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1 Introduction

This paper considers the stochastic sequence {Y; }1en defined recursively by the linear relation
Yt+1 = AY; + By (t € N) (1)

in the random environment {(A, Bt)}ten. The dynamics of the environment is under the
simultaneous control of several agents who play a discounted stochastic game. We formu-
late sufficient conditions on the game which guarantee the existence of Nash equilibria in
Markov strategies which have the additional property that, in equilibrium, the solution to
(1) converges in distribution as t — co.

Stochastic sequences of the form (1) have been extensively investigated under a mean
contraction condition and under the assumption that the driving sequence {(A¢, Bt) }en
defined on some probability space (2, F,P) is stationary under the exogenous measure P. For
example, Vervaat (1979) considers the case where the environment consists of i.i.d. random
variables. Brandt (1986) assumes that the driving sequence is stationary and ergodic under
the law P; see also Borovkov (1998). Horst (2001) studies the case where the environment
is asymptotically stationary in the sense that the process {(Ay, By)}ten is stationary under
some law Q on (2, F) which coincides with P on the tail-field generated by {(A¢, Bt) hen-

In view of many applications in economics it seems natural to extend the analysis of
stochastic difference equations to situations in which the environment is under the simulta-
neous control of several agents. In such a situation the measure IP is no longer exogenous, but
is derived through a game-theoretic solution concept. For example, the process {Y; }ten could
be sequence of temporary equilibrium prices of a risky asset generated by the microeconomic
interaction of investors who are active on a financial market. In such a model, the sequence
{(A¢, By) }ten may be driven by the changes in the behavioral characteristics of the agents.
If the investors are ‘large’, i.e., if their behavior influences the dynamics of the random en-
vironment, then it seems natural to assume that the agents anticipate their impact on the
formation of stock prices and, therefore, interact in a strategic manner. In this context, the
process {Y;}1cny may be viewed as the state sequence associated to a stochastic game, and
so the probabilistic structure of the random environment specified by the measure P is no
longer exogenous. Instead, it is defined through an equilibrium strategy implemented by the
individual investors. In order to analyze the dynamics of the price process in equilibrium, it

is now desirable to have sufficient conditions which guarantee the existence of Nash equilibria



which ensure that the sequence {Y;}icn settles down in the long run.

In this paper we consider discounted stochastic games with weakly interacting players
in which the conditional distribution of the random variable (A;, B;) only depends on the
average action taken by the players. We formulate conditions on the game which guarantee
the existence of a Nash equilibrium in Markov strategies 7 such that under the induced
measure P7 on (2, F) the solution to (1) converges as ¢t — oco. In a first step we show that
stochastic games in which the state sequence follows a linear dynamics and in which the
interaction between different agents is sufficiently weak have stationary equilibria in Markov
strategies that depend in a Lipschitz continuous manner on the current state. This part of
the paper is inspired by the work of Curtat (1996) and uses a perturbation of a Moderate
Social Influence condition introduced in Horst and Scheinkman (2002). Under a suitable
mean contraction condition on the random environment we then prove that the sequence
{(A¢, By) }1en defined on (2, F,P7) has a nice tail structure in the sense of Horst (2001).
This allows us to show that the shifted sequence {Y;171}icny converges in law to a uniquely
determined stationary process as T' — oc.

The remainder of this paper is organized as follows. In Section 2 we formulate our main
results. Section 3 proves the existence of a Lipschitz continuous equilibrium in Markov

strategies. The convergence result for the solution to (1) is proved in Section 4.

2 Assumptions and the main results

Let ¢ := {(A, By) }ten be a sequence of R%-valued random variables defined on some proba-
bility space (2, F,P), and let {Y};}+en be the sequence in (1) driven by the “input” . In this
section we specify a probabilistic framework which allows us to analyze the asymptotic be-
havior of the solution to the linear stochastic difference equation (1) in a situation in which
the evolution of the random environment is controlled by several strategically interacting
agents.

The long run behavior of the sequence {Y;};cy has been intensively investigated under
a mean contraction condition and under the assumption that ¢ is stationary under some
exogenous measure P; see, e.g., Brandt (1986) or Vervaat (1979). Horst (2001) assumes that
the environment is asymptotically stationary and that is has a nice tail structure the sense

of the following definition.



Definition 2.1 (Horst (2001)) Let F; == o ({(As, B)}s>t) and let

Ty:= (5 (2)

teN
be the tail-o-algebra generated by 1. A driving sequence i is called nice with respect to a

probability measure Q on (Q, F) if the following properties are satisfied:
(i) ¢ is stationary and ergodic under Q and satisfies
Egln|4o] <0 and Eg(n|Bo|)™ < oo (3)
where Eg denotes the expectation with respect to the measure Q.

(i) The asymptotic behavior of 1 is the same under P and Q, i.e.,

P=Q on Ty. (4)

Remark 2.2 We denote by || - ||¢ the total variation of a signed measure on a measurable
space (E,E). Since

Jim [P - Qll, = [P~ Q. (5)

a driving sequence v satisfies (4) if and only if it converges to a stationary regime. Horst
(2001) shows that (5) holds if, for example, 1) is driven by an underlying Markov chain that
converges in total variation norm to a stationary distribution or if v coupling converges to
a stationary sequence in the sense of Borovkov (1998). Note that (5) is equivalent to the

existence of a sequence {c;}ren satisfying limy oo ¢; = 0 and
sup |[|IP - Q|| <, 6
>t ” H}—t,l ( )

where .7:",5,1 = o ({(A¢, Bt) }1<s<1). Here, both (5) and (6) follow from the continuity of the

total variation distance along increasing and decreasing o-algebras.

In the sequel it will be convenient to denote by Law(Y,P) the law of a random variable
Y on (Q, F,P) and to write — for weak convergence of probability measures.
Let us turn to the solution {Y;};en of (1). For any initial value Yy = y € R, we have the

explicit representation

t—1 [ -1 t—1
Yi=u(y,v) == Z H Ai | Bi—j—1 + (H Ai) y (teN). (7)
=0 \i=t—j i=0



In the stationary setting P = Q analyzed by Brandt (1986), we may as well assume that
the driving sequence is defined for all ¢t € Z, due to Kolmogorov’s extension theorem. Under
the mean contraction condition (3), there exists a unique stationary solution to (1) under
Q driven by . That is, there is a unique stationary process {Y;*};cz which satisfies the

recursive relation (1) for all ¢ € Z. The random variable Y;* is Q-a.s. finite, takes the form

00 t—1
Y;* = Z H A; Bt—j—l (t S Z), (8)
=0 \i=t—j

and, for any initial value y € R the solution {y;(y,%)}en to (1) converges almost surely to

the stationary solution in the sense that

tlim lye(y, ) = Y| =0 Q-a.s.
—00

In the non-stationary case P # Q studied in Horst (2001) the shifted sequence {ys17(y, V) }en
driven by a nice input ¢ converges in distribution to the unique stationary solution {Y;*}ic

to (1) under Q:

Law({ye+7(y, ¥) hen, P) — Law({¥;'},Q) (T — o). (9)

So far, the asymptotics of the sequence {Y;}:cny have only been analyzed in situations
where the probabilistic structure of the random environment ) is described by an exogenous
measure. Qur aim is study to dynamics of the solution to the linear stochastic difference
equation (1) in a situation in which the evolution of 1) is controlled by strategically interacting

agents who play a stochastic game.

2.1 Financial price fluctuations in the presence of big players

In order to motivate our subsequent analysis, this section discusses, in a somewhat informal
manner, a possible extension of the temporary equilibrium model for asset price fluctuations
by Follmer and Schweizer (1993), where the class of stochastic games that we analyze in this
paper arises rather naturally. A full implementation of the model and a detailed discussion of
all its economic implications is beyond the scope of this paper and is left for future research.

We consider a financial market with a finite set A = {ay, ..., an} of small investors trading
a single risky stock. In reaction to a proposed price p in period t € N the agent a € A forms

a random excess demand ef(p,w), and the actual stock price P; is determined implicitly by



the market clearing condition, ), ef (P, w) = 0, of zero total excess demand. Following
Follmer and Schweizer (1993) we assume that the excess demand of the agent a € A takes

the log-linear form
ef (p,w) = log Sf1 (w) — logp + nf'(w) (10)

where g&_l(w) denotes his reference level for the following period ¢t + 1 and where n{(w) may
be viewed as the agent’s liquidity demand. To simplify our analysis we assume that all the
agents are fundamentalists in the sense of Example 2.1 in Follmer and Schweizer (1993). This
means that an agent’s price expectation for the next period is based on the idea that the
stock price will move closer to his current subjective perception F}* of the stock’s fundamental

value. This idea is captured by reference levels of the form
log 8¢, = log P, + Bi(F® —log P;) (t €N)

with independent and identically distributed random coefficients 3; € (0, 1); see, e.g., Féllmer
and Schweizer (1993) or Follmer, Horst and Kirman (2003) for microstructure model with
more general reference levels. Specifically, we assume that the agents are either optimistic or
pessimistic, i.e., they associate either a low (Ff = 0) or a high (F = 1) fundamental value
to the stock.

In order to specify the resulting price process, we denote by m; := |Tl¥\ Y oaenl (Fo=1} the
fraction of optimistic agents at time ¢ and put 7 := ﬁ > aca N§- The logarithmic equilibrium

price S; := log P, is determined via (10) as an average,
St+1 = (1 — ﬁt) log St + ﬁtﬂt + e =: AtSt + Bt, (11)

of individual price assessments and liquidity demands. Suppose that both the agents’ assess-
ments of fundamentals and the average liquidity demands fluctuate in an i.i.d. manner through
time and that »; is N(0,1) distributed. In this case, the random environment {(A;, B;) }1en
for the evolution of the stock price process is given by a sequence of independent and iden-
tically distributed random variables, and it follows from, e.g., Theorem 1 in Brandt (1986)
that Law(S;, P) — u for some law p on R. Thus, the asymptotic distribution of stock prices
is uniquely determined.

Let us now consider an extension of this model and study the additional effects that arise
the presence of strategically interacting market participants. Assume that the small investors

choose their current benchmarks in reaction to the actions 7 = (77), € [0,1]™ taken by



some “big players”:
F® ~ Z(1;-) for a stochastic kernel Z from [0,1]* to {0,1}.

One may, for example, think of a central bank that tries to keep the “mood of the market”
from becoming too optimistic and, if necessary, warns the market participants of emerging
bubbles. One may also think of financial experts whose recommendations tempt the agents
into buying or selling the stock. These market participants influence the stock price process
through their impact on the behavior of small investors, but without actively trading the stock
themselves. It seems natural to assume that the big players anticipate the feedback effect
their actions have on the evolution of stock prices and thus interact in a strategic manner.
If the big players use homogeneous Markov strategies, i.e., if the actual action 7/ = 7¢(S;) of
the player ¢ € {1,2,..., M} depends only on the current stock price, then the evolution of

temporary logarithmic price equilibria can be described by a recursive relation of the form
Str1=AiSi+ By where (A, By) ~ Q(7(Sy); ), (12)

and where Q is a suitable stochastic kernel from R to (0,1) x R. Thus, the environment for
the evolution of asset prices is no longer described by an i.i.d. sequence of random variables.

It is now desirable to have sufficient conditions which guarantee the existence of an equilib-
rium 7* which preserves the main qualitative feature of the original model, namely asymptotic

stability of stock prices in the sense that
Law(Sy,P™ ) =% u™ .

However, in this more general model the long run distribution of stock prices depends on the
equilibrium strategy and is thus not necessarily uniquely determined. Hence, the presence of
strategically interacting market participants can be an additional source of uncertainty.

2.2 The stochastic game

The infinite-horizon discounted stochastic games ¥ = (I, X, (U%), 3, Q, y) which we consider

in this paper are defined in terms of the following objects:
e [ ={1,2,..., M} is a finite set of players.

e X C Ris a common compact and convex action space for the players.



U':R x [Lic; X — Ris the utility function for player i € I.

B € (0,1) is a common discount factor.

Q is a stochastic kernel from X to R?.

y € R is the starting point of the state sequence {Y;}scn.

A typical action of player i € I is denoted 2° € X. The actions taken by his competitors
are denoted 27" € X" := {z7" = (#/)jep i}, and X := {Z = (2')ies : 2 € X} is the
compact set of all action profiles. To each action profile Z € X, we associate the average

; — 1 i
action x 1= ;> ;2.

Remark 2.3 The assumption that all the players share a common discount factor is made
merely to ease notational complexity. This condition can be dropped without altering the

model’s qualitative features.

At each time ¢t € N, the players observe the current position Y; of the state sequence
{Y;}ien. They take their actions i = 7¢(Y;) independently of each other according to a sta-
tionary Markov strategy ¢ : R — X and the selected action profile Z, = (2!);c;r = (7°(Y3))icr
along with the present state Y; yields the instantaneous payoff U*(V;, Z,) = U*(Y, 2%, 2;°) to
the agent ¢ € I. We assume that the law of motion depends only on the average action taken

by the individual players. More precisely,
1 &
Yig1 = AsY; + By with (Ag, B) ~ Q (cay; ) for some ¢ > 0 where z; := i Zx% (13)
i=1

In this sense we assume that the indirect interaction between different agents, i.e., the inter-
action through the state sequence {Y;}sen, is global. Thus, in games with many players or in
games with a small ¢ > 0, the impact of an individual agent on the dynamics of the random

environment {(A, By) }ten for the evolution of the state sequence {Y;}iey is weak.

Remark 2.4 For our subsequent analysis it will be essential that the impact of an individual
player on the law of the random environment is sufficiently weak. Assuming that the condi-
tional distribution of the random variable (As, By) depends on the current action profile T,
only through cxy = 17> it xt simplifies the formulation of an appropriate weak interaction

condition. Of course, weak dependence assumptions can also be formulated differently.



A stationary Markov strategy 7 = (7¢);c; along with an initial distribution y for the start-
ing point of the state sequence and together with the law of motion () induces a probability
measure P}, on (€2, F) in the canonical way. Under the measure P}, the state sequence {Y} }sen
is a Markov chain on the state space R, and the expected discounted reward to player ¢ € I
is given by
(14)

Ty, m) =Ty, 7,77 =E] |> B U'(V,Z)
t=0

Here the expectation is taken with respect to the measure P}, and 770 = (19);. In what

follows we write IP; for P§ .
Y

Definition 2.5 A stationary Markov strategy profile T is a Nash equilibrium for 3 if no

player can increase his payoff by unilateral deviation from T, i.e., if
T(y,m) > J(y, o', 77") (15)
for all Markov strategies o' : R — X and each i € I.

Our objective is to formulate conditions which guarantee the existence of a Nash equi-
librium in Markov strategies 7 such that the Markov chain ({Y:},P]) converges in law to a
unique limiting distribution. To this end, we need to assume strong concavity of an agent’s
utility function with respect to his own action, and we have to place a quantitative bound
on the dependence of the instantaneous utility for player ¢ € I on the actions taken by his

competitors.

Assumption 2.6 (i) Uniformly ini € I, the utility functions U* : Rx X — R are bounded,

Lipschitz continuous and twice continuously differentiable.

(ii) There exists constants L' (y) > 0 and L > 0 such that

02 . -
WUZ(:% at,x7') < LY (y) < —L <0. (16)
In particular, the function U'(y, -, x~%) is strongly concave on X.

(iii) The law Q(z;-) has a density q(z,-) with respect to the Lebesgue measure \* on R2.
The maps x — q(x,n) are uniformly bounded, twice continuously differentiable on an

open set containing X and uniformly Lipschitz continuous:

lg(x1,m) — q(x2,n)| < Llzy — 2] (L < 0).



%q(w,n)‘ < 02(n) for some functions o1, 02 : R? —

Moreover, "

a%q(x,n)} < p1(n) and

R with are integrable with respect to \?.

The Lipschitz continuity condition on the conditional densities g(x;-) translates into a

norm-continuity assumption on the transition probabilities Q(x;-):
1Q(z1;-) = Q(2;-)lIp < Llz1 —a2| andso  [|Q(zn;-) = Q)5 = 0 if @, =3 a,

where B denotes the Borel-o-field on R?. Norm-continuity conditions have also been imposed
by, e.g., Nowak (1985) and Duffie, Geanakopolos, MasColell, and McLennan (1994).

Let us consider an example where our assumptions on the densities g(x;-) can be verified.

Example 2.7 Let f : X — R? be a twice continuously differentiable function and let o, (-)
be the density of the two-dimensional standard normal distribution with mean m = (my, ma)

with respect to N2, It is easily seen that q(x,n) := @) (n) satisfies Assumption 2.6 (iii).

In order to establish the existence of stationary Lipschitz continuous Nash equilibria for
>, we have to control the strength of interactions between different players. To this end, we
introduce the constants

2

a$i8$j

L™ (y) = sup
zeX

(i#7j) and L'= sup
YER,ZEX

U'(y, ) U'(y, )| (17)

82
’ O0x;0y

The quantity L/ (y) may be viewed as a measure for the dependence of agent 4’s instantaneous
utility on the choice of player j, given the current state y. By analogy, L' measures the

dependence of his one-period utility on the current position of the state sequence. We put

- ? || 9
L:=sup — || s—54q(z,- 18
SUD 3 6:]CQq( »0) . (18)
where || - |1 denotes the Ll-norm with respect to A%, In order to guarantee the existence

of Lipschitz continuous equilibria in the discounted stochastic game Y we need to assume
that the interaction between different agents is not too strong. Since the players interact
both through their instantaneous utility functions and through their individual impacts on
the evolution of the state sequence, we have to control both the dependence of an action of
player j on the instantaneous utility of the agent ¢ and the dependence of the law of motion
on the actions taken by an individual player. We formulate this condition in terms of a

perturbation of the Moderate Social Influence condition in Horst and Scheinkman (2002).



Assumption 2.8 There exists v < 1 such that the following holds for all i € I:

BHUZHOO H

Z L4 (y —|— R < yL%(y) where R :=sup ———x (19)

JFi ’

85[?2 Lt

Let us consider a case study where our Assumption 2.8 can easily be verified.

Example 2.9 Consider the law of motion

QT ) = Eae g )+ (1- Eer g, (20

If Qi (") has a density q;(-) with respect to A%, then our Moderate Social Influence condition
translates into an assumption on the marginal rates of substitution. Indeed, if the stochastic
kernel Q) takes the linear form (20), then aa—;zqi(:c; ) =0, and (19) is equivalent to

2
=7 ’82%

Ul(y,T) (21)

Z ‘8%8% Ully.2)| <

for all i € I and for some v < 1. In addition, (16)

LUy, )‘ > 0. The
proof of Theorem 2.10 below shows that stochastic games in which the law of motion takes

the linear form (20) have Lipschitz continuous equilibria for all ¢ > 0.

Observe that (21) is necessary for (19). On the other hand, if (21) holds, then we can
always choose a small enough ¢ > 0 or a large enough M such that Assumption 2.8 is satisfied.
In this sense, for games in which the impact of an individual agent on the dynamics of the
state sequence is sufficiently weak, (19) reduces to the Moderate Social Influence assumption
D it L (y) < yL¥(y) introduced in Horst and Scheinkman (2002).

Let us now formulate sufficient conditions for the existence of Lipschitz continuous equi-

libria in the stochastic game . The following result will be proved in Section 3 below.

Theorem 2.10 Assume that the stochastic game X satisfies Assumptions 2.6 and 2.8 and

g:= sup/]A\Q(:c;dA, dB) < o0, q:= sup/\A| '8 5q(z, A B)' AdA,dB) < c0. (22)
zeX

Then there exists C* > 0 such that, for all ¢ < C* the game ¥ has a stationary equilibrium

in Markov strategies T which is Lipschitz continuous. That is, there exists L™ < oo such that
1T (1) — T (y2)| < L¥lyn —yo| (i €1).

10



2.3 Convergence of the state sequence

Let us now return to the solution to the stochastic difference equation (1). For a given
stationary Nash equilibrium in Markov strategies 7, we denote by Py the law on (Q,F)
induced by 7 and by the starting point ¥ € R. In order to guarantee asymptotic stability of

the process {Y; }1en under P}, we need to assume that the following condition is satisfied.
Assumption 2.11 (i) The set M, := {n € R?: q(x,n) > 0} is convex.
(ii) There exists a constant r < 1 such that

sup/|A\Q(x;dA,dB) <r and sup/|B|Q(x;dA, dB) < oo. (23)

(iii) There is a measure v on R? and a constant o > 0 such that
Qz:) > 07() and /\A[ﬁ(dA, iB) <r.

We are now ready to formulate the main results of this paper. Their proofs will be given

in Sections 3.2 and 4 below.

Theorem 2.12 Let 7 be a stationary Lipschitz continuous equilibrium in Markov strategies

for the stochastic game X. If Assumption 2.11 is satisfied, then the following holds:

(i) There is a probability measure QT on (2, F) such that the driving sequence 1) defined
on (Q,F, IP’;) 1is nice with respect to Q7.

(ii) Under Q7 the process {Y;hien defined by (1) is stationary and ergodic and

Law({Yi41 }Heen, ) 5 Law({Yi}ten, Q") for ally € R as T — oo.

The proof of Theorem 2.12 turns out to be an immediate consequence of the following

stability result for Markov chains. Its proof is given in Section 4.

Theorem 2.13 Let @ be a stochastic kernel from R to R? and assume that é(y, -) has a
density G(y, ) with respect to \* that satisfies

d(y1,m) — a2, )| < Ly — 2| (L < ). (24)

11



If Q satisfies Assumption 2.11, then the Markov chain {z}teN defined by the recursive relation
Vi1 =AY, + B, where (Ay, By) ~ Q(Yy;-)
has a unique stationary distribution p*. Moreover, with P*(-) := [Py (-)u*(dz), we have that
Law({Yi1 }en, Py) — Law({Yi}en, P*)  for ally € R as T — oo.

Remark 2.14 (i) The existence of Lipschitz continuous equilibria can be shown without re-
stricting the random variables (A, By) to take values in R?. However, the proof of Theo-
rem 2.13 uses Horst’s (2001) stability result for linear stochastic difference equations in
non-stationary random environments. This result is proven for the case (As, By) € R2.
Since our focus is on the convergence of the state sequence, it is convenient to start

right away with the case (A, By) € R2.

(i) Our Theorem 2.13 may be viewed as a version of Theorem 2.1 in Barnsley, Demko,
Elton, and Geronimo (1988). Using Theorem 2.1 in Barnsley et al. (1988) one can show
that Theorem 2.10 carries over to situations in which the random variables (A, By) take
only finitely many values. In fact, this case is much simpler to analyze and we leave

this modification to the reader.

Example 2.15 Let us return to the financial market model described in Section 2.1 and as-
sume that the kernel Q in (12) takes the linear form (20). If the small investors are optimistic
(pessimistic) with probability at least 6 > 0, under the assumption that law of the random
variable By is equivalent to X on the convex set (0,1) and under suitable regularity conditions
on the big players’ instantaneous utility functions, Theorem 2.12 yields an equilibrium T*

such that the induced stock price process settles down in the long run.

We close with section with two more case studies where the assumptions on ) in Theorem

2.12 can indeed be verified.

Example 2.16 (i) Let us return to the law of motion Q introduced in Example 2.9. In
this case, (22) is clearly satisfied. Assumption 2.11 holds if, for instance, Q;(-) has a
strictly positive density q; which a convexr domain, if Q1(-) and Q2(-) satisfy (23) and
if each Q; is of the form Q;(-) = (1 — Q)@Z() + ov(-) for a suitable measure U on R2.

12



(ii) Consider now the densities q(x,m) = P ) (n) where Y (n) is introduced in Example
2.7. We assume f(x) = (fi(x),x) for some f1 : X — R. Since n — pm(n) is twice
continuously differentiable and because X C R is compact, it is easy to show that (22)
holds. Moreover, there exists r1 > 0, such that the mean-contraction condition (23)

holds whenever fi(x) < ry.

3 Existence of Lipschitz continuous Nash equilibria

This section is devoted to the proof of Theorem 2.10. Since the state space of our stochastic
game Y is not compact, we cannot prove the theorem directly. Instead, we shall first analyze

‘truncated’ games
>N = (1, X,(UY), 8,Q,y,[-N, N)) (N e N)

with compact state spaces [~N, N]. To this end, we fix a family GV (N > 2) of truncating
functions. That is, a family of strictly increasing functions G : R — [~N, N] which are
Lipschitz continuous with Lipschitz constant one and that satisfy GV (z) = x for € [-N +
1, N —1]. We consider stochastic games ¥V in which the conditional dynamics of the new

state Yiy1, given Y; and the action profile z, € X is of the form
Vigr = o (Y, Ay, By) := GN (AY, + By)  and  (Ay, By) ~ Q(cay;-).

Using our Moderate Social Influence assumption we show that the games £V have Lipschitz
continuous Nash equilibria in Markov strategies 77 whose Lipschitz constants do not depend
on N € N. A Lipschitz continuous equilibrium for > will then be determined as a suitable

accumulation point of the sequence {7V} nen.

3.1 Lipschitz continuous equilibria in truncated games

The aim of this section is to establish the existence of Lipschitz continuous Nash equilibria

in the truncated games 7.

Proposition 3.1 Under the assumptions of Theorem 2.10 there exists C* > 0 such that for
all ¢ < C* the following holds:

(i) For all N € N, the truncated game XN has a stationary Lipschitz continuous Nash

N

equilibrium 7 in Markov strategies.

13



(ii) The Lipschitz constant of T (N € N) does not depend on N € N.

The proof of Proposition 3.1 needs some preparation. We put u := max; ||U||oo and de-
note by L, ,([~N, N],RM) the class of all Lipschitz continuous functions f : [-N, N] — R
with Lipschitz constant L that satisfy || f||co < u. To each such average continuation function
f = (fi)ier we associate the reduced one-shot game Eﬁy = (I, X, (U}’N),ﬂ,y, [-N, NJ]) with

individual payoff functions
UM (y,m) = (1 - B)U (y,z) + 8 / fiov™(y, A, B)q(x, A, B)A(dA, dB) (25)
viewed as functions from [N, N] x X to R.

Remark 3.2 Observe that U}’N(y,@ is the payoff to player i € I in the discounted stochastic
game 2N if the game terminates after the first round, if the players receive rewards according
to the payoff functions f; in the second period, and if first period payoffs are discounted at
the rate 1 — (3.

The following Lemma shows that the conditional best reply T}’N(y, 7% of player i € I in
the game E}V is uniquely determined and that E}V has a unique equilibrium T}V (y). The map
T]{V : [N, N] — X is Lipschitz continuous. Its Lipschitz constant can be specified in terms
of the Lipschitz constant of f, the discount factor, the bounds for the utility functions and
the quantities L/ (y), L' and L introduced in (17) and (18), respectively. In particular, it can

be chosen independently of the specific average continuation function f and independently

of N. This turns out to be the key to the proof of Proposition 3.1.

Lemma 3.3 For N € N, let E}V be the reduced game with average continuation function

f € Lru([=N,N],RM). Under the assumptions of Theorem 2.10 the following holds:

N
(

(i) The conditional best rely T}’ y,x7%) of playeri € I is uniquely determined and depends

i a Lipschitz continuous manner on the actions of his competitors. More precisely,

i N —i 1 - p)L™ Lo;
) e < T e o

if 2§ = a2k for all k # j. Moreover,

N (2™ = 7N (g2, 27| < Lys — wl (27)
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for all y1,y2 € [~N, N] and each 27" € X_i. Here

P o qup (L AL A+ BL(f)g
vi (1= A)L¥(y) — Bul

L(f) denotes the Lipschitz constant of f and the quantity q is defined in (22).

(i) The reduced game Z}V has a unique equilibrium T]{V(y) = {T}’N(y)}iel €X.

(iii) The map y — T;’N(y) s Lipschitz continuous uniformly in i, and the Lipschitz constant

can be chosen independently of both N € N and the average continuation function f.

(iv) The map f — T}’N(') is continuous.

PROOF:

(i)

Let us fix an average continuation function f € L ,([-N, N ],RM) an action profile
7t e X_i and a state y € [~ N, N]. By Assumption 2.6, the map U}’N(y, a7 is two
times continuously differentiable on an open set containing X and our Moderate Social

Influence condition yields

LQ.Ui’N(y ol 27l < —(1— B) LY (y) + fulL < 0.

Oat)2™ ) T
Thus, an agent’s utility function is strongly concave with respect to his own action, and
so his conditional best reply given the choices of his competitors is uniquely determined.
To establish the quantitative bound (26) on the dependence of player i’s best reply on
the behavior of all the other agents, we fix a player j # i and action profiles xfl and
Ty ¢ which differ only at the j-th coordinate. Under the assumptions of Theorem 2.10
we have

0 in, .
,U}’ (y,z',25")

0 1,N i =1
(]f7 (y,ﬂj y L1 )_ ox'

‘ ozt

<{a =814y + pul} 2] - ol (29)
Thus, (26) follows from Theorem A.1. In view of (28) and because

0
oz’

U (g2t 27 - i U}’me%x")' <{(1 = B)L' + BL(f)q} o] — 23| (29)

our estimate (27) also follows from Theorem A.1.

The existence of an equilibrium in pure strategies for the static game E}V follows from

strict concavity of the utility functions U}’N with respect to the player’s own actions

15



(iii)

along with compactness of the action spaces using standard fixed points arguments. In
order to prove uniqueness, we proceed as in the proof of Proposition 4.21 in Horst and

Scheinkman (2002). In view of (16), our Moderate Social Influence condition yields

T Supz (1—B)L"(y) + BuL

— - <1
i,y j#4 (1 - ﬁ)L“(y) - ﬁUL

Thus, given action profiles a:l_i and z, ¢ of player i’s competitors, (26) shows that

N » N » _ . .
77 (2" = 7p 7 (2 )| < Lmax |z — a3,

For x1 # x9, we therefore obtain

max 74" (y, 21 7) = 7" (y, 25 ")| < max|a} - ).

Thus, the map T — (T;’N(y, 27%));es has at most one fixed point. This proves uniqueness

of equilibria in Z}V .

Let T}V(y) be an equilibrium. Then T}’N(y) = T}’N(y, {T]];’N(y)}j#), and so
N N N N N N
[T () = )l < A AT W) i) — 7 (AT (y2) i)
'7N .7N 47N 47N
HTE AT (o) i) — 77 (W, AT (y2) Fy)|
- N N =
< I 1N ) - Y ) + Elyn — 1ol
J#i
This yields ~
, . L
i,N i, N
T — Ty < = — 2. 30
| f (y1) f (y2)] < (1_L)|Z/1 Yo (30)
Hence the equilibrium mapping T}V : [N, N] — X is Lipschitz continuous which a

constant that does not depend on N € N and which depends on the average continuation

function f only through its Lipschitz constant L(f).

We fix y € [-N,N] and 27* € X_i and apply Theorem A.1 to the map
(@', f) = Uy (g, ', 270).

Due to Assumption 2.6 (ii) there exists a constant ¢* < oo such that

0 N
At N

S o N S N
(y,:EZ,.CU Z)_axZUJZ“; (y,xz,x Z) <q Hfl_f2”007
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for all f,g € L1,([-=N,N],RM) and so Theorem A.1 shows that there is Ly < oo such
that

N . N »
7N () = 7N (g, < Lollfi — folloo
Thus, similar arguments as in the proof of (iii) yield the assertion.

a

Our Moderate Social Influence conditions appears to be rather strong. However, for the
proof of Theorem 2.10 it will be essential that the maps T]{V : [-N, N] — X are Lipschitz
continuous with a constant that depends on the average continuation function f only through
its Lipschitz constant. For that, we need uniqueness of equilibria in the reduced one-shot
games E;V . We guarantee this by assuming that the utility functions U}’N inherit enough
concavity in the player’s own actions from the original reward functions U*.

We are now ready to prove Proposition 3.1.

PROOF OF PROPOSITION 3.1: Let B, ([N, N],RM) be the class of all measurable functions
f:[=N,N] - RM with ||f|lc <u. We introduce an operator T from Ly, ,([—N, N],RM™) to
Bu([_Na N]7RM) by

i ¢ i
(TFily) = (1= B (y, 7 (y)) + B / fiov™N(y, A, B)q (M > M), A, B) A(dA, dB).
i€l
A standard argument in discounted dynamic programming shows that for any fixed point FV
of T', the action profile T}J;,VN (y) is an equilibrium in the non-zero sum stochastic game YN, The

N J—
equilibrium payoff to player ¢ € I is given by Fl_g), and the map TéYN : [N, N] — X is Lips-

chitz continuous, due to Lemma 3.3. In order to establish our assertion it is therefore enough
find L < oo and C* > 0 such that the operator T has a fixed point in £z, ([—N, N], R) for

all ¢ < C*. For this, we proceed in three steps:

(i) Let f € Lr4([-N,N],RM). Lipschitz continuity of the utility functions and the den-

sities along with (22) yields a constant ¢; < oo such that
ITfi(1) — Tfi(y2)| < ex (Jyr — w2l + 177 (91) — 71 (12) o) - (31)
Thus, Lipschitz continuity of the map T}V (+) yields Lipschitz continuity of T'f(-).

(ii) For any sequence {f"}nen, f* € Lru([—N, N],RM), that converges to f in the topology

of uniform convergence, Lemma 3.3 (v) yields lim,,_, oo HT}YL —T}V lloo = 0. Thus, Lipschitz
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continuity of the reward functions and the densities gives us constants co and c3 such

that

ITf7(y) = TFiw)| < callmfn = 7' lloo + 3 {IIF" = filloo + Imfn = 7' lloc }
and so lim,, o ||Tf™ — T f|loc = 0. Thus, T is continuous.

(iii) Lemma 3.3 and (30) show that there are constants dj, d2 and d3 such that, for all N € N

and each f € L ,([~N, N],RM), the equilibrium mappings T}’N : [-N,N] — X are

Lipschitz continuous and that the Lipschitz constant L* = L*(L) takes the form

- di + C%L
= 7 .

L*
In particular, (31) yields

di+cBL
T fi(y1) — Tfi(y2)] < 1 [1 + dg,M] ly1 — Y.

If we choose C* < Ucli’% , then for all sufficiently large L € N and for each ¢ <

C*, the operator T maps the set Ly ,([—N, N],R™) continuously into itself. Since
Lr.([-N,N ],RM) is a compact set with respect to the topology of uniform conver-

gence, T has a fixed point by Kakutani’s theorem.

This finishes the proof O

3.2 Lipschitz continuous equilibria in discounted stochastic games and sta-

bility of the equilibrium process

We are now prepared to prove the existence of Lipschitz continuous Nash equilibria in Markov

strategies for discounted stochastic games with affine state sequences.

PROOF OF THEOREM 2.10: For N € N, let 7%V and F be a stationary Lipschitz continuous
Nash equilibrium and the associated payoff function for the truncated game 2V, respectively.
In view of Proposition 3.1 we may assume that these maps are Lipschitz continuous with a
common Lipschitz constant, and so the sequences {77V} yen and { FV} ey are equicontinuous.
Thus, by the theorem of Ascoli and Arzela, there exists a subsequence (Ny) and Lipschitz

continuous functions 7 : R — X and F : R — R such that

Try, (y) — 7(y) and F™(y) — F(y) uniformly on compact sets as k — oc.

18



Let us now fix y € R. For any compact set K C R? we have, by definition of our truncation

functions that

lim sup |FNov™(y,A,B)—F(Ay+ B)| =0.
N0 (A,B)eK

We also have limy_ HQ (5 e ™V W)i) = Q (5 e T () ')HB = 0. Since the se-

quence {FY o vV} yey is uniformly bounded, we obtain

Ei(y) =1 -8)U"(y,7(y)) + ﬁ/Fi(Ay + B)q (M > W), A, B) A(dA, dB).
el
Now, it is easily seen that 7 : R — X is a stationary Nash equilibrium in Markov strategies

for the game 3. By construction, 7 is Lipschitz continuous. O
The proof of Theorem 2.12 is now straightforward.

PROOF OF THEOREM 2.12: For any Lipschitz continuous equilibrium 7, the stochastic kernel
Q™ from R to R? defined by Q7(y;-) = Q <ﬁ Zf\il 7 (y); ) satisfies the assumptions of

Theorem 2.13. Thus, the assertion follows from that theorem. O

4 A Stability Result for a Class of Markov Chains

This section is devoted to the proof of Theorem 2.13. Throughout, we denote by K the

transition kernel of the Markov chain {?t}teNi
K(y;-) =Q(y;{A, B} : Ay + Be ).

Since the densities G(y, -) satisfy (24), it is easy to show that K has the Feller property.

The proof of Theorem 2.13 needs some preparation. In a first step we show that the Feller
process {ﬁ}teN has a stationary distribution if Assumption 2.11 holds. In a second step, we
use a convergence result for Markov chains with compact state spaces to show that K has at
most one invariant measure.

The proofs of Proposition 4.1 and Lemma 4.4 below use arguments which, in a modified

form, also appear in Follmer, Horst and Kirman (2003).

Proposition 4.1 Under the assumptions of Theorem 2.13, the Markov chain {}th}teN on R

has a stationary distribution.
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PROOF: Let i1 be the law of the random variable Y; under P, and assume that the Feller

process {i}teN is tight. In this case the sequence

t
~ ~ 1 ~
{Vthen  where = n E 1 fif

1=

is tight, too. Thus, by Prohorov’s theorem it has an accumulation point v*. A modification of
standard arguments for Markov chains on compact state spaces given in, e.g., Liggett (1985),
Proposition 1.8, shows that v* is a stationary measure for the Feller process {ﬁ}teN. It is

thus enough to show that the sequence {}Z}teN is tight. For this, it suffices to show that
clirgo sup {]P’y[\fﬂ >, t e N} = 0. (32)
By Tchebychev’s inequality, (32) follows from
sup{Eylﬁ\,teN} < 0. (33)
In order to prove (33), we put
a:= Sup/ |A|@(y;dA,B) <1 and b:= sup/ |B|@(y;dA, dB) < o
y Yy
and consider the deterministic sequence {??t/}teN defined by the recursive relation
Y, =aY] +b (teN, Yp=y).

Since a < 1, we have limy_,~ ?f = % < oo. In particular, sup, ?ij < 00, and so it suffices
to show that
Ey|5~/t’ <Y} for all y > 0. (34)

Clearly, (34) holds for ¢ = 0. We proceed by induction and assume that (34) holds for all
t < T. For the induction step, note that

Ey|Yria| < Eyl|ArYr[] +E,[|Brl]
< E, |[V7IE,[|Ar|| [¥r]| +
< aB,|Yr|+b
< aYr+b=Yri1.
This finishes the proof. O

In a second step, we are now going to show that the Feller process {ﬁ}teN has at most

one stationary distribution. For this, we need the following result.
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Lemma 4.2 Under the assumptions of Theorem 2.13 the following holds:

(i) The support I, C R of K(y;-) is an interval and K(y;-) is equivalent to X on I, i.e.,

dK(y;-) = gyd\  where gy(-) >0 on I,.

(ii) There exists m < oo such that

IyN(—o00,y) #0 for y>m and I,N(y,00)#0 for y<—m.

PROOF:

(i)

(if)

Let us fix y € R. The support I, of the measure K (y;-) is given by the topological
closure of the set {f € R: § = Ay + B for some (4, B) € M,}. Convexity of M, yields
convexity of I,. In order to prove equivalence of K(y;-) and A on I,, we introduce a
bijection T, on M, by T,(A,B) := (A, Ay + B). By the transformation formula for
Lebesgue integrals the law of T (A, B) has the density G(y, ) o Ty_1 with respect to A2,
Since ¢(y;-) > 0 on M,, the distribution of Ay + B has a strictly positive density g,

with respect to A on I,,.

In view of (i) it is enough to establish the existence of a constant m < oo that satisfies
Q:{(AB): [Ay+ Bl < [y}) >0 (lyl =m).

To this end, we assume to the contrary that, for all m < oo there is |y,,| > m such that

Q (Ym; {(A, B) : |Ayy + B| < |yml}) = 0. (35)

However, by Assumption 2.11 (i) we have Q (ym; {(4, B) : |Aym| < rym|}) > 0, and
so (35) yields

Q (Ym; {(A,B) : |B] > (1 =7)|ym|}) =1

for all m < oco. Hence

(1 —=r)m < sup /|B|C~2(y;dA,dB) Ssup/|B]C~2(y;dA,dB).
y

ly|>m

For m — oo, this contradicts Assumption 2.11 (i).
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In order to prove that the Markov chain {Y; };en has at most one invariant distribution we
recall the definition of the truncation function GV from the previous section and introduce
Feller processes {YQN }ten with transition kernels K on the respective compact states spaces
[=N, N] by

Y, = GN(AYN + By) where (Ay, Br) ~ Q(Y/;).
The following lemma shows that the Markov chain {Y;¥};ex on [N, N] converges in distri-
bution to a unique limiting measure p”V. From this we deduce below that the original process

{ﬁ}teN converges to a stationary regime.
Lemma 4.3 (i) For all N € N there exists probability measure u on [~N, N| such that

Law(iN,IPy) s uwN forally € [-N,N] as t — oco.

(ii) For all sufficiently large N € N and for each y € (=N, N), the measure K™ (y;-) is

absolutely continuous with respect to K(y;-).

PROOF:

(i) The stochastic kernel Q satisfies Assumptions 2.11 (ii) and (iii) and, due to (24) the
Lipschitz continuity condition ||Q(y1:-) — Q(ya;-)|| < Llys — y2|. Thus, the assertion
follows from Theorem 4.1.1 in Norman (1972) because the state space of the process

{YN}en is compact.

(ii) Suppose that, for all sufficiently large N and for each y € (—N, N) we have GV (1) C I,.
In this case it follows from strict monotonicity of the truncating functions GV, from

Lemma 4.2 (i) and from the transformation formula for Lebesgue integrals that
EN(y; )~ X on GN(I,) andso KV (y;-) < K(y;-).

Hence it is enough to prove GV (I,) C I,. Since G is strictly increasing and Lipschitz
continuous with constant one, because GV (z) = z on (—N + 1, N — 1) and because I,

is convex,
GNir)cI1, oo GN(I,)NI,=0 and GN(I,)NI,=0< (-N,N)NI, = 0.

Let us now assume to the contrary that for all N € N there exists yy € (=N, N) such
that the intervals I, := [an, by] satisfy [an,by] N (=N, N) = (. In this case we may
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with no loss of generality assume that ay > N for all N € N; the case by < —N along
some subsequence can be analyzed similarly. Because of the Feller property of K the
sequence {yn } Nen cannot have an accumulation point. Therefore we may also assume
that yy — oo; the case yy — —oo follows by similar means. Hence by Lemma 4.2
(ii) there exists N* € N such that [an,by] N (—oo,yn) # 0 for all N > N*. Since
yn € (=N, N) this yields [an,by] N (=00, N) # 0 contradicting ay > N.

|

Now we are ready to prove that the Feller process {)N/t}teN has at most one invariant

distribution.

Lemma 4.4 Under the assumption of Theorem 2.13, the Markov chain {fft}teN has at most

one invariant distribution.

PROOF: Let us assume to the contrary that [{g : K = p}| > 1. In this case there exist at
least two mutually singular ergodic invariant measures pq, uo for K. In particular there are

two disjoint sets C7, Cy which are stochastically closed with respect to K, i.e., which satisfy
K(y;C;) =6;; forall yeCj
see, e.g., Breiman (1968). We are now going to show that this contradicts Assumption 2.11.

(i) We put CN = C; N [-N, N]. Choosing N € N sufficiently large, K (y;-) < K (y; ) for
each y € (—N,N), due to Lemma 4.3 (ii) and p;([—N, N]) > 0. Thus, using absolute
continuity of K% (y;-) with respect to K(y;"), it is easy to show that the sets C¥ are

non-empty, disjoint and stochastically closed with respect to K.
Let y, € C7 and assume that lim, .y, = y € C1. Since the transition kernel K of
the Markov chain {f/t}teN has the Feller property, the Portmonteau-Theorem yields

K(y;C1) > limsup K (y,; C1) = 1;

n—oo

see, e.g., Ethier and Kurtz (1986). Hence the topologically closed sets C; are stochasti-
cally closed with respect to K. Similar arguments show that the sets 6?[ are stochas-

tically closed with respect to the transition kernel K of the Markov chain {V;N };en.
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(ii) IfC1NCq = 0, then éiv and éév are two disjoint topologically closed subsets of [-N, N]|
that are stochastically closed with respect to KV. In view of Assumption 2.8 (ii) and
(iii), this contradicts Lemma 3.4.2 and Theorem 4.1.1 in Norman (1972). Thus there
exists y € C1 N Ca. Since C; C C; dense, there are sequences {4 },en in C; such that
y! — yasn — oo. By the Feller property of K and because of Lemma 4.2 (i) this yields
A(Iyy N ILz) > 0 for all sufficiently large n € N. Since K (y;;-) ~ A on [;; we obtain
K(y!; Ly N1) > 0. This, however, contradicts K(yl; ) LK (y2;-). Thus, uy = po.

In view of Lemma 4.2 and Lemma 4.4 we have the following result.

Corollary 4.5 For any initial value y € R, the Markov chain {?t}teN converges in distribu-

tion to a unique stationary measure p*.

To prove the stability result stated in Theorem 2.13 it remains to prove the following

proposition.
Proposition 4.6 The driving sequence {(A¢, Bt) }ten is nice with respect to P*.

PrOOF: Since the Markov chain {}N/t}teN converges in law to the unique limiting distribution
w*, the sequence {ﬁ}teN is stationary and ergodic under P*. Thus, we need to show that the
asymptotic distribution of the random environment {(A, B) }+en is the same under P, and

under P*. To this end, let L < oo be the Lipschitz of the stochastic kernel @:

H@(yl;-)—@(yg;')HB < Lly1 — y2|. (36)

Let v := {(A1, B1),...,(As, By)} and let B; € B; be the Borel-o-field on R?. Our aim is to

show that there is a constant L* < oo such that
Py, [¥r € By] — Py, [ty € By]| < L*|y1 — y2| for all y1,y2 € R. (37)

For this, we proceed by induction. For ¢t = 1, (37) follows from (36). Let us therefore assume

that there is «o; such that

Py, [ € B] — Py, (11 € Bi]| < aulyn —y2| for all y1,y2 € R.
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For the induction step observe first that it suffices to prove (37) for sets B; of the form
By = B} x ---x B} with B! € B;. The induction hypothesis along with our mean contraction

condition yields

Py, [Ye4+1 € Biy1] — Py, [theq1 € Biga]
= ‘1Bg+1({A>B})PAy1+B[@/}t € BQ(y1;dA, dB)

—1p: ({4, B}Pay, B[t € Bi|Q(y2; dA, dB)

< [ IPayye sl € B~ Payraltn € Bl Gloni dA,dB)
+S;p |Py1 w)l € Bl] - Pyz [wl € Bl”
1
< Ly —y2|+at/|Ay1 — Ays| Q(y1;dA,dB)
< (L+rar)|y — vl

where r < 1 is defined in (23). Thus, a;y+1 < C + ray, and this yields (37) with L* := %
Since the maps y — Py[¢y € By are Lipschitz continuous, and because the Lipschitz

constants do not depend on ¢t € N nor on B; € B,
Py —Qllz,, < L*d(pf,n*)  forallleN.

Here pf denotes the law of Y; under P, and d(-,-) is the Vasserstein metric that induces the
weak topology on the set of probability measure on R. In view of Remark 2.2, this proves

that ¢ is nice with respect to P*. O
It is now straightforward to finish the proof of Theorem 2.13.

PrROOF OF THEOREM 2.13: By Proposition 4.6 the random environment v defined on
(2, F,Py) is nice with respect to the measure P* on (2, F). Thus, the assertion follows

from Theorem 2.4 in Horst (2001). O

A Parameter dependent optimization problems

The proof of Lemma 3.3 uses a result on Lipschitz continuous dependence of solutions to
parameter dependent optimization problem. The result we use is a special case of Theorem

3.1 in Montrucchio (1987):
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Theorem A.1 Let X C R be closed and convex and let (Y, || -||) be a normed space. Let
F: X xY — R be a finite function which satisfies the following conditions:!

(i) Forally € Y, the map x — F(x,y) is concave and two times continuously differentiable

on X. Moreover, there exists o > 0 such that %F(w,y) < —a.

(ii) The derivative %F(:c, y) of F' at (x,y) satisfies the Lipschitz continuity condition

0 0

—F - —F < Ll|jy1 —
55 L (@, y1) = 5o F(2,y2)| < Llyr — e
for allyr,y2 €Y and all x € X.

Under the above assumptions there exists a unique map 0 :' Y — X that satisfies sup,cx =

F(x,y) = F(0(y),y). Moreover, 6 is Lipschitz continuous and

L
10(y1) — 0(y2)| < E”yl — 2| forall y1,y2 €Y.
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