorem 2.11

This section proves Theorem 2.11. For notational convenience, we restrict our attention to the
case N = 1. The more general case N € N can easily be established using similar arguments.
We proceed by analogy with the proof of Theorem 2.10. In the present setting, it is enough

to show that there exists a measurable function g* : ©2 — X which satisfies
g (6°,0") = arg ma§/u(a;a,g*(ﬁl,92),90)1/(d02). (56)
Tre

Each such function is a fixed point of the operator V : B(©2, X) — B(62, X) which acts on the

class B(©?%, X) of bounded measurable functions from 6% to X according to

Vg(6°,0") = arg max /u(m“,g(91,02),00)y(d02). (57)

z0eX

In order to prove that this operator has a Lipschitz continuous fixed point if the utility function

satisfies (6), we introduce the class
Lip == {g: 0% — R : [g(6°,0") — g(6°,6")| < 6° — 6| + 0" — 0]}

of all Lipschitz continuous functions on ©? with Lipschitz constant 1.

The following lemma establishes some basic properties of the operator V.

Lemma B.2 If the utility function u is Lipschitz continuous in the sense of (6), then the operator
V defined by (57) satisfies the following conditions:

(i) V maps the set Lip continuously into itself.
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(i) V has a unique fized point g* and g* € Lip.

PRrROOF: We introduce the continuous mapping U : Lip x X x 62 — R by

Ulg, 2,60, 01 / u(z, g0, 62), 09 (do?). (59)

Under the assumptions of Theorem 2.11, the map x — u(z,y, #°) is uniformly a-concave, and so

the mapping = — U(g,z,0°,0') is a-concave.

(i) Let us first prove that 1% maps the class Lip into itself. To this end, we fix g € Lip. Since

the map (2%,0°, 0%,0%) — %u(mo,g(ﬁl,m),ﬁo) is uniformly continuous, it follows from
Assumption 2.8 (ii) that

laU(g,xU,Go,Hl) — 2U(g,ﬂc(’,éw,él)

ox ox

< sup 2u(ac g(6,6%),0°%) — gu(x g(6',6%),0%

—_ 02 ax ) 9y 9 aa:. 9 ) )

< sup L{|g(6",6%) — g(6",6%)| + 16° — 8°1} (59)
92

< L{\el — Y + \90—é0|}.

Here, the last inequality follows from Lipschitz continuity of g. This shows that, for any
fixed g € Lip, the map (x,6°,0') — U(g,z,0°,6') satisfies the assumption of Theorem A.1
with Y := ©2. Thus,

- - L . .
Vg(6°,6") —Vg(6°,6)] < E{IGO — 00|+ 10" —0'[},

and so 17g € Lip because L < a.

Let us now show continuity of V with respect to the sup-norm. To this end, we fix 9, 0! € ©.
For any two functions ¢, § € B(©2, X) we have

2 U(g.2.0°.6) O U(g,2.60.0)| < Lilg — gl

ax ) b ) ax ) b ) —_ [o.o}]

due to (59). Thus, for each pair (6°,6'), the mapping (g,z) — Ul(g,z, 0%, 60") satisfies the
assumptions of Theorem A.1 with Y := B(0?% X). Hence,

~ ~ L
||Vg - VgHOO = Sup |argmax U(gaxve()?el) - a’rgmaXU(gvxaeo)el) < 7”9 - g”oo
60,91 zeX zeX o

This proves continuity of the operator V in the topology of uniform convergence.

Since L < a, it follows from (i) that V is a contraction on the Banach space B(62% X).
Thus, V has a unique fixed point g*. Since 1% maps the closed set Lip into itself, g* € Lip.
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This completes the proof. O

We are now ready to prove Theorem 2.11.

PROOF OF THEOREM 2.11: In view of Lemma B.2 it remains to show the existence of a unique
symmetric equilibrium if the utility function satisfies Assumption 2.8. To this end, we apply
Theorem A.1 to the function U defined by (58). We have

9 1 p2 0 0 ~rnl p2 0 2
< il _ =
< [ |0, 620.6) = a6, 62).6°) | v(as?

< L(@O)/\g(el,QQ) —§(0",6%)| v(d6?).

D e D i g
U .0 = UG 6,0

It then follows from Theorem A.1 that
T 00 aly _ Trarp0 pl L(6°) 192y _ ~rpl p2 2
Vg(67,07) = Vg(0",0")| < — |9(6",6%) — §(6",6%)| v(d6?).
Since the random variables 6%, 81 and 62 are independent and identically distributed
T 00 a1y _ Trarp0 pl EL(6°) 1 g2\ _ ~rpl p2 2 1 .
E|Vg(6",0") = V(6" 0")] < —> |9(6%,6%) — 40", 6%)| v(d6*)v(df") < ~E|g — g].

EL(6°)

Since v := < 1, it follows by an argument similar to the one spelled out in detail in the

proof of Theorem 2.10 that the operator has a fixed point ¢* which is uniquely defined up to a

set of measure 0. |
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