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Abstract

New perturbation results for the behavior of eigenvalues and Jordan forms of
real and complex matrices under generic rank one perturbations are discussed.
Several results that are available in the complex case are proved as well for the real
case and the assumptions on the genericity are weakened. Rank one perturbations
that lead to maximal algebraic multiplicities of the “new” eigenvalues are also
discussed.
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1 Introduction

The goal of this paper is to present new results on eigenvalues and Jordan forms of
real and complex matrices under generic rank one perturbations, where the genericity
is understood in various ways. This topic has been studied intensively in recent years.
Basic results were obtained in [10, 11, 18, 20, 21] but mostly for the complex case; we
extend these results to the real case.

Our interest in the topic is motivated by the perturbation analysis of structured
matrices, in particular Hamiltonian matrices. Such perturbation problems arise in the
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analysis of linear quadratic optimal control problems [13, 17] and in particular in the
passivation of linear systems [3, 4, 8, 19, 22]. It has been recently shown how to con-
struct minimum norm perturbations that move eigenvalues of Hamiltonian matrices
from the imaginary axis [2] and these perturbations typically turn out to be of low
rank. This has motivated the question what happens to the eigenvalues of Hamilto-
nian matrices (and in particular to the purely imaginary eigenvalues) under generic,
Hamiltonian, low rank perturbations, see [15, 16].

In this paper, we study the general unstructured case. We combine the results for
real and complex matrices under weakened genericity assumptions in Section 2. In
Section 3 we extend these results to matrix polynomials and in Section 4 we study
generic low rank perturbations that lead to maximal algebraic multiplicities in the
perturbed eigenvalues.

2 Main Theorems

In order to state our results on the influence of generic rank one perturbations we
first recall from [15] the general concept of genericity. Let F = R or F = C. We say
that a set W C F" (abbreviation for F"*!) is algebraic if there exists a finite set of
polynomials fi(x1,...,2,),..., fx(z1,...,2,) with coefficients in F such that a vector
la,-..,a,)" € F" belongs to W if and only if

fj(al,...,an):O, j:1,2,,]{?

In particular, the empty set is algebraic and F” is algebraic. We say that a set W C "
is generic if the complement F™ \ W is contained in an algebraic set which is not F”".
Note that the union of finitely many algebraic sets is again algebraic.

We then have our main Theorems, in which F = R or F = C and the used Jordan
forms are understood over C, where in the following we denote by J,,(A\) an m x m
upper triangular Jordan block with eigenvalue Ay.

Theorem 2.1 Let A € F™*" be a matriz that has pairwise distinct eigenvalues Ay, ..., Ay
with geometric multiplicities g1, ..., g, and a Jordan canonical form

g1 9p
B Tn )@ 0D T, (), (2.1)
k=1 k=1

where njy > --+ > nj,., j = 1,...,p. Consider the rank one matriz B = wvl', with
u,v € F*. Then generically (with respect to the entries of u and v) the Jordan blocks of
A+ B with eigenvalue \j are just the g; — 1 smallest Jordan blocks of A with eigenvalue
Aj, and all other eigenvalues of A+ B are simple, i.e., of algebraic multiplicity one; if
g; = 1, then generically A\; is not an eigenvalue of A+ B.

More precisely, the set Q@ C F™ x F", consisting of all (u,v) € F™ x F* for which
the Jordan structure of A+ uv” is as described in the statements (a) and (b) below, is
generic.



(a) the Jordan structure of A+ uv™ for the eigenvalues Ay, ..., N, is given by
g1 9p
@ jnl,k()\l) DD @ jﬂp,k()‘p);
k=2 k=2

(b) the eigenvalues of A+uv™T that are different from any of Ay, ..., A, are all simple.

Note that in the case F = R, the distinct eigenvalues Ay, ..., A, include the non-real
ones (if there are any).

In the complex case, different proofs of Theorem 2.1 were given in [10, 18, 15, 20]
(part (a)) and in [15, 20] (part (b)). To be more precise, in these references the existence
of a generic set Q was proved such that for every (u,v) € @, the Jordan structure of
A + uwvT is as described in the statements (a) and (b) of Theorem 2.1. However, the
genericity of the set {2 in Theorem 2.1 then immediately follows from Q C Q. It remains
to give a proof for the case that F = R. For this we will make use of the following
lemma.

Lemma 2.2 Let W € C" be a proper (i.e., different from C") algebraic set. Then
W, :={(z1,...,2n) ER" : (21,...,2,) € W}
18 a proper algebraic set in R™.
Proof. Clearly W, is an algebraic set. Let
W ={(z1,---,2n) € C" : fi(z1,...,20) = -+ = fe(z1,...,20) = 0}, (2.2)

where the f;j(21,...,2,) are non-identically zero polynomials of z1, ..., 2, (with complex
coefficients). Write

iz, 0, 2m) = Z Cg)znzil ezt cff)zn eC, j7=12,...,k, (2.3)

(41,...yin)ENP

(where we use the convention that the natural numbers include zero, that is, N =
{0,1,2,...}) and the sums in (2.3) are finite. Then

Wr - {(217 R Zn) € Rn : Z (R‘e 65‘17,),1"> Zil e 271'1.”
(31,0 yin )ENT
Y (md) e = 0 ot
(il,...,in)EN"

To show that W, is proper, we use induction on n. For n = 1, this is trivial because a
subset of F (where F = R or F = C) is a proper algebraic set if and only if it is finite.
Assume that the assertion has been proved for proper algebraic sets in C* !, and let W
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be given by (2.2). If all the f;(2,...,2,) are independent of z,, then we are done by
the induction hypothesis. So, let us assume that at least one of f;(z1,...,2,) depends
on z,, say, without loss of generality,

Lo
f1(21, ceey Zn) = Zdl(zla ce ,Zn—l)zf;a
£=0

where £y > 1 and the dy(z1, ..., 2, 1) are polynomials of 2y, ..., 2, 1, with dg (21, ..., 2n1)
not identically zero. By the induction hypothesis, there exist (z},..., 2, ;) € R*! such
that dg,(2],...,2, ;) # 0. Let 2/, be any real number which is not a zero of the poly-

nomial (considered as a polynomial of z,)

Lo

! ! l
E de(21y . 521, 1)2.
=0

/ !

Then clearly (#1,...,2,_1,2,) does not belong to W,. [

Y “n—1r“n
Applying Lemma 2.2 then the proof of the real case in Theorem 2.1 follows directly
from the complex case.
Motivated from the situation arising in structured perturbations, in the following
we refine Theorem 2.1 by using a more restrictive notion of genericity.

Theorem 2.3 Let A € F™*" be as in Theorem 2.1. Suppose that a matriz X € F**"
is such that for some vector ug € F™ the Jordan structure of A + ug(Xup)T is given by
(a) and (b) of Theorem 2.1, where u = ug, v = Xuy.

Then the set Q' C F™ consisting of all u € F™, for which the Jordan structure of
A+u(Xu)T is as described in the statements (a) and (b) below, is generic (with respect
to the entries of u).

(a) the Jordan structure of A+ u(Xu)T for the eigenvalues Ay, ..., )\, is given by
91 9p
@ jnlk()\l) b---D @ jnp,k(/\p);
k=2 k=2

(b) the eigenvalues of A+ uw(Xu)T that are different from any of A1, ..., A\, are all
simple.

Note that the genericity condition in Theorem 2.3 is not equivalent to the genericity
condition in Theorem 2.1.
We also have the following dual version of Theorem 2.3.

Theorem 2.4 Let A € F**" be as in Theorem 2.1. Suppose a matriz Y € F**" is
such that for some vector vy € F" the Jordan structure of A + Yuvgvl is given by (a)
and (b) of Theorem 2.1, where u = Yvy, v = vp.

Then the set Q" C F™ consisting of all v € F™, for which the Jordan structure of
A+ YuvT is as described in the statements (a) and (b) below, is generic (with respect
to the entries of v).



(a) the Jordan structure of A+ Yuvv™ for the eigenvalues Ay, ..., N, is given by
91 9p
@ jnl,k()\l) DD @ jnp,k (’\p)5
k=2 k=2

(b) the eigenvalues of A + Yvvl that are different from any of Ai,..., N, are all
simple.

For the proofs of Theorems 2.3 and 2.4 in the complex case we make use of the
following lemma.

Lemma 2.5 Let Q) be the generic set as in Theorem 2.1. Then the complement of 2
in C"* x C™ is a proper algebraic set.

Proof. We have
Q = Ql N QQ.

Here Q; consists of all pairs (u,v) € C* x C" such that the matrix A + uvT has the
following eigenvalue structure.

(a) );is an eigenvalue of A+uv” of algebraic multiplicity > 7, njx, for j = 1,2,...,p;

(b) A+ uvT has exactly
P9
DI
=1 k=2

simple eigenvalues different from any of Aq,..., A,.

The set €2, consists of all pairs (u,v) € C" x C" such that the partial multiplicities of A;
as an eigenvalue of A+uvT are exactly njo > -+ > njg;s T€Spectively, for j = 1,2,...,p.
Evidently, it suffices to prove that the complement of each of €2; and €2, is an algebraic
set (the properness of this set is immediate because {2 is generic by Theorem 2.1).

We start with Q. For u,v € C", we denote by S(u,v) the Sylvester resultant matrix
of the two polynomials in the independent variable z given by

odet (I — (A + woT))
Oz '

Recall (see, e.g., [1, 6, 9, 12, 14]) that S(u,v) is a (2n — 1) x (2n — 1) matrix, and its
rank defect, i.e., the difference 2n — 1 — rank S(u, v), is equal to

det (I — (A + uv™T)),

k
Z((algebraic multiplicity of u;) — 1),
i=1
where p, ..., u are all the distinct eigenvalues of A + uv” (we omit in this notation

the dependence of these algebraic multiplicities as well as of the number & on u and v).

5



Denote by rd S(u,v) the rank defect of the matrix S(u,v). By Theorem 2.1 we

have: .
rd S(u,v) = Z ((Z nj,k) = 1)

J=L,....p; g;>2
for all (u,v) in a generic set in C* x C". Since the rank defect of S{u,v) can only
increase when passing to the limit of a convergent sequence of vectors (u,v), it follows

that .
rd S(u,v) > Z ((Z nj’k) — 1) (2.4)

j:1)“'5p§ 9122

for all (u,v) € C* x C". On the other hand, since 2 is generic, there is (ug, vp) such

that .
rd S(ug, vg) = Z ((Z nj,k) — 1) )

J=1,...p; 9522
Since S(u, v) depends continuously on u, the rank defect of S(u,v) may only decrease
for (u,v) in a sufficiently small neighborhood of (ug,vg). Thus, we obtain that

rd S(u, v) < Z ((i nj,k> — 1)

j:17"'7p; 9; 22

for all (u,v) sufficiently close to (ug,vg). Comparing with (2.4), we see that

rd S(u,v) = Z ((i nj,k> — 1) =T

j:17~"7p; 9; 22

for all (u,v) sufficiently close to (ug,vg). Let W be the algebraic set which consists of
all common zeros of the determinants of the (2n — 1 — 1) x (2n — 1 — T') submatrices
of S(u,v). Since there is a least one (2n — 1 — 1) x (2n — 1 — T) submatrix of S(u,v)
whose determinant is nonzero at (u = ug, v = vy), it follows that W is proper. Then it
follows that the complement of W coincides with €.

As second step we prove that the complement of (), is an algebraic set. Consider
the set T of all (u,v) € C" x C™ that satisfy the following inequalities for j = 1,2,...,p:

rd (A +uv” — \I) < g; — 1;
rd((A—i—uvT—)\JI)Q) S #{046{2,3,...,9]'} . nj,a22}

+ #{ae{2,3,...,9;} : njo > 1};

and so on, and finally

15,2

rd (A +u” = NI <> #{a€{2,3,...,g;} : nja > k}.
k=1
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Note that

15,2

Z#{ozE {2,3,...,95} : nja 2k} =m0+ ...+ 0.
k=1

We have
n
T= m?:l mkii Tk,

where Tj, consists of all (u,v) € C* x C" such that

k
rd ((A+w” = MDY <) #{a€{2,3,..., 9} : nja > £}
=1

As in the preceding paragraph, we now show that the complement of T is an algebraic
set, and therefore the complement of 7" is an algebraic set.
The set

k
Tip o= {(u,v) € C"xC" : rd (A+uv” =N\ 1)*) > Z#{a €{2,3,...,9;} : njo >4}
=1

is algebraic, and Theorem 2.1 shows that T} ; contains the generic set (2. It follows that
T, =CtxCrforallk=1,2,...,n;2 and all j = 1,2,...,p. Thus in fact T consists
of all such pairs (u,v) € C* x C" for which the identities

k
rd (A +u” = NDF) =) #{ae{2,3,...,0;} : nja > £}
(=1

hold forall k =1,2,...,n;0 and all j = 1,2,...,p.

The set ), is defined in terms of the Segre characteristic of A + uv”, whereas T
is defined in terms of the Weyr characteristic of the same matrix. Since these two
characteristics are each other’s duals, and the Weyr characteristic is expressed in the
rank defects as above, it is easy to see that T' = {25, and so the complement of {25 is an
algebraic set as required. O

Proof of Theorem 2.3. In the complex case, by Lemma 2.5 the complement of €}
is an algebraic set W; thus

W ={(u,v) € C" x C" : fr(u1,...,Un,v1,...,0,) =0, k=12,...,q},

where fi,..., f, are polynomials in the components (uy,...,u,) of u and (vy,...,v,)
of v. Then clearly Q' coincides with the complement of the algebraic set

W' ={ueC": filuy,.. U, (Xt)1,...,(Xu),) =0, k=1,2,...,q}.

Since ug & W', the set W' is proper.
The real case again follows from the complex case by applying Lemma 2.2. O
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Proof of Theorem 2.4. The proof is a consequence of the fact that the Jordan
canonical form of a matrix A and that of AT are the same. Applying Theorem 2.3
to AT in place of A, Y in place of X and v in place of u, we arrive at the desired
conclusion. [

We continue with several remarks.

Remark 2.6 The form of the rank one perturbation u(Xwu)” in Theorem 2.3 appears
in studies of rank one perturbations of structured matrices, for particular choices of X,
see e.g. [15, 16] for applications to Hamiltonian matrices and to selfadjoint matrices in
an indefinite inner product space.

Remark 2.7 The following example shows that the hypothesis on X in Theorem 2.3,
namely, that there exists ug € F™ such that the Jordan structure of A + uO(XuO)T is
given by Theorem 2.1 (a), (b) is essential. For

100 _ 0 1 2%9
A_{OO]’ X_[_l O]EC

this hypothesis does not hold. If ug # 0, then A + ug(Xug)T = uo(Xug)T has one
nilpotent Jordan block of size 2, and it is immediate that the conclusion of Theorem 2.3
does not hold either.

Remark 2.8 One can prove that, for a given A, the set X (A) of all matrices X € F**"
for which the hypothesis in Theorem 2.3 holds is generic (with respect to the entries of
X). Note that this set depends on A. Indeed, let Q be the generic set of Theorem 2.1.
Fix (u',v") € €, where both u' and v’ are nonzero. Then for any matrix X’ such that
for v/ = X'u' we have that the hypothesis on X in Theorem 2.3 holds. On the other
hand, we have that X € X(A) provided that (u, Xu) € Q for some u. Let W be the
proper algebraic set such that the complement of €2 is contained in W, and let

W ={(z,y) € F" xF" : fi(z1,...,Tn,Y1,--.,Yn) =0 for j=1,2,...,k}.

Here f1, ..., fr are certain polynomials with coefficients in F, and we denote by z4,..., z,
the components of z € F”. Thus, if the matrix X is such that at least one of the fol-
lowing inequalities holds

Fi o, (X0 ), (X)) #0, j=1,2,...,k,

then X € X(A). So, the complement of X (A) is contained in the union of two algebraic
sets (with respect to the entries of X), one defined by det X = 0, and the other algebraic
set is defined by the identities

fi(vl, - U, (X0 )1, .., (X)) =0, 7=1,2,... k.



The latter algebraic set is proper in view of the existence of an X' such that (v/, X'u') €
Q (we select (u',v' = X'u') in the complement of W). It follows that X (A) is generic.

For example, if A = 0 € C?*2, then X = [;11 ?2 € X(A) if and only if
21 T22

T11T99 F T19%91 and at least one of the numbers x11, 15 + 91, T9s is nonzero.

We now illustrate our main results by an example.

Example 2.9 Let F = R or F = C. Assume that every eigenvalue of A € F"*" has
geometric multiplicity one (including the nonreal eigenvalues of a real matrix A). Then
A is similar (with the similarity matrix in F”*") to a matrix in the companion form

0 1 o ... 0 0
0 0 1 ... 0 0
; : T : e ", ¢; eF. (2.5)
0 0 0o ... 0 1
| —Cp —C —C ... —Cph_2 —Cph_1 ]

So we may assume without loss of generality that A is given by (2.5). Consider a rank
one perturbation of A given by

0 1 0 0 0
0 0 1 ... 0 0
A+ B= : Do e : , €ecl.
0 0 0 0 1
| —Cyp— € —Ck —C ... —Ch_9 —Cph_1 ]

Since the characteristic polynomials of A and A + B are given by

n—1 n—1
det (zI — A) = 2™ + Zaﬁjcj, det (2 —(A+ B))=2"+ (co +€) + ijcj,
=0 =1

respectively, it follows that for all values of €, with the possible exception of at most
n — 1 values, the polynomial det (zI — (A + B)) has all roots (in the complex plane)
simple. Indeed, the Sylvester resultant (2n — 1) x (2n — 1) matrix of det (zI — (A + B))
and that of
d(det (zI — (A+ B)))
Ox




has the form

1 Cn—1 Cp—9 ... Ccpgt+e ... 0
0 1 Cn—1 e (&1 e 0
R — 0 0 0 . .. (&1 Cot+ €
“ln (n—Depr (n—2)cp o ... .. 0 ’
0 n (n—1Decp 1 ... 2co ... 0
i 0 0 0 e e 202 C1 i

and it is easy to see that the determinant p(e) of R is a polynomial of € of degree n — 1
whose leading term is +n"¢"~'. Thus, for every ¢ € F that is not a root of p(e), the
polynomial det (zI — (A + B)) has all roots simple, and hence for those values of € the
matrix A + B has all eigenvalues (including the nonreal ones in case A + B is real)
distinct.

3 A generalization and an application to matrix
polynomials

The setup of Theorem 2.3 can be extended (with essentially the same proof) to the
following situation. Let IC be any F-subspace of F”* xF”. Then for a given matrix A as in
Theorem 2.1, generically the Jordan structure of matrices A + uv?, where (u,v) € IC,
is described by (a) and (b) of Theorem 2.3, provided that for at least one element
(ug,v9) € K the Jordan structure of A + ugv? is given by (a) and (b) of Theorem 2.1.
The genericity is understood with respect to the coefficients of (u,v) in some basis for
IC. Thus, Theorems 2.3 and 2.4 are stated for

K = K(X) = {(wv);v=Xu, ucFl,
K = KY)={(u,v) : u=Yv, velF},

respectively.

As an application we consider rank one perturbation for matrix polynomials as they
were studied in [23].

We restrict our attention here to monic matrix polynomials, i.e., having leading
coefficient I. Let

m—1
L) =A"I,+ > N4;,  AjefFr (3.1)

=0
be a matrix polynomial, where F = R or F = C. We say that A\q € C is an eigenvalue of
L()\) if det L(Ag) = 0. A Jordan chain of length m with eigenvector vy of L(\) associated
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with the eigenvalue ) is, by definition, see e.g., [14], a chain of vectors vy, ..., v, 1 € C*
such that
"1

ZFL Mo)ve =0, k=0,1,....m—1, v #0,

7=0
where LU)()g) stands for the j-th derivative of L()\) with respect to A. Partial multi-
plicities of L()\) at the eigenvalue Ay are the lengths of Jordan chains in any collection
of Jordan chains associated with )y of maximal total length, subject to the restriction
that the eigenvectors in the collection of Jordan chains are linearly independent. One
can prove that the partial multiplicities of L()A) at Ay do not depend on the choice of
the collection of Jordan chains with the above properties, see [7] for more details.

Theorem 3.1 Let L(A) be a matriz polynomial (3.1), with distinct eigenvalues Ay, ..., Ap,

and partial multiplicities njy > -+ > nj,. corresponding to eigenvalues A\j, j =
1,2,...,p, respectively. Fix Xo,...,Xp 1 € F™" and consider matriz polynomials
of the form
m—1
K,(\) =L\ + > Nu(Xu)", — ueP™ (3.2)
§=0

Assume that for some ug € F™, we have the following properties.

(a) the partial multiplicities of Ku,(\) at Aj are njo > -+ > njg., for j=1,...,p; if
g; =1, then \; is not an eigenvalue of K(\);

(b) all eigenvalues of K,,(\) that are different from Ay,..., A\, are simple, i.e., simple
roots of det K, (A).

Then (a) and (b) hold for a generic (with respect to the entries of u) set of vectors u.

Proof. The proof follows by combining several facts. First, it is clear that the Jordan
form of the companion matrix Cr of L()) is given by (2.1), and similarly for the
companion matrices of the matrix polynomials K, () (see, e.g., [7] for details). Recall
that

0 1 0o ... 0 0
0 0 I ... 0 0
CL: E E ..- ... ... E Eanan‘
0 0 0o ... 0 I
| Ay A Ay . —Ams —An |

We can then employ the remarks made at the beginning of this section concerning the
subspaces I and apply Theorem 2.3, with

0 XOU
Xlu
IC = ,/U c ]an X an - . U
0 :
U Xm_1u
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Theorem 2.4 can be also extended to matrix polynomials in a fashion analogous to
Theorem 3.1, with a proof similar to that of Theorem 3.1. We omit the statement and
proof of this extension.

4 Perturbations with maximal total algebraic mul-
tiplicity at new eigenvalues

Let A € F™" have the Jordan canonical form (2.1). Theorems 2.1, 2.3, and 2.4
assert that generically (understood in various senses) matrices A + B, where B is of
rank one, have the sum of the algebraic multiplicities at distinct eigenvalues different
from Aq,...,Ap, equal to ny 3 + -+ + npq. This is in fact the maximal total algebraic
multiplicity at “new” eigenvalues under rank one perturbations, see Proposition 4.1
below. It is of interest therefore to find out the Jordan forms of all (in contrast with
a generic set) matrices of the form A + B, where B is of rank one and have the
above mentioned property of the total algebraic multiplicity at eigenvalues other than
ALy ooy Ap.

In this section a complete answer to this problem is given.

Recall that the partial multiplicities of an eigenvalue A of A € F™*" are just the
sizes of Jordan blocks with eigenvalue A in the Jordan form of A, each multiplicity m
repeated as many times as the number of Jordan blocks J,,(\) indicates.

We start with some information about algebraic and geometric multiplicities at the
“new” eigenvalues:

Proposition 4.1 Let A € F™"*" be as in Theorem 2.1. Assume that B € F™*" is a rank
one matrix such that the total algebraic multiplicity of A + B at eigenvalues different
from Ay, ..., Ap is at least nyg + ... +np1. Then:

(1) the sum of the algebraic multiplicities of A+ B at distinct eigenvalues different
from Ay, ... A 1s equal tong g + -+ npa;

(2) each eigenvalue of A+ B different from Ay, . .., A, has geometric multiplicity one.

Proof. Assume that the total algebraic multiplicity of A + B at eigenvalues different
from Ay, ..., A, is larger than ny 1 + ...+ n,1. Approximate B with a sequence {B,, =
U vl 1 so that for each A + u,,vL the statements (a) and (b) of Theorem 2.1 hold.
By continuity of the eigenvalues, for the limit A + B = lim,, ,o,(A + B,,) we have that
the total algebraic multiplicity of A+ B at eigenvalues different from Aq,..., A, cannot
exceed that of A+ B,,, namely n;1 + ...+ np1, which is a contradiction.

If for some rank one B the matrix A + B would have geometric multiplicity at least
two at some eigenvalue p & {A1,...,\,}, then A = (A + B) — B, being a rank one
perturbation of A + B, must have u as an eigenvalue, which contradicts the original
hypothesis that o(A4) = {A,...,A,}. This proves (2). O
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The following simple example shows that in Proposition 4.1 (2) the geometric mul-
tiplicity cannot be replaced by algebraic multiplicity.

01 0 0
a=[0o] m=] % 5]

where b € F\ {0}. Then A+ B has an eigenvalue —b of geometric multiplicity one and
algebraic multiplicity two.

Example 4.2 Let

More detailed information in terms of partial multiplicities at “old” eigenvalues is
given in the following theorem. We state the result for the complex field (the case of
the real field is subsumed as a particular situation).

Theorem 4.3 Let A € C**™ be as in Theorem 2.1. Then for every B € C™**™ with the
properties (a) and (b) below:

(a) the rank of B is one;

(b) the sum of the algebraic multiplicities of the matriz A + B at its distinct eigen-
values different from Ai,..., Ap, is at least ny 1 + -+ +np1;

the following holds: the matriz A + B has the partial multiplicities njy > --- > njg,.
for the eigenvalue A;, for j =1,2,...,p.

The proof is based on the following result.

Theorem 4.4 Let
b b, _
j=1 j=1

where ny > -+ > Ny, A € CA and 6(A) C C\ {A\}. Let B € C**" be an arbitrary
rank one matriz. Then the matriz A + B has at least £ — 1 Jordan chains of lengths
at least ny and {; Jordan chains of lengths at least n; for ¢ = 2,...,m, associated
with the eigenvalue A, and the set of vectors obtained from all those chains is linearly
independent.

For the proof of Theorem 4.4, we introduce the following notation. If
w = [wy,...,w,)" €C",
then we denote by Toep (w, k,p), p < n, the upper triangular p x p Toeplitz matrix
with

|: Wrgy1 Wgy2 --- Wgyp :| .
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as its first row, where we define w; = 0 for j > n. Note that Toep (w, k, p) is invertible
if and only if w1 # 0. E.g., for w = [wy, ws, w3, wy, ws|T, then

w; Wy W3 Wy ws wyg ws 0

0 w, ws ws 0 ws wy ws
0 0 w w and Toep (w,2,4) = 0 0 w we

0 0 0 w 0 0 0 ws

Toep (w,0,4) =

We also let B = wv”, and partition v as follows:

5 , g
”. ICRY) B9
v=| " [, = = [, =| : |ecm j=1,....4,i=1,...,m
vl™ o (i)
7 Un,

(4.2)

Lemma 4.5 Suppose that Theorem 4.4 holds for all matrices of the form (4.1) with
smaller values of ¢1 + --- + £, and all rank one matrices B' of suitable size. Let the
vector v € C™ be given, and let it be partitioned as in (4.2). If one of the v(™9) is the zero
vector, then Theorem 4.4 also holds for A given by (4.1) and for any rank one matrix
B € C™" of the form B = uwvT (where u € C" is non-zero but otherwise arbitrary).

Proof. As above, let B = uvT, and let v be partitioned as in (4.2). Assume that
vF) = 0 for some index k, k € {1,2,...,4} and for some i, i = 1,2,...,m. Then
setting p = fyny +-- -+ €;_1n; 1+ (k— 1)n;, it follows that the columns p+1,...,p+mn;
of the matrix A coincide with the columns p+ 1,...,p + n; of the matrix A + B. But
then a Jordan chain of length at least n; for the eigenvalue A of A + B is given by the
standard basis vectors e,i1,...,€pin;. We then arrive at the assertion of Lemma 4.5
by applying Theorem 4.4 to the matrix A’ obtained from A by deleting the kth Jordan
block in @le Jn.()), and to the matrix B’ = u/(v')T, where v/, resp. ', is obtained
from v, resp. u, by deleting the vector v(**) resp. by deleting the corresponding part
of u. O

Proof of Theorem 4.4. In the proof, we will use the fact that in Theorem 4.4
one can apply simultaneous similarity

A+ ST'AS, B — S7'BS = S"'u(S"v)T, (4.3)

where the invertible matrix S € C**" commutes with A, so that S™'AS = A, without
affecting the hypotheses or the conclusions of the theorem. Note that under transfor-
mation (4.3), the vector v is replaced by STwv.

Step 1. In view of Lemma 4.5, and using induction on #; + - - - + £,,, we may (and
do) assume that N
o) L0, j=1,...,4; i=1,2,...,m.

14



(Note that the base of induction, i.e., the case when m =1 and ¢; = 1 in Theorem 4.4,
is trivial.) Let

Jpy— 3 (17‘7) — (7'7.7) N — (17.7) — } ) — 1

Note that k; = 0 is possible. Then we have k; < n;, so v,(ci’i)l # 0 for some j € {1,...,4;}.

Without loss of generality, we may assume that v,(;}r)l # 0, otherwise we can apply a
suitable permutation (as in (4.3)). Let

S=5--- S, ® I,

where .
S; := Toep (v kiyn) 1 @ Iy, i=1,...,m.

Note that Toep (v, k;, n;) is invertible and €}, 410, TOCD (v ki, my) = (vO)T | where
ek, +1n; denotes the (k; + 1)st standard basis column vector of length n;. Therefore,

(v T Toep (v, ki, n;) ™ = ef 1 .-

Thus, S is well defined, invertible, S~'AS = A and

€ki+1,n;
_ 2 (0:2)
T : e .
Stv = : , 0% = ) , t=1,...,m.

o™ :

v ki)

Furthermore, note that
e;‘gH’niToep (v(i’j), kiyng) = [ 0,..., 0,1),(;’1)1, e ’Ur(zii’j)} = (v(i’j))T,

k; times

because by the definition of &;, all nonzero entries of v(») are among the v](gi’i)l, e oD,

Thus, setting

S=8® - ®Sm® I,

where _ _
Ini —Toep (U(l72)7 kia ’I’Lz) s —Toep (,U(l’li)7 kia nz)
. 0 I, 0 0
Si = . . . . 3
0 . 0 I,
we obtain that S~1AS = A, (S5)'A(SS) = A, and
fb(l) eki—&-l,ni
. g : , 0
(88)Ty = STSTy = o | # = , eCln, i=1,...,m.
N :
v 0

15



Using a suitable transformation (4.3), Lemma 4.5, and induction on ¢; + - -- + £,,,, we
may assume therefore that ¢y =--- =1/, =1, and

6k1+1,n1

€km—+1,nm
v

Step 2. Assume that there exist indices iy, ¢ such that ¢y < i5 and k;, < k;,. Then
setting

L
T . .— M2 Toep (_eki2 —ki; +1,ni,0 0, niz)
21,22 . 0 9
Ni; — Ny
we obtain that ef ., Tii = —€f, 41, - Thus, letting
T=ToI,
where T is the m x m block matrix with I,,,..., I, as diagonal blocks, T;, ;, as the

block in the (i1, i5)-block position and zero blocks elsewhere, we obtain from [5, Chapter
VIII] that A and T commute, so T'AT = A, and

7T, T T T T
T v = [ek1+1,n1’ T eki271+1,ni271707 eki2+1+1,niz+1’ Tt ekm+1,nmi| :

Using again Lemma 4.5 and induction on ¢; + - - - + £, as many times as necessary, we
reduce the proof to the situation where A and v have the forms

6k1+1,n1

A=J, N® - dT NBAcC™  py= : , (4.5)
€km—+1,nm
v

where ny > -+ > n, A € C7 g(A) C C\ {)\}, 7 € C, and where in addition we
have ki > --- > kp,.

Step 3. Finally, we are able to construct the necessary Jordan chains working
with A and B = uv? as in (4.5). Observe that indeed the following are Jordan chains
associated with A of A + B:

€1y Chi—kys €Chi—katl — Cny+ly- -5 Ckitna—ks — €nitna; (46)

€ni+1s---5Cn1+ka—ksr Cni+ka—ksz+1 — Eni4na+ls-- -5 Cni+ke—ks+nz — Cni+natng; (47)
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and so on, the last Jordan chain being

Cy+1s -3 Cythmo1—kms Cytkm—1—km+1 = Cytnm_141s -+ 5 Cytkmo1—km+nm = Cy+tnm_14+nms
(4.8)
where we have set y = nq+ -+ -+ n,,_2. So we have constructed a total of m —1 Jordan
chains, of lengths k1 — ks +no > no, ko — ks +n3 > ng, and so on, ky,_1 — Kk + 1 > Ny,
respectively. Notice also that the vectors in the union of chains (4.6) throughout (4.8)
are clearly linearly independent. We have satisfied all the requirements of Theorem 4.3
and the proof is complete [

Example 4.6 Let

01 0/0 0 Uy 0
0 0 1/00 Us 1
A=10 0 0{0 0|, u=|u |, v=1]0
000/01 Uy 1
0 0 0l0O Us 0
Then n; =3, ny = 2, ky = 1, ks = 0. Then the Jordan chain of the matrix

0 14u; O|lu; O
0 U9 1 U9 0
0 Us 0 Us 0
0 Uy 0 Uy 1
0 Us 0 Us 0

A+ wt =

mentioned in Step 3 of the proof is e;, es — e4, €3 — e5 and it has length k; — ks + ny = 3.

Note that the result of Theorem 4.4 is valid for any matrix similar to (4.1). In-
deed, use the transformation analogous to (4.3) but with the invertible matrix S not
necessarily commuting with A.

Proof of Theorem 4.3. It will be convenient to use the notation am (X, \) for the
algebraic multiplicity of the eigenvalue A of a complex matrix X. Under the hypotheses
of Theorem 4.3, and using Proposition 4.1, we have

Zam(A+B,u):n1,1+---+np,1, (4.9)

where the sum is taken over all distinct eigenvalues p of A+ B which are different from
any of the A;’s. On the other hand,

am(A+B7/\])2n],2++n],gja ]:1727ap (410)

Indeed, (4.10) holds for a generic set U of rank one matrices by Theorem 2.1, and if
B does not belong to U, then (4.10) follows by using approximations of B by elements
of U (cf. the proof of Proposition 4.1). Combining (4.9) and (4.10) we see that in
fact the equalities hold in (4.10), for j = 1,2,...,p. It follows that the Jordan chains
constructed in Theorem 4.4 (with A replaced by A;) form a basis for the eigenspace of
A + B associated with the eigenvalue A;. The result of Theorem 4.3 follows. [
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5

Conclusion

We have studied the perturbation analysis for real and complex matrices as well as
monic matrix polynomials under generic rank one perturbations. We have shown that
previous results for the complex case also hold in the real case and we have also proved
analogous results for a different form of generic rank one perturbations that is ex-
tremely useful in structured perturbations. Furthermore, we have analyzed in detail
rank one perturbations for which the total algebraic multiplicity becomes maximal for
the perturbed eigenvalues. The resulting Jordan structure of perturbed matrices is
fully described.
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