Spectral properties of chimera states
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Chimera states are particular trajectories in systems of phase oscillators with non-local coupling
that display a spatio-temporal pattern of coherent and incoherent motion. We present here a detailed
analysis of the spectral properties for such trajectories. First, we study numerically their Lyapunov
spectrum and its behavior for an increasing number of oscillators. The spectra demonstrate the
hyperchaotic nature of the chimera states and show a correspondence of the Lyapunov dimension
with the number of incoherent oscillators. Then, we pass to the thermodynamic limit equation and
present an analytic approach to the spectrum of a corresponding linearized evolution operator. We
show that in this setting, the chimera state is neutrally stable and that the continuous spectrum
coincides with the limit of the hyperchaotic Lyapunov spectrum obtained for the finite size systems.

PACS numbers: 05.45.Xt, 89.75.Kd

Chimera states (see Figure 1) are remarkable
spatio-temporal patterns where regions of syn-
chrony coexist with regions of incoherent motion
in a spatially homogeneous system of coupled os-
cillators. They constitute a new paradigm of dy-
namical behavior that can serve as a prototype
for various physical phenomena, e.g. coexistence
of synchronous and asynchronous neural activ-
ity (so called ’bump’ states) [1-4] or turbulent-
laminar flow patterns [5]. For their mathematical
description one has to employ concepts from the
fields of pattern formation, deterministic chaos,
and statistical physics. Indeed, starting with the
pioneering work of Kuramoto [6], the thermody-
namic limit of a large number of oscillators has
been developed to a powerful tool for the in-
vestigation of chimera states. In this paper, we
put our focus to the relation of chimera states in
finite size systems to their thermodynamic lim-
its. After a careful numerical study of the Lya-
punov spectra for chimera trajectories in finite
size systems, we compare our results with the
spectral properties of the linearized evolution op-
erator in the thermodynamic limit. We show that
there the chimera states are neutrally stable and
that their continuous spectrum coincides with the
limit of the hyperchaotic Lyapunov spectrum ob-
tained for the finite size systems.

I. INTRODUCTION

Systems of coupled phase oscillators have been widely
used to study the basic properties of collective synchro-
nization that can be observed in a huge variety of systems
from physics, chemistry, biology, or social sciences [7—

10]. Recently, a new dynamical phenomenon occurring
in such systems has attracted a lot of attention: Ku-
ramoto e.a. [6, 11, 12] reported a new type of solutions
that Strogatz e.a. [13, 14] later on called "chimera states”
(see Figure 1), where a spatially homogeneous system of
coupled identical oscillators displays self-organized pat-
terns of regions with synchronous and asynchronous mo-
tion. Since then such solutions have been observed under
various conditions, including 1D and 2D arrays, inhomo-
geneous systems and systems with delayed coupling [15
29]. The main ingredients that are typically needed to
observe chimera states are

(i) a discrete medium, typically represented by a large
number of oscillators distributed in space;

(ii) a non-local coupling that provides an interaction
between local sub-populations with a coupling range that
is different both from global and from local next neighbor
coupling;

(iii) a well tuned amount of repulsion between the os-
cillators, that is typically achieved by a Sakaguchi phase
lag parameter or a coupling delay.

Trying to reduce the numerical complexity, we choose
for our studies a simple system comprising a ring
of N identical non-locally coupled phase oscillators with
phases ¥y, ..., ¥y that follow the evolution

N
() = w—% S Glan—;) sin(W4 ()~ W5 (8) +a). (1)

Jj=1

Here w denotes the natural frequency of the oscillators
that can be set to zero, and a € (0,7/2) is a phase
lag parameter. The oscillators are assumed to be uni-
formly distributed over the interval [—1, 1] with positions
xp = =14 2k/N, k = 1,...,N and periodic boundary
conditions. Using these positions we can employ a cou-
pling function G(z) to determine a non-local coupling
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FIG. 1: (a) Phase snapshot of a chimera state in system (1);
(b) corresponding time averaged phase velocities weg(z). Pa-
rameters: N = 200, »r = 0.7, and o = 1.5.

on a macroscopic scale that is independent on the ac-
tual number of oscillators. In particular, throughout this
paper we choose the simplest possible form of non-local
coupling given by a step function

{ 1/(2r), if

0, it |z >,

|z <,

with 7 € (0,1) denoting the radius of coupling.

Below, we put our focus to the spectral properties of
chimera states both in finite size systems and in the ther-
modynamic limit. To this end, we employ the Lyapunov
spectrum analysis, which is a standard tool for studying
properties of chaotic systems [30, 31]. Recall that for N-
dimensional system, there exists the set of N Lyapunov
exponents, which are measures of how quickly small ini-
tial differences diverge or converge as two near-equivalent
systems evolve. A positive exponent serves as a criterion
for chaos, and hyperchaos is indicated by several positive
exponents. Moreover, Lyapunov exponents give insight
into many other dynamical features of chaotic trajecto-
ries: The full Lyapunov spectrum can be used to nu-
merically determine the dimensionality [32] of a chaotic
attractor. The inverse Lyapunov exponent is a charac-
teristic time of mixing and of correlation delay. In the

case of coupled systems, the synchronization threshold
can be expressed in terms of the conditional Lyapunov
exponents [33].

Lyapunov exponents for extended systems, e.g. lattices
of coupled oscillators, have been studied in several pa-
pers. In particular, their statistics in disordered chaotic
systems has been considered in [34], where an approxi-
mate expression for the distribution of their spacings is
obtained. In [35] an example is shown, where the Lya-
punov dimension approaches almost the total dimension
of the phase space and the exponents tend to zero with
systems size N — oo. A similar weak form of chaos was
also reported in [36] with the scaling behavior of the Lya-
punov exponents of a periodically oscillating collective
state as N~2. In the context of spatio-temporal chaos,
the very existence of a well-defined Lyapunov spectrum
in the thermodynamic limit is a proof of the extensivity
of chaos [31, 37, 38].

The paper is organized as follows. In Section II we
present our numerical results for the Lyapunov spectrum
of chimera states. In particular, we study the depen-
dence on the parameters a and r, calculate the Lyapunov
dimension, and analyze the scaling behavior for an in-
creasing number N of oscillators at different parts of the
spectrum.

In the following section, we shortly recall the derivation
of a thermodynamic limit system for N — oco. Then we
use its linearization to study the spectral properties of the
evolution operator in the corresponding infinite dimen-
sional system. Similarly as in the results of Mirollo and
Strogatz [10, 39| for locked or partially locked states in
the classical Kuramoto system, we find continuous spec-
trum on the imaginary axis that indicates a neutral sta-
bility of the corresponding states. We show that the real
parts of this continuous spectrum coincides with the limit
for N — oo of the Lyapunov spectrum calculated before.

II. LYAPUNOV SPECTRUM

In this section, we present our numerical results for the
Lyapunov spectrum of chimera states and its dependence
on various parameters. In particular, we discuss the scal-
ing behavior for N — oo of the Lyapunov exponents
and of the Lyapunov dimension. Our numerical compu-
tations employed a commonly used fourth-order Runge-
Kutta scheme (with fixed time step dt = 0.01) to in-
tegrate system (1) together with the standard algorithm
for Lyapunov exponents using continuous Gram-Schmidt
orthonormalization [40]. Simulations extend typically
over 60000 time units that seems to provide a stabiliza-
tion of the Lyapunov exponents at a satisfactory level of
accuracy.

To compare the Lyapunov spectra for different num-
bers of oscillators N we represent the sequence Mg
of non-increasing Lyapunov exponents by the function
An(v), 0 < v < 1 such that Ay(v) = M\ if v =
(k—1)/(N —1). Figure 2 shows the Lyapunov spectra



for chimera states in system (1) with N = 100, o = 1.44
and three different values of the coupling radius r. Each
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FIG. 2: (Color) Lyapunov spectra Ajgo(r) computed for

chimera trajectories of (1) with coupling radius » = 0.63 (red
circles), 0.69 (green diamonds), and 0.73 (blue triangles), and
phase lag o = 1.44.

spectrum contains a considerable number of positive Lya-
punov exponents indicating the hyperchaotic nature of
the chimera states. One exponent is exactly equal to
zero (in our numerics < 10_5) and reflects the phase
shift symmetry of the system (1). Also the index shift
symmetry of the system (1), which is a discrete symme-
try for finite IV and tends to a continuous symmetry in
the case N — oo, induces an exponent close to zero.

In Figure 3 we show the maximal Lyapunov expo-
nent Amax = A100(0) for all values of parameters (r, a)
where a chimera state was detected. The Figure shows
clearly that the maximal Lyapunov exponent remains
positive and separated from zero for all parameters (r, «)
in this region.

FIG. 3: (Color) Dependence of the maximal Lyapunov expo-
nent Amax = A100(0) on the coupling radius 7 and the phase
lag . The gray region at the bottom indicates the parameter
region, where we found chimera trajectories for N = 100, the
green line indicates the boundary of the existence region for
chimera states in the thermodynamic limit N = oco.

Varying the coupling radius r or, alternatively, the
phase lag a, we obtain typically chimera states with dif-
ferent sizes of the coherent and incoherent regions. This
size can be represented by the relative number of incoher-

ent oscillators Sincon = Nincon/N that is a macroscopic
quantity and can be obtained from Kuramoto’s self-
consistency equation in the thermodynamic limit N — oo
(see [6]).

In Figure 2 we present the Lyapunov spectra for three
different values of the coupling radius r that correspond
to different sizes of the coherent region. One can observe
that there is almost no difference for the positive Lya-
punov exponents whereas the stable part of the spectrum
is shifted, leading to an increasing number of strongly
stable exponents for larger r and correspondingly larger
size of the coherent region. Indeed, it is natural to as-
sume that perturbations that are localized in the coher-
ent region contribute to the stable part of the spectrum
whereas perturbations localized in the incoherent region
can contribute to the chaotic part of the spectrum.

This observation can be made more precise by com-
paring the corresponding Lyapunov dimensions (see Fig-
ure 4(a)). Recall that for a given Lyapunov spec-
trum {);} the Lyapunov dimension is given by

DL=K+§: Aj
] 1|>\K+1|’

where K is the maximum integer such that the sum of
the K largest Lyapunov exponents is still non-negative.
Our numerical results show that the relative Lyapunov
dimension d;, = D /N is slightly smaller, but follows
the change of the size of the incoherent region Sy con, see
Figure 4(a). Based on our thermodynamic limit analy-
sis (see Section IIT), we suppose that the observed gap
Sincon — dr, that has still a size of 5% is presumably a
finite IV effect that will vanish for larger numbers of N.
However, our numerical results (see Figure 4(b)), due
to the enormous computational complexity covering only
the range up to N = 120, do not show this trend very
clearly. Besides the Lyapunov dimension Dy, we also
consider the point-wise scaling properties of the Lya-
punov spectrum as the number of oscillators N increases
(see Figure 5). As default parameters we use r = 0.7 and
« = 1.5. The maximum number for which we were able
to calculate a full Lyapunov spectrum is N = 120. The
leading part of the spectrum has been calculated for NV
up to 300. We compare these spectra with the real part of
the spectrum, calculated analytically by means of a ther-
modynamic limit analysis (see following section). It turns
out that for 0 < v < Sj,con the Lyapunov exponents con-
verge to zero for N — oo, whereas for Sjpcon < v <1
they have a non-zero negative limit. Our numerical cal-
culations (compare Figure 6), show that there are three
different types of scaling behavior for different parts of
the spectrum:

(i) The maximal Lyapunov exponent Apax = An(0)
scales as N~1/2.

(ii) For all v € (0,Sincon) the Lyapunov expo-
nents Ay (v) scale roughly as N1
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FIG. 4: Relative Lyapunov dimension (dots) and relative size
of the incoherent region Sjncon (solid line): (a) for varying
coupling radius r, and o = 1.44, (b) for varying system size N,
and r = 0.7, « = 1.5.
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FIG. 5: (Color) Lyapunov spectra Aioo(v) computed for

chimera trajectories of (1) with system size N = 60 (red cir-
cles), 90 (green diamonds), and 120 (blue triangles). Other
parameters: r = 0.7, o = 1.5.

(iii) For v € (Sincoh, 1] the Lyapunov exponents Ay (v)
tend to some negative limit Ao (v).

The different types of scaling behavior apparently reflect
the different nature of the corresponding Lyapunov ex-
ponents. In particular, the scaling law ~ N1 has been
similarly observed in the globally coupled Kuramoto sys-
tem [35]. In contrary, the scaling law of the maximal Lya-
punov exponent indicates existence of a stronger macro-
scopic mode that is peculiar to the chimera state and has
not been observed in a globally coupled system.
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FIG. 6: Scaling behavior of the maximal Lyapunov expo-
nent Amax = An(0) and of the intermediate Lyapunov expo-
nent Ayx(0.1). (a) Natural and (b) logarithmic scale. Fit-
ted lines Amax ~ N2 and An(0.1) ~ N2, Parameters:
r=0.7, a =1.5.

III. THERMODYNAMIC LIMIT ANALYSIS

In this section we present an analytic approach to the
stability properties and the spectrum of a chimera state
using the thermodynamic limit N — oco. First, we will
recall briefly the derivation of a dynamical equation for
this limit, following the approach of Pikovsky and Rosen-
blum [41]. The chimera states appear in this system as a
stationary state in a properly chosen co-rotating frame.
Finally we will use the linearization at such a state in
order to study its spectral properties.

A. The dynamical equation for N = co

System (1) can be rewritten in the equivalent form
B4(t) = w+Im (Zk(t)e’w’“(t)) , (3)

where

N
2 AR —iQ
Z(t) = N E Glay, — )i (4)

Jj=1



is the effective force acting on the k-th oscillator. We
consider now the oscillators in a small vicinity of any
point x and describe them as a sub-population of glob-
ally coupled oscillators. This is asymptotically correct
in a thermodynamic limit where together with N — oo
also the number of sub-populations tends to infinity. The
collective behavior of the sub-populations is then char-
acterized by a local complex mean field z(z,t) defined
according to

1 .
2(w,t) = lim — Z eV, (5)
N TBF G 22

where BY (z) = {j : 1 < j < N, |z — x;| < &} denotes
a neighborhood of the point x. For the limit, we assume
0 =6(N) — 0for N — oo in a way that the number
of points |BY ()] in the neighborhood at the same time
tends to infinity. Note that (5) implies 0 < |z(z,t)| < 1
for all z and ¢. For |z(x,t)] = 1 the oscillators around
point x are synchronized in phase, while |z(z,t)| = 0 cor-
responds to the local absence of phase synchronization.
For a chimera state, |z(z,¢)| = 1 identifies the coherent
domain, while |z(x,t)| < 1 holds true in the incoherent
domain.

Interpreting now the space variable =z as a sub-
population index and following the approach of Pikovsky
and Rosenblum [41], we obtain an integro-differential
equation for the effective dynamics of the local mean
field z(x,t)

0z . 1 22(‘T7t) *
5 wz(z,t) + §Z(:1:,t) — TZ (z,t), (6)
where
2= [Ga-pewna @

-1

and the symbol % denotes the complex conjugate.

The derivation of this system (for details see [41])
is based mainly on the application of the Watanabe-
Strogatz theory [42, 43]. Alternatively, Eq. (6)-(7) can
also be derived in a different way, using the Ott-Antonsen
method [44, 45] and a probabilistic interpretation of the
function z(z,t). This approach, together with a variety
of examples, including our system (1), has been reviewed
recently in [20].

It is assumed that all macroscopic properties of the
chimera states as well as the typical bifurcation scenarios
involving them can be explained in terms of the solutions
of Eq. (6)-(7). However, there is a lack of rigorous math-
ematical theory, telling in which sense the solutions to
(6)-(7) can be interpreted as an approximation of solu-
tions to the original equation (1) for large N.

Anyhow, Eq. (6)-(7) constitutes a significant simpli-
fication with respect to the original equation, since we
expect that for any statistically stationary solution of
system (1) which might be very different for neighboring
indices k, the corresponding mean field solution z(z, t) of
Eq. (6)-(7) is a continuous function of both z and ¢.

B. Standing wave solutions

It is known [20] that a chimera state in the origi-
nal Eq. (1) corresponds to a standing wave solutions of
Eq. (6)-(7). Recalling the phase shift symmetry we trans-
form system (6)-(7) into rotating coordinates

2z, t) = e “Ma(x,t) (8)

and obtain

0oz ., 1,
5= 1AZ(x,t) + §Z(x,t) -

where we used the abbreviation A := w — Q and the
co-rotating non-local coupling force

22($,t) 5k
TZ (.%',t), (9)

1

Z(z,t) = e / G(x —y)i(y, t)dy = Z(x,t)e " *. (10)
-1
We seek now for stationary solutions

Z(z,t) = 2(x) (11)

of the resulting system together with their rotation fre-
quency 2. The time-independent profiles 2(z) and Z(x)
satisfy the quadratic equation

Z*(x)2%(x) — 2iA2(z) — Z(x) = 0, (12)

that can be solved by

iA £

|Z(x)2 — A

- 13
7 (13)

2172 xXr) =

Taking into account (10), this is still an implicit equation
for Z2(x). Note that in formula (13) we have a choice
between two solution branches corresponding to the plus
and minus signs at the square root. The solution branch
can be chosen independently for the regions with positive
and negative arguments of the square root. As we will
explain below, we decide to choose the positive branch

+1/1Z(x)|2 = A2 for |Z(x)|> — A? > 0 and the negative
branch —iy/—|Z(2)[2 + A2 for |Z(z)|2 — A% < 0.

Inserting (13) into (10) we obtain finally the self-
consistency equation (cf. Eq. (5) in [13])

. g iA+1/12(y)2 - A2
Z(x):e‘la/G(x—y) TVIZW)I d

Z*(y)

y. (14)

This nonlinear integral equation can be easily solved nu-
merically via an appropriate discretization, see e.g. [6,
13]. In order to obtain a uniquely solvable problem, one
has to fix the spatial position of the inhomogeneous pro-
file Z(x). For this purpose, we require that the minimum
of | Z(x)| is attained at point # = 0. This implies that the
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FIG. 7: Solutions of self-consistency equation (13), (14).

(a) Local mean field Z(x), (b) corresponding non-local cou-
pling force Z(z). Parameters: r = 0.7, a = 1.5.

incoherent region of a corresponding chimera state is cen-
tered around zero. Under this additional assumption (14)
has a solution pair (Z(az), A) that is locally unique up to
a complex phase shift of the function Z(z).

The boundaries £ = £+S;,,c05 Of the incoherent region,
that we assumed to be centered around x = 0, are deter-
mined by the condition

Sincon, = min{z € [0,1] : |2(x)| = 1}.
In terms of Z(x) the condition for the interface S;,con is
given by |Z(z)| = |A|. Indeed, for
Z(z)] > |A|

the expression under the square root in Eq. (13) is pos-

itive and one can easily derive that |2; o(z)] = 1 there.

Hence this condition characterizes the coherent region.
For |Z(z)| < |A|, we obtain from (13) that

2A (A + /A2 — |Z(x)|2>

|Z(2)|

121,2(2)| =

Concluding from (12) that |21||22] = 1, we see that as
soon as |#1| # |Z2| only the branch 29(z) that uses the

negative sign satisfies |Z2(z)] < 1 and allows for an in-
terpretation as a local mean field of coupled oscillators.
This justifies one part of our choice for the branches of
the square root given above.

C. Lyapunov spectrum in the thermodynamic limit

We are now going to analyze the stability properties
of a stationary profile Z2(x). To this end, we will lin-
earize Egs. (9)-(10) and study the spectrum of the re-
sulting linear operator. A similar spectral problem for
a continuum limit of a coupled oscillator system has al-
ready been considered in [10] and [39]. The results in [10]
show that the stability of partially locked states in the
classical Kuramoto system can be analyzed by means of
the spectrum of the linearization in a suitable contin-
uum limit. The main result in that paper was that the
partially locked states have a neutrally stable continuous
spectrum that can be attributed to the incoherent mo-
tion of the unlocked oscillators that are present in such
solutions. Additionally, stable continuous spectrum on
the real axis as well as stable point spectrum has been
found for this state. A major achievement of Mirollo
and Strogatz in [10] is also to clarify the mathematical
background of their continuum limit in terms of proba-
bility measure spaces and functional analytic properties
of linearization operators acting on such spaces.

In the sequel, we will follow a similar approach for the
stability properties in the chimera problem. In particu-
lar, we will analytically calculate the neutral and stable
continuous spectrum, in a similar way as in [10]. How-
ever, we will avoid mathematical details as much as pos-
sible and refer the reader to [10] for more mathematical
background. Instead, we finally compare the analytically
obtained spectrum with the numerically obtained Lya-
punov spectra shown above.

For the variations 9(z, t) around a given stationary pro-
file £(z) we obtain after linearizing system (9)-(10) the
linear equation

o

yri w(x)o(z, t) + =V (z,t) — ZT(x)V*(:E,t), (15)

1
2

where V (z,t) is the non-local coupling force for o(x,t) as
in (10) and

plx) =iA = 2(x) 2% (2) = —\/|Z(2)2 — A2 (16)

Remark that the latter identity is a trivial consequence
of (13). Note that (15) together with (16) and the def-
inition of the non-local coupling force V(x,t) according
to (10) can be written as an operator equation
do A

— =M+ K)o(t). (17)
dt

where the multiplication operator M is defined as multi-
plication with p(x) and K contains the remaining terms



of (15) that depend linearly on ¢ via the local mean field
integral. In order to avoid complications caused by the
complex conjugation, we reformulate this equation for
complex ¥ now as a system for two real components

(Re{)(x,t) )

Im o(z, t)
where the vector-function v(¢) assumes values in the
functional space

¥(t) =

2
L per

= {u € L*((~1,1);R?) : u is 2-periodic}.

Then, the multiplication operator M is given by

M - < —Im p(z) >

Re p(z)
and K is the integral operator

Re p(z)
Im p(x)

(K11 (=, y)01(y) + Ki2(z,y)02(y)] dy
(K¥)(z)

L%»—' )l_.%)—l

[Ko1(z,y)01(y) + Koo, y)02(y)] dy

with the (2 x 2)-matrix kernel

1 Re 2%(z)  Tm 2*(x)
K(z,y) =5 [Q -Q" ( Irj ;(z) _I;:ézzcx) ) G(z—y),
where
cos « sin a
()
—sina  cos«

and QT denotes the transpose of matrix Q.

For any piecewise continuous coupling function G(x),
as e.g. our default choice G(x) = G, (x), a correspond-
ing stationary profile Z(z) of the self-consistency equa-
tion (14) turns out to be continuous in x. Hence, both op-
erators M and K are linear bounded operators from Lger
to E%er. The stability properties of the stationary solu-
tion to Eq. (6) can now be investigated by analyzing the
spectrum of the corresponding linearization given by the
operator M + K.

Following the general spectral theory for a linear op-
erator A, we distinguish between different types of spec-
trum. The point spectrum o,(A) contains all complex
values A where AJ— A has a kernel and hence is not invert-
ible. The continuous spectrum o.(A) contains values A
for which AT — A has no kernel, but the inverse (\I —A)~*
is an unbounded operator that is defined only on a dense
subspace.

Taking into account the uniform boundedness of the
kernel matrix K (z,y) we conclude that the integral op-
erator K is a compact operator from £2, to L2 . There-
fore, according to Weyl’s result (see e.g. [46]), the contin-
uous spectrum o.(M + K) is given just by o.(M). The
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FIG. 8: (a) Continuous spectrum o.(M) of a chimera state
in system (1) with » = 0.7 and a = 1.5. (b) Corresponding
Lyapunov spectrum function A (z) according to (20).

continuous spectrum o.(M) consists of all complex val-
ues A with

det ( \ > =0 (18)

for some x € [—1,1]. Indeed, one can easily check that
in this case the image of the operator A\I — M is only a

dense subspace of £2 .. Hence, we obtain from (16) that

Re p(z) = A —Im p(x)

Im p(z)  Rep(z) —

o.(M)

{u(:z:) ‘ 0<z< 1} U{c.c.}

{~Vizar -

0<z< 1} U{c.c.} (19)

According to the construction of Z(z) (see Figure 7(b))
we know that for a chimera solution of (14) we have
|Z(x)| < |A| for z € [0, Sincon), and |Z(z)| > |A| for
2 € (Sincoh,1]. Correspondingly, the part of the spec-
trum (19) with = € [0, Sincon) consists of purely imag-
inary values, with their zero real parts corresponding
to the zero Lyapunov spectrum (grey in Fig. 8). In-
stead, for € (Sincon, 1] the spectrum (19) is real and
corresponds to the stable part of the Lyapunov spec-
trum (black in Figure 8). The first part is the interval
[—]x(1)],0] on the real axis, and the second part is the
interval [—4|u(0)],4|(0)]] on the imaginary axis. At this
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FIG. 9: (Color) Comparison of the Lyapunov spectra (color
dots) from Figure 2 with the corresponding Lyapunov spec-
trum functions A (v) (color lines) defined by (20).

point we can also provide the missing argument for our
choice of the solution branches in (13): choosing the op-
posite sign there, the real branch of o.(M) is located
in the positive half plane and the corresponding chimera
would be unstable.

We compare now the real parts of the continuous
spectrum parameterized by z € [0,1] according to for-
mula (19), with the Lyapunov spectrum functions Ay (z)
of the corresponding chimera state (see Figure 5). Re-
calling our numerical results about the limit behavior for
N — oo, we observe for 0 < z < Sjpcon @ convergence of
the Lyapunov spectrum to the corresponding neutral part
of the continuous spectrum. At the same time, we ob-
serve for Sincon < © < 1 a good coincidence of the stable
Lyapunov spectrum with the stable continuous spectrum.
Hence we conclude that the spectrum in the thermody-
namic limit

0 <z< Sincoh7

0, if
A = -
@ =0 2@ — A2, it Spen <z <1,
(20)

can be considered as the limit of the spectra Ay (x) for
N — oo. Additional evidences for this claim can be

obtained if we compare the Lyapunov spectra on Fig-
ure 2 with the corresponding Lyapunov spectrum func-
tions A (v) as it is shown on Figure 9.

It is clear that the composed operator M + K should
also have a point spectrum. However, for the chimera
states we studied, there seems to be no point spectrum
affecting strongly their stability properties. But we pre-
sume that at the boundary of existence of stable chimera
states, critical point spectrum might be responsible for
inducing an instability with respect to a collective mode.

IV. CONCLUSIONS

Starting with the pioneering works of Kuramoto, the
chimera states are known as a peculiar dynamical regime
with an apparently chaotic behavior, which nevertheless
allows for a deterministic description in the thermody-
namic limit. In the present work, we tried to clarify the
relation of the deterministic chaos in the finite size system
and the spectral properties of the corresponding thermo-
dynamic evolution equation. By a careful study of the
Lyapunov spectra, we have demonstrated that chimera
states are weakly hyperchaotic trajectories in the sense
that their Lyapunov spectra contain a considerable num-
ber of positive Lyapunov exponents. When the system
size grows, the hyperchaotic part of the spectrum tends
to zero. We also have found that for N — oo the whole
Lyapunov spectrum has a well-defined limiting behavior,
which can be associated with the spectral properties of
the thermodynamic limit equation.
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