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Abstract

In this paper we study the distributed optimal control for the Cahn-Hilliard system.
A general class of free energy potentials is allowed which, in particular, includes the
double-obstacle potential. The latter potential yields an optimal control problem of
a parabolic variational inequality which is of fourth-order in space. We show the
existence of optimal controls to approximating problems where the potential is replaced
by a mollified version of its Moreau-Yosida approximation. Corresponding first order
optimality conditions for the mollified problems are given. For this purpose a new
result on the continuous Fréchet differentiability of superposition operators with values
in Sobolev spaces is established. Besides the convergence of optimal controls of the
mollified problems to an optimal control of the original problem, we also derive first
order optimality conditions for the original problem by a limit process. The newly
derived stationarity system corresponds to a function space version of C-stationarity.
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1 Introduction

In the study of interface dynamics phase field models received a considerable amount of
attention in the recent past; see, e.g., [54] for a review on phase field models in material
science. Such models have also been applied successfully in fluid dynamics [7], image pro-
cessing [14,25] and cancer growth modelling [27].

In [20] Cahn and Hilliard introduced a continuous model for phase transitions in systems
of non-uniform compositions capturing spinodal decomposition. Based on the minimization
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2 1 INTRODUCTION

of a Ginzburg-Landau type free energy, the resulting system is of parabolic type with a
fourth-order (partial) differential operator in space which describes the evolution of a local
phase variable y. Within a spatial domain €, the latter is required to take values in [—1,1]
where, for x € Q, y(x) = 1 represents one of two phases and y(z) = —1 the respective other
one. For —1 < y(z) < 1 the composition is in a mixed state at x € ). Utilizing a chemical
potential w and assuming constant mobility (normalized to 1), the associated mathematical
model reads

vy —Aw =0, w+yAy e I¥(y), (1.1)

with appropriate initial and boundary conditions. Here, v > 0 denotes a given parameter,
U represents the homogeneous free energy density contained in the Ginzburg-Landau model
and OV stands for the generalized derivative from non-smooth analysis [21]. Note that the
latter is single-valued whenever ¥ is differentiable at y. In this case 0V (y) = {¥'(y)} with
U’(y) the derivative of ¥ at y.

Depending on the application context, different choices of U have been investigated in the
literature. Typically, the various versions of W aim at confining the values of y to [—1,1]
or (—1,1). In this context, a widely studied choice is the double-well potential [23,26, 50].
Another choice is of logarithmic form and goes back to Cahn’s and Hilliard’s original work
[20]; see also [2]. Logarithmic forms of the free energy density are also important in the Flory-
Huggins solution theory of the thermodynamics of polymer solutions. While the double-well
type free energy allows violations of y(z) € [—1, 1], the logarithmic potential does not. Both
choices, however, share certain differentiability properties such that 0¥ becomes single-
valued and the second equation in (1.1) becomes an equality with the derivative ¥’ on the
right hand side. On the other hand, in [51] Oono and Puri found that in the case of deep
quenches of, e.g., binary alloys the so-called double-obstacle potential

v ={ 07" L= (1.2

x € (), is better suited than the other free energy models mentioned above. A similar ob-
servation appears to be true in the case of polymeric membrane formation under rapid wall
hardening. For this choice of the free energy, due to the non-differentiability of the associ-
ated function W the second relation in the system (1.1) is indeed a variational inclusion or,
equivalently, a variational inequality. For the resulting Cahn-Hilliard system, a comprehen-
sive mathematical analysis can be found in [16,17]. Concerning numerical solvers we refer
to [8,9,15,32,33,39] and the references therein.

In many applications, it might be interesting to influence the phase transition in such a way
that a pre-specified control goal is achieved. In this direction, feedback stabilization and
optimal control for the Cahn-Hilliard equation with a double-well type homogeneous free
energy density is studied theoretically in [58]. For a polynomial type free energy density,
in [56] a first order optimality system is derived for minimizing a tracking type objective
subject to the associated Cahn-Hilliard equation. With the goal of preventing spinodal
decomposition in Fe-Al alloys, in [31] the Cahn-Hilliard system with double-well type free
energy is controlled near a steady-state of the system. In some applications one might be
interested in governing the Cahn-Hilliard system from an initial phase distribution (often a
homogeneous mixture) yo to some desired phase pattern yr at a given (final) time 7. For



the Cahn-Hilliard system with a double-obstacle type homogeneous free energy density such
a problem formulation was mentioned by Garcke in [30]. For instance, in the context of
polymeric membrane formation, y; may describe a desired porosity patter which implies
filtration or other membrane qualities.

In this paper we pick-up the latter perspective and study the minimization of an objective
of the type

T T
J(y,u) = &/ / \y(x,t)—yg\zdxdt—l—&/ \y(a:,T)—yT\de+/ / |u(z,t)|*dx dt (1.3)
2 Jo Ja 2 Ja 0 Jo

subject to (1.1) with the double-obstacle homogeneous free energy density (1.2). Here,
11, o > 0 are fixed and yq and yr are given targets, respectively, and u denotes the control
variable. As noted above, the Cahn-Hilliard system with a double-obstacle type homogeneous
free energy density admits an equivalent reformulation as a variational inequality such that
the resulting minimization problem amounts to an optimal control problem for a parabolic
variational inequality which is of fourth order in space.

Recently, in [40,41] optimal control problems for variational inequalities were linked to so-
called mathematical programs with equilibrium constraints (MPECs). The latter problem
class is well-studied in finite dimensions; see, e.g., the monographs [45,47, 48, 52] and the
many references therein. It is well-known that MPECs are problematic from an optimisation-
theoretic point of view due to a generic lack of constraint qualification. This fact prevents
the application of Karush-Kuhn-Tucker (KKT) type stationarity concepts for mathematical
programs in Banach space [46,59]. In function space, the literature on MPECs is much
scarcer and the work on the relation between finite and infinite dimensional versions of
stationarity notions such as C-stationarity or strong (.5) stationarity is only at its beginning.
Most problems in function space are formulated in terms of elliptic variational inequalities
(see [11-13,37,38,41,43,49] and the references therein, for instance). An account of parabolic
type variational inequalities can be found in the literature on mathematical finance [3,4,42]
and also in connection with the Stefan problem [11]. Typically, the differential operator in
these applications is of second order in space only, and systems like the Cahn-Hilliard one
with double-obstacle potential are untreated in the literature to the best of our knowledge.

In this paper our goal is to derive C-stationarity conditions for the minimization of (1.3)
subject to (1.1) with homogeneous free energy densities which cover the case of the double-
obstacle free energy in (1.2). This will be achieved by a regularization process, which allows
the application of classical KKT-theory in Banach space [59] and the subsequent passage to
the limit with respect to the regularization parameter. Concerning the control action, we
study the case of distributed control. An example for the latter can be found, e.g., in [36],
where a control problem for the Cahn-Hilliard equation with the double-well potential is
studied.

Clearly, many applications require the coupling of the Cahn-Hilliard system with another
system of partial differential equations describing the underlying physics. This could be the
Navier-Stokes system [1] or linear or nonlinear elasticity [18,29,57], to mention only two.
Coverage of such a fully coupled system, however, goes beyond the scope of the present work
and rather justifies an independent study.

The remainder of the paper is organized as follows: In section 2 we introduce notation and
provide existence and regularity results for solutions of parabolic differential inclusions. The



4 2 PRELIMINARIES

optimal control problem is formulated in section 3 together with necessary assumptions on
the involved operators. Concerning the homogeneous free energy density we particularly
highlight the double-obstacle case. Then we study the existence of a solution of the original
and the regularized MPEC as well as the behavior of solutions under a vanishing regular-
ization parameter. The latter finally yields a function space version of the C-stationarity
conditions for the distributed optimal control of the Cahn-Hilliard system with a double-
obstacle potential.

2 Preliminaries

In this section we introduce the notation used throughout this work. We also provide an
abstract existence result for evolution inclusions and results concerning the regularity of
solutions.

2.1 Notation and Conventions

For any real Banach space X let us denote by || . ||x its norm, with (.,.)y : X* XX —
R its dual pairing and the canonical injection of X into its bi-dual space by ix : X —
X*, (ixx,x*) . = 2" (x). If X is a Hilbert space then (. |. )y : X x X — R represents its
inner product and Jy : X — X*, (Jxx,y)y = (z|y)y the corresponding dual mapping. For
two sets My C My we denote by In;, ap, @ My — My, Ing o,  := 2 the identity regarded
as a mapping from M; into Ms. Finally, the convex indicator function vy, : My — R of M,
is defined by
_J0 ifxe M,
i, () = {

oo otherwise.

Let © be an open, bounded subset of RY with smooth boundary and 7 =]0,7'[ a bounded
interval. For n € {2,3,4} we define the spaces H,Vi,...,Vy by (for the definition of real-
valued LP-spaces see e.g. [5]; for vector-valued spaces we refer to [28])

H:={uel?*): [u=0}
Q
Vii=HYQ)NH, V,:={ue H'(QNH : u,Aue H}

together with the operators L, : V; — V", L, :V,, — V,_5 given by

(Liu,v) /Vu Vv,  Lyu:=—Au.

We equip H with the L?-inner product and Vi, ..., V4 with the inner products

(U‘U)vl = <L1U,U>V1, (U|U>Vn = (Lpu|Lyv)y,

n—2"

For n € {1,...,4} the corresponding time-dependent spaces are

H:=L*T;H), V,:=LT;V,).
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The spaces H and H* will be identified via Jy. Furthermore, for n € {3,4} we use the
following abbreviations [; := Ivlﬁvp Iy :=1ly,—g, I, :=1y,_v, ,and Iy := Iy, g .

For ease of notation we identify multivalued operators A : X = Y with its graph gph(A) C
X xY and define its domain D(A) as the set {z € X : Az # ()} and the composition and
inverse for AC X xY, BCY xZ by

AV ={(y,x) : (z,y) € A}, BA:={(z,2) e XxZ : AxnNB 'z #(}.

For multi-valued operators from a Banach space X into a Banach space Y we denote by
calligraphic letters the corresponding superposition operators mapping from L?*(7; X) into
L*(T;Y). For instance, for A C X x Y the operator A reads as

A:={(f,g9) € L*(T; X) x L*(T;Y) : g(t) € Af(t) for a.e. t € T}.

Moreover, for a functional on X denoted by a small greek letter we use a captical greek
letter for its L? realization with respect to 7. If, for example, ¢ : X — R is given, then ®
is defined as
_ ou if poue LYT),
d:L*(T;X) =R, ®(u) I:{g{gp 4 (7)
00 otherwise.

For two Banach spaces X and Y by L£(X;Y) we denote the space of continuous linear
operators from X to Y. In case X =Y, we also write £(X) instead of £(X; X). Finally,
assume that £ € £(X;Y) is injective. Then the enlargement of ¢ to Y with respect to F is
given by

a%XKE%YeR,C@xﬂﬂmw:{@@ MIMEEM%
00 otherwise.

Remark 2.1. 1. Since all the spaces H,Vi,...,V, are reflexive, they posses the Radon-
Nikodym property (cf. [24]). Hence, e.g., V; can be identified with the space L*(7; V) ,
which we shall do without explicit use of the identification mapping. An analogous identifi-
cation will be used for the other spaces.
2. The positive-definiteness of the inner products of V7, ..., V} is a consequence of the Poincaré
inequality and the fact that the only solution to the homogenous Laplace equation with zero
mean value is the O—function. Moreover, it is not difficult to prove that these spaces are in
fact Hilbert spaces.
3. Furthermore, the operator L; corresponds to the negative Laplacian with Neumann
boundary conditions in its weak form as an operator from V; into V|*. By definition of the
inner product of V4, L; also coincides with the dual mapping of V; and all mappings L1, ..., L4
are unitary operators.
4. Since we identify the Hilbert space H with its dual H* through Jy and because Iy, : V| —
H is linear, continuous and has a dense range, the space H = H* becomes a subspace of
Vi* (under the identification [;,). Additionally, Rellich’s lemma implies that Iy is a linear,
compact mapping, hence these properties transfer to I3 .
5. If A: X — Y is single-valued and defined on all of X and if it is continuous and satisfies
the growth condition

| Az[ly < C(1+[|z[[x)

for a constant C' > 0, then A is single-valued and defined on L*(7; X).
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Definition 2.2. We define the following spaces that allow a weak (time-)derivative
Wy ={ueV, : ue H(T;V")}, Wiy:={ueV; : ue H(T;V})},
Wy={ueV,: ue H(T;H)}.
We fiz the following norms:

'l

lulbwy = (lullf, + 1372wl = (Tull, + [ 15),

el = (Tl + [ [[3)'2.

Most of the operators considered below are subdifferentials of convex functionals on various
spaces.

Definition 2.3. For every real Banach space U and every functional ¢ : U — R we define
a multi-valued operator Op C U x U* by

Op :={(u,u") e UxU" : wedomp A ¢(v)—¢(u) > (u,v—u), YveU}.
If U is a Hilbert space, we further introduce 0*p C U x U:
O ¢ = J; ' Dp.

2.2 Existence results

Now we establish two properties of the enlargement of functionals that will be used below.
We will give proofs of this lemma and of other basic results of this section in the appendix.

Lemma 2.4. Let X andY be two Banach spaces, E € L(X;Y) be injective and p : X — R
a functional. Then we have

0C(p, XY, E) = (E")"'0pE~".

If, furthermore, X is reflexive, ¢ is proper, convex and lower-semicontinuous and has bounded
lower-level sets (i.e. ¢~'(] — 00, a]) is bounded in X for every a € R), then C(p, X,Y, E) :
Y — R s proper, convex and lower-semicontinuous as well.

The following theorem by Abels/Wilke [2, Theorem 3.1] is our central key to prove existence
of solutions to evolution inclusions.

Theorem 2.5. Assume that Wy and Wy are real, separable Hilbert spaces and E € L(Wy; W)
is injective with E(Wy) dense in Wy. Let o > 0, by = C(af| . [[3y,, Wh, W, E) and
¥ Wy — R be a non-negative, proper, convex and lower-semicontinuous functional such
that dom v N dom gy # (. We set 11 := ¢ +1pg and R := 0*y. Furthermore, suppose that
S : Wy — Wy is Lipschitz continuous. Then, for every yo € D(R) and f € L*(T;W,) there
exists a unique y € L®(T; W1) with Ey € H(T; W) such that

(Ey)+REy+Sy > f,
(€y)(0) = .
Moreover, it holds that VU, (Ey) € L>(T).
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Next, we provide a reformulation of this theorem applied to our situation.

Theorem 2.6. Suppose we are gien a non-negative, proper, convex and lower-semicontin-
uous functional ¢ : Vi — R, a Lipschitz mapping B : Vi — V¥, yo € D(9C(p, V1, V", I1))
and f € Vi. Then there ezists a unique y € Wy N L*(7T;Vy) with

(Ziy)' + Liw = f, (2.1)
Liy+ (09)(y) +By > w, .
(Ziy)(0) = wo. (2.3)

Additionally, y satisfies o(y) + ||y|[3, € L=(T).

Proof. We define A := Jp and apply Theorem 2.5 to the following setting:

Wy=V, Wy=V" FE:=10LL o«o:= i,

on = C(i” . ||%/17‘/17‘/1*7]1)7 w = C(@,‘/l,‘/l*,ll) +77Z}07 ¢1 = ¢ +¢07
R:= 0V, S:=ILLB.

From Lemma 2.4 it follows that v is proper, convex and lower-semicontinuous. Hence, there
exists a unique y € W, such that y € L>*(7; V1), ¥1(Zyy) € L>(7) and

(Twy) + Ry + Sy > f, (Twy)(0) = wo. (2.4)

In order to calculate R we use two basic facts from functional analysis:

(1) For every Hilbert space W it holds that iy = JyJw, Jo = Jip-
(2) For Banach spaces X,Y and F' € L(X;Y) we have F**ix = iy F.

Thus, Jiig = JytJg-Jg = Jy and from I, = I}, Jy Iy it follows that
I = LJuly = LJyinlviy' = Liy' = LU
Due to Lemma 2.4, we obtain with o1 := ¢ + 3| . ||}, and C(p1, Vi, V5", I1) = ¢ that
R = Jp /() '0pd = WIT 0t = L 9y

Since Ly = Jy = 9(3|| . ||?,) and since the functional || . ||, is continuous on V4, it holds
that ooy = d(¢ + 5|| . [[3,) = L1 + O¢ = Ly + A. Therefore, we have

RIl = L1[;18@1 == Lllfl(Ll—i-A)

Consequently, equation (2.4) is equivalent to (Z,y) + £1Z; (£, + A+ B)y > f. Defining
w:= L7 (f — (Zyy)'), this can be rewritten as

(Zvy) + Lyw=f, (Li+A+B)y>Tiw,

which completes the proof. O
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2.3 Regularity results
The following proposition provides some basic properties of the interplay between I; and L.

Proposition 2.7. The following commutation rules hold true:
Ing = Lllg and I;Ll = L;]l

Moreover, Ly : Vo3 — Vi, Ly : Vi — V" and L5 : V' — V5 are unitary operators and
the mappings Ly*I, € L(V) and (L%)~' I} are positive, symmetric, injective and compact. If
Uy, C Vi and Uy C Vi are closed subspaces such that L7 1, (Uy) = Uy and (L)' I3(U;) = Uy
are satisfied, then it holds that
LPy, v, = Py, L Py ur = Pysrznls,
L Py, v, = Pvynwnla, LiPyvs vy = Pyy_rzonls

with Px_y denoting the othogonal projection of X onto the closed subspace Y C X.

Furthermore, the following generalization of the integration-by-parts formula to functions
admitting time derivatives in different spaces is needed.

Proposition 2.8. Assume that y € V3, v € V) withy € H'(T;V}*) and v € HY(T;Vy).
Then y and v possess representatives in C(7;V1) and C(7T;Vy") respectively, which can be
continuously extended to T. Moreover, in this sense it holds that

(Y v) + (V' y)y, = (0(T),9(T) )y, — (v(0),4(0))y, -

Next, we state a regularity result for the time-dependent bi-Laplace equation ensuring higher
space regularity.

Theorem 2.9. Suppose that y € Vi and f € Vi satisfy y € H'(T;Vy), y(0) € V; together
with y' + L3Lyy = f € Vi.Theny € V3, y € HY(T;V}*) and it holds that
y'+£1£3y: f < Vik

Remark 2.10. If we assume that f € H and y(0) € V4 are satisfied, then y € Vy, y €
HYT;H)and y + L2Lyy = f €H.

In order to derive an optimality system later on, the continuous Fréchet differentiability of
some superposition operators acting on integrable functions with values in Sobolev spaces

will be needed.

Proposition 2.11. Let Q C RY be an open, bounded set with smooth boundary and a :
R — R be twice continuously differentiable with bounded first and second derivatives. Let A
denote the superposition operator

A LT WH2(Q) — LAT HY Q). (Ay)(t,2) = aly(t, @)).

If sy > 4 and sy > 2 with sy > ]3—]\72, then the operator A is continuously Fréchet differentiable
and its derivative A’ : L¥(T; Wh2(Q)) — L(L*(T; W'2(Q)); L*(T; H(Q2))) is given by

(A/(y; T))(t7 :L’) = CL’(y(t, 1‘))7‘(75, l‘)



3 Optimal control for the Cahn-Hilliard system

Now, we turn our attention to a problem of optimal control of the Cahn-Hilliard system. For
theoretical as well as numerical purposes, the original problem is approximated by a suitable
sequence of associated auxiliary problems which are easier to handle from an optimization-
theoretic point of view. We then derive an optimality system for the auxiliary problems
which permits us to pass to the limit. This results in first order optimality conditions of
C-stationarity type for the original problem.

In addition to our earlier notations and assumptions we invoke the following assumption.

Assumption 3.1. For ag > 0 and A :=]0,0], A := [0, 0] let (¢a),cx and ¥ be proper,

convex and lower-semicontinuous functionals on Vi with values in R such that Pao U MON-
negative for all o € . We define ¢ = ¢o, 0o = 3|| . ||}, + Yo — ¢ : Vi — R and the
operators Ay == 0pa, A= 0p, B := —0 for a € A. We suppose that:

i Ay)aen, B are single-valued operators from Vi into Vi and B is Lipschitz continuous.
€ g P 1 14

(ii) There exists some constant co > 0 such that the functionals (6o — col| . |[3,)acx are
bounded from below by some common constant.

(iii) The restrictions of the superposition operators (Aa)aea, B of (Aa)aca and B to the
subspace Wy C Vy attain only values in Vy C Vy. We define for a € A

./zl\a ZWl —>V1, ./Zl\a = .Aa, B\le —>V1, B\Z: B.

(iv) (Aw)acn, Blw, : W3 — Vi are continuously Fréchet differentiable and B : W, —Hisa
bounded operator. For everyy € Wy and o € A, there are operators DA, (y), DB(y) €
L(V1; V1) such that DAL (y)v = DAL(y)v and DB(y)v = DB(y)v for all v € Ws.

(v) There exists a constant n > 0 such that for all « € A, v € Vi and y € Ws it
holds that (L1y, Asy)y, > 0 and (DB(y)v,v),, > —nl|v|[3,. The set {DB(y)" : y €
Wi, [lyllw, < 1} ois bounded in L(V1; Vi) for all r > 0.

(vi) Moreover, if (an,) and (y,) are sequences in A and Wy such that a,, — 0, y, =y in
Wi and y, —y in H and o € A, then
(1) Aayn — Aay, Byn— By in Vi,
(2) If Ao, yn—h in'H, then (y,h) € A.
We fiz yo € H, yr € Vi, u1, uo > 0 and define the functional J : W) x H — R by

1
) = 5 (milly = velld + wello(T) = yrlly + llulf).

Finally, let yo € V1 be given such that yo € D(9C(pa, V1, Vi', I1)) for a € A and sup{0,(yo) :
a €N} =:Cp < .

Throughout the rest of the paper, we refer to y as the state and u as the control variable,
respectively. A prototypic example for this setting is given next.
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Example 3.2 (Double-obstacle potential). Suppose that N <3, M =[a,b] CR, a <
0 < b, is a bounded interval and

Ky = {u€ H : u(z) € M forae. x € Q}, Ky :=1I,'Kpg,

7= :R—R, 6 = 07,
— 1 —
Y = g, VI = R, 1/1::§||.||§{:V1—>]R.

Let p € C*(R) be a fixed mollifier with suppp C [-1,1], [pp =1, 7 := [prp(r)dr, 0 <
p(r) <1 for all r € R. Moreover, ¢ : RT — RT is a function with (o)) > 0, e(a) — 0 and
% — 0 as a— 0. By 9, and ¢, we denote the Moreau-Yosida approximations of ¥ and ¢
with the parameter o > 0, respectively, and the Yosida approximation of the operator 3 by
(4. For the general definitions of the Moreau-Yosida and the Yosida approximation we refer
to [10]. We set

1 /r ~ "

Ps(””) = —/3(—), ﬁa = ﬁa * Pe(a); 7&(T) = / ﬁou QOQ(U) = / Vo O U,

€ \& 0 Q
where * denotes the convolution operator and fog the superposition of f and g. Furthermore,
¢:R — Ris given by ¢ := af3,, Q : H — H denotes its superposition operator with respect
to Q and Q : 'H — H the superposition operator of ) with respect to 7. Finally, let
Yo € V1 N L>®(Q) be such that a < essinfqyy < ess supg yo < b.

In order to prove that Example 3.2 falls into the framework of Assumption 3.1, we first
collect some basic properties.

Lemma 3.3. Given the setting of Fxample 3.2 we have

- S(r—a) ifr<a, ~ L oifr<a,
Balr) =40 ifa<r<b, B(ry=<{0 ifa<r<b,
é(r—b) ifb<r, é ifb<r,

ia(r—a)2 ifr <a,
ifa <r <b,
>=(r—0b)?% ifb<r.

2
O

Ya(r) =

Moreover, Ba and B are Lipschitz continuous with constant é, monotone and (3,(0) = 0 if
e(a) < min(—a,b). Furthermore, B,(r) = Ba(r)—%ﬁ forr <a—ce(a) andr > b+e(a) and

1Ba(r) = Ba(r)] < =22+ 1p]),  |Balr) = Bulr)a(r)] < C === (3.1)

«

|Ba(r)] <

e(a) e(a)

Q| r

for all r € R and some constant C' which does not depend on . Finally, if a, : L*(2) —
L3(2), aq(u)(x) := Ba(u(x)) denotes the superposition operator of B3y and Py : L*()) — H
the orthogonal projection of L*(Q2) onto H, then it holds that

A, = Pyas, B=—I,.
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Proof. 1. The definition of the Yosida approximation directly provides the formula for 3,
and its derivative. Hence, by integration we obtain the relation for 7,.

2. The Lipschitz continuity and monotonicity of Ba and f,, respectively, are direct conse-
quences of the properties of the Yosida approximation and the convolution with p > 0.

3. The inequality |G, ()] < é is a consequence of the definition of 3, and the Lipschitz

continuity of 3, with constant é In order to prove the second estimate of (3.1), we first
notice that for an affine function g(r) := ¢17 4 ¢, it holds that (g * po(a))(r) = g(r) — c1e(a)p

- =27

as readily seen by a simple calculation. This implies the assertion (3,(r) = B,(r)
for r < a—¢e(a) and r > b+ () (note that outside the interval [a — e(«), 8 + ()] the
convolution 3, * Pe(a) only touches affine parts of Ba) Since 3, and 3, are monotone, we
conclude for r € [a — e(a), b+ e()]:

Ba(r) = Ba(r)] < max (1a(b+ (@) = Bala = (@), 18a(b + =(a)) = fala — =())])

< W)

This also holds true for r outside the interval. Now let us show the third inequality |5, (r) —
Bi(r)g(r)| < C % Similar to ¢ we define

r—(a+2¢(a)) ifr <a+2e(q),
gu(r) =4 0 if a4 2e(a) <r <b—2¢(w),
r—(b—2e(a)) ifr>b-—2e(a)

and assume that « is sufficiently small (such that 4e(a) < b—a). We have that |(¢—qa)(r)| <
2e(a) and with o.(r) := rp.(r) we find

~ 1 1
(B * o) ()] < — /R|05(a)(r)|dr = =

o

r r
—pl—)|d
/R ’5(@) p(e(a))‘ "
= ela) / lsp(s)|ds = C’—g(a>.
a Jr !
Furthermore, for an affine function g(r) := ¢;7 4+ ¢ and any integrable function f it holds
that [(f * pe)g](r) = [(gf) * pc|(r) — (f * 0.)(r). Hence, we obtain

Balr) = B(P)a()] < 1Ba(r) = Ba(r)galr)] + 252

«

[Bac # pea) = (a3 * pe(o] (1) + (B, % 0o ()| + 25(a—&)

@4_0@_’_2@

* pe(a)] (T’)‘ + 2

due to B, = ¢, and the fact that the convolution 3.qq = (3, * Pe(a))da only involves affine
parts of q,.
4. Finally, it is easy to show that for o > 0 we have

(Aqu,v)y, :/vﬁa(u), Bu = —u
Q

for u,v € V;. Hence, A, may be written as Pga,. O
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Proposition 3.4. Assume the setting of Fxample 3.2 is fulfilled. Then there exists a con-
stant o > 0 such that the functionals (¢a).ex, Yo := ¢ and ) satisfy Assumption 3.1.

Proof. We establish the statements (i)-(vi) of Assumption 3.1 step by step.
(i) The facts that A,, B are single-valued and B are consequences of Lemma 3.3.

(ii) From the properties of (3, given in Lemma 3.3 it follows that there are 0 < oy < 1
and ro > 0 such that v,(r) > 3r? and r8.(r) > 1% for all 0 < a < ag and || > 7.
Consequently, it holds that

1
Oa(v) — 5“ A = palv) —(v)
1 1
> / Yalv) — §|U\2das +/ Yalv) — §|U|2dff
{lv[<ro} {lv[>ro}

- 2
This proves the desired boundedness from below.

(iii) Since 8, € Wh>(Q) it follows that 3, ou € H'(Q) for u € V;. Since A, = Pga,, B =
—1I;, A, can also be written as A,u = Py(3,(u)) where Py, : H'(2) — Vi denotes the
orthogonal projection of H*(£2) onto V; with respect to the H'-inner product. Consequently,
we obtain A,(Vy), B(Vy) C V.

(iv) Next we show that A, : Wy — V) is continuously Fréchet differentiable. For this
purpose, first notice that (3, is twice continuously differentiable with bounded first and
second derivatives. Furthermore, by the Sobolev Embedding Theorem (cf. [5]) the space V3
is continuously embedded into W% (Q) for arbitrary ¢; < oo if N < 4. This implies that Ws
can be continuously embedded into LP*(7; W' (Q)) for p; = 2 as well as into C(7; V;) by
Proposition 2.8, hence in particular into LP2(7;Wh%(Q)) for ¢o = 2 and arbitrary p, < oo.
Applying standard interpolation arguments (cf. Triebel [55]), the space LP*(7; W4 (Q)) N
LP2(T;Whe(Q)) can be embedded into LP(7; W14(Q)) for all 1 < p,q < co with

1 0 1—-86 1 0 1—-6
- = — + , - = — +
p P1 b2 q q1 q2

for 0 €]0,1[. Let 8 > 1 be given and set 0 := ﬁ, Do = f_ng and ¢; = £2. Then we obtain

B

1 —0 =03 and hence
I 0 08(1—-20) 1 1 6p? 03 0 1-0y f
p 2" Tw T q_p2+2_6<2+p2>_p'

Thus, p =4 and ¢ = %. Since [ > 1 was arbitrary, Proposition 2.11 implies the continuous
Fréchet differentiability of A,.
Next, we prove that for each y € W; there exists an operator DAL(y) € E(Vl;V}\) with
DA, (y)v = DA (y)v for all v € Ws. This assertion is equivalent to saying that DA, (y) €
L(Ws; V) can be continuously extended to V;, or equivalently, that there exists a constant
C > 0 with R

DA ()]l < Cllvllv,
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for all v; € Wjs. Let us assume that y € W, and v € W5. We have

1Dyl < IV EW)IE < 211800V I + 118w Voll)

and want to show that both terms on the right hand side are bounded from above by C'||v]||y, .
Since /3, and /3! have bounded range, it remains to be checked that ||vVy||lx < C||v]|y,-
For this purpose, notice that ¥, can be continuously embedded into C'(7; V3); in particular
Vy € L>(T; H'(Q)). By Sobolev’s Embedding Theorem and since N < 3, H'(Q2) embedds
continuously into L*(€2). Therefore, it follows

1vVylly, = AHUWH% < /Tllv\li4(g>\|Vy\li4(g>

< ClIVyleoizeniay N0l 72zini @)
< Clvlfiy-
The corresponding properties of B are obivous since B = —7.

(v) Let a € A be given. Since A,u = Py (B, (u)) and 0 < 5, (r) for all » € R we have that

(L1y, Aay /Vy V(Baly /ﬁ (y)|Vy]* > 0.

Since B = —1I, the remaining properties of DB given in (v) are trivially satisfied.

(vi) Assuming y,, — y in H, it follows from the Lipschitz continuity of 3, that A,y, converges
to Aqy in Vi. The same applies to B since B is even linear. This proves (1).

In order to show (2), from |ﬁa( )—Ba(r)] < E(a (24-7) it follows that || Ba, 0Yn — Ba, 0Un || <
C’% —0asa—0. Let A H — H, A%v 6%( ) denote the Yosida approximation of

0% with parameter a,. Consequently, it holds that Aanyn h in H. Since 97 is maximal-
monotone, we invoke Proposition 2.5 of [19] in order to conclude (y,h) € 0% and hence

(y,h) € A.

Let us choose o > 0 so small that e(a)) < min{infqyo — a, b —supg yo} for all a € [0, ayp.
Then B, (yo(z)) = 0 and y, satisfies the conditions given in Assumption 3.1. This completes
the proof. O

Remark 3.5. For « sufficiently small, 3, vanishes identically in a neighborhood of 0. We
could choose different mollifiers p! and p? instead of p in the definition of 3,(r) for either
positive 7 or negative r, respectively. Thus, the assertion of Proposition 3.4 remains true
also in this case.

For given u € H and o € A consider the problems of finding y € W, such that there is a
w € Vl with

(Qa) v+ Liw=u we L+ A, +B)y, y(0)=uyo,

and (Q):=(Qp). Note that under Example 3.2 and for o > 0, (Q,) represents a regularized
version of the Cahn-Hilliard-system with double obstacle potential. The regularization acts
on the indicator function involved in the potential. For a = 0 we arrive at the original
Cahn-Hilliard-system with double obstacle potential. The following theorem shows that the
problem (Q,) admits a unique solution.
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Theorem 3.6. For every a € A and every right hand side u € H the problem (Q.) has a
unique solution y € Wy. If a € A, the solution satisfies y € Wi and with w := L' (u — y')

y/+£1w = u, w = (£3+A\a+l§)ya y(()) = Yo,

Proof. The existence and uniqueness of a solution is a direct consequence of Theorem 2.6.
For given o € A, let y € W, be the solution to (Q,) and w := £;'(u — ¢'). Then

3y + Liw) = y' + Liw =y + L5(Lyy + Ay + By)

and since A,y, By € V1, it follows that £5( Ay +By) = LiT T (Aay+By) = L1777 (Auy +
By) € V;. Consequently, Theorem 2.9 implies the assertion. O

Remark 3.7. Theorem 3.6 shows that the original problem (Q) admits a solution y € W,
for every w € H. Furthermore, the solutions y of the regularized problems (Q,) belong to
Ws for all @ € A. This holds even true for all w € V; and will be used to prove the existence
of Lagrange multipliers for the optimal control problem (P,) below. For u € H we can use
Remark 2.10 and obtain y € Wj for a > 0. This higher regularity will only be needed in
order to show that in the linearization of (Q,) the derivative DA, (y) and DB(y) for y € Wy
extend continuously to operators in £(Vy;V;) (which, in general, does not hold for y € W).

Definition 3.8. For given u € H, let Syu € W; denote the solution of (Q.) given by
Theorem 3.6.

3.1 Regularized optimal control problems

In order to derive an optimality system for problem (P), the non-smooth potential ¢ is
replaced by ¢, leading to the family of optimiztion problems (P,), which we study next.

For o € A and with (P):=(Py) we consider
(Pa)  inf{J(y,u) : (y,u) € Wi xH, y = Sau},

For studying v — 0 in (P,) we need the energy estimate for solutions to problems (Q,) as
given in the next lemma.

Lemma 3.9. Letu € H and a € A be given. For the corresponding solution y == S,u € W,
to problem (Qq) and w := L' (u —y') it holds that 0, oy admits an absolutely continuous
representative on T and in this sense fort € T and T’ := [0,t] we have

(O 0 y) () + [Ixzwll}, = (6 0y)(0) + (u, xzw)y, -

In particular, it holds that |[0s o yl|r(r) + [[w][5, < (6o 0 y)(0) + ||u]

villwlly, -
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Proof. The chain rule (cf. Proposition 4.2 in [22]) implies for the convex functionals o =
0o + 1 and o = 1 that o oy is absolutely continuous on 7" and for every v € V; such that
v(t) € do(y(t)) for almost all ¢t € 7 and with 7" := [0, ¢] it holds that

oont) = [ Heondi+on®) = (. xry, +0o)0)
Using w € (L1 + Aq + B)y = (0(0, + V) — 0¥)y, we obtain

Baoy)(t) = (¥, xTw)y, + (Baoy)(0)
= (u—Lyw,x7w)y, + (6. 0y)(0)
= Al + {uxrwdy, + 620 y)(0)

which yields the desired assertions. U

Corollary 3.10. Let (a,) and (u,) be sequences in A and in H, respectively, such that (uy,)
is bounded in Vi. By (y,) we denote the sequence of corresponding solutions S, u, to the
problems (Qq,) and w, = L (u, —y.). Then (y,) is bounded in Wy and L>(T; Vi) and
(wy) is bounded in Vy. If a, € A for all n, then A, yn is bounded in H.

Proof. From the energy estimate of Lemma 3.9 it follows that (w,) is bounded in V;. Hence,
Y, = u, —Lyw, is bounded in V. Moreover, the energy estimate implies that (y,,) is bounded
in L>(T;V}) since 0o > ¢l| . ||}, — ¢ for all @ € A and some ¢ € R. Hence, (y,) is also
bounded in W;. If o, € A for all n, then we obtain from w, = (£; + A,, + B)y, and with
the help of Assumption 3.1(iv)-(v) that

~ ~

Hvzl\anyan—[ - <AanynaAan/yn>yl - <wn_£\£1+8)yn;~’z{anyn>vl
S (wn_Byn‘Aanyn)H S CHAanynHH'

This finishes the proof. U

With these a priori estimates we are able to prove convergence (consistence) results and the
existence of minimizers for (P,).

Proposition 3.11. Let (o) and (u,) be sequences in A respectively H with o, — 0 and
up, —u in Vi for some uw € H. Then there ezist subsequences (denoted by the index m) such
that

Sap Um — Su in Wy, Sy, Um — Su in V.

Proof. From Corollary 3.10 we already know that y, := S, u, is bounded in W, and
w, = L (u, —7,) in V1. Due to the compactness of Z; : W, — H and with a, =
wy, — (L1 + B)y, € Aa, yn we have that

(ymvwmv am) - (y; w, CL) n W1 X Vl X Vf,
Yn — Y in H
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for some y € Wy, w € V; and a € V; along a subsequence «,, of a,. Moreover, since
By, — By in V; by Assumption 3.1(vi) and since w,, = L1y, + a, + By,, it follows that
w = L1y + a + By as well as

Nym —yll3, = (L1(Um —¥) Um — Y )y,
= (W —0|Ym —Y)y = (@ = Ym = Y)y, — (BYm = BY,Ym — Y)y,

for m € N. The strong convergence of y,, and By, in H, respectively V;, shows that the
first and the last term on the right hand side tend to zero. In the case that «,, = 0 for
infinitely many m, for these indices it holds that (a,, —a, vy, — Y)y, = 0 by the monotonicity
of A and hence y,,, —y in V;. Thus, from Proposition 2.5 of [19] we obtain that (y,a) € A.
Otherwise, we may assume the «,, > 0 for all m and that .Zamym converges weakly in
H to an a; € H by Corollary 3.10. This implies (@, — a,Ym — ¥)y, = (@m — a|ym —
y) — 0. Consequently, it holds that y, —y in V; and that @ = a; and (y,a,) € A by
Assumption 3.1(vi). O

Proposition 3.12. For every a € A the problem (Py) admits a minimizer (y,u) € Wy x H.

Proof. Although the proof technique is standard, we provide the proof for the sake of keeping
the paper self-contained. Let a € A be given and (S,u,,u,) an infimizing sequence for
problem (P,). We set 4, := S,u, € Wy and w,, := L] " (u, — /). The coercivity of .J yields
that (u,) is bounded in H. With the help of Corollary 3.10 we may pass to subsequences
(denoted by the index m) such that

(Y, Um)  — (y,u) in W) x H,
Ynm — Y in H.

The continuity properties of A, and B given in Assumption 3.1(vi) imply that y = S,u if
a > 0. In case of a = 0 this is obtained by Proposition 3.11. Finally, the weakly lower
semicontinuity of J : W, x H — R implies that (y,u) is in fact a minimizer of (P,). O

Next, it will be shown that a sequence (y,,u,) of minimizers to problem (P,,) for a,, —0
admits a cluster point in a suitable topology which is a minimizer of (P). For this purpose
we have to pass to the limit in J(y,, u,) which, in particular, requires strong convergence of

y(T) in H. This is proved next.

Lemma 3.13. Let («v,) be a sequence in A with a,, —0 and let (y,,u,) C Wiy X H be a
sequence of solutions to problem (Q, ) such that (u,) is bounded in H. Then there ezist
a€H, y €W and a subsequence (denoted by the index m) such that

~

(Y A Ym> tm)  — (y, a,u) in Wy x H x H,

Proof. Since (u,,) is bounded in H and due to Corollary 3.10, we can pass to a subsequence
such that w,, ~u in H and A,, ¥y, —a in ‘H for some u,a € H. Then, Proposition 3.11
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shows that v, —y := Su weakly in W, and strongly in ;. It remains to show that y,,(7)
converges strongly to y(7') in H. For this purpose, notice that W, embedds continuously
into C(T; H), hence 4,,(T) —y(T) in H. In order to prove the strong convergence, we show
that (y,) is bounded in V, and we apply a compactness argument.

As in the proof of Theorem 2.9 let (e,,) be a complete orthonormal system of eigenvectors for
the eigenvalues (\,)nen in Vi of the operator L'l and the span of Vi, := span{ey, ..., e,}.
Defining ¥ m := Py, Yn and y, ,, := Py, uy,, where Py, = denotes the orthogonal projection
of V4 onto Vi, it follows that ¥, ., — vy, in Vi as m — oo. Since (y,,) solves (Q,, ) for the
right hand side u,, € H with @, := L] (Unm — Yn.m) We obtain that

-~ 1~ ~
(@ [ Fnm )3 = 5 1D |7z = 11T (0)|17)
= _(gj;,m - an,m ‘gn,m)'}-ﬁ = <£1wn,magn,m>vl = <wn,ma£3gn,m>vl

= ’ ‘ ‘C?jjn,m ’ ’3—[ + <Aangn,m s ESgn,m >V1 + <B:’7n,m 5 ‘CS@/n,m >V1 .

Assumption 3.1(iv)-(v) implies that (BY, ) is bounded in H and that <Aan§n7m L3Ynm >V1 =
<£1§n7m,Aan§n7m>Vl > 0. Hence, it follows that

- - 1., - - 1,
_O||‘C3yn,m||7{+||£3yn,m||${+§||yn,m(T)||%I < ||un,m||H||yn,m||H+§||ynm(0)||3-(

Since the right hand side is bounded, we conclude the boundedness of (L3y,.,) in H and
therefore of (¥y,,) in Va. Thus, also (y,) remains bounded in V,. Applying interpolation
arguments, it can be shown that L*(7; Vo) NH(7; V;*) continuously embedds into C(7; V4 o)
for a Hilbert space Vj/, that is compactly embedded in H (cf. e.g. [6]). This means that
y — y(T) is a compact mapping from L*(7;Vy) N HY(7;V}*) into H. Consequently, after
passing to a subsequence (y;) of (y,,) we have that y,(T") converges strongly in H to y(7T).
This completes the proof. U

Proposition 3.14. Let () be a sequence in A with o, —0 and (y,,u,) C Wi X H be a
sequence of minimizers to (P, ). Then there exist subsequences (denoted by the index m)
and (y,u) € Wy x H which is a minimizer of (P) such that

Yms Aan ) — (y, ) in Wy x H,
(yma ym(T)a um) - (yv y(T)a U) n Vl x H x H

Proof. For fixed v € 'H the sequence S,, v converges weakly in W, to Sv by Proposition 3.11.
In particular, (S,,v) is bounded in W, and hence it holds that

J (Y, tn) < J(Sq,v,0) < C

for some constant C, because (y,,u,) is a minimizer of (P,, ). The coercivity of J implies
that (u,) is bounded in H. Applying Lemma 3.13 guarantees the existence of sequences with
index m such that (Y, Aa,, Ym, tm) —(y, a,u) in Wy x H x H and (Y, Ym (1)) — (v, y(T)) in
V, x H. Note that (y,u) satisfies Su = y by Proposition 3.11.
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Now, let (y*, u*) € Wy x H be a minimizer of (P) (which exists by virtue of Proposition 3.12).
From Proposition 3.11 and Theorem 3.6 we conclude that (S,,, u*, u*) —(y*,u*) in W) x H
and S,, u* —y* in V; for a suitable subsequence. By Lemma 3.13 and after passing to
another subsequence which we still denote by the index m we have that S,,, u*(T") — y*(T)
in H. The weak lower semicontinuity of J and the convergence properties of (S, u*,u*)
imply that

J'hu) < Jyu) < m J(ym ) < T (Yo um) < lim S (Sa, 0”0

= Jy"u').

Consequently, (y, u) is a minimizer of (P). Moreover, we have that J(yy,, t,) — J(y, u) which
implies ||, || — ||w||x. Since we already know that w,, —u in H, it follows that u,, —u
in H. g

3.2 Stationarity system for (P,)

Theorem 3.15. For every a € A and for every minimizer (Yo, us) € Wi X H of prob-
lem (P,) there exists a p, € Ws with

_p:x + £1£3po¢ + RZ'CSpa = Mt (ya - y(l),
Pa(T) = po(ya(T) —yr),

where Ry := DAy (ya) + DB(ys) € L(Vi;V1). Moreover, we have

Pa + Us = 0.

Proof. First, recall that by Remark 3.7 a minimizer (y,, u,) € Wi X H satisfies y, € W, and
therefore R,, is indeed a linear, bounded operator on V; by Assumption 3.1(iv).

In order to prove the assertion, we first apply a theorem by Zowe/Kurcyusz [59] which
guarantees the existence of a Lagrange multiplier p,, satisfying a particular partial differential
equation. In the second step we show the relation between this multiplier and the control wu,,
and in the last step we prove that p, indeed is a solution to the evolution equation above.

1. For vy € Vi we define Ws(vg) := {v € W5 : v(0) = vp} and consider the following setting
in order to apply Theorem 3.1 of [59]:

X = Wg XH, C .= Wg(yo) XH,

Y =V, K := {0} CY,

g X =Y, gy, u) ==y + L1(Ls + As + By — u,
f X =R, fly,u) == J(y,u).

From Assumption 3.1 it follows that f and g are continuously Fréchet differentiable with

Dy(y,u;8,,6,) =8, + L1(Ls + DAL(y) + DB(y))8, — 6.,
D f(y,u; 6y, 64) = 11(y — ya |8y )y + 12(y(T) — yr |6,(T)) g + (w]6u)
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with (d,,d,) € W3 x H. For given v* € Y we choose u := 0 € H and y € W, to be the
solution of
v+ Liw=0v", w=(L+Ray, y(0)=0.

Due to Theorem 2.6 such a solution exists since R, : Vi3 — Vj is Lipschitz continuous.
Moreover, Theorem 2.9 shows that y € W5 as well as

y' + £1(£3 —i—Ra)y —u=v".

This demonstrates that ¢'(z) € L£(Xo;Y') is surjective for T := (ya, uq) and Xy := W3(0) x H.
Now, using Theorem 3.1 of Zowe/Kurcyusz [59], there is a p, € Y* such that

<ﬁ1,g(5)>yzo, Df(f;(%,(%)—<@,D9(5;5y,5u)>yzo

for all (d,,0d,) € Xo. Since Y* = V;, the multiplier p, € Y* can be identified with a p, € V;
satisfying

(ol + L1(Ls + Ag + B)yo — ta s Da )y, = 0, (3.2)
DJ(%;6y,064) — (0, + L1(L3+ Ra)dy — 0u s Pa )y, =0 (3.3)
for all (0,,0,) € Xo.
2. By choosing 6, = 0 in (3.3) and since D.J(7;0,6,) = (uq|d,),, we find
DJ(x;0,04) + (0u,Pa)y, = (Ua + Paldu)y =0
for all 6, € ‘H. This yields p, + u, = 0.

3. Now we show that (3.2) and (3.3) imply the assertion on p,. For this purpose, first recall
that a function z € L?(7; Z) has a weak derivative v € L*(7; Z) for some Banach space Z

if and only if
/m) = —/n'z Vne Cx(T).

T T
From (3.3) and the symmetry of £, it follows that for all (y,u) € Xj it holds that

(0, ,Pa)y, = DJI(T;y,u) = (Lipa,(Ls+Ra)y )y, + (1, Pa)y,
= DJ(@y,u) — (L3 + Ra)*ﬁlpmy>v3 + (U, Pa )y, -

Now, for arbitrary vy € V3 and n € C2°(7) by choosing d,(t) := n(t)vo, 6, := 0 and defining
q:= (Yo —Ya) — (L3 + Ra)" L1pa € V5 we obtain

<7],UOapa>vl = <q777v0>y3

and therefore
<:Jr“n’pa —!nq,vom = (00, Pa )y, — (a,7v0)y, = 0.

Since vy € V3 was arbitrary, [ 7'pa = [;ng holds for every n € C°(7). This implies that
Pa € HY(T;V5) and
Po = (L3 +Ra) Lipa — 11(Ya — Ya).
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Therefore, in the case §, = 0 equation (3.3) reduces to

<6ylapa>v1 + <p;76y>v3 - N2(ya(T) - yT}(sy(T))H =0.

With the help of Proposition 2.8 we infer that

(Pa(T),0,(T) )y, = (Pa(0),8,(0) )y, = p2{ya(T) = yr,0,(T) )y, =

for all 9, € W5(0). Since it is possible to find a sequence 6, € Ws(0) such that §, (T') — v,
in V; for arbitrarily given v; € V;, we conclude that

pa(T) = p2(ya(T) — yr).

Finally, applying Theorem 2.9 again finshes the proof. U

Lemma 3.16. Let y € W3, a € A.Then 1 DA, (y) : Vi — Vi is monotone.

Proof. Let v € V; be given. We have to show that <DA Y)v, U>v > 0. Since the image
of Iy, .y, is dense in Vi, we may find a sequence (y,) in W3 with y, —v in V;. By the
continuity of DA, (y) and the Fréchet differentiability of Ay W5 — V) in y it holds that

<D~’4a(y)“’”>v1 = hm <D“Z yn’yn>v1

= lim lim - <.A y+tyn)—~'zl\a3/ayn>vl

n—oot—0

= llm hm 2<A y+tyn) —Aay;(y+tyn) _y>V1

n—oot—0

> 0

since A, = 0y, which is montone (cf. [10, Proposition 2.1]). O

3.3 (-stationarity for the limit problem

Finally, we derive a function space version of C-stationarity (compare [40,53]) for the optimal
control problem of the Cahn-Hilliard system with the double-obstacle potential given in
Example 3.2; see Theorem 3.19.

Theorem 3.17. Let (o) be a sequence in A with o, —0. We assume that (yn,u,) €
WsxH is a sequence of minimizers to problem (Pa,), pn € Wy is given as in Theo-
rem 3.15, w, = LiY(u, — ), & = Aa,¥n € Vi, Ay = DAy, (Ya,) Lap, € Vi and

= D_B(yn) Lsp, € V5. Then there exist subsequences (denoted by the index m) and a
minimizer (y,u) € Wy x H of (P) such that

(yTn7wWL7pm7p;napm( )) (y7w b, q, pO) mn Wl X Vl X V3 X Wik X ‘/17
My Ems Bm)  — (A& K) in Wi x H xVy,
(Yms Um)  — (y,u) i Vi X 'H,

DPm P in L>(T; V7).
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It holds that y,(0) = yo, pu(T) = p2(yn(T) — yr), P+ un =0,

_p/n + £1£3pn + )\n +Knp = (yn - yQ)a
as well as y(0) = yo, (T) = pa(y(T) — yr), p+u =0 and
v+ Liw=u, —w=Ly+E+ By, (3.6)
—q+ LiLsp+ A+ K=y —ya). (3.7)
Proof. Since (y,) and y are solutions to (P,,) and (P), respectively, the equations (3.4)
and (3.6) are satisfied together with the corresponding initial conditions. Theorem 3.15
guarantees (3.5) and p,(T) = po(yn(T) — yr). The boundedness and convergence properties

of (Ym), (W), (&) and (u,,) are obtained from Corollary 3.10 and Proposition 3.14. Due
to Assumption 3.1

(DB(ya)"v,v)y, = (DB(ya)v,v)y, > —nllvlf3.

holds for all v € V. For the time being, let us fix ¢, € 7 and define ¢ : T — R, ©(t) :=
exp(n®t) together with p, == ¢op, € Ws, ¢n := Xitor1Pn € V3 and f,, := @(y, — ya) € H.
Using (3.5) we obtain that

P = ¢(n2pn +p;)
= w(nQpn + [£1+ DAL, (yn)" + DB(y )*}Egpn> — fa
= 772]% + ['Cl + D-Aocn(yn) +_B( ) }'C?:pn fn

The integration by parts formula yields
(5 Loy, = (BT @) = 5 (15D — I50)1E,)
and therefore, after testing with L£3q,, with the help of Lemma 3.16 we obtain
1/ - ~
S (D = (1Pt 1)
= @1/7£3@L>V1
> (P Lstn )y, + (L1LsPn, L3Gn )y, — 1| L@ |5, — | fu

= G|y + 1l — nll Lagnll3 = || fu]

vill £3Gn |y,

villGnlvs-

With the estimation
WLsqnll? = (TiLsln,Lsn)y, = (L5T1L3Gn,Gn )y, = (L1LsGn, Ladn )y,

. ~ L~ T ~12
< ||£1L5¢n v, < %H%”vg"”g“%“vl

we finally arrive at

1a(DI = Bato) 15 + 71 R, + 1Gnlly — 20 fallvi [1a Iy,
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By Corollary 3.10, v, is bounded in L*°(7; V). Hence p,(T) = po(yn(T) — yr) in V4. Since
(fn) is bounded in Vj, it follows that (p,) and thus also (p,) are bounded in V5 (by choosing
to = 0) as well as (p,(to)) in V4 . For v € W, we have that

<P§u“>wl = <piwv>v1 = _<U/vpn>v1 + (p”(T)|U<T)>H_ (pn(o)‘v(o))H
< (Ipallv, + a1+ 1pa(0) 1 )l

which shows that p), is bounded in W}. The boundedness of (p,) in V5 together with
Assumption 3.1 imply that (k,) is bounded in Vy. Moreover, the embedding of V{ into Wy
is continuous, hence it follows from (3.5) that also (),) is bounded in W;. Finally, passing
to the limit with m — oo in (3.5) yields (3.7). O

Convention 3.18. In the last theorem we will use projection and superposition operators
which do not preserve the mean value. In order to simplify the notation, we extend the inner
product of H to a semi-inner product on L*(Q) by

(ulv)y = (Qu|Qv)y

for u,v € L*(Q), where Q : L*(Q) — H denotes the orthogonal projection of L*(Q) onto H.
Likeunse, we define

<u7U>V1 = <U|Vl ’QU>V1
foru € (HY(Q))*, v € HY(Q). This is well-defined since Q maps H*(Q)) onto Vi. Accord-
ingly, the inner product of H and the dual pairing between Vy and its dual are extended to
L3(T; L' (Q)), respectively, L*(T; H*(Q)) and its dual.

Finally, for the double-obstacle potential according to Example 3.2 we study further prop-
erties of various dual quantities involved in the system established in Theorem 3.17.

Theorem 3.19. Let the setting of Example 3.2 and the assumption of Theorem 3.17 be
satisfied (which implies A\, € V1 ). If furthermore (\,) is bounded in Vi and h: R — R is a
Lipschitz function which satisfies h(a) = h(b) = 0 and h(vy,) — h(v) in H'(Q) if v, — v in
HY(Q), then (using the notation of Theorem 3.17) the following relations hold true:

(&ly—a)y, =0, (&ly—10),y =0,

Em (A [ 2(Ym) )3 = 0, 1 (& [ Lspm )y, = 0,
lim (A, | L3pm )3, = 0,

A — 0 almost everywhere on {z € T xQ : a < y(z) < b}
for a subsequence (A\g) of (A\n).

Proof. 1. We start by showing the complementarity conditions ({|y—a), =0, ({|y—0), =
0. For this purpose, recall that Assumption 3.1 ensures that (y,£) € A and that A is the
superposition operator of the subdifferential of ¢ = 15, : Vi — R. Since £ € H, we
therefore may conclude that (y(2),£(2)) € 0wy for almost all z € T x Q, which implies
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£(2)(y(z) —a) = 0 and £(2)(y(z) —b) = 0. Integration yields the desired complementarity
conditions.

2. Next, we prove lim (A, [ 2(Ym) ), = 0. Denoting the metric projection of R onto M = [a, b]
by par, the metric projection of H onto Ky by P (which is the superposition operator of
par) and the superposition operator of P with respect to 7 by P, it follows that P(V;) C V;
and lim Py,, = Py = y, lim h(Py,) = h(Py) = h(y) = limh(y,,) in L(T; H'(2)).We know
that |3, (r)| < £ for all r and §,(r) = 0 for a + e(a) < r < b—e(). If Ly is the Lipschitz
constant of h, then |h(r)| < Ly min(|r — al, |r — b|) for r € R. Consequently, it follows that

|<)‘M|h(7)ym)>7—(|2 = |(£3pm‘DAam(ym)h(Pym)>H|2
< 11 Lopmlls / 1B, (o) h(Py)
T xQ

Qu

2
e(ay,
< <|crxm\|£3pm||HLh< >) ~ 0

as m — oo. Moreover, since (\,,) is bounded in V; we have that

lim (A [A(ym) )3 = 1 (A |A(PYm) )3 + 10 (A, A(Yn) = h(Pym) )y, = 0.

3. We set g (1) := Ba,, (1) — B, (r)q(r). With r — pp(r) = q(r) we find

(fm,ﬁ?)pm)?{ = (£3pmlﬁam(ym))7{
= (LD |G () )3 + O Y — Py )

By Lemma 3.3, for m sufficiently large it holds that |g,(r)| = |Ba,, (1) — 8. (r)q(r)] <

Qm

C % Hence, the first term on the right hand side converges to 0. So does the second

m

since (A,) is bounded in V; and since (y,,) and (Py,,) both converge to y in V.
4. The fact that lim (A, L3pm )y, > 0 is an obvious consequence of Lemma 3.16.

5. Let us fix a representative of the equivalence classes y, (y,,) and denote Z the set {z €
7 xQ:a<y(z) <b}. Since y,, converges to y in V;, a subsequence (yx) of (y,,) converges
almost everywhere on 7 x Q to y. Moreover, we know that (c,,) — 0. Hence, for almost
all z € Z there exists ko(z) such that a +e(ag) < yp(z) < b —e(ag) for all k > ko(2).

From the properties of 3, it therefore follows that Ax(z) = 0 for almost all z € Z and
k > ko(z). Consequently, Ay converges to 0 almost everywhere on Z. U

Remark 3.20. The convergence of v, to v in H'(Q) implies the convergence of v to v™
in H'(Q) (where r* := max(0,r) for r € R). A proof can e.g. be found in [41, Lemma A.1].
This implies the continuity of the modulus and of the projection P on H'(€) and extends
to the continuity of the modulus and of P on L*(7; H'(Q)). Hence, a possible choice of h
in the last theorem is h(r) := |r — my| — |mg| for my := (a 4+ 0)/2 and my := (b — a)/2.

Combining the results of Theorem 3.17 and Theorem 3.19 and considering the sign condition
satisfied by A, and p,, in the limit (see third equation in Theorem 3.19) we find that our sta-
tionarity system corresponds to a function space version of C-stationarity for mathematical
programs with equilibrium constraints; see [40], [42] and [53].
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4 Appendix

In this appendix we provide proofs of results given in Section 1. We start with the basic
Lemma 2.4.

Proof (of Lemma 2.4). Let (y,y*) € Y x Y™ be given and define 1) := C(p, X,Y, E).
Then we have that

(v,y") € 0¥
— yedomy, (y',0—y)y <¢@)—¢Yy) VveY
= yedome, u:=FE"'y, (Ey' ov—u)y <p)—¢pu) VreX
— (B 'y, E*y*) € Op.

This implies 9y = (E*)"'dpE~!. Now assume that ¢ is proper, convex and lower-semicon-
tinuous and has bounded lower-level sets. It is clear that ¢ is proper and convex. Let (y,) be
a sequence in Y that converges strongly to y € Y. We have to show that ¢(y) < lim ¥ (y,).
If lim(y,) = oo, then the assertion is trivial. So let us assume that lim(y,) < oc.
Hence, it is possible to extract a subsequence (y,,) of (y,) such that y,, € dom and
lim ¢ (y,,) = lim ¥ (y,,). We set z,, :== E~ 1y, and since (¢(z,,)) is bounded in R, (z,,) has
to be bounded in X. Consequently, there exists a subsequence (zy) of (z,,) that converges
weakly in X. The continuity and injectivity of E therefore imply that this weak limit is
E~1y. Since ¢ is convex and lower-semicontinuous, it is even weakly lower-semicontinuous.
This implies
P(y) = p(E7'y) < lim p(ap) = lim 9 (y,)

k — oo n— oo

and therefore finishes the proof. O

Next, the commutation rules and the regularity result for the bi-Laplace equations are es-
tablished.

Proof (of Proposition 2.7). Since 0f2 is supposed to be sufficiently smooth, standard
regularity results imply that Ls : V3 — Vj is an isomorphism and that I Ly = LI3 (cf. [34]).
Furthermore, the unitarity of L; and L3 is easily verified. Now let vy € V3 and v; € V] be
given. From the symmetry of Iy and L, it follows that

(I3Livi,v0)y, = (Livi,I3vo)y, = (Lilsve,vi)y, = (Lilsvo,vi)y, = (v, Lavo)y,
= <L§[17}1,U0>VS.

Thus, we have that I;L; = L;I,. Consider y,v € V; and y*,v* € V}*. Since

(Lflfly‘v>vl = (Ly,v)y,,

the symmetry, positivity and injectivity of L;*I; and (Lj)~'I; are obvious. By Rellich’s
Lemma, [y is compact and therefore also I; and L;'I;. The same applies to I3 and (L3)~' 12
by Sobolev’s Embedding Theorem.
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Assume that U; is a closed subspace of V; satisfying L; ', (U;) = U;. The continuity of L;*
implies that [, (U;) is closed in V" as well. Since U is a Hilbert space with the induced inner
product of Vi, we conclude from the spectral theory of selfadjoint, compact operators the
existence of a finite or countable sequence of orthonormal eigenvectors (v,,),eny with N C N
in U, of L', for the eigenvalues (\,)nen such that U; = D,.c y Ru,,. Moreover, it holds
An > 0foralln € N and A, — 0 for n — 00, n € N. Since L, : V; — V{* is a unitary operator
and I;(U;) = L1(U1), the orthogonal projections Py, .y, and Pys_p, 1,y from Vi onto Uy and
from V}* onto I;(U;), respectively, are given by

Py, .y = Z (v]vp)y,vn and  Pyep )" = Z (v* |L1Un)v1*len'

neN neN

We have Lflflvn = A\Up, hence \,Lq v, = [v,. Furthermore, it holds that

(11U|L1Un>vl* = (hv,vn)y, = (Lvg,v)y, = A{Livn,v)y, = Aa(vn|v)y,
Altogether, this yields

LPy, v = Il(Z(UWn)Vlvn) = Z(U|Un)vlflvn,

neN neN

Py nwnhv = Y (o] L)y Livy = Y Au(v]oy) W L o,

neN neN
LiPy,_p,v = Ll(Z(U|Un>V1Un> = Z(U|Un)V1L1Un,
neN neN
Py nwonyliv = Z(L1U|L1"Un)v1*L1Un = Z(v|vn)vllen
nenN neN

and therefore Iy Py, v, = Pvrrwy)li and L1 Py, .y, = Pyr 5 @,)L1. Similar arguments
can be used to prove [;PVI*_J]T = PVS**)[;(UDI;; and L;P\/l*_)Uf = va*ﬂjg(Uf)Lg. Ol

The following general integration by parts formula is a result of Groger [35], cf. [57].

Proposition 4.1. Let V' be a reflexive Banach space, H an arbitrary Hilbert space and
K € L(V; H) with dense range. We define E = K*JyK € L(V;V*) and H := L*(T; H),
V= LXT;V), W = {y € V: (Ey) € V*} with the standard norms and ||y|lw =
(||y||v + ||(5y) )1/2, respectively. Then the operator K maps VW continuously into the
space C(T; H), mecmmg that every class of equivalent functions in K(W) C L*(T; H) pos-
sesses a representative that is continuous from T into H with continuous extension onto T .
Furthermore, in this sense the formulas

()12 (0C0) (1)) — ((K)(0)| (Ke)(12)) 5
= [ HEO0)y + (€0 @) .p(0)y] d (@)

t1

and in particular

1)t 13— (1 (Ky) (1) | = / ((E9) (1) y(0) by dt (4.2)

hold for all y,v € W and t,,ty € T.
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Proof. 1. At first assume that y,v € C}(R;V). Let us define the functional p(t) :=
((Ky)(t)|(Ko)(t)) = (Ky(t) | Kv(t)) 4. 1t is easy to see that ¢ € C'(R) and

P(t) = (Ky' () [ Ko(t)) g + (K () [Ky(t) g = ((Ey)'(£),0(t))y + ((Ev)' (1), y(t) )y-
Hence, equations (4.1) and (4.2) follow from the fundamental theorem of calculus.

2. Again, let us suppose that y € C}(R;V) and t,s € R. By virtue of equation (4.2) and
Holder’s inequality, we conclude

)OI < WKy )+ 201 (Ey) Iyl < [[(Ky)(s) Tz + 21y -

After applying the square root on both sides and integrating over s € supp y we can estimate

[supp y| [|(Ky) () |la < 11Ky |lagey + V2 suppyl ||y |-
Assume that [suppy| > 0. Since K € L(L*(R;V); L*(R;V)), we obtain

sup [|(Ry)(®) [l = Clllyllv+llylbw) < Cllylhw (4.3)

for constant C' only depending on |suppy|. If |suppy| = 0, this inequality obviously holds
as well.

3. Let y € W be arbitrary. Since the restriction to 7 of the set of continuously differentiable
functions on R with values in V' is dense in W, there exists a sequence (y,) in CH(R;V)
such that y,|r —y in W. From (4.3) it follows that Ky, is a Cauchy sequence in C(7; H)
and therefore converges to some h € C(7; H). It is not difficult to see that Ky = h almost
everywhere on 7. Hence, h is the continuous representative of Ky € L>(T; H). Moreover,
in the estimation in steps 1 and 2 we can pass to the limit in order to obtain the assertion

for arbitrary y,v € W. This completes the proof. U

Proof (of Proposition 2.8). From Proposition 4.1 and with L; = Jy we obtain that
for functions f,g € V3 with £f, &g € El(’]'; Vi) for B = I{L,15 it holds that f, g admit
continuous respresentatives defined on 7 with values in V; and

(1) 9)v, +{(€9) £y, = (FD)|g(T))y;, = (£(0)[9(0))y;.

Proposition 2.7 implies
E = 3113 = L3113 = I3 Ls.

For y,v as in the assertion, let us choose f :=y € V3 and ¢ := Lglv € V3. Thus, we have
HYT; V) 2y = (L£5)7'Ef and HY(T;Vy) 2 v = Eg and therefore £f,Eg € HY(T; Vy).
This implies that f =y and ¢ = £, 'v can be regarded as continuous functions on 7 with
values in V] (and hence also v with values in V}*). Moreover, it follows that

(v, + (0 Y)y,
= ((L5)HESY  Lsg)y, + ((E9) [y, = ((EF) gDy, +{(Eg) [ )y,
= (f(Mg(T))y, = (£(0)]9(0))y,
= ((Lig)(T), F(T) )y, = ((£29)(0), £(0))y,
= (v(T),y(T))y, = (v(T),y(0) )y,
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This completes the proof. U

Proof (of Theorem 2.9). Choose a complete orthonormal system of eigenvectors (e, )nen
for the eigenvalues (\,)ney in V4 of the operator Li'I;. We denote the span of ey, ..., e,
by Vi, and V', = L(Vi,) € Vi, V5, = I5(V),) C V5. The orthogonal projection of
Vi, Vi" and V5 onto the subspaces Vi, V7', and V3, are denoted by Py, ,, Py and Py |

respectively. Then it is not hard to show that Py, .y =y, —y in Vi, y, € H(T;V1,) and
Py = yp—y in Vi

Moreover, the continuity of L3 and Ly implies that £5L,y, — LiL1y in V;. With \e, =
Li'Ie, = I3L3"e,, it holds that e, € V3. Hence y, € L*(T;V5).

In order to prove the assertion, it suffices to show that (y,) and (y/,) remain bounded in V3
and Vj, respectively. From ¢’ + L5£,y = f and Proposition 2.7 we obtain

y;l -+ £1£3yn = 7)\/3*)” [y/ + £§E1y] = PVl*,nf.

Vik Z H 7D‘/l%,n'f |

and therefore using || f|

11

The term in the middle on the right hand side can be transformed into

v; also

ve = lyn + L1Laya|

%}; = 1Y, 12/1*-
(Wl L1Lsyn)ye = (W Lavn)y, = (LivnYo)y, = (U |¥0)y,

= LD, - 101,

The sequence ||y, (0)|]y, is bounded by ||y(0)||y; since by Proposition 2.7 it holds that
Yn(0) = (Pvi,9)(0). Because of || L1Lsyn |[v: = [|Lsyn|lvy = [|Ynl|vs, the proof is finished. [

Proof (of Remark 2.10). First notice that the eigenvectors (e,) of LTI, are elements
of V4. Then proceeding as above we obtain

1£1e = lwh + LoLaynllre = 190l + 2(yn [ L2Layn )3 + 1| L2Layn I3

Again, using analogous commutation rules as given in Proposition 2.7 we conclude that

(| LoLayn)yy = (Layly|Loyn)s,
1
= S (1IDIR, = 13 O)11,).

Since ||y, (0) ||y, is bounded by ||y(0)]]v;, the assertion follows. O

In order to prove Proposition 2.11 we make use of a general result by Kampowsky [44] on
the continuous Fréchet differentiability in Lebesgue spaces and reduce the problem to this
case.

Theorem 4.2. Let (U;)1<i<n, V be normed vector spaces, £ C RN a mesurable subset and

¢, (Pi)1<i<n numbers with 1 < g < p; < oo V1<i<n. We define r; := (% - pii)_1 (with



28 4 APPENDIX

i = 0) and the spaces U = Uy X ... x Uy, U; := LPi(QU;), U = Uy X ... XUy, V =
Lq(Q V) and W; = L"(Q; L(U;; V) for all 1 <i<mn. Assume that the mapping a :
QxU — V possesses all partial derivatives Oy,a =: a; : QxU — L(U; V) in the U;-
variables as Fréchet derivatives, that these fulfill the Carathéodory condition and that their

superposition operators
(Aiy)(x) = ai(z,y(z))

map U continuously into W;. Then the superposition operator A :U — V of a is continuously
Fréchet differentiable and its derivative A" : U x L(U;V) is given by

(A'(y;v Z Al(y
for all y,v € U and almost all z € 2.

Proof (of Proposition 2.11). 1. In the first step we show that the superposition operator

Aofa

(Ay)(z) := a(z, y(z))
mapping Wh2(Q) into H'(2) is continuously Fréchet differentiable and its derivative A’ :
Whs2(Q) — LW=2(Q); HY(Q)) is given by A'(y;7r)(x) = d/(y(z))r(2).

For this purpose, choose 2 < p; < oo such that é > L > 1 _ L The assump-

— p1 — s2 N

1
1
(©) embedds continuously into LF'(2).

tion guarantees that this is possible. Then, W12

Moreover,
G:H'(Q) — L*(Q) x L* (4 RY), 7+ Gr:= (y,Vy)

is an isometric isomorphism from H'(Q) onto a closed subspace H; of L?(2) x L*({;RY)
and the gradient V(aoy) is given by a'(y)Vy. Instead of analyzing A directly, we define the
operator

AP (Q) x L2(QRY) —  L2(Q) x L*(Q; RY)
(y,v) — (a(y),d'(y)v)
with py := s5 and use that A can be decomposed into
Whs2(Q)  —  LP(Q) x LP2(Q;RY)  — H, — H()
y = (y, Vy) = Ay, Vy) — Ay=GlA(y, Vy).

Since W152(Q) 3 y — (y, Vy) € LP1(Q) x LP2(Q;RY) and G~ : H; — HY(Q) are linear,
continuous operators, it suffices to prove that A is continuously Fréchet differentiable, and
A" L (Q) x LP2(Q; RY) — L(LP(Q) x LP2(Q; RY); L2 (Q) x L2(Q; RY)) is given by

(A(y,0)[r, s)(@) = (@ (y)r, " (y)rv +d'(y)s),
because then we have

Ay, Vy)[r, Vr] = (d(y)r, V(d(y)r) = G (y)r).

From the fact that a is differentiable and Lipschitz continuous, it follows that y — a(y) is
continuously Fréchet differentiable from LP'(Q) into L?(Q2) by Theorem 4.2 with derivative
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a'(y). Moreover, the mapping b : (f,h) — a'(f)h from R x RY into RY possesses the total
differential (Db)(e,g) € LR x RN;RY), (Db)(e,g)[f,h] = a"(e)fg + d’(e)h. We know that
a”(R) and a/(R) are bounded subsets of R, that Db is continuous and

1(9ud) (€, 9) [lcrmyy = la"(e)g] < Clgl,
1(0ub)(e, 9) || crrmyy = ld'(e)] < C.

Consequently, the corresponding superposition operators B,,, B, satisfy

By LPY(Q) x LP2(Q; RY)  —  LP2(Q; L(R; RY)) — L™(Q; L(R;RY))
B, : LPY(Q) x LP2 (4 RY)  —  L2(Q; L(R;RY)) — L™(Q; L(RY;RY))

and are continuous with py = s2 > 1 := (3 — ;=)' and 00 > 75 := (5 — =)', Theorem 4.2
now implies the continuous Fréchet differentiability of A from W'52(Q) into H'(Q) with the

derivative as desired.

2. Now let us consider the superposition operator A of A itself and show its continu-
ous Fréchet differentiability. The superposition operator of A’ will be denote by B, i.e.
(Bu)(t) = A’'(u(t)). If we are able to show that B maps L (7;W'%2(2)) continuously into
LT L(Wh=2(Q); H'(Q))) with - + © = 5, then Theorem 4.2 applies and we are done.

Consider M := {y € W"*2(Q) : [|y|lw1.s2(0) < 1} and for y,r € W2(Q)

1AW i = ld @)1l
Ha/(y)TH%%Q) + Ha//(y)TV?JH%2(9) + H@/(y)VTH%%Q)
C I By + N7Vy By + 197 B )

The second summand can be estimated with the help of the generalized Holder’s inequality
(1 fglle <N fllzallgllzr for & = 2+ 1) and the Sobolev embedding W"*(Q) — L"(Q) by

T q

IN

17Vyllz@) < [l7ll@lVyllia@ < Cllrllwis@llyllwie g

— Lyt < (2 — (3 - L))"t = s, by the choice of p;. Consequently, it holds

. . 1
with ¢ := (5 o 5 5

that

||A,(y)||L(W1v52(Q);H1(Q)) = sup {||A,(?/;7“)||H1(Q) Sre M} < O+ ||y||W1v52(Q))'
Finally, we have r < s; by assumption, which implies that the operator B : L**(7; W'%2(Q)) —
L™(T; L(W'52(Q); H(Q))) is continuous. This finishes the proof. d
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