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Abstract

With an emphasis on generators with quadratic growth in the control variable we consider
measure solutions of BSDE, a solution concept corresponding to the notion of risk neutral
measure in mathematical finance. In terms of measure solutions, solving a BSDE reduces
to martingale representation with respect to an underlying filtration. Measure solutions
related to measures equivalent to the historical one provide classical solutions. We derive
the existence of measure solutions in scenarios in which the generating functions are just
continuous, of at most linear growth in the control variable (corresponding to generators of
at most quadratic growth in the usual sense), and with a random bound in the time parameter
whose stochastic integral is a BMO martingale. Our main tools include a stability property
of sequences of measure solutions, for which a limiting solution is obtained by means of the
weak convergence of measures.
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Introduction

The most efficient formulation of pricing and hedging contingent claims on complete financial
markets is given by the elegant notion of risk neutral or martingale measures. From its perspec-
tive, pricing amounts to taking expectations, while hedging boils down to pure conditioning and
using martingale representation.

From the perspective of stochastic control theory, hedging consists in choosing appropriate
strategies to steer a portfolio into a terminal random endowment the portfolio holder has to
ensure. Backward stochastic differential equations (BSDE) are tailor-made for this purpose. On
a Brownian basis, a BSDE with terminal variable ¢ at time horizon T" and generator f is solved
by a pair of processes (Y, Z) on the interval [0, T] satisfying

T T
Y, :g—/t Z,dW, +/t £(s,Ys, Zs)ds, te0,T). (1)
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In case f = 0, the solution just requires an application of the martingale representation theorem,
and Z will be given as the stochastic integrand therein. Generators f in BSDE derived from many
problems of utility maximization or risk minimization turn out to be quadratic in the control
variable z, and have been treated in a large number of papers starting with the pioneering one
by Kobylanski [18].

In [3], the notion of measure solutions for BSDE has been introduced with the aim to extend
the passage from the historical to the risk neutral world to a more general framework. In analogy
with martingale measures in hedging which eliminate drifts in the underlying market dynamics,
these solutions of BSDE are given by probability measures under which their generators are
seen as vanishing. Determining a measure Q under which the generator vanishes amounts to
performing a Girsanov change of probability that eliminates it. We therefore have to look at
the BSDE in the form

T
Y= ¢ / Z,[AW, — g(s, Yo, Z)ds], ¢ € [0,T], 2)

where z - g(s,y,z) = f(s,y, 2), and study the measure

Q= exp (M - ;<M>T> P

for the martingale M = fo 9(s,Ys, Zs)dWy. Supposing that such a measure Q is equivalent to the
historical measure P, the classical solution pair (Y, Z) results from projection and representation
respectively, i.e.

Y =EQ¢|F] =Y, + /0 Z,dW, (3)

where W is a Wiener process under Q. It is known from [3] that basically all classical solutions
can be interpreted as measure solutions.

In this paper we view measure solutions still more generally as probability measures Q related
to terminal variables £ and generating functions g such that the operation of projection and
representation providing the pair of processes (Y, Z) according to (3) leads to an interpretation
of the exponential martingale density ¢ in

dQ T 1T,
dP—exp(/O CdeS—Q/O Csds>

CZ g(,Y,Z)

Obviously, in case Q ~ P this notion allows to identify (Y, Z) as the classical solution of (1)
related to the generator f(-,z) = z-g(-, z), since

by

Y=Y, +/ Z[dW, — Cods] = Yy +/ ZodW, — / £(s,Ys, Z5)ds.
0 0 0

Note that a generator f which is quadratic in z corresponds to a generating function g which
is of at most linear growth in z. Our main aim is to provide a result on the existence of
a measure solution (and thus a classical one) in a scenario in which the terminal variable is
bounded, the generating function ¢ is just continuous off the hyperplane z = 0 and fulfills the
rather general boundedness hypothesis |g(s, -, z)| < C(|z] + ¢s), where the stochastic integral



of ¢ with respect to W is a BMO martingale. Note that in this scenario the bound on g may
be random, a detail which turned out to be of considerable practical relevance for example
in [1] and [2]. The main tool we develop in order to reach this goal consists in a stability
property for measure solutions. Given a sequence of measure solutions (Q,)nen associated
with terminal conditions and generating functions given by (&, gn)nen, we formulate sufficient
conditions under which a limiting measure solution can be found, as a weak limit of the sequence
(Qn)nen- Given a generating function in the situation of our main existence theorem, the
sequence of approximating measure solutions is constructed along smoothed approximations of
the generating function, obtained by a new technique based on comparison properties of classical
minimal solutions. Owing to the boundedness conditions valid for the generating function g,
BMO martingale techniques play an important role in our reasoning.

The paper is organized as follows. In section 1, we explain the notion of measure solution
and a slight modification of it, the almost-measure solution. In section 2, our main result on the
stability of measure solutions is established in a technical proof based on tools related to the weak
convergence of probability measures and the martingale representation of their Radon-Nikodym
densities (Theorems 2.1 and 2.2). This result is combined with comparison related tools in
section 3 to prove our main statement on the existence of measure and classical solutions of
BSDE (Theorem 3.1). In an appendix we collect some (extensions of) well known results about
BMO martingales, martingale representation and duality in normed spaces.

1 Preliminaries

Let (9, Fr, P, (Ft)ieo,r1) be a filtered probability space, such that the filtration satisfies the
usual hypotheses. Assume furthermore there exists a d-dimensional Brownian motion W on
[0, 7], which is progressive with respect to (F)ico,r] and such that F; = FV, the natural
filtration generated by W (and augmented by the null sets).

Define for ¢ > 1 and any probability measure Q the set HZ(R™,Q) as the space of all

g1
progressive processes (Zt);c(o,7] With values in R™ normed by || Z||34 := Eq [(foT | Z4|? ds) 2] "<
00.

Let Q ~ P be a probability measure. Define Ry := % as the Radon-Nikodym derivative.
Then the martingale R := E[Ry|F.] can be written as R = exp ([, (s dWs — 5 [, [¢s|? ds)! with
some progressively measurable process ( such that fOT |¢s|? ds < 00 a.s. (Lemma A.5).

Define

wQe.= W—/ (s ds. (4)
0
Then W is a Brownian motion with respect to Q according to Girsanov’s Theorem.

It is well known (e.g. Lemma 1.6.7 in [16]) that 7W© has the representation property in (Ft)eepo,1]s
i.e. for any real-valued Fp-measurable &, which is integrable with respect to Q, we have

T
€ =Egle] + /0 Z,dw @ (5)

with some progressively measurable process Z such that fOT |Zs|? ds < o0 a.s.
Define Y; := Eq[¢|F] for all ¢ € [0,T].

1¢s dW, = (s - dW, stands for the scalar product between the vectors ¢, and dWs. It is used as an abbreviation
for the notation ¢, dWx.



Definition 1.1. We call a function
f:Qx][0,T] x R" - R™
proper if f restricted to © x [0,t] x R™ is F; ® B([0,t]) ® B(R"™)-measurable for all t € [0,T].

If f is proper and X is a progressive R"-valued process, then the process (w, s) — f(w, s, Xs(w))
is progressive as well. This is because the mapping

Qx[0,t] = Qx[0,¢t] xR"

(w;8) = (w, 5, X5(w))

is Fr @ B([0,t]) — F; @ B([0,t]) ® B(R™) - measurable for all ¢t € [0,T]. The following definition
presents the principal concept of this paper.

Definition 1.2. For a given probability measure Q ~ P and ¢ € L*(Fr,Q), let {, Z and Y be
as above. Now let
g: Q2% [0,T] x Rx R - R?

be proper. We say that Q is a measure solution of the BSDE given by g and & if
¢(=g9Y,2) dP ®dt - a.e.

Remark 1.3. Inserting this definition into (4) and the result into (5) we have

T T
fZEQ[§]+/ ZSdWS—/ Zs-q(s,Ys, Zs) ds.
0 0

And similarly using Y = Eql¢|F] =Y + [, Zs AWE we have

Y:YO—I—/ stWs—/ Zs-g(s,Ys, Zs)ds.
0 0

Thus (Y, Z) is also a classical solution of the BDSE given by the generator f satisfying
f(87y72) ::Z.g<37y7z)7 SG[O7T]7Z€Rd7y€R7
and the terminal condition Yr = €. 2

In the following lemma we characterize generators f which can be written in the form
flt,y,2) =2z-g(t,y,2),t €[0,T],y € R,z € R with some continuous g.

Lemma 1.4. Let f : R — R be continuous. There exists some continuous g : R* — R such
that for z € R we have f(z) = z - g(2) if and only if the following two conditions are satisfied:

e f(0)=0,
o f is differentiable at 0.

22 - g(s,y, 2) stands for the scalar product of z and g(s,y, z), which sometimes will be abbreviated simply by
29(s,y, 7).



Proof. Let g be continuous such that for z € R? we have f(2) = z-g(z). Then f(0) = 0-g(0) = 0.
Furthermore

1 1
Tl (2) = f(0) = 2-g(0)] = mlz- (9(2) = 9(0)] < 1g(2) = g(0)] = 0 as z — 0
which means that f is differentiable at 0 with V. f(0) = ¢(0).

Conversely let f be differentiable at 0 and f(0) = 0. Define

2|

9(2) = W(f(Z) —2-V2f(0)) + V= £(0)

T (f(z) =2 V.f(0)) Zm\f(z)—f(o)—z-vzf(o)l—>0aSZ—>0

due to differentiability of f at 0, g is continuous at 0 and hence everywhere. Finally we have for
zeRY 2
z
19(:) = ZpUG) = - Tf0) 4 2 Vo50) = ).
O

Definition 1.5. For a given probability measure Q ~ P and ¢ € LY (Fr,Q) let ¢, Z and Y be
defined as in section 1. Let
g:Qx[0,7T] x R x R — R?

be proper. We say that Q is an almost measure solution (a.-measure solution) of the BSDE
given by g and £ if
(Ligzoy =9 Y, Z) g2y dP@dt - ace

Remark 1.6. Obviously measure solutions are always a.-measure solutions.
Substituting the definition of an a.-measure solution into (4) and the result into (5) we have

T T
g:E@[§]+/ ZSdWS—/ Zs-q(s,Ys, Zs) ds.
0 0
And similarly using Yy = Eg[¢|F:] = Yo + fg Zs dWQ we have

t t
Yt:Yo—i—/ stWs—/ Zs-g(s,Ys, Zs)ds, te€]0,T).
0 0

Thus (Y, Z) is also a classical solution of the BDSE given by the generator f which satisfies
f(svyvz):'z'g(sayuz)a SG[O,T],yGR,ZERd,
and the terminal condition Y7 = &.

Remark 1.7. If there is a proper g, which might differ from g, but satisfies z- (-, z) = z-g(+, 2)
and if for é = g(-,Y,Z) the measure Q = 5(5 o W) - P is a probability measure satisfying
EQHQ] < 00, then it must be already a measure solution of the BSDE given by g and £. In fact,
fort € [0,T] we have

t t
Vi=Bole) + [ ZeaW.~ [ Z.gls.YiZ)ds =
0 0
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t t . t .
:E@[g]"i'/o stWs_/O ZsCSdSZE@[ﬂ—I—/O stWSC

where Wtc = W; — f(f 53 ds is a Brownian motion with respect to Q. Hence Y, := E@[§|ft] =

Eo[Y7|F] = Eql¢] + fot Zs de =Y; and Z = Z. Therefore ¢ = §(-,Y, Z) and so Q is indeed a
measure solution.
In most cases we will set § := g.

2 Stability Results

In this section we shall consider stability properties of the measure solution concept. More for-
mally, we shall look at sequences of measure solutions related to sequences of terminal conditions
and generators, and provide answers to the question: under which additional conditions concern-
ing these model parameters will an eventually existing weak limit measure describe a measure
solution. We shall find sufficient conditions for this to hold, including uniform LP-boundedness
of the Radon-Nikodym derivatives of the sequence of measures, and suitable convergence prop-
erties for the sequences of terminal conditions and generators. Our main results are given by
the following two technical theorems.

Theorem 2.1. Let (Qp)nen be a sequence of measures, such that for any n € N, Q,, describes
a measure solution of the BSDE given by some proper g, and &, € LO(Fr) and let Y™, Z"
correspond to Q, and &, in the sense of section 1. Let p,q > 1 such that 1/p+1/q =1 and

assume the following:
) ] (o) |
supE < 00, supEq,, < 00;
n K dP) w2 [\dQ,

ii) &y — € as n — oo in L2 (P) and £ € L7 (P);

i)

i) Y™ converges in HI(R,P) to some Y € HI(R,P) for n — oo;
) g ) ) )

i) limy, 00 gn(w, s, -, +) = g(w, s, -, ) uniformly on compact sets K > (y, z) for a.a. (w,s), with
g proper and continuous in (y, z) for a.a. (w,s).

Then (Qn)nen converges "weakly” to a probability measure Q in the sense

lim Eg,[X] =Eq[X] VX € LI(P), (6)

n—oo
and Q is a measure solution of the BSDE given by g and &.

Before we prove this result, let us discuss conditions )-iv):

Conditions i) and iv) essentially mean that the approximating BSDE should converge to the
limiting BSDE in some sense.

Condition 7) can be seen as a compactness criterion. It stipulates that the p-norms of the Radon-
Nikodym-derivatives of the measure change between Q,, and P should be uniformly bounded in
n in both ”directions”. This control is essential to conclude the existence of a cluster point Q
which will later be shown to be a limit.

Condition #4) is necessary to conclude convergence of the sequence of measure solutions. It
can be shown later that ¥ must be the Y -process of the measures solution of the limiting
BSDE. When applying the Theorem, condition i) will usually be verified by choosing for



a given pair (g,&) the approximating (gn,&,) in such a way that the associated generators
fn(, 2) := 2-gn(-, 2), z € R%, as well as the terminal conditions &, are chosen from a monotonically
increasing or decreasing sequence. This allows to apply the comparison theorem to conclude
monotonicity of the Y™, which in turn will imply their convergence in H?(R,P) by means of
dominated convergence.

Proof of Theorem 2.1. For n € N let R} = d(%". Then (R})nen is a bounded sequence in

LP(P) = LP(Fr,P) according to i).

Firstly we claim, that in order to prove the theorem it is actually sufficient to show that all
subsequences of (Qy)nen possess a particular probability measure QQ as a cluster point (with
respect to convergence figuring in (6)) and that this measure Q is a measure solution of the
BSDE given by g and &.

In fact, assume that this is the case. Let X € LI(P). Then Eq,[X] = E[R}X],n € N, is a
bounded sequence by Holder’s inequality. Hence there exists a subsequence (Qy, )ren such that
Eq,, [X] converges to the superior limit of the sequence. But then for a subsequence of (Qn, )ken
the corresponding subsequence of (Eq,, [X])ken would converge to Eg[X]. Hence Eg[X] is equal
to the superior limit of (Eq, [X])nen. Similarly, the inferior limit would also be equal to Eg[X].
This concludes the proof.

Let us now show in several steps that all subsequences of (Qp,)n,en possess a probability
measure Q as a cluster point, and that this measure is a measure solution of the BSDE given
by g and . Since (R})nen (or any subsequence of (R})nen) is bounded in LP(IP), there exists
an Ry € LP(P) such that E[RY] < sup, E[(R})P] together with a subsequence of (R%.),en (or
of any subsequence of (R})nen), which we will again denote by (R}),en, converging weakly to
Ry, ie. lim, o E[R}.X]| = E[RpX] for all X € LI(P), where % + 11; = 1. This holds true since
LP(P) is a reflexive Banach space.

;From this we conclude that E[R7rX] > 0 for all non-negative and bounded X € L*>(Fr),
which means that Rp is a.s. non-negative (setting X = 1(Ry<0y we have Rplip oy =0 a.s.).
Furthermore setting X = 1 we get E[Ry] = 1. This means that Q := Ry - P is a probability
measure.

It remains to show that Q is indeed a measure solution of the BSDE given by g and ¢ and that
Q is uniquely determined and does not depend on the subsequence chosen.

Cramm1: Q is equivalent to P and Eq [(%)p} < 0.

Proof: Using Lemma A.6 we obtain

LV Eo [d;X] Elx]
<EQ |:<RT> ]) B Loo(;;l)gxw (Eg [|X|q])1/q B Loo(;;l)gxw (E [RT|X|q])1/q N
E [X]

. E [X]
= sup lim < sup sup =
Le(Fnex>0" % (B [Ry|X(0]) 1 T e Fnaxso w (B [Ry (X))

Eq, {R%zx] 1\"]\»
= sup sup g = Sup (EQn [<n> ]) < 0.
n 1(Fr)ax>0 (Bg, [ X]7)7 n Fr

This means E [Rpl_l} =E [RT <%)p} < o0, and therefore Ry > 0 P-a.s., and thus we have

T

Q ~P. O



Now for n € N set R" := E[R:|F.], write

| o
w—ep ([ craw.— 3 [ jczpas)
0 0

for some progressively measurable (", and similarly

R=exp (/0 caw.—3 [ |<s|2ds> ,

with R := E[Rp|F.]. We now claim that (" converges to ¢ in a weak sense.

T T
lim Eg, U CQ-)\Sds} = Eg [/ Cs-)\sds}

q
for all progressively measurable R%valued A such that E [( fOT |As|? ds) 2] < 00.

CLAIM2:

Proof: Using [t6’s formula we obtain for n € N

T
Ry =1 +/ RICE AW (7)
0

and

T
Rp=1 +/ RaCs AW,
0
Now define X7 := fOT As AWy and for ¢ € [0,T] let X; := fot As dWs. Then E[R}:.X7] converges

to E[RrX7], since Xp € L4(PP), which follows from the BDG inequalities. On the other hand
we can calculate the co-variation of the martingales R™ and X by

(R", X). = / R\ ds.
0

Therefore -
E[R; X, ] =E [/ RN ds]
0

for some localizing sequence of stopping times (7%).
Using (7), sup,, E[(R})?] < co and the BDG inequalities we have

(/ ' \R’;czﬁds)g] < oo, (5)

which by Cauchy-Schwarz’ and Hoélder’s inequalities implies sup,, E [ fOT |RZCIAs|ds| < oo. By

suplE
n

dominated convergence for k — oo this implies for n € N

T
E[R}X7] = E [ / RICA ds] .
0

Here we use in particular that as a corollary of Doob’s inequality sup,c(o 7 |RY| € LP(P) and
supyepo,r) | Xt| € L(P), such that R Xr is integrable.
Similarly

T
E[RrX7] =E { /0 RoCo)s ds] .
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Finally
T T T
E[ / RgggAsds] - / E[R"("\,] ds = / E[E[R%fs]g?)\s] ds =
0 0 0

T T T
=/Emﬂﬁkﬁmwﬂ%/R%ﬁﬂ%=%4/€%ﬂ%
0 0 0

And similarly E [fOT RsC s ds} =[Eq [fOT CsAs ds}.
Now the assertion follows from the convergence of E[R}.X7| to E[RpX7] as n — oo. O

It is not difficult to show that for n € N, &, € L?(Q,,) using Holder’s inequality and i) as
well as the p-integrability of R7.. The same holds for { and Q. We define W =W — fo Cids
and WQ = W — fo (sds which are Brownian motions with respect to Q,, and Q respectively.
We can furthermore write:

T
€ = B, 6] + / Zr AW,
0

T
ezEma+A Z,aWe,

with some progressively measurable Z” and Z.
Now define
Y = Eglél F).

In order to complete the proof we have to show ¢ = ¢(-,Y,Z). This will follow from (" =
gn(-, Y™, Z™),n € N, using an appropriate kind of convergence of (" to ¢ and Z" to Z. We will
use the type of convergence shown in CLAIM2. It has the property of uniqueness of limits, as
shown in the following.

If lim;, o0 Eq, [ fOT a s ds} =Eg [ fOT s\ ds} for all bounded progressively measurable \

and at the same time lim, . Eq, [ fi a2 Xsds| = Eqg [ [ boAsds] for all such A, then a and b
must be equal dP ® dt-a.e.
This follows from Eg [ fOT(bS — as)As ds] = 0 for all bounded A and the equivalence of Q and P.

We will therefore apply the following strategy.
In order to complete the proof, recalling CLAIMZ2, it is sufficient to show

n—oo

T T
lim Eq, [/ gn(8, Y Z) As ds] =Eq [/ 9(8,Ys, Zs) s ds} (9)
0 0

for a class of progressive A large enough to be specified later. In order to prove this we will first

show
T T
lim Eq, [/ ADW ds] =Eq [/ ZsAs ds} ,

T T
m S| = s s,
lim Eg, Z'"*ds| =Eg Zs|*d
n—oo 0 0

T
lim Eq, U |z — ZSIQdS} =0,
n—oo 0

and then use
to conclude

from which
lim g,(s, Y, Z7) = g(s,Ys, Zs) a.e.
n—oo



will follow after passing to a subsequence. This conclusion, obtained in the following six step
argument, will finally imply (9).

STEP1: For all bounded progressively measurable processes A we have:

T T
lim Eg, [/ 77\ ds] — Eq [/ ZoAs ds} :

Proof: For n € N first write &, R} as

T
éﬂ%zEM£%+A7ﬁﬂm

and define the martingale V" := E[§,R}] + [, 08 dWs = E[§,R}|F]. Using &, = ;—7;
remembering R = 1 + fOT R7 (Y} dW, we can use Ito’s formula to express Z" in terms of R",
V™ (™ and n" explicitly (e.g. Lemma 1.6.7 in [16]). We end up with
s
R

and

z" , neN.

A similar formula holds for Z, ¢, R, V := E[Rp{|F.] and n such that {Rr = E[Ry] +f0T ns dW.
Now let A be as in the claim. Then for n € N

T T
Bo, | [ Zinas] [ [ - vrcnas].
0 0

We first want to show lim, .. E [fOT N As ds} =E [fOT NsAs ds] The argument relies on the
fact that lim, . E[¢,R:-X] = E[€RrX] for X := [ A;dW, on the equation

EUﬁ%&@]:EKAiﬁﬂm)([\wWQ]:M&?X]

valid for n € N and a similar one for the limiting processes. This is guaranteed by &, R} being
in some L? (P) with 1 < p’ small enough following from Holder’s inequality and ), i), which

also implies E [( I ]n§]2ds>pl/2] < o0.
The next argument gives lim,, .o, E[¢, R%:X] = E[¢RrX]. In fact,
[Ef&n R}.X) - EERrX]| < [E[¢nRX] ~ EIEREX]| + [EIER}X] ~ EleRrX]| <
< E[j6nX — €X|1]7 sup E[(R})] + [E[ER}X] ~ E[RrX]| <
< E[j6n — PV E[ X% sup E[(RE))> + [ELRFEX] ~ EIRAEX] — 0 (10)

for n — oo. Here we employed the convergence of &, to & in L?(P) as well as X € L"(PP) for all
r > 1. Furthermore we used the weak convergence of R7. to Ry and (X € LY(P).
Secondly we have to show lim,, o, E [fOT VIrC s ds} =E [fOT ViCsAs ds}.

E[Ry&n|F ]

o and thus

Applying Bayes’ formula for n € N we have Y™ =

T T T
E[/O VSCS/\Sds] :E[/O E[RT§H|FS]§S)\5ds} :E[/O YSngSAsds} =

10



T
=Eq, [ / YA ds} .
0

An analogous equation holds for the limiting processes. We now proceed in two steps: First we
show that the difference between Eg, [ JTymema, ds} and Eg, [ JTviCa, ds] —F [ STy Rcn ds}

converges to zero and then we show that Eg, [fOT YsCl s ds} converges to Eq [fOT YsCs s ds}.
Using Cauchy-Schwarz’ and Hélder’s inequalities, as well as

T 5
(/ \RgggAsPds> < 00
0

(see (8)), the first step would follow from

T 3
(/ m"—yg\?ds> =0.
0

This holds essentially because of condition i), according to which Y has a limit in the above
sense. It remains to verify that ¥V = Y. For this purpose it will be sufficient to show that
Y™ converges both to Y and Y in a weak sense. Setting X = fOT s ds for some bounded
progressively measurable p we have

supE
n

lim E

n—oo

T T T
Eq, UO Y s ds] =F UO E[Rp&n | Fslps ds] =FE [Rg;gn/o LLs ds] = B[R}, X] —

T
— E[Rré(X] =...=Eg {/ Y;,usds} as i — o0o.
0

For the limit we used the reasoning of (10).

On the other hand Y™ must converge to Y in the same sense. Indeed we have for n € N

T T _ T T __
‘EQn [/ Y s ds] —Eq {/ Ysis ds} = ‘E [R%/ Ys",usds} —E [RT/ Yss ds}
0 0 0 0
T T _
+ ‘IE |:RT / Yt dS] -E [Ri'ﬁ / Yipts dS}
0 0
T B 3 T 4\ 7
([or=vpas) ([ wpas)|) +
0 0

T _ T _
E [RT/ Ysps ds] —E {R%/ Ysps ds]
0 0

This first summand converges to zero by i), i) and the boundedness of pu. The second
one converges to zero as well due to the weak convergence of R} to Ry, for which we need

q
E [(fOT |YS\2ds) 2] < 00.
Therefore Y and Y must coincide owing to uniqueness of weak limits. Thus we have shown that
the difference between Eg, [ fOT YN ds} and Eq, [ fOT YA ds} converges to zero.

<

<

T ~
< ‘E [R':'ﬁ/ (V)" = Yo)ps dS}
0

<supE (RyP) (E

_l’_

It remains to note that the difference between Eg, [ fOT Y™ A ds} and Eq [ fOT YiCos ds} tends

to zero as well. This is a consequence of CLAIM2.

11



a ~ a
Here we used E [(fOT |)/S]2ds> 2] =E [(fOT ]Ys|2ds> 2} < 0. 0

T T
lim Eq, [/ ]Zg\st] =Eg [/ ]Zs]2ds] :

Proof: This follows from It6’s isometry based on lim, . Eq, [£,] = Eg[¢] and lim, o Eq, [€2] =
Eg[€?]. Both statements follow from the strong convergence of &, to £ stated in ii) and the weak
convergence of R to Ry. We only give details for the last one. In fact

STEP2: We have

Eq,[€2] — Egl¢?]| = |E[RRE2] — E[RREY)| + [E[R}€] — E[Rr¢?)| <
< B[ — 2|7 sup E [(R})"]» + [E[Rp¢?] — B[Rr€?)| <
< E[|6n + £ E[|¢, — £ supE (R3)]7 + |E[RRE?) — E[Rr€%]| — 0
as n — oo. Here we used i), sup,, E[|,]?9] < oo and ¢2 € L4(P).

STEP3: We claim that, eventually passing to a subsequence, we can assume w.l.o.g.

T
lim Eg, U |z — ZSdes} ~ 0.
n—oo 0

Proof: First of all, as a consequence of the BDG inequalities, ii) and the definition of Z we

2
get Eqg [( fOT | Z|? ds)q } < 00. Moreover, Eg[(1/Rr)P] < co combined with Holder’s inequality

</OT |Zs|2ds>q };T (/OT |Zs|2ds>q] < o0 (11)

T
supEqg, [/ |Zs|2d8] < 00,
n 0

implies

E =Eg

which in turn implies

again by Holder’s inequality.
Using |27 — Zs|? = |ZP|? — 227 Z + | Z4|? and STEP2, we see that it is sufficient to show

T T
lim Eg, [ / 2777, ds} — Eg [ / 27,7, ds]

which obviously must follow from an extension of STEP1. The difficulty we have to overcome
here is that Z is not necessarily bounded. However by replacing Z with some Z* := ((—k)VZ)Ak

we have for any k € N
T ~ T
lim Eq, U VAT ds] =Eg [/ Z, 7k ds} .

Since limy_. Eq [fOT Z, 7" ds} = Eq UOT | Z|? ds} using dominated convergence it remains to

show

k;—)oo n—oo

T T
lim Eg, [ / Z"Z, ds] = lim lim Eg, [ / znzk ds} .

12



Since by Cauchy-Schwarz’ inequality Eq, [ fOT YAV ds} ,n € N, is a bounded sequence, we can
assume w.l.o.g. that it is convergent, after eventually passing to a subsequence. Hence

T
Jim lim Eq, [ / VAT ds} =
—00 N— 00 0

T T
= lim lim (EQn U Ao —Zs)ds] +Eq, U AYA dsD :
k—o00 n—00 0 0

Therefore it remains to show

k—o00 Nn—00

T
lim lim Eg, [/ zZM(ZF — Zs)ds] =0.
0

We have
T ~ 2 T T
sup |Eq, [/ AL VAN ds] <supEg, [/ Z§|2ds] sup Eg, [/ |Zk — Zslzds] <
n 0 n 0 n 0
1
T . T a1\ q
<switg, | [ 12 as| swpry) (E [( |2k zp ) D .
n 0 n 0
The result follows from Z* — Z, dominated convergence and (11). O

STEP4: Passing to a subsequence once more, we deduce
lim g,(-,Y", Z2") =g¢(,Y,2) dP ® ds a.e.
n—oo
Proof: We have

E /TIZ" Z|2/\1d Eq, | — /TIZ” Z|2/\1d <
_ _— S = —_— —_ _— S
, s sty OBy Jo T T =

1 p % T 9 1 q %
< E — E Zy —Zs|* N =d <
< (wee () )" (sar | O -2 poe) )=
1 \P1\ » T i
n 2
< (supEQn [<n> ]) <EQn [/ |Z% — Zs| ds]) — 0 asn — oo.
n RT 0

Hence by choosing a subsequence which we again denote by the same symbols we have |Z™ —
VARNA % — 0 a.e., which means Z" — Z a.e. We can also assume YY" — Y =Y a.e. This means
in particular that (Y"(w), Z'(w)) is a bounded sequence for a.a. (w, s). Hence by iv)

nh—{go ‘gn(w7 S, Ytsn(w)7 Z?(W)) - g(UJ, S, szn(w)v Zg(w)ﬂ =0
for a.a. (w,s). We also have using the continuity of g
Jim [g(w, 5, Y*(w), Z (@) = g(w, 5, Vs(w), Zs(w))[ = 0

for a.a. (w,s). This proves the assertion. O
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STEP5: For all bounded progressively measurable A such that sup,, g, (s, Y, Z0)As| < Cy
with some constant C, € R depending only on A we have:

T T
lim Eq, [/ gn(8, Y] Z) As ds] =Eg [/ 9(8,Ys, Zs) s ds] .
0 0

n—oo

Proof: Since Eg, UOTg(s,YS, Zs)As ds] converges to Eqg UOT 9(s,Ys, Zs) s ds} according to the

weak convergence of RY. to Ry and the boundedness of |g(s, Yy, Zs)As|, it is enough to show

T T
Eg, {/ gn (s, Y1, Z) s ds] —Eq, [/ 9(8,Ys, Zs) s ds] — 0.
0 0

But this follows from STEP4 by noting

T
Eq, [/ (gn(s, Y], Z7) —g(s,lé,Zs)))\sds] <
0

(/OT@,L(S%,]’ Z5) = 905, Y5, Z9)As d8> ] >;

which tends to zero for n — oo by dominated convergence using the uniform boundedness of
gn(-, Y™, Z™)X and hence g(-, Y, Z)A. O

< sup E[(R}))? (E

STEPG6: Using CLAIM2, STEP5 and (" = g,(-,Y", Z"),n € N, we have

T
EQ |:/ (CS - g(871/87 Zs)))\s d8:| =0
0
for all bounded progressive A such that sup,, [gn(, Y™, Z")A| < Cx. Now define for all C >0

A= (¢ = 90, Y, D) Lyc g v,2)|<C) Lsup, lon (Y, 20 <C)

which is progressive, bounded and satisfies |g,(-, Y, Z")A¢| < C2. This implies

T
Eq [/0 ICs — g(s, Y5, Zs)|21{|4s—g(s,ys,zs)\gc}1{Supn lgn(s,Y,Z1)|<C} ds| =0,
and hence

¢ =9 Y, 2)PLyc—gv, 20120 L sup,, lgn(ymzmyi<cy =0 dP@dt — ae.

Clearly sup,, |gn(w, s, Y (w), Z1(w))|, 9(w, s, Ys(w), Zs(w)) and (s(w) are real numbers for almost
all (w,s). Hence letting C' go to infinity we have ¢ = ¢g(+,Y, Z) dP ® ds-a.e., which means that
Q is a measure solution of the BSDE given by ¢ and &.

It remains to mention that although in our construction @Q depends on the choice of a weakly
convergent subsequence of (R} )nen, we always end up with the same Q, since it is already
determined by Y = YV = Eg[¢|F]. Once the Y-process of a measure solution Q is given,
the Z-process is uniquely determined by the martingale part of Y and this already determines
Q=¢,y,Y,Z)e W) -P. O

Remark 2.1. In particular we have shown
dQ\? dQ,\? dP\?” dP \?
— < — < .
E[(dl@) ] —S?LPEK dP) - Fellag) | =P |\ag,
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Remark 2.2. We have also shown Y = Eg[¢|F.] dP ® dt-a.e.

Remark 2.3. In addition we have proven that each subsequence of (Z™)nen has a subsequence
which converges to Z P ® Ao )-a.e. In other words (Z"™)nen converges to Z in measure.

In the following theorem, the result of Theorem 2.1 will be refined and extended to a situation
in which the generating sequence (gn)nen converges to g only uniformly on compacts avoiding
the origin in R? and in which accordingly only a.-measure solutions are involved.

Theorem 2.2. Let (Qp)nen be a sequence of measures, each giving an a.-measure solution of
the BSDE given by some gy, and &,. Let p,q > 1 such that 1/p+1/q =1 and such that:

dQ,\" dP \?
()] e ()] <

i) &n — € asn — oo in L24(P) and £ € LT (P),

i)

iii) Y := Eq, [€n] F)] converges for n — oo to some Y € HI(R,P) a.e. and in HI(R,P),

) for a.a. (w,s): limy—oo gn(w, s,+,-) = g(w,s,+,-) (with a proper g) uniformly on compacts
K such that {(y,2)|y € R,z =0 € R} NK = 0. Let furthermore g(w, s, -,-) be continuous
outside {(y,2)|y € R,z =0 € R} for a.a. (w,s).

Then there exists an a.-measure solution of the BSDE given by g and &.

Proof. The proof is very similar to the proof of Theorem 2.1. We again start by passing to a
subsequence in order to obtain a weak cluster point. The proof differs beginning with STEP4,
since limy, o0 gn (-, Y™, Z™) = g(-, Y, Z) will not hold in general. Instead we can show

nh_}IIgo gn(-, Yn, Zn)].{Zn;,gO}l{Z?go} = g(-, Y, Z)l{Z;,gO} dP® dt — a.e.

For this purpose, using STEP2 (see STEP4 in the proof of Theorem 2.1 for details), we can
assume w.l.o.g. that Z" — Z a.e. Hence the sequence (Z7'(w)) will for a.a. (w,s) such that
Zs(w) # 0 be contained in some compact set not containing 0 for n large enough. Therefore

Jim|gn(s, V", Z8) (@) 1z 20y (W) Lz,20 (W) — 9(s, Y Z) (@) 1 zp 20y (W) iz, 20 (@) = O
for a.a. (w,s). We also have, by the continuity of g outside {(y, z)|y € R,z = 0}:

lim [g(w, s, Y (w), Z¢ (W)L zn20y (W) iz, 201 (w) — 9(w, 8, Y5(w), Zs(w)) 17,20y (w)] = 0

n—oo

for a.a. (w,s). This proves the assertion.
Using this we can replace STEP5S in the proof of Theorem 2.1 by the statement

T

n—oo

T
lim EQn |:/0 gn(S,Y;n, Z;L)]-{Zg;éo}]-{ZS;éO})\s d8:| = EQ |:/0 g(syytsyzs)]-{ZS;éO})‘s d8:|

for all bounded progressively measurable A such that sup,, [gn (-, Y", Z")1izn2011{z200A| < Cx
a.e. with some constant C'y > 0 depending only on A.
On the other hand, using CLAIM2, we have

T T
lim Eq, [ /0 C5 Lintynz v 12715011 {Z,201 s dS} =Eq [ /O CsLintysw (277150} 1 2.0} As dS]

n—oo
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for all progressive bounded A and all N € N. Considering

In (Y™, Z™) 1 zn20y Lint sy 120150} = € L{zn20y Lingys n 1271500 = ¢ Lint,s y |20}

for all n > N, this implies

T
Eq [/0 (CsLfinf sy 120y L zaz0y — 908, Yss Zs)Lint o n (2501 L{zo20))As ds| =0 (12)
for all bounded A such that sup,, [gn (-, Y™, Z")1(zn20) 11220} A| < Cx. Now define C' >0

C ._
A7 = (C= 9 Y, 2)) 1 ic—g(,v,2) 1<y L sup, (g0 (Y™, 2701 gn 20y 1 220y |<C}

which is progressive, bounded and satisfies (g, (-, Y™, Z")1{zn011¢ Z¢0})\C| < C?. Inserting this
into (12) yields

=90, Y, Z) L2203 Lint,s n 1250} L{|¢—g(-v.2) | <C)

Lfsup,, [9n (Y™, Z™) 11 zn 20y L1220} |SCY — 0.
If we let C, N — oo, we finally obtain

CLizzoy = 9( Y, Z2) 1720y dP @ dt a.e.

taking into account that Zs(w) # 0 implies that Z7'(w) will lie in a compact set not containing
0 for n large enough for a.a. (w,s) and then g, (s,Y]", Z7')(w) will be bounded and the sequence
(Z2(w)) will be bounded away from 0.

We have thus proven that Q = £(( @ W)r - P is an a.-measure solution. O

Remark 2.4. As in Theorem 2.1 it follows that

2|() =) ] =l Go) ] =mwme (i)

Remark 2.5. We have also shown Y = Eg[¢|F] dP ® dt-a.e.

Remark 2.6. In addition we have proven that each subsequence of (Zy)nen has a subsequence
which converges to Z, dP ® dt-a.e. (where Z is already uniquely determined by the martingale
part of Y). In other words (Zy,)nen converges to Z in measure.

3 Existence Results

Equipped with the stability properties of the preceding section, we can now return to the ques-
tion of existence of measure solutions, and thus to solutions of the associated BSDE. Using
regularization techniques we will derive existence results in scenarios where the generator func-
tion ¢ is continuous off the origin in R? and roughly of at most linear growth in z, i.e. the
classical generator f(-,y,2) =z-9(-,y,2),y € R,z € R? is subquadratic in z. We will therefore
consider proper functions

g:Qx[0,T] xR x R — R?

and f(’ayvz) :Z'g("yvz)vyeRaZ eRd-

Lemma 3.1. Let £ € L>®(Fr) and let g be proper such that
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i) g and f are both bounded by some constant M,

i) g(w, s,-) is continuous at all points (y,z) such that z # 0 for a.a. (w,s),
ii1) f(w,s,-) is uniformly continuous for a.a. (w,s).

Then there exists a measure solution of the BSDE given by g and &.

Proof. STEP1 We regularize the generator. To do this, for e > 0,y € R, z € R? let
gE('a Y, Z) = / g(a Y- Z)’ Z = é)pa(gv 2) d(ga 2) =g* p&('a Y, Z)
RxRd

with )
el 2)i= e (=g (7 +12P))

Now define for y € R and z € R?

fe('v Y, Z) = de(': Y, Z)
We claim that lim._g f-(w,s,-,-) = f uniformly for almost all fixed (w,s). Indeed, since
f(w,s,-,-) is uniformly continuous and bounded, lim._o(f * pe)(w, s, -, ) = f(w, s, -, -) uniformly
and

|f * ps('vyvz) - de('vyﬂ Z)‘ < M 4 |2’p€(g7 '2) d(]},é) —0ase—0.
RxR

Hence lim._,q fs(w, S, ) = f(w,s,-, ) uniformly as well.

STEP2 We now construct Lipschitz continuous and uniformly bounded approximating se-
quences (gn)nen resp. (fn)nen of g resp. f. To this end, for any € > 0,s € [0,7],y € R, z € R?
let

0 (W) = sup | fe(w, 5,9, 2) = f(w, 5,9, 2)].
Y,z
We have lim._,g 5§5)(w) = 0 for a.a. (w,s) and, by dominated convergence, we also have

4
lim._oE [ fOT (5&?)) ds] = 0. Thus, we can choose a sequence (gy)n,en Of positive numbers

4
converging to zero such that E [ foT (5§€n)) ds] < 27" and therefore

ni:;)p(n)ﬂi [/OT (5§6n>)l ds] <

for all polynomials p and [ € {1,2,3,4}. In particular ) 7 p(n) fo
polynomials p.
Set for n € N, (s,y,2) € [0,T] x R x R?

T5en) ds < o0 a.s. for all

n(s,:2) = G (5,4 Y [ (b4 16 dr2),
k=0"0

and accordingly

fn(s,y,2) = fan(suy + Z/ (k + 1)51(ﬂ€"+k) dr, z).
k=00
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Defining agn) = 6§E"+k) and ﬂgn) =Y ok + 1)5§5”+k) =3 agl) we have

fu(s,y,2) = fEn(S7y +/ 57(,”) dr,z) < f(s,y _|_/ ﬁgn) dr, z) + 5§sn) <
0 0
< f€n+1(5>y + / ﬁﬁn) dr, z) + 5£5”) + 5§€n+1) <
0
< fn+1(s,y +/ ﬁﬁ”) dr — / 57(,”+1) dr, Z) + Z&gewrk) _
0 0 k=0

- fn-‘rl(sa Y+ / a7(“n) d?", Z) + agn)
0

This means s
Fulss,2) < s+ [ ol drz) +al?)
0

a form of monotonicity we will use later. We have also shown

fn(s,y,Z)Sf(s,er/ B dr,z) +BY, s€0,T],y R,z €RY.
0

4
Note in addition that E [(foT ﬁén) ds) ] < oo for all n since by Holder’s inequality

([ sm [ ('

and again by Holder’s inequality

[ee) 4 o0 4/3 3 [e’e) 5
(Z(k: + 1)5§€’“)> < (Z (W) ) (Z ((k: +1)2 (k+ 1)5§€’“))4>

k=0 k=0 k=0

4
and E [ JISee (n+1)10 (5?")) ds] < .

Since > "7, f(;f nd ds < oo a.s. we have limy_o I B dr = 0 for a.a. (w, ).

Furthermore, since g(w, s, -, -) is uniformly continuous on compact sets, which are disjoint from
{(y,2)|y € R,z =0 € R} and g.(w, s,-,-) converges for £ — 0 uniformly to g(w,s,-,-) on such
compacts, gn(w,s,-,-) converges uniformly to g on such compacts as well (for a.a. (w,s)) as
n — oo.

In addition, for n € N, f,, is Lipschitz continuous in (y, z) according to the definition of g. and
fo. In fact, for s € [0,T),y € R,z € R?

f8(87y7 Z) -
- / (2 2)g(s,y — G, 2 — 2)pe(§,2) (G, 2) + / S9(s,y — gy 2 — 2)pe( 2)d(§,5) =
RxR4 RxRd

- / F(s, 9 )pely — 6,2 — £)d(g,5) + / 95,9, ) (= — Spely — 92— 2)d(§,2) =
RxRd R

xRd

=[x p=(5,9,2) + (9 % (2pe))(8,y, 2),
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which means that fg is differentiable with respect to to (y, z) with uniformly bounded derivatives,
since f,g and the derivatives of p. and zp. are all uniformly bounded. Furthermore f. and
therefore f, are uniformly bounded.

Similarly g, is Lipschitz continuous and uniformly bounded for n € N, because the g.,e > 0,
possess this property.

STEP3 We now apply Theorem 2.2 to show the existence of some a.-measure solution Q of
the BSDE given by g and &. Since for n € N the approximations f,, g, are Lipschitz continuous
there exists a measure solution Q,, of the BSDE given by ¢, and & — fOT 5§") ds =: &,. This is
guaranteed by a slight extension (including y as a variable in the generator) of the relationship
between classical and measure solution explained in [3] in the case of Lipschitz continuous
generator. We check the validity of the hypotheses of Theorem 2.2.

Condition 7):

For n € N define

T T
1
fwim oo ([ ontsvzpyaw. = 3 [ ooz as ).
0 0

We have to show
sup E[RP] + sup E[R.P] < cc.
n n

But this holds for all p > 1 as a consequence of the uniform boundedness of g,.
Condition #i) holds for ¢ = 2 by dominated convergence.
Condition %4):

It is sufficient to show monotonicity of (Y"),en and boundedness of (||Y”HH2(R,P))%N. The

latter follows from the boundedness of (||&,| Lz(Rp))neN. We will now show montonicity using
the comparison theorem:
For n € N define X" :=Y" + fo oh(«") dr. Since

T T
v §n+/ Fulr, W,z;})dr—/ Zraw,,

we also have

T T T
xt=g+ [ aars [ (f0nz - o) ar- [ zzam,
0 . .

Note &, + fOT aﬁ”) dr = &,+1 and for r € [0,T]
Fu(r Y1 20) = al™ < fopa (Y] +/ o dv, Z7") = foia(r, X7, Z7)
0

according to arguments in STEP2. If we now consider the two standard Lipschitz BSDE given
by the generators defined by ¢(r,y, z) := fu(r,Y,", Z) — aﬁ”) and Y(r,y, z) = for1(r,y,2),r €
[0,T],y € R,z € R, and by the identical terminal condition &,,1, we see that the first one is
solved (in the classical sense) by (X™, Z") and the second one by (Y"1, Z"*1) and at the same
time o(r, X2, Z%) < ¥(r, X, Z"),r € [0,T]. The comparison theorem implies X" < Y"*! a.e.,
and therefore Y™ < Y"t! a.e.

Condition 7v): Its validity has been discussed in STEP2.

Thus Theorem 2.2 is applicable, and there exists an a.-measure solution of the BSDE given
by ¢ and g. But since ¢ is bounded, there must exist a measure solution Q with the same Y and
Z, according to Remark 1.7. O

19



Corollary 3.2. The measure solution Q constructed above is minimal in the following sense:
for all classical solutions (Y Z) of the BSDE corresponding to (f €) where f is any bounded
generator such that f < f and & < € € L*(P) we have Y <Y a.e. with Y := FEg alélF] =
limy,, oo Y™ from the above construction.

Proof. For n € N define W" := Y — IN ﬁ,(n) dr and conclude that (W™, Z) solves (in the classical
sense) the BSDE given by the generator ¢(r,y, z) := f(r, Yy, Z,) +ﬁ§n), rc[0,T),y €R,z € R4,
and € — fOT ﬁﬁ") dr =: &,. We know for s € [0,T],y € R, z € R?

Ful.9.2) < Fls,y+ /0 " 50 dr, 2 + g0

and therefore for r € [0,T] fn(r, W", Z,) < f(r,Y;, Z,J—I—ﬂﬁm < @(r, W, Z,). Also note &, < &,.
By the comparison theorem this implies Y™ < W™ a.e. This in turn entails the a.e. relation

Y=1mY"< lim W'=Y

n—oo n—oo

As a consequence of this, minimal solutions are unique.

Corollary 3.3. Minimal measure solutions according to Corollary 3.2 are unique in the sense
that (Y, Z) are uniquely determined.

Furthermore the following comparison property holds. For bounded § < é and for generators
fGy,2) = z-9(-,y,2) and f( 2) = 2-g(-,y,2),y € R,z € R, such that the pairs (g, f)
and (g, f) both satzsfy condztzons i)-iil) of Theorem 8.1 and such that f < f pointwise, the
corresponding minimal measure solutions satisfy Y < Y ae.

In the following lemma, we obtain a stronger result than in Lemma 3.1. In fact, we are able
to drop the uniform continuity condition 4ii) of Lemma 3.1.

Lemma 3.4. Let { € L°°(Fr) be bounded by some constant K. Let g be proper, let g and
fCoy,2)=2-g(,y,2),y € R,z € R be uniformly bounded and let g(w,s,-,-) be continuous at
all points (y, z) such that z # 0 for a.a. (w,s).

Then there exists a measure solution of the BSDE given by g and &.

Proof. For s € [0,T),y € R,z € R? define f(s,y,2) := f(s,(—K) Vy A K, z) and §(s,y,2) =
9(s,(—K)VyAK,z). gis proper and g(w, s, -, -) is continuous at all points (y, z) such that z # 0
for a.a. (w,s). A measure solution of the BSDE given by ¢ and £ will be a measure solution
of the BSDE given by g and £ as well, since Y is bounded by K. Hence w.l.o.g we can assume
f=Ffandg=g.

Approximate f, which is obviously continuous, from below by f,,n € N, which is uniformly
bounded and uniformly continuous in (y, z) and such that f,,(-,y,2) = f(-,y, 2) for |y| < K, |z| <
1, and such that (fy)nen, is pointwise increasing and converges to f uniformly on compact sets
S for a.a. (w,s). One possible definition for (f,)nen is given by

Fnl9h2) 1= Qeﬁe“n{d {f("g’ D+ V= AT ‘@ B @
(13)

where we use the conventlon -0:=0 and " -r:=o00 for r > 0. See Lemma A.7 for details.

}, zeRLyeRneN,
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Now define g, (-, z) := ‘Z%l{#o}fn(',z),z € R4 n € N. We have g,(-,0) = 0.

Note that (gp)nen is uniformly bounded. In fact, for |z| < 1,|y| < K we have: |gn(-,y,2)| =
|—il|fn(,y,z)] = ﬁ]f(,y,z)] = ﬁ]z - 9(y,2)| < lg(-,y,2)| which is bounded. Furthermore
gn(w, s, -, ) converges to §(w, s, -, ) 1= @1{27&0}]”(% s, +, -) uniformly on compacts not containing
points with vanishing z-part for a.e. (w,s), because of the convergence of f, to f.

Considering the BSDEs given by ¢, and £ there exist, according to Lemma 3.1 corresponding
(minimal) measure solutions Q,,. According to Corollary 3.3 for the corresponding Y we have
the inequality Y™ < Y"™*! ae.. Furthermore (Y"),cn is uniformly bounded by K. Hence
condition i) of Theorem 2.1 is satisfied. The remaining three are easy to check. Theorem 2.1
is therefore applicable, and there exists an a.-measure solution of the BSDE given by ¢ and
§. However, since § is bounded and for z € R? we have zg(-, z2) = zg(, z), there must exist a
measure solution of the BSDE given by £ and g as well, according to Remark 1.7. 0

Corollary 3.5. The solution (Q,Y") constructed in Lemma 3.4 is minimal in the following sense.
For bounded € > ¢ and f(-,2) = z-§(-, 2), z € R%, such that the pair (§, f) satisfies the conditions
of Lemma 3.4 and such that f < f pointwise, we have for a measure solution Q: Y <Y a.e.,
where Y corresponds to Q and £ in the sense of section 1.

Proof. This is easily shown by means of the approximating generators f, from the proof of
Lemma 3.4 satisfying f, < f,n € N. This implies Y" < Y by Corollary 3.3. Therefore
Y =lim, 0o Y < Y. O

In the following main existence theorem of this paper the statement of the preceding lemma
is extended to generating functions g that are not uniformly bounded. We are able to treat
cases in which the upper bound on |g(s,-, z)| is at most proportional to |z| and provided by
a progressive process ¢ such that its stochastic integral with respect to W generates a BMO
martingale. More prescisely, we have

Theorem 3.1. Let & € L>®(Fr). Let g be proper, assume that g(w, s, -, ) is continuous at all
points (y,z) such that z # 0 for a.a. (w,s), and |g(s,-, 2)| < C(|z| + ¢s),s € [0,T],z € RY, with
some progressive ¢ € BMO(P) (see Appendiz A) and a constant C > 0.

Then there exists a measure solution of the BSDE given by g and &.

Proof. Note that f(w,s,y,2) =z - g(w, s,¥, z) is continuous in (y,2) € R x R? for a.a. (w,s) €
Q x [0, T], where the continuity at points (y,0) comes from |f(s,y, 2)| < C|z|(|z] + ¢s).
For z € R? define j(-, 2) := @1{#0}]‘(-&) (where @1{2#0} is defined to be 0 at z = 0).

Note that § also satifies |§(s, -, 2)| < C(|z| + ¢s),s € [0,T], z € R%
For n,m € N,s € [0,T],y € R, z € R? define

om0 = () (121 (v (5 £Gev2) ) A ) A,

||
z
gnm(sa Y, Z) = Wl{z;«éo}fnm(sa Y, 2)-
For all n,m € N, the functions f,,,, and g,,, are bounded. This follows from
1 1
| gnm (-, 2)| < mlfnm(',Z)l < |(=n)V mf('az) Amj.

Furthermore
fam(8,,2) < C’(|z\2 + |z|ps), s€10,T],z¢€ R,
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The double sequence ( frm)n,men is pointwise non-decreasing in m for fixed n, and non-increasing
in n for fixed m. According to Lemma 3.4 and the associated corollary there exist minimal
measure solutions Qy,,, of the BSDEs given by g, and £, n,m € N. The corresponding double
sequence (Y™),, men is non-decreasing in m and non-increasing in n according to Corollary 3.5.
For n € N define Y := lim,_co Y™™. We next apply Theorem 2.2 to show the existence of
a.-measure solutions of the BSDE given by g, := lim;;, oo gnm and &. Note that g, is associated

with
ez i= v (1 G (6o ) ),

z
gn('7z) = Wl{#ﬂ}fn(%Z) S RY.

Let us verify the hypotheses of Theorem 2.2.

Condition i): According to Lemma A.3 applied to the BSDE given by f,,, and £, the control
processes Z™™ are in BMO(P) with a uniformly bounded BMO-norm, n, m € N. Using Lemmas
A.1 and A.2 there must exist a p > 1 such that i) is satisfied.

Condition 73) holds trivially.

Condition 444) holds by dominated convergence and uniform boundedness of (Y"),, men.

Condition 4v) holds according to the construction of (gnm)n men-

Theorem 2.2 provides a.-measure solutions Q,, of the BSDE given by g, and £ and we have
the associated solution pair (Y™, Z"), n € N. We have

Y":= lim Y"" =Eq, [£|F]
m—0o0

according to Remark 2.5. Furthermore according to Remark 2.6 for any n € N Z,, is in BMO(P)
with a BMO-norm uniformly bounded in n, since Z,, results from an a.e.-limit of processes with
uniformly bounded BMO-norms (see Lemma A .4).

Note that Y™ > Y™™ ae. for all m € N and n < n/ implies Y™ > Y™ a.e.. Thus (Y"),en
converges to some limit Y, and we can similarly apply Theorem 2.2 to (Qy,gn,Y")nen to
construct an a.-measure solution of the BSDE given by g and £. For its applicability we use
Remark 2.4.

This means that there exists an a.-measure solution Q of the BSDE given by g and £. Using
Remark 2.6 as well as Lemma A.4, we can assume that the corresponding control process Z is
in BMO(P).

Now define ¢ := g(-,Y,Z). Then ¢ € BMO(P) and hence Q := £(C @ W)z - P is a probability
measure. Thus it is a measure solution of the BSDE given by g and ¢ according to Remark
1.7. O

A Appendix

We collect some well known facts and extensions about BMO, exponential martingales and
normed spaces. The BMO prerequisites are needed for the derivation of our main existence
results for measure solutions in the preceding section, and underpin the fact that this class of
martingales plays a very important role in concepts of control theory. The first topic we address
is concerned with integrability properties of the exponentials of BMO martingales.

Lemma A.1. For K > 0 there exist real constants r < 0 and C > 0 such that
E[E(M)}) < C
for all BMO-martingales M = Z ¢ W := [, Zs AW satisfying || Z|| ppor) < K.
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Proof. Indeed, we may write for real r

E [exp (TMT - r§<M>T)] = E [exp (M — (rMyr)exp (2 = 1) (M) )] <

N

< (& |exp (2r2r - §<2TM>T)])5 (Efexp (r(2r — (M) = (B fexp (F(M)r)

with 7 := r(2r — 1). Now define r := ¥ — /& + ﬁ <0and C:=+/2. Then 7 = ﬁ Setting
Z = \/;Z, we have ||Z||2BMO(]P’) S % if ||Z||BMO(IP’) S K.
Then according to Theorem 2.2. of [17]

T T
. 1
E [exp (r/ \Zt|2dt>} =E [exp (/ \Zﬁdtﬂ < . <2=0C"2
0 0 1—||Z]

2
BMO(P)

Lemma A.2. For K > 0 there exist real p > 1 and C > 0 such that
E[E(M)7] < C
for all BMO-martingales M = Z ¢ W satisfying || Z| pyprow) < K.

Proof. According to the proof of Theorem 3.1. of [17] the inequality ||Z||grrom) < ®(p) would
imply

2
E[E(M)E] < < 00
DT < T T D@ — 1 T e 2T mom @ + 121 saow)

with )

1 2p—1 )2

0] =1+ —=In—— —1
(») ( p? 2(p-1)

for p > 1.

Note that [|Z||grom) < ®(p) also implies

1 2p—1
1Z Baso@) (2 + 1 Zllsmoe) = (12 sraoe) +1)* =1 < 5 In 2(p—1)

p
Since lim,_,; ®(p) = oo we can choose p > 1 such that K < ®(p). This proves the assertion. [

The following result extends Proposition 7.3 in [9]. It provides conditions on the increase rate
of the drift term of a stochastic equation which give bounds on the BMO norm of its stochastic
integral part.

Lemma A.3. LetY, Z, X, ¢, ¢ be some progressive processes such that'Y is bounded and
T T
Yt:YT—l—/ Xsds—/ ZsdWs a.s. Vt € [0,T].
t t

Let X <? +|Z|p + C|Z|* with some C > 0 and p,1 € BMO(P).
Then there exists a constant K which only depends on ||| gyow) V |¥|lBror) vV C V[V e
such that || Z| pyor) < K.
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Proof. By hypothesis
1 1
X <9+ |2l + C1Z1° < (0% + 5¢%) + (C + )| 2]

Define ¢ := /92 + 192 € BMO(P) and C := C + 1.
For 0 <t < T we can write

t t
Kg:YO—/XSds+/ZSdWS.
0 0

Let 8 € R. Using [t6’s formula we have

t t ﬂZ t 9
exp(BY:) = exp(AY0) /0 Bexp(BY,) X, ds + /0 Bexp(8Y)Z, AW, + /0 exp(BY,)| Z,? ds

or

2

T T g2 (T
exp(ﬁYt):exp(ﬁYT)+/t ﬂexp(ﬂYs)Xsds/t Bexp(BYs)Zs dWs — /t exp(ﬁYs)|ZS|2ds.

2
We obtain

T B T
3 / exp(BY,) <2|ZS|2—XS) ds = exp(BYr) — exp(AY;) — / Bexp(BY,)Zs AW,
t t

and thus by hypothesis

T
5 [ esatov) (D12 + 32 - x.) as -

T B T
— exp(BYr) — exp(BY;) + B / exp(BY:) 2 ds — / Bexp(BYa)Zs dIV,.
t t
Setting 3 := 2C + 2 = 2C + 3 we have
2P < Djzp+ 7 - x.

Applying conditional expectations we get for 0 <t < T

T
E [ﬁ /t exp(AY,)| Z,? ds

ft} <

T
<E |exp(37) — exp(3%0) + 5 [ exp(8Y)(02 + 560 ds

7.

Since exp(BY’) is bounded from below and from above and since 1, € BMO(P) this shows
| Z]| paropy < K < 0o, with some K which can be already determined by only knowing an upper
bound for 3, |Ylloo, |Vl Baro@) and (¢l garo) and a lower bound for 3 (which is 3). O

The following is a Fatou type property of BMO norms.
Lemma A.4. Let (Z™) be a sequence of progressive processes converging to some progressive Z

in measure (w.r.t. P ® XNop). Then ||Z| pprow) < liminf, oo |27 paro)-
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Proof. Assume the contrary. Then there must exist a subsequence (Z"*) s.t. | Z||pypom@) >
liminfy oo [| 27| progry and Z™ — Z a.e. for k — oo. However by Fatou’s inequality we have
for0<t<T

T
E [/ | Z,|? ds
t

almost surely. This implies || Z|| garor) < liminfy . [| 27| Brro(p), yielding a contradiction. [

T
ft} <liminfE [/ | Z7% % ds ft} < liminf || 2" garop)
k—oo t k—oo

Next is the well-known representation property of exponential martingales on a Brownian
basis.

Lemma A.5. Let Q ~ P be a probability measure. Define Ry = i% as the Radon-Nikodym
derivative. Then the martingale R := E[Rp|F.] can be written as

R = exp (/Orsdws—;/o’ |cs|2ds>

with some progressively measurable process ¢ such that fOT |¢s]? ds < 00 a.s.

Proof. This is a consequence of Proposition 1.6 of Chapter VIII in [19] and the martingale
representation theorem. O

We next recall a well known dual characterization of Holder norms.

Lemma A.6. Let Q be a probability measure on (2, F). Let Y be non-negative and F-measurable.
Let p,q > 1 such that ;1) + % = 1. Denote X the set of all bounded F-measurable X > 0. Then

1 EplY - X
Eqy?]h = sup ¥ 2]
Xex EQ[XQ]E

Proof. First use Holder’s inequality to get

EglY - X]

(] _ (Bql¥?])» (BolX7))s
Eq[X1]

Eg[X1)s

<

This implies
EglY - X 1
sup @[71] < EQ[YP];.
XeX Eg[X4]s

Secondly, defining for n,m € N the bounded and positive X, := (% +Y An)P~! and assuming
0 < Eg[Y] < oo for a moment, we may write

EqlY - X] EqlY - Xom] Eq[(Y A n) - Xnm]

sup > sup = > lim lim =

XeX (Eg[Xa)1  nm (Bg[X&n])1 " "®™ "  (Bq[Xim])s

[

Eq[(Y An)- (Y An)P~! 1 1
— iy 2R AP (g (v Ay = (BalY 7).
" (Bel(Y An)pmhapye e
Here we use Eg[(Y A n)P] > 0 for n large enough.
Now if Eg[Y] = 0 the claim is trivial, since this implies ¥ = 0 Q-a.s.
If Eg[Y] = oo the claim becomes trivial as well, since then Eg[Y?] = oo and we can set
X =1 O
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We finally show that the regularization of a continuous function f by (13) indeed yields a
sequence of uniformly continuous functions converging monotonously to f. Denote by A the
closure of a set A in a topological space.

Lemma A.7. Let R,M > 0, and let f : [-R, R] x R™ — R be bounded by M and continuous.
Define f,, : [-R,R] x R™ — R by

B . o n Yy Y
faly,2) = éengg[_R,R] {f(y’ D+ oy (lz| —=n) A1 ‘(Z) - (Z)

with the conventions of (13). Then we have

}, zeRYLyeR,neN,

(i) fn is bounded by M for any n € N,

(ii) fo = f on [~ R, R] x B,(0),

(iii) fr, is uniformly continuous for any n € N,
(i0) fu < fas1 < f for anyn € N.

Proof. (i): This follows from the inequality

. n y g
—-M < inf -M + ‘()()‘}S n(y,z) < ,2) < M,
2€R™ ,GeBg(0) { 0V (Jz2| —=n)A1|\z P faly,2) < f(y, 2)

valid for y € R,z € R™.

(ii): Note that for |z| < n we have m = o0, and therefore for |z| < n,y € Br(0)
fn Y,z) = inf {fyaz =+ <>_<A)’}:fyvz
w2 seRm e BR(0) B2+ 5y (lzl =n) A1 |\z i :2)

(iv): For z € R™,n € N we note |z| —n > |z| — (n + 1), and hence

n < n+1 <
Q.
OV(zl=n)ALl =0V (z| —=(n+1)A1l

This implies f, < fn+1 < f.

(iii): For n € N, ¢ > 0 denote ¢, (t) = . Then

oV (t— n)
oo, t<n,
On(t) = - n<t<n+1,

n?

n, t>n+1,

and hence for any € > 0 ¢,, is bounded and Lipschitz continuous on [n + €,00). Hence for any
e>0and 2z € R, ¢ € Bg(0) the mapping

Asy s Bal0) X (R B0 3 ) — ()| () = (1)

z z

is Lipschitz continuous with Lipschitz constant L. independent of § € Bpg(0),zZ € R™. To
abbreviate, let M = Bg(0) x (R™ \ Bj+¢(0)). Then we can write for (y, z), (v/,2') € M,n € N

D |(2) - (O] < 1+ o[ (2) - (€)]+|() - (2)
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from which we deduce by eventually switching the roles of (y, z) and (y/, 2’)
Y
z

) S fulin) L () (%)]

)= ol < 2 (V) = ()]

As a conclusion we obtain that for € > 0 f, is Lipschitz continuous on M., and therefore
uniformly continuous. As (Bgr(0) x R™) \ M, is bounded, and since continuous functions on
compact sets are uniformly continuous, to show (iii), it is therefore enough to prove that f,
is continuous. By construction this is clear for (y,z) such that either |z| < n or |z| > n. Let
therefore (g, 2) € [-R, R] x R™ such that |Z| = n be given. We have for y € [-R, R],z € R™

P = (@){f@, 4o (1) - (2]}

#n(12])

fnly,z) < fn(ylaz) Z

~

and therefore

hence

inf {52} < fuly, 2),

yeB B
9€BR(0),()e ¢3<]\I4\)(( )

and therefore by ¢, (|z|) — oo for z — Z and (ii)

liminf fo(y,2) =  liminf inf {f(9,2)} = f(y,2) = [ul9, 2),
(yv )_>(y7 ) (y,Z)—>(y7Z) QEBR(O)( )GB 25\‘4|> ((z))
limsup fo(y,2) < limsup f(y,2)= f(7,2) = fu(7,2).
(y,2)—=(5,%) (y,2)—=(5,2)
This obviously implies the continuity of f,, in (g, 2), and concludes the proof of (iii). O
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