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Summary In this paper we consider the regularizing properties of fractional multistep methods
for the stable solution of linear weakly singular Volterra integral equations of the first kind with
perturbed right-hand sides.

1 Introduction

In this paper we consider linear weakly singular Volterra integral equations which are of the
following form,

(Au)(@) = Fiy /j(z—y>-<1-a>k<x7y>u<y>dy — fa)  for 0<az <L, (L)

with 0 < o < 1 and some real number L > 0, and with a sufficiently smooth kernel function
k10, L]x[0, L] — R, and I" denotes Euler’s gamma function. For applications see e.g. Durbin [5]
and Lerche / Zeitler [13], where crossing probabilities for Brownian motions and the inversion of
the two-dimensional Radon transform are considered, respectively. In the sequel we will suppose
that the kernel function does not vanish on the diagonal 0 < z = y < L, and without loss of
generality we then may assume that

k(x,z) = 1 for 0<2z<L (1.2)

holds. Moreover, the function f : [0, L] — R is supposed to be known approximately, and a
function u : [0, L] — R satisfying equation (1.1) has to be determined.

There exists many classes of methods for the approximate solution of equation (1.1) if the right—
hand side f is exactly given, see e.g., Brunner /van der Houwen [2] and Hackbusch [8]. One of
these classes are fractional multistep methods which are introduced by C. Lubich ([14], [15]).
In the present paper we review these methods (cf. Sections 2 and 3) and then consider their
regularizing properties when the right-hand side in equation (1.1) is only approximately given
(cf. Section 4). Finally fractional BDF methods are considered in more detail and numerical

illustrations are presented (cf. Section 5).

* Supported by the DFG Research Center "Mathematics for key technologies" (FZT 86) in Berlin.
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2 Review of a class of convolution quadrature methods and the basic notations

In this section we recall (with slight modifications occasionally) the basic notations and results
from the paper [14].

2.1 Quadrature methods of convolution form

As a first step we consider in (1.1) the special situation & = 1, with the corresponding integral
operator being the classical Abel integral operator

(Vau)(z) = f%}éqm—w%FMdey for 0<z<lL, (2.1)

where u : [0, L] — R is supposed to be a continuous function. For the numerical approximation
of the integral (V,u)(z) with 0 < z < L we consider convolution quadrature methods of the form

n
(2pu)(x) = h*> waju(jh) for h = z/n, n=12.... (2.2)
j=0
Here wg, w1, ... denotes an infinite sequence of real coefficients which is assumed to be indepen-

dent of the considered point x and the stepsize h. More conditions on these weights as well as
examples will be considered later in this subsection.

The error of the convolution quadrature method (2.2) at a point 0 < = < L is then given by
(Bru)(z) = (2pu)(z) — Vau)(x) for h = x/n, n=12... (23)

The convergence order of a quadrature method (2.2) is determined by the error of the method with
respect to monomials, see the following definition. As a preparation we note that the considered
quadrature method of course may be applied to functions u which are defined on other intervals
than [0, L]. In addition, the approximation ({25 u) (z) is independent of the right-hand endpoint
L so that it is not necessary to refer to the particular choice of L, cf. Definition 1 below.

Definition 1 The convolution quadrature method (2.2) for the numerical integration of (2.1) is
called convergent of p > 1, if

(Ery?) (1) = O(htth) as h = 1/n — 0 (¢ =0,1,...,p—1). (24)

Note that in (2.4) the error is considered only at the point = 1. For a given sufficiently smooth
function w : [0, L] — R we next consider the error (Eju)(z) of the convolution quadrature
method (2.2). This error can be written as follows,

p=1l ) 0
EBr)@) = S OBy ) @) + (EuR)@)  for h = a/n,  (25)
r=0
for n =1, 2,..., with the remainder R,(y) = ﬁ JZ(y — 2)P~1uP)(2) dz. For a convolution

quadrature method (2.2) of convergence order p, subsequently for each point = nh the weights
for the starting values u(jh) for j = 0,1,...,p — 1 will be modified to eliminate the errors
(Ery")(z) for r = 0,1,...,p — 1, cf. Section 2.3 for more details. It then basically remains to
consider the quadrature error of the remainder, which will be done first (cf. Section 2.2).
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We conclude this subsection with some preparatory considerations. First, it turns out to be useful
to extent the definition of the convolution quadrature method (2.2) to arbitrary step sizes h and
points x as follows,
Lz/h]
(2pu)(x) = K% D wju(z —jh) for h>0, 0<uz<IL, (2.6)
§=0
where | z | denotes the largest integer < z. The error (Eju) (z) considered in (2.3) then can easily
be extended to arbitrary step sizes h by using the extended definition (2.6) of the considered
quadrature method. For this extended definition of the considered quadrature method there holds

(Er(uxv))(x) = ((Epu) *v)(x) for h>0, 0<z<1L (2.7)

for continuous functions u, v : [0, L] — R. We recall that the convolution ¢ ¢ : [0, L] — R of
two arbitrary continuous functions ¢, ¢ : [0, L] — Ris given by (¢ x¢)(z) = [ e(z—y)¥(y) dy
for 0 < x < L. Additionally for integers ¢ = 0, 1,... we have

(Bny®) (z) = 2°V9(Ep %) (1) for h>0, z > 0. (2.8)

Both representations (2.7) and (2.8) follow from similar properties of the Abel integral operator
and the quadrature method, respectively.

We need some properties of the weights wg, wi,... considered in the convolution quadrature
method (2.2), and for this purpose these weights are considered as the coefficients of a power

series,
w(§) = Y wal", (2.9)
n=0

which is called the generating function of the quadrature method (2.2). We suppose that this
power series converges for |£| < 1, and in addition in this paper we restrict the considerations to
those generating functions w(§) which can be represented as follows,

w) = 1= *w(&), @(&) holomorphicon By, = {£€€C:[¢]<1+e}, (2.10)
GE) A0 for €€By, (2.11)

with some real number ¢ > 0. The representation (2.10)—(2.11) has implications on the decay of
the coefficients wy,,

wp = an~ 17 4 O(n~2-) as n — 0o (2.12)

with some real constant a # 0. In fact, (2.12) is a stability property. Examples of generating
functions satisfying (2.10)—(2.11) are given in Section 5.

2.2 Application of the considered quadrature method to the Taylor expansion remainder: an

error analysis

We next present an error representation of the convolution quadrature method (2.2) applied to
the Taylor expansion remainder considered in (2.5). This representation differs from the error
expansion considered in [15] and requires in the subsequent proofs slightly less smoothness of
the involved functions. For an integer » > 1, in the following C"[0, L] denotes the set of r—times
continuously differentiable functions f: [0, L] — R.
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Proposition 1 Let the convolution quadrature method (2.2) be convergent of order p > 1 and be
representable as in (2.10)-(2.11). Then for each function u € CPTY[0, L], the quadrature error

of the remainder considered in (2.5) can be written as

(EnRp)(z) = ch? S w,julP (jh) + O(nPTe) for x=nh,
=0 n=0,1,...,N  (2.13)

for h — 0 uniformly with respect to x, with some real constant c,.
Proof As a first step one derives the following error representation for general step sizes,
(Ery? (1) = c(h)h? + O(hPT) for 0<h <1, h—0, (2.14)

where the function ¢ : [0, 1] — R is defined on subintervals as follows,

P
_ 1 1
C(h) = Zoas(h l_n)s for n——H<h < o n = 1,2,....
s=
Here ag, a1, ..., a, denote some coefficients which are independent of h. The verification of the

representation (2.14) requires several simple technical computations which are omitted here.
We now consider the error of the convolution quadrature method (2.2) applied to the Taylor

expansion remainder considered in (2.5),

(EnRp)(z) = = )|/( PR uP) (z—2)dz = e 1) (I, + Io),

with the integrals (with = = nh)

h
/0 2oL (Eny-yP~ Y1) uP (z - 2)dz

Ig :/ 3 dz,
h

where the identities (2.7) and (2.8) have been applied. It follows easily that I; = O(h?*®) holds
as h — 0, and we now consider the second integral I>. Here we use the asymptotic behavior of
the quadrature error (Ej,y?~!)(1) considered in (2.14). The term O(hP*!) appearing there is of
sufficiently good accuracy, and the first term on the right-hand side of the identity (2.14) can

be treated as follows,

nh n—1
/h 2Pl (B () (p — 2)dz = el S (n— ) TP () + ORPTe)
j=1
n
= chPte Z wn_ju(p) (Gh) + O(hPte)
j=0
with the constants e, = > %_ as/(s + 1) and ¢, = €,/a, where the number a corresponds to
the asymptotic expansion (2.12). The constants in the two appearing Landau symbols depend
on maxo<,<z, |u®*(2)| and maxo<,<y, |u)(x)|, respectively, and they do not depend on the
considered grid point & = nh. This completes the proof. d

Remark 1 For the product-trapezoidal rule, in Eggermont [6] an error representation is given
which is similar to the representation considered in Proposition 1. Some corresponding results
considered in a more general context can be found in Cameron/McKee [4].
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2.3 Starting weights

In the sequel the convolution quadrature method (§2,u)(z) given by (2.2) is considered at uni-
formly distributed grid points x = nh for n =1, 2,..., N, where the integer N and the step size
h are related as follows,

h = L/N.

In addition we suppose that the convolution quadrature method ({2, u) (x) has convergence order

p and consider then the modification

= (2nu)(z)
~ n p—1
(2pu)(x) = R wnju(jh) + A% wyju(jh) for x=mnh (2.15)
j=0 j=0
as approximations to the fractional integral (V,u)(x) for z =nh withn = 1,2,..., N, respec-
tively. Here, w,, ; for j = 0, 1,...,p — 1 are certain correction weights for the starting values to

be specified. Due to the form of the second sum in (2.15) it is necessary to impose the technical
condition h(p — 1) < L.

In the modified quadrature method (2.15), for each n =1, 2,..., N a reasonable approach is to
choose starting weights such that (2.15) is exact at = nh for all polynomials of degree < p —1,

i.e.,
(Qny?) (2) = Vay?)(x) for ¢ = 0,1,...,p—1. (2.16)

This means

p—1 n

q _ _Tlg+1) + ; _

andjq = mna 7 an_]’jq fOI‘ q = 07 1,...,])—1, (217)

7=0 7=0
which in fact is a linear system of p equations for the unknowns w, ;, j =0,1,...,p — 1 with a

Vandermonde matrix which does not depend on n. Since the right-hand side of the identity in
(2.17) is O(n~1=%), there holds the estimate

W = O(n~079) as m— 0o for j =0,1,...,p—1. (2.18)

Note that the considered approach for determining the starting weights cannot be applied in the
case z = 0. In that case one obtains (£2;,y7)(0) =0 for ¢ =0, 1,...,p — 1 which cannot be used
in the subsequent considerations on the numerical solution of integral equations of the first kind.

We now consider the error of the modified quadrature method,
(Epu)(z) = (2pu)(x) — Vau)(z) for h = ax/n, n=12....

For fixed step size h this error can be written as

~ p—1
(EBvu)(2) = (EuRy) (@) + h* Y wn; By(ih). (2.19)

§=0
With the same assumptions as in Proposition 1, the first term on the right-hand side of (2.19)
can be written in the form ¢,h”?** 37" _;w,—; uP) (jh) + O(hP+®). In addition, the sum in (2.19)
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is of the form O(hP*1) which follows from (2.18). As an immediate result we obtain the following
representation of the error of the modified quadrature method:

(Epu) (z) = cphp+a2wn_ju(p)(jh) + O(hPT™®) for z =nh,
j=0 n=0,1,...,N, (2.20)

for h — 0 uniformly with respect to x, with some real constant c,.

3 Numerical solution of weakly Volterra integral equations of the first kind by the
modified quadrature method

3.1 Introductory remarks and the basic algorithm

In this section we recall the basic result of the paper [15]. For this purpose we again consider the
weakly singular Volterra integral equation of the first kind (1.1) and suppose that it has a unique
solution w : [0, L] — R (sufficient conditions are given at the end of Section 4). Additionally we
suppose that the values of the right-hand side of equation (1.1) are exactly given at uniformly
distributed grid points

Ty = nh for n=1,2,...,N, (3.1)

respectively. In the sequel we consider a convolution quadrature method of the form (2.2) which
has convergence order p. In addition modified starting weights as in (2.15) are used to determine

approximations u, ~ wu(x,) for n = 1,2,..., N. This means that for a given starting value
uo ~ u(0), approximations uj, usg,...,uy have to be determined such that the identities
n p—1
RS wnojk(zn, zj)u; + WY wpjk(zn,zj)u; = f(z,) (3.2)
j=0 §=0

are satisfied for n = 1,2,..., N. Note that the assumption & = 1 is now omitted, and the
general situation for the kernel k is considered in the sequel. The procedure for determining
these approximations is as follows:

(a) First determine a starting value ug ~ u(0). One of the reasonable algorithms is considered
at the end of Section 4.

(b) Then solve (3.2) for n =1,2,...,p — 1. This leads to a linear system of p — 1 equations for
the p — 1 unknowns w1, ug, ..., up_1.

(c) The identities (3.2) then are used successively for n = p,p+ 1,..., N to determine the
approximations u,, Up41, ..., unN, respectively.

We next present the approximation properties of the scheme (3.2). As a preparation we formulate
the basic assumptions.

Assumption 1 (a) The convolution quadrature method (2.2) is convergent of order p > 1,

(b) the corresponding gemerating function w(§) considered in (2.9) can be represented as in
(2.10)-(2.11),

(c) the starting weights are determined according to the conditions in (2.16),

(d) the kernel function k in the integral operator (1.1) has continuous partial derivatives up to the
order p+1 on [0, L] x [0, L], and the solution u of the integral equation (1.1) is (p+1)-times
continuously differentiable on the interval [0, L],



Fractional multistep methods for weakly singular Volterra equations of the first kind with noisy data 7

(e) and k(x,x) =1 holds for each 0 < z < L.

At the end of Section 4, conditions on the right-hand side of the considered weakly singular
Volterra integral equation of the first kind are given which guarantee the existence of a solution
u satisfying (d) in Assumption 1.

As another preparation we present a useful result on the quadrature error for general kernels k.
For this we introduce notations for the error of the scheme (3.2),

en = u(Tp) — Up for n =0,1,...,N. (3.3)

If the conditions in Assumption 1 are satisfied, then there holds

n p—1
RS wn_jk(zn, zj)e; + h* D wy jk(xn, x5)e;
=0 =0
= h"T Y waj(x;) + OWPT?) for n = 1,2,...,N (34)

=0
uniformly with respect to n, with the function p(z) = %{k(:ﬂ,y)u(y) }‘y:w for0 < z < L.
For each n the representation (3.4) follows from the representation (2.20), with the function u
replaced by the function y — k(z,,y)u(y) considered on the interval [0, x| there.

3.2 Uniqueness, existence and approximation properties of the starting values

We now consider uniqueness, existence and approximation properties of the starting values wuq,

Ug, ..., Uup—1. As a first step we consider in more detail the linear system of equations
p—1
RS (wn—j +wnj) k(zp, zj)u; = f(zn) for n = 1,2,...,p—1, (3.5)
F=0 N——
= Wn,j

with the notation w,, = 0 for n < 0. The linear system of equations (3.5) can be written in the

form
= S
wi,1k11 Wigkio o0 Wip_1kipo
U1
w1 ka1 Wookso - Wap_1kap_1
h _ (3.6)
Up—1
| Wp—1,1hp-11 Wp-12kp-12 -+ Wp-1p-1kp-1p-1
f(x1) W1,0k0,0
f(x2) Wa,0k1,0

f(mp—l) Wp-1,0kp-1,0
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with the notation

k‘n,j = k‘($n,ﬂj‘j) for 0 < j,n < p—1.

It turns out that the matrix S = S(h) € R®=1*P=1) in (3.6) is non-singular for sufficiently
small values h, and ||S™!||cc = O(R™%) holds for h — 0 where || - ||oo denotes the matrix norm
induced by the maximum norm for vectors. This estimate for the matrix S~—! is obtained by
considering first the case K = 1 and applying the representation (2.17), and the general case is
then obtained by using a perturbation argument.

We now present the approximation properties of the considered starting values ui, ua, ..., up_1.

Proposition 2 Let Assumption 1 be satisfied, let uy be a starting value with ug — u(xg) = O(hP)
as h — 0, and let the other starting values ui, ua, ..., up—1 be determined by (3.2) for n =1, 2,

..,p— 1. Then there holds
max |u, —u(zy)|] = O(KP) as h—0. (3.7)

n=1,2,...,p—1

Proof We repeat from [15] the basic steps of the proof since some of these steps are also needed
in the proof of the main result in the present paper (cf. Section 4). The error representation (3.4)
and the assumptions on the approximation properties of the starting value ug yield

p—1
S Wi k(g a5)e; = O(PT?) for n =1,2,....,p— 1. (3.8)
j=1
A matrix—vector formulation of (3.8) gives

|SEL||c0 = O(RPT) as h—0, with  Ej := (er,e2,...,ep1)"

with the matrix S from (3.6) which is non-singular for sufficiently small values h, with [|S~!||,c =

O(h™®) as h — 0, see the statements above. Here and in the sequel, || - || denotes the maximum
norm for vectors as well as the induced matrix norm, respectively. From this the estimate (3.7)
follows. O
3.8 The approzimation properties of the values up, upi1,...,uN

We now present the main result on the convergence order of the approximations obtained by the
scheme (3.2). As a preparation consider the reciprocal

I
- oxen ¢

of the generating function w(§) = Y >° jw, ™. It is an immediate consequence of the represen-

tation (2.10)—(2.11) that the coefficients of the reciprocal function 1/w(&) satisfy
Wi = omh as n — oo. (3.9)

We now present a special version of the main result of the paper by Lubich [15]:
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Theorem 2 Let the conditions of Proposition 2 be satisfied. Then the approzimations u,, Up1,
... un (determined by (3.2) forn =p,p+1,..., N, respectively) can be estimated as follows,

max _ |up —u(zy)| = O(RP) as h—0.
n=p,p+1,...,.N

Proof Again some of the steps in this proof are needed also in Section 4, therefore we repeat
from [15] the basic steps of the proof. Moving the second sum on the left-hand side of the error

representation (3.4) to the right—hand side gives the following error representation,
n n
S wnjk(xn, ) e; = hP > wn_je(x;) + ORPT) for n=0,1,...,N (3.10)
j=0 §=0

for h — 0 uniformly with respect to n. We next consider a matrix—vector formulation of (3.10).
As a preparation we consider the matrix A¢ € RIWHIX(N+1) with

WOkO,O 0 0
w1 k170 kaLl 0 0

wika1 wokao2

[} o
h h

0
wnkno - o s wikNn N—1 wWokNN
with the notation
knj = k(xn,xj) for 0<j<n<N.
Additionally we consider the matrix B € RIN+DX(N+1) given by
wg 0 e e e 0
wi wo O 0
w2 w1
By = h° ,
0
WN .« o e o« o o W2 wl wO
and the vectors
E, = (607617"-76N)T7 G = cphp(go(wo),go(ml),...,go(:l:N))T.

Using all these notations, the linear system (3.10) becomes

A%E, = BYG + FY, withsome F e RV ||F¥le = ORPT®) as h— 0. (3.11)
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For a further treatment of the identity (3.11) we now consider the inverse matrix of By, this is
Dioll c RO+ (N+1) with

_w(()—l) 0 0 -
WV w0 0
wé_l) w§ noo- . :
Di = w7 - (3.12)
0
_w](v_l) el wé_l) wg_l) wé_l) |

We now apply the matrix Dy’ to both sides of (3.11) and obtain
|IDF AT ERllco = O(RP) as h—0, (3.13)
where the estimates
Dl = O(R™), [Glle = O(W")  as h—0 (3.14)

have been used, and the first estimate in (3.14) follows from the decay (3.9) of the coefficients of
the reciprocal of the generating function w. It then turns out (cf. Eggermont [6] for more details)
that the lower triangular matrix Dj Af' can be written as follows

DpAy =1 + hK), with K, = (kpe;) e RINFDX(N+1)  gtrictly lower triangular,

1§jI<nea§XN+1‘kh’e’j‘ = 0(1) as h— 0.

This representation and the discrete version of Gronwall’s inequality now yields
[(DEAY) Y = O(1) as h—0. (3.15)
The statement of the theorem now follows from the estimates (3.13) and (3.15). a

Remark 2 (a) For the product-trapezoidal rule, a similar approach as in the proof of Theorem
2 is considered in Eggermont [6].

(b) Tt follows from the proof of Theorem 2 that in the situation of Assumption 1 the scheme
(3.2) can be applied for n = p, p+1,..., N with starting values u, us, ..., u,—1 that are obtained
by other approaches. The only requirement is that estimate (3.7) is satisfied.

4 Perturbed data

We now start with the main purpose of the present paper, this is, the consideration of the
regularizing properties of the scheme (3.2). Here we consider the situation that only perturbed
data fg are available at the grid points x,,, respectively, with

1fo— flan)| < 6 for n = 1,2,...,N, (4.1)
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where § > 0 is a known noise level. In that situation the discrete equations (3.2) are modified
6

as follows: For some given starting value ud ~ u(0) determine approximations ug

n=1,2,...,N such that the identities

~ u(xy) for

n p—1
RS wnj k(:rn,a:j)ug + h*> wp k(:z:n,:nj)ug = f° (4.2)
j=0 Jj=0
are satisfied for n = 1, 2,..., N. The procedure for determining these approximations is similar

to the procedure for exactly given right—hand sides, cf. Section 3.1.

We are now in a position to formulate the main results of this paper. As a preparation we consider
the following assumptions:

Assumption 3 (a) The conditions in Assumption 1 are satisfied,
(b) the conditions (4.1) on the noise are satisfied,
(c) and uf is a starting value with u) — u(xo) = O(h? + 35 /h%) as (h, §) — 0.

The following proposition provides an error estimate for the starting values.

Proposition 3 Let the conditions of Assumption 3 be satisfied, and let starting values u‘f, ug,
.. ,ug_l be given by (4.2) forn=1,2,...,p— 1, respectively. Then there holds

5 ]
nzlgi%p_1|un —u(zy)| = O(R + h_o‘) as (h,d) — 0.

Proof Due to the results in [15] which are recalled in the present paper it is sufficient to estimate
the differences between the perturbed and the unperturbed approximations,

AS = ug — Up for n = 1,2,...,p— 1.

n

Here the approximations uy, ua, ..., u,—1 satisfy the unperturbed discrete equations (3.2), and
ug denotes an arbitrary starting value with ug — u(zg) = O(hP) as h — 0. A comparison of the
identities (4.2) and (3.2) gives

p—1
WS @ k(g 1) A = ORPT® +4) for n = 1,2,...,p—1, (4.3)
j=1

where the weights @, ; are introduced in (3.5). Note that the summation in (4.3) begins with

j = 1. A matrix—vector formulation of (4.3) yields
ISES o = O(RPT +0) as (h,6) —0, with Ep = (A}, 4),...,4) )T,

with the matrix S from (3.6) which is non-singular for sufficiently small values h and satisfies
|S7 oo = O(h™%) as h — 0, cf. Section 3. From this the statement of the proposition follows. [

The following theorem provides an error estimate for the approximations ug, ug SRR ,u?v.

Theorem 4 Let the conditions of Poposition 3 be satisfied. Then the error for the approximations
given by (4.2) forn=p,p+1,...,N can be estimated as follows:

5 _ - P 2 4.4
n:p,lg)lff...,N‘un u(xy,) ]| O(h + ho‘) as (h,d) — 0. (4.4)
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Proof Again it is sufficient to estimate the differences
A =l — o, for n = 0,1,...,N,

where the approximations wuj, ug,...,uy satisfy the unperturbed discrete equations (3.2) for
n=1,2,...,N, and ug denotes an arbitrary starting value with ug — u(z9) = O(hP) as h — 0.
From that we obtain

h S wpojk(zn, ) A = O™ +6) as (h,6) =0 for n = 0,1,...,N (4.5)
7=0

uniformly with respect to n. Here the assumptions on the approximation properties of the start-
ing values and the boundedness of the starting weights are used, cf. (2.18). A matrix—vector
formulation of (4.5) is as follows,

|ASES oo = OPY¥46) as (h,6) — 0,  with EJ = (A3 A,...,A%)", (4.6)

with the same notations for the matrix A} € RINFTUX(N+1) a5 in the proof of Theorem 2 on the
error of the considered scheme (3.2) with unperturbed data. From the estimate ||(A%)™ ! =
O(h™®) as h — 0 (cf. estimates (3.14) and (3.15) in the proof of Theorem 2) we finally obtain
the estimate (4.4). 0

As an immediate consequence of Proposition 3 and Theorem 4 we obtain the following main
result of this paper.

Corollary 1 Let Assumption 8 be satisfied, and let h = h(J) be step sizes with h ~ o1/ (p+e) g
0 — 0. Then the error for the approximations (given by (4.2) forn =1,2,..., N, respectively)

can be estimated as follows:

max |ud — u(z,)| = O/ PT) as 6 — 0.

n=0,1,...,

Here h ~ 6%+ means that there exist real constants co > ¢; > 0 such that ¢ h < §1/PFT) <
coh as § — 0.

We conclude this section with some important remarks.

Remark 3 (a) It follows from the considered proofs that also starting values u$, uJ, . .. ,ug_l

obtained by other schemes than (4.2) can be used. In the situation of Corollary 1 the only
requirement is ud — u(z,) = O(?/P+®)) as § - 0forn=1,2,...,p— 1.

(b) The smoothness conditions on the solution u considered in Assumption 1 are satisfied (and
additionally, the existence of the solution u can be guaranteed then), if the exact right—hand side
f can be written in the form f(z) = x%g(z) with a function g € CP*2[0, L] and if in addition
the kernel k(z,y) has for 0 < y < 2 < L continuous partial derivatives up to the order p + 3, cf.
Atkinson [1] for the details.

(c¢) In the situation of part (b) of this remark there holds ag(0) = «(0) which follows by simple
calculations. Thus, for general values of h a possible strategy for the determination of a starting
value ug is to consider the interpolating polynomial P° of degree not larger than p — 1 which
satisfies PO(z,) = fO(z,)/x2 for r = 1, 2,...,p. The choice ud = aP?(0) = u(0) + O(hP 4 §/h%)
then gives a starting value of sufficiently good accuracy.
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(d) For other special regularization methods for the approximate solution of Volterra integral
equations of the first kind with perturbed right-hand sides and with possibly weakly singular
kernels, see e.g., Bughgeim [3], Gorenflo / Vessella [7], Lamm [12] and the references therein.

(e) The presented propositions and theorems can be extended to Volterra integral equations of
the first kind without weak singularities, this is the case & = 1 in the Volterra integral equation
of the first kind (1.1). The corresponding proofs have to be modified at some places. For example,
for the proof of estimate (3.15) we need (in the case a = 1) that the coefficients of the generating
function w(&) and its reciprocal 1/w(€) can be written as follows,

wn = a + O(q"), Wi = 0 as n — oo (4.7)

n

for some real number 0 < ¢ < 1 and a € R. The representations in (4.7) in fact follow from
the representation (2.10)—(2.11). For the application of multistep methods to Volterra integral
equations of the first kind without weak singularities and with exactly given right—hand sides see
Wolkenfelt [17].

5 Examples of fractional multistep methods for weakly singular Volterra operators,
and numerical experiments

5.1 Multistep methods for initial value problems

In this section we will consider special convolution quadrature methods of the form (2.2) for
the numerical approximation of the Abel integral operator (2.1). As a preparation consider the
simple initial value problem

() = u(z) for 0<z<IL, f(0) = 0, (5.1)

where the function u : [0, L] — R is given, and the function f : [0, L] — R has to be determined.
For the numerical solution of the initial value problem (5.1) we consider linear multistep methods
which are of the following form,

m m
S jfar; = hD> Biuny for n =0,1,...,N—m, (5.2)
j=0 §=0

with given real coefficients ag, a1, ..., an and B, B1,-- -, Bm, with m € N and a,,, # 0, B, # 0.

For given starting values fo, f1,..., fm—1, the identities (5.2) are used to determine successively

forn =m, m+1,..., N approximations f, to the numbers f(z,), respectively.

An important class of examples are BDF methods:

Ezample 1 For m = 1, 2,...,6, the m—step BDF method for solving the initial value problem
(5.1) is as follows, respectively:

S iV fuim = Mt for n = 0,1,...,N —m, (5.3)
k=1

with the recursively defined backward differences. See e.g., Hairer / Ngrsett / Wanner [10] or [16]
for an introduction to BDF methods. For m < 3, the BDF methods are of the following form,

respectively:

m=1: forl = fo = hupy;
m=2: %(Bfn—ﬂ - 4fn+1 + fn) = hun—i-?;
m=3: %(11fn+3 - 18fn+2 + 9fn+1 - 2fn) = hu,ys.
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In particular, for m = 1 the implicit Euler scheme is obtained.

For an arbitrary multistep method, the numbers fy, fi,..., fx can be written in an explicit form.
For this purpose we consider the associated generating polynomials

p(€) = Y a;€, o) = Y B¢ (5.4)
§=0 j=0
as well as the corresponding formal power series
_ o(1/§) . > s
T(&) - p(l/f) - 822%7-86 . (55)
It turns out that the approximations fp,, fm+1,.-.,fn given by (5.2) can be written in the

explicit form f, = hY o Tph_sus for n =m, m+1,..., N provided that the starting values fo,
fi,---, fm—1 are of similar form. As an example consider again the BDF methods. For each m
there obviously holds o (&) = {™, and hence the corresponding formal power series is of the form

(&) = [€mp(1/€)] " (5.6)

Examining the representation (5.3) in more detail shows that £&™p(1/€) = > 1 (1—&)* /k holds.

5.2 Fractional multistep methods

For a given multistep method (5.2) for solving the initial value problem (5.1) we now recall briefly
the basic properties of the corresponding fractional multistep method. For this purpose we write
the formal power series (5.5) as follows, 7(§) = 70 (1 + ¢(§)) with the coefficient 79 = B, /am
which is assumed to be positive, 79 > 0. The binomial formula then gives for 0 < o < 1

HOF = 3 (e = S wn” = w(e). (5.7)
n=0 n=0

The corresponding fractional multistep method (for the approximation of the Abel integral opera-
tor (2.1)) is by definition of the form (2, u) (z) = h® Z?ZO wn—ju(jh), with coefficients wg, w1, . ..
as in (5.7). These coefficients can be computed in a stable way by Newton’s method for for-
mal power series, which now will be described briefly for BDF methods, cf. Hairer / Lubich /
Schlichte [9]. In fact, for BDF methods the equation (5.7) can be written as

Fw(€)) = w(© 1 = &mp(1/§) = 0. (5:8)
— 7
=:p(¢)
In the case a = 1/M with M > 2 being some integer, the equation (5.8) easily can be solved
by Newton’s method for formal power series. This generates a sequence of formal power series
wl(€), wl?l(€),. .. which here takes the form

W) = (L+a)wll(©) — a{ (W@ 5(E) ), for s = 0,1,... . (5.9)

Here, the notation {a(§) }, = >, _,an&™ is used as a truncation of a given formal power series
a(§) = > 07 yang™. In addition it can be shown (Henrici [11]) that the first 2% coefficients of
the formal power series w(®1(¢) and the solution w(€) of the equation (5.8) coincide if wl%(¢) =
1/p(0)* is chosen in (5.9) as initial formal power series.
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5.8 Convergence order and stability of fractional multistep methods

It is well-known (cf. [10]) that a multistep method (5.2) for solving the simple initial value
problem (5.1) is consistent of order p if and only if

hr(e™™) = 1 4+ O(hP) as h — 0 (5.10)

holds for the corresponding generating function (5.5). It is supposed here that the generating
function 7(&) converges for |{| < 1. For the fractional power series w(§) = 7(£)® we then have

hw(e ™) = 1 4+ O(nP) as h— 0. (5.11)

It is shown in Lubich [14] that a convolution quadrature method (2.2), with a generating function
(2.9) that is representable as in (2.10)—(2.11) and satisfies (5.11), is convergent of order p.

We next consider the condition (2.10)-(2.11) on the representation for generating functions of
fractional multistep methods, and we restrict here the considerations to fractional BDF methods
with m < 6. It can be shown that the denominator in (5.6) always has £ = 1 as a simple root,
and all other roots belong to the exterior of the closed unit disc. The corresponding function
7(£)® can be written as

()" = [£"p(1/O]* = (1= "w(E).

From the binomial expansion it follows that the considered function w(§) is holomorphic and
has no roots in the disk B14. = {£ € C : || < 1 + ¢}, with some ¢ > 0. This finally gives
the required representation (2.10)—(2.11) for the generating function 7(£)® of the considered
fractional BDF method.

5.4 Numerical experiments

As an illustration of the main result considered in Corollary 1, we next present the results of
some numerical experiments. We consider the following linear weakly singular Volterra integral
equation of the first kind,

/ (z—y) Ve V) dy = e (2 + 27 + 29) for 0<z<1, (512
0
with exact solution

_ _—y(_ 5 972 6! 11/2 132

and thus in particular u € C*[0, 1]. Here are some additional informations on the numerical
tests:

» the BDF method of order 3 is chosen;

» numerical experiments with the step sizes N = 2% — 1 for ¢ =5, 6, ..., 11 are employed;

. for each considered step size h, the noise level § = h?T® = b3 is considered;

. in the numerical experiments, the perturbations are of the form f° = f(z,) + A, with
uniformly distributed random values A,, with |4, | < J;

+ in each experiment, the starting value ug is determined by the strategy described in part (c)
of Remark 3.
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Table 1. Numerical results

| N 5 100  8/||flloo | maxn [ud —u(zn)| | maxn |uf —u(zn)| /6%7 |

31| 6.0%x10°° 5.46 % 10~* 2.30 %1073 68.5

63 | 5.0%107" 4.56 % 107° 3.00 % 10~* 75.1
127 | 4.3%1078% 3.93 % 10°¢ 3.89 % 107° 79.7
255 | 3.8%107° 3.42 %1077 4.85%10°° 80.5
511 | 3.3%107 % 3.00 % 1078 6.17 x 1077 82.3
1023 | 2.9« 1071 2.65 % 107° 7.69 % 1078 82.3
2047 | 2.6 10712 2.33x1071° 9.69 % 1072 83.2

R. Plato

Experiments are employed using the interactive program system Octave (http://www.octave.org).
The results are shown in Table 1, where ||f||o denotes the maximum norm of the function f.
We conclude this paper with some additional comments on the numerical experiments.

(a) The relative errors presented in the third column of Table 1 are relatively small.

(b) Almost the same results as in Table 1 are obtained if all starting values are chosen to be zero,

ud = u§ = u = 0. This is no surprise since the exact solution of equation (5.12) satisfies

u(0) = u/(0) = «”(0) = 0.

(c) Similar numerical experiments were employed with an equation where the solution is of
the form u(y) = e_y(ﬁyl/2 + F(?é!.5)y5/2 + F(g.s)yg/2) for 0 < y < 1. Here the ratios
max,, |u’ — u(zy,)| /057 deteriorate as N increases. This is no surprise since the solution u

does not satisfy the required smoothness condition of Assumption 1.
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