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Abstract

In this paper, mean curvature type equations with general potentials and contact an-
gle boundary conditions are considered. We extend the ideas of Ural'tseva, formulating
sharper hypotheses for the existence of a classical solution. Corner stone for these re-
sults is a method to estimate quantities on the boundary of the free surface. We moreover
provide alternative proofs for the higher-order estimates, and for the existence result.

1 Introduction

We consider the problem to determine the shape and position of a free surface S parameterized
by a function ¢ : G C R™ — R (n = space dimension), obeying on S' the relation

diVS Uq('> —V?/), 1) = ¢(7 ’QD) ) (1)

where divg is the surface divergence operator, 0 : G x R"™' — R, (z,q) — o(x,q) is a
potential, and o, := V0. In the case of constant isotropic potential 0°(q) = |g|, the equation
(1) reduces to the problem of surfaces with prescribed mean curvature. The right-hand side
¢ : G x R — Riis a given function.

Since the free surface S is represented as the graph of the function ), the equation (1) on the
manifold S' can be reduced to a problem posed in the domain GG of parameterization. We define
forr € G,peR"”

F(z, p) =0(x, —p, 1), F,:=V,F. (2)

Under the assumption that o is twice continuously differentiable, we can define

n+1
R(l’, p) = Z Ugi(% -Db, 1) U%(% -p; 1) qu,xj(xa —-Db, 1)7 3)

ij=1
and introduce a function ® : GG x R x R" via
Oz, Tny1, p) = 02, Tnia) + Rz, p). 4)
In the domain (7, we consider the contact angle problem
—div Fy(-, V¢) = O(, ¢, VY)  inG, (5)
—E,(-, VY) ng =k on 0G, (6)



with the (generalized) angle of contact <. Under the assumption that the potential o is positively
homogeneous of degree one in the g—variable, the equation (5) is equivalent to (1) (cf. Lemma
B.1).

Physical applications of the model (1), respectively (5), (6) are to find for instance in thermody-
namical context. The equation (1) is known as generalized Gibbs-Thomson relation. The surface
S typically represents a phase transition, and o is the surface tension on S. The right-hand side
¢ in (1) may involve quantities such as chemical potential, temperature and mechanical stresses
on S see the book [Vis96], Ch. IV for models in crystallization, or [LM89], [GK10] for related
mathematical developments. Technical applications for the model (1) are for instance processes
in industrial crystal growth, where curvature effects on the crystallization interface are assumed
to be responsible for the formation of defects (cf. [DDENO08]).

The problem (5) has been thouroughly studied in the seventies, in connection with either the
Dirichlet or the contact angle problem: see [Gia74], [Ger74], [Giu76] among others for the BV
approach, see [Fin65], [Ser69], [Ura73], [Ura75], [SS76] a. o. for the classical approach, which
is going to retain our attention in this paper.

To our knowledge a local L*° estimate on V) was first obtained in the papers [Mir67], [BDM69]
for the problem of minimal surfaces (thatis ¢ = 0, o(¢) = |g|). The local boundedness of the
gradient was then proved for general singular quasilinear equations in [LU70] on the basis of
profound results of geometric measure theory. Local estimates employing other methods were
also derived early (cf. [Tru73]) by the authors of [GTO1] (see Chapter 16). It is to note that the
a priori estimate derived in these papers for C? solutions being local, they did not lead to the
solvability of (5), (6).

The global estimate on the gradient for the contact angle problem (5), (6) was first obtained in
the papers [Ura71], [Ura73], [Ura75] for general o = a(q), mainly via extension of the methods
of [LU70]. In connection with at that time advanced continuation methods in Banach-spaces, the
estimate also allowed to prove the classical solvability. In [Ura71] the validity of these results was
restricted to (strictly) convex C*%—domains (G, and a vanishing angle of contact. The theory for
convex domains and a constant nonvanishing angle of contact x was introduced in [Ura73];
Finally, the results were extended in [Ura75] to variable kK and nonconvex C3—domains, but only
for the case o = |¢| (mean curvature equation).

With respect to the ¢—data, it was in these papers necessary to assume that ¢ € Clvo‘(@ X R)
satisfies the strict inequality

—Y0 1= esssup ¢z, , < 0. (7)
GxR

Other approaches to the results of [Ura75] for the mean curvature equation were later discussed
in the papers [SS76], Th. 3 or in [Ger79], that state the gradient estimate for (nonconvex) ct
domains. The case of singular contact angles is discussed in [KS96]. More recent studies are
more often related to the Dirichlet problem for the mean curvature equation: see [Mar10] and
references. Note, also in connection to the Dirichlet problem, the interesting generalizations of
(5) considered in [SW87].

In this paper, we generalize the ideas of Ural'tseva on classical solvability of (5), (6) to potentials
o = o(x, q). Note that in this case, the function R defined in (3) in general does not vanish. We



moreover significantly weaken the required hypotheses regarding the regularity of the domain
G (allowed to be C'*“ and nonconvex) and of the function ¢. In particular, we allow for disconti-
nuities of V¢ in G x R, which might be important in case that the function ¢ involves quantities
that satisfy transmission conditions on the surface S. The key-point for these new results is a
method (lacking in the references) to estimate quantities on the boundary of S.

Our hope is that these improvements will in particular allow to tackle coupled problems involving
(5). In this context, we also propose a hew method to estimate max W| a quite important point
if the quantity ¢ is defined only in a bounded cylinder G x] — M, M]|. Finally, we provide new
proofs under sharper hypotheses for the higher-order estimates, and for the existence result.

2 Notations and statement of the main result

In this section, we introduce the basic notation and state the main hypotheses and results of our
paper.

Let n > 2 denote the space dimension, and let the parameterization domain G C R"™ be simply
connected and belong to the class C2. To fix the notation, we recall that

G xR :={(z,q) : z€ G, g R}

_ _ 8
GxR":={(x,p) : x €G,peR"}. ®)

For the potential o : G x R™*! — R appearing in (1), and for the function ' : G x R® — R
defined in (2), it is convenient to introduce the abbreviations

0g4 =0,0fori=1,....n+1, F, =0,Ffori=1,...,n, 9)

Moreover, if p : G — R"™, we use the symbol % with the convention

d
%F(l‘, p(l’)) :Fx(xvp)+Fp(x7p) pr (10)
Throughout the paper, the function ¢ is assumed to satisfy
o€ C*(G x R\ {0}) (e > 0). (12)
We assume that there exist positive constants v (g =0,2)and p; (z =0,...,4) such that for
all (z, q) € G x R™*!
v lql < oz, q) < polgl (12a)
|og(@, Q)] < 11 (12b)
U n+1 [
2 2 2 2
TEF S ) O (T )& & < (€]
4] ; o 77 gl (12c)
forall € € R""! suchthat - g = 0
n+1
Zaqi7qj(a?, q)qg; =0 fori=1,....,.n+1 (12d)
=]
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‘O-q,m<x7 q)| S M3, ‘O-q,m,m<x7 q)| S Ha - (126)

Note that the hypotheses (12a), (12b), (12c) and (12d) are in particular satisfied if o is positively
homogeneous of degree one in the ¢ variable (cf. [LU70], [Ura71] for a proof). For the function
¢ : G x R — R, the regularity

¢ € WhHe(G x R), (13)

is at least required. Moreover, the gradient of ® should have traces on manifolds. However, it
is too restrictive to assume continuous differentiability, if, for instance in a coupled problem, the
function ¢ involves quantities satisfying some transmission conditions on a surface S” C G xR.
Therefore, in addition to (13), we assume that there is ¢’ € C’O’l(@) such that

¢ € Vy o ¢e WG x {zon <¢'})and ¢ € WG x {zo >9'}) . (14)
An important property of the class Vwr is stated in Lemma A.2. We at last assume that
k€ CH(0G) (a>0). (15)

The main result on existence, uniqueness and regularity for the problem (5), (6) is formulated in
the following theorem, that extends the Theorems 1 and 2 of [Ura73].

Theorem 2.1. Assume that G C R" is a domain of class C>® (o > 0). Let o satisfy the
assumptions (11), (12), and assume that ¢ € W1°°(G x R) N Vi (cp. (14)) satisfies (7). Let
® be given by (4). Let k € C1*(9G) satisfy || k| L @ac) < Vo

Then, there exists a solution 1) € 02704(@) to the problem (5), (6). If 3 < 2 7 12, the function
1 is the unique (weak) solution to (5), (6) in the class W 11(G).

Our second main result states an exact dependence on ||9)|| () with regard to the ¢ data.

Theorem 2.2. Same assumptions as in 2.1. Let 1) denote the unique classical solution to (5),
(6). Define vy > 0 as in (7). Then, there exist constants M, ¢ > 0 independent on ¢ such that

9]l ey < M 4+ erg ' (1 + |8l Lo (ax = ar,a))) -

In our last main result, we prove that the condition (7) can be relaxed, and that the strong
monotonicity is actually needed only for large arguments.

Theorem 2.3. Same assumptions as in 2.1 except for (7). Assume instead that there is M > 0
such that

esssup ¢, <0, (16)
GxR
—Y = esssup ¢, <0. (17)

Gx{lzni[>M}

Then there exists a solution 1) € C2’°‘(@) to the problem (5), (6). If u3 = 0, the solution is
unique in this class provided that there is G’ C G of positive measure, such that

Gu,r <0  almost everywhere in G’ x R. (18)



3 Preliminary propositions

We begin this section by stating a few elementary consequences of the hypotheses formulated
in the preceding section; They are are already to find in [LU70] or [Ura73], and are recalled for
convenience. Afterwards we state a boundary inequality on the manifold S.

Note first for p € R" that ¢ := (—p, 1) € R"™' \ B;(0), and therefore, the definitions (2), (3)
and the assumption (11) imply that

Fe 0@ xR"), ReC*(GxR"). (19)
Moreover, using (12e), the definitions (3) and (4) immediately yield
Rz, p)| < s, |2z, Tptr, p)| < D@, Tpgr)| + p13 - (20)

Due to (12a) and the Taylor formula, there is for all (z,q) € G x R"*1\ {0} a A €]0, 1] such
that*

1
0=o0(x,0)=0(z, q¢) —o,(xq) g+ 3 Ogia; (T, AQ) G qj -

The property (12d) therefore implies for all ¢ € R"*!\ {0} that o(z, q) = o,(z, ¢) - ¢, and it
follows from (12a) that

o (7, q)-q>1ylgl forallg e R™. (21)

Forp € R", ¢ := (—p, 1), it follows from (21) and the definition (2) that

Fp(x, p)-p=o04(r, q)-q—0g,,.,(2, q)

= U(*Tv Q) - an+1<x7 Q) :

Using (12a) and (12b), one therefore obtains from the previous assumptions on the growth of o
that

Fy(z,p) - p>vo/1+|p|2—p forall (z,p) € G x R". (22)

Since 0,(x, q) - ¢ = o(z, ¢), the assumption (12e) also implies that
|00(2,q)] < pzlg| forallg € R™. (23)
For & € R, let & = (&1, ..,£n,0) be the projection onto R™*!. For (z,2,41) € G X R,

define a vector field £ := £ —ng (€ - ng) € R™"L. Denoting by (+),,, | - |, the Euclidean scalar
product and the Euclidean norm in R™, one has

€1 = 1l = 1€l + (€ ns)aga (24)

LWhenever confusion is impossible, we use the convention that repeated indices imply summation.




Therefore, if ¢ € R”

2
€2, e inG xR. (25)

a 2 =
€120 = 1€k — (€ )it Z T O0E - 1T [VOP

The condition (12d) implies for x € G that

n+1

Z DisPj ZL’ qub 525] - quz,q] V?/), )Szgj

1,7=1 1,j=1
n+1 o

- Z qu,qj(x> —V?/), 1) 52 gja
i,j=1
and it follows from (12c¢) that
|2 |2
Vo |§|n+1 <F, (1, V)& & < K2 |§|n+1 (26)

L+ [Voyp)z = (14 [Ve[2)172 7

In particular, the relation (26) and (25) imply that

2
(1 +V|2V|§b|l2)3/z < Fm,Pj ('Tu Vw) & gj forall & € R™. 27)

Using the hat-projection operator for n—vectors, we associate with functions v and vector fields
w defined in the domain GG extensions ¥ and w defined in G x R setting

f}(l’, xn-i—l) = 'U(ZL'), ’LZJ(ZL’, xn—i—l) = ’LU(Z’) : (28)

Observe that, Vv = Voforalv e C! (@) We also need extensions into GG of the data n¢
and x given on OG. Note the following Remark.

Remark 3.1 (Data extension). Since G has a C>® boundary, the unit normal has an extension
ng = Vdist(-, 0G) into G such that ng € [C**(G)]". Under the assumption (15), it is
possible to assume that Kk € obe (@) See the Lemma A.1 in the appendix. With the help of the
hat-operator (28), we then obtain extensions ng € [C1*(G x R)|"*! and k € C12(G x R)

We now want to prove an inequality associated with the surface .S. For 1) € oot (@) the graph
S C R™" of 1) is the set

S ={(r, 1p41) EGXR : 2,11 =1V(2)}. (29)

A unit normal on the surface .S is given almost everywhere by

v e ] Vi)
sl () = s (T ). 20

The natural surface measure on the surface S is given by

=1+ |Vy]2dA,. (31)



For f € C''(R"!), the differential operator
0f=Vf—=(Vf -ns)ns, (32)

plays a crucial role in the problem (5), (6). On S, it is identical with the surface gradient. For
v € C1(G), we also introduce

51}::VU—IV:|.7VVJT2VQ/J inG. (33)
The definitions (28), (32) and (33) imply for v € C’l(@) that (cp. (24))
|VU|727, = |Vﬁ|i+1 = | 5ﬁ|i+l + (Vo nS)i—H : (34)
The identity (34) thus implies that
[0051 = [Vuly = (VO ns)y i =00 (35)
Moreover, the definition (33) yields the important property (cp. (25))
o) > (1+|Vy]) Vo> inG. (36)
Throughout the paper, we denote
08 = {(z, v,11) ER"™ : 2 € 0G, w1 = Y()}. (37)
An important quantity related to 05 is the tangential gradient of 1) on OG given by
v =V — (Vi-ng)ng ondG. (38)
If & denotes the angle of contact between S and 9G (thatis, cos a := —Vip-ng/+/1 + [Vi|2
on 0G), then
1/2
sina = (%) / on 0G . (39)

Denote d H,,_ the standard surface measure on JG. Then, a natural surface measure on 05

is defined by
dHn—l =V I+ |'l/)t|2 dHn—l . (40)

With these preliminaries, we can state the following inequality, which is a corner stone of the
proof of Theorem 2.1.

Lemma 3.2. Assume that G is a bounded domain of class C? in R™. Let S C R™*! denote the
graph of the function 1) € C*(G) that satisfies (5), (6). Assume moreover that ||| 1= c) <
Vp. Taking into account the assumptions (12b) and (12e) and the Remark 3.1, introduce the
positive constant

co = co(G, @) == [|@|re(s) + 2 pu1 Vgl () + 13- (41)

Then, for every nonnegative f € C''(R"*!)

/ sinoz_lden_l S (Vo— ||H||Loo(ag))_l (/ ‘(Sf‘dHn—i‘Co /den) s
oS S S

where ¢ is defined by (32). The function sin o and the measure d’H,,_; are defined in (39) and

(40), and satisfy in particular sin a'dH,,_; = /1 + |V¥|2dH,_, on OS.



Proof. Throughout the proof, we abbreviate o, = o,(x, —V1), 1). We draw the attention of
the reader on the definition (28) of the hat-extension operator, and on the Remark 3.1. On the
surface .S, define vector fields (cf. also (39))

T .= —(ﬂG . ng) Oq + (O'q : ng) TAlg, Ngs ‘— sin Oé_l (ﬂG — (ns . flg) ng) . (42)

Note that 7" and ngg are tangent vectors to the surface S. Due to the divergence theorem in
Lemma B.2, the identity

/T-(;den—l-/diVSdeHn = (T-nas)den_l , (43)
S S as

is valid. Using the definitions (42) and the property (21), one easily verifies that

T -ngs =sina ™' (o, — kg) - ng 44)
> (19 — ||kllz=~(9e)) sina™"  ondS.

Denote g := (V@D, —1). Since all quantities appearing in the definition of the vector field T’
only vary in the domain (=, the equivalent expression (129) for the operator divg implies that

V1+ |V@b|2 dive T = div((ng - V¢) 0, — (04 - ¢) ng)

do,
= Z{&BIHGJ i 0g + na 8] i 0g, + ng; 050 ql}
i,7=1 (45)
n n+l do
- Z 7 OnstinGs = 3 D 7 4+ 04 63 0ama )
7] 1 i=1 j 1
Fori € {1, R n} the property (12d) yields
n+1 n+1 n+1
2
d 45 = Z{qu’xi 45 — Ogj,qx ak,ﬂb q]'} = Z Ogjw; 4 -
j=1 j=1
Using on the other hand that 0,,q,; = 6Zj¢, the relation (45) is equivalent to
V1+|VY]2 dive T = (ng - Vo) div(e,) — divng (o, - q)
n n+l
(46)
Z g, Oa,nG,j Ou, V) — Z Z nG,iqj 9q;,a; -
i,j=1 i=1 j=1
Therefore, using also the equation (5), it follows from (46) that
. A A . nG,i4j 0q;,2;
divg T = —(ng - ng) ® — (0, - V)ng - ng + divng (0, - ng) — ——=—
' ' VIV
and, with the help of (12b) and (12e), that
| divg T| < [|®]| noo(s) + 2 1 |Vl o= (@) + pis - (47)
As a consequence of (43), (44) and (47), the claim follows. O



4 A priori estimateson ) in L?

The natural W1! estimate, and the global boundedness of weak solutions to (5) have been
discussed in different papers. For the contact angle problem (6), the monotonicity condition (7),
the C* regularity of the data n¢;,  and the inequality || || (o) < Vo are sufficient to obtain
such bounds (this was proved in [Ura71]). In the two next Lemma, we show that it is possible to
relax these conditions, assuming only that there are 5 and M > 0 such that (17) is valid.

Lemma 4.1. Assume that G is of class C%!. Let ¢) € WH(G) satisfy (5), (6) in the weak
sense, where ® is given by (4), with ¢ € C’O’l(G X ]R) satisfying (14) and (17). Then, there is
a constant ¢ depending on G, n and on ||%|| (s, Vo Such that

v [[VYlzye) + 0 ||¢H%2(G) <c(MPy 4+t 1+ H(bH%OO(Gx[—M,M}))) :
Proof. We denote F), = Fp(x, Vw). By assumption, the integral relation
/F vg+/ rE— / (L VONE, YEEWI(@) @)
G

is valid. Denote T);(1)) the truncature of ¢ at the levels M and —M. For all x € G, the
fundamental theorem of integration implies that

1
oz, ¥) = oz, Tu(¥)) + /0 Do (@, T+ (L= 8) Ty (4)) dt (0 — Tae(4)) . (49)
The assumption (17) and Young'’s inequality then imply that

oz, V) (Y —Tu(v)) < ¢(93 Tar (1)) (0 = Tar(¥) — 70 (0 — Tar(¥))?

<P T + oo Tu)P.
It follows that
o )% < =3 (0 = T)) + 5= 6. T + 6(a.0) Tu () "
<= (0= T () + 5 6z, T () + 6(o. Tu6) T (0).
The estimate (20) and Young's inequality yield
R(x, Vi) < 2 1 (0= Tar () 49" 45 + pua M. (52)
On the other hand, the formula (22) implies that
F,- VY >vo\/1+ V|2 — . (53)



Inserting & = 1 into (48), and using (51), (52) and (53) yield
Y0 2
w [ VIFIVOP+ % [ 0= Tuw)
< (a4 75" o+ M o) maeas(@) + [ el [v] 54
le]
1 2
w3 [ 10l TP + [ ole Tulv) Tu(w).

Since Wh(G) — L'(OG) compactly, it follows for arbitrary § > 0 that there is ¢ = ¢(§) such
that

/BG K] < 5l =@y [l 1 oa) < M8l e@a) (O IVPlLi@) + ed) [$llie)) -

Therefore, if & # 0, we choose § = 14/2|| k|| L (ac), € := ¢(6), and using Young's inequality
again, it follows that

v V 1.2 -
101 < 21Vl + R 10 = Tu W)l + (05" + M) meas(G),

and, due to (54), that

0 70 2 -1-2 | =
2 [ VTP + R [ =T < +95" + M) meas(@)

1
b [ 1ot Tu()? + M | ofe, Tu()],
2% Ja e
with ¢ = ¢ + g, yielding the claim. O
For the following L°° estimate, weaker assumptions are needed than in the classical references
[Ura71], [Ura73]. A restriction on ||| L (ac) is neither needed.

Lemma 4.2. Same assumptions as in Lemma 4.1. Define my := min{%, VO}. Then, there is
a constant ¢ = ¢(G, n) depending continuously on the constants v;, u; in (12) such that

[l < M +emg (14751 (1 + 101 (o (a1, 217)) meas(@)/ D).

Proof. The proof is to carry out with arguments very similar to the natural estimate of Lemma
4.1, and the well-known technique of Lemma C.2. O

Remark 4.3. The estimates in Lemma 4.1 and 4.2 depend on the ¢ data via the quantity
||¢||LOO(GX[—M7MD/73/2. The bounds are therefore not invariant on proportional increment of ¢
and its gradient (choose for instance a sequence { ¢y} where ¢ (z, T,11) = —70 k Tpy1 With
k € N).

In the following Lemma, we prove for more regular data another type of L°° estimate, that proves
the invariance mentioned in Remark 4.3. Note that the assumptions in Lemma 4.4 are exactly

the usual ones for proving the boundedness of ¢ in this problem ([Ura71], Th. 3).
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Lemma 4.4. Assumptions of the Theorem 2.1. If 1» € W1(G) N C(G) is a weak solution
to (5), (6), then, there is a function vy € C2’°‘(G) determined only by o, G and k, such that
1o = 0 on OG and such that

1 — wolle@ < ot (1o, Po) — Kollzoe(ay + 1s)
with Ko := div F,(x, Vb)) € C%(G), and p3 from (12e).

Proof. According to the Remark 3.1, the data n¢ and x can be extended into the domain G.
For s € Rand z € G, define

H(z, s) = Fy(z, sng(x)) - ne(z) + k(x). (55)
One computes

Op, H(z, 8) =0p,na,; Fp, (v, sng) +naj Fy, o (T, sng)

i

+na,; ij,Pk (xv S nG) S 8xinG,k + axi"{ :

Let ¢ € R™"! be the vector ¢ := (—sng, 1). The assumption (12d) implies for k = 1,...,n
that
n+1
na,j ijJ?k (Iv SnG(I)) §=- Z 94;,9x ($7 Q) g+ O-Qn+lqu(x7 Q) = Ogn+1,ax (SL’, q) )
j=1

and therefore, if i € {1,...,n}

Op, H(x, 5) =0y nc; Fp, (x, sng) +na; Fp, 2, (T, s1¢)
+ 0girqe (T =SNG, 1) Opngr + Oy k. (56)
On the other hand, the assumption (12c) implies that
OsH (x,5) = naj Fp, p, (¥, sna) ng
n+1
A Va (57)
= Z UQj7Qk(x7 —SNg, ].) nag,; NGk Z m .
7,k=1
Due to (22), one moreover has for |s| > 0
Fy(, s1a(2) - nale) = s Fy(a, sna(@)) - sna(@) = s~ (o VI — o).

It follows that

lim F,(z, sng(x)) ng(z) > vy, lm F,(z, sng(z)) - nelx) < —vp.

S$——+00 §——00

Due to the property ||%|| () < 1o (cf. Lemma A.1) there is for each x € G some s(x) € R
such that H(z, s(z)) = 0, and

O = (ngj Fy, (@, sng)ng i) 0n H(z, 5). (58)

11



From (56), (57), we at first conclude that s € C'(9G), with estimate
Vsl <vp ' (14872 (us + (1 + p2) Vel e @) + 1VEl (o)) -

The regularity assumption on ng, F' and x then imply together with (58) that s € C’l’o‘(@G).
Denote by 5§ € C'1%(@G) the solution to

—A§=0inG, 5=s0n0G. (59)

Let yip > 0 and d(x) = dist(z, dG) according to Lemma A.1. Let f € C2°([0, u|) satisfy
f(0) =0, f'(0) = 1. The function ¥y := § f(d) then satisfies

—NApg=2V5-Vd+35Ad € C™(G) inG, =0 ondG. (60)

Therefore, classical results for linear second order elliptic equations (cf. the case (4) of The-
orem C.1) imply that ¢y € C**(G). Obviously, Vioy = f(d) Vs + f'(d) Vd s. Therefore,
Vibo(x) = s(x) ng(x) forall z € OG, and it follows that

—Fy(z, Vipo(2)) - na(z) = =Fyp(x, s(x) na(z)) - ne () = w(z) .

Define Ky := div F),(x, V). If » € WH(G) is a solution to the problem (5), (6), then for
all ¢ e WHH(@G)

L(Fp(x7 v¢) - FP(‘Tv v¢0)) ’ v£ = /G((I)(x7 w7 v¢) - K0)£ (61)

For 1 < ¢ < oo, choose in (61) £ = [t — t)o|?"! (1) — 1), and use the definition (4) and the
assumption (12c) to obtain that

= [ 166 0) = ot )l v = ol" < [ fole. ) = Ko+ Rl =l
Due to (7) and Hoélder's inequality, it obviously follows that

Yo llv = ol @ < 6z, vo) — Ko+ Rllzevi) ¥ — Yol e g -

The claim follows letting ¢ — o0 and using (20). O

5 Global L*>— estimate on V1)

In this section, we are concerned with a priori estimates satisfied by Vi) in L*, where the
function v/ satisfies (5), (6) and is assumed to belong to C? (@) With respect to ¢, we only
assume that ¢ is given in C’Ovl(é x R), and in the class Vi (cp. (14)). Moreover, we are
going to prove a gradient estimate for the cases (7) as well as (16). The results of this section
have been proved in [Ura73] for convex C*“ domains G C R", o = o(q) (that is in particular
R = 0) and k = const. The proof was extended in [Ura75] to arbitrary C> domain and a variable
angle of contact, but only for the particular case o(q) = |g|. Slightly weaker estimates are to
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find in [SS76], [Ger79] for the case o(q) = 0°(q) = |q|: A C* boundary is required, and the
weakening (16) of the condition (7) is not discussed.

We show that the method of [Ura73] yields the global gradient estimate also for general o,
variable angle of contact and domains of class C2. Our contribution is to apply the Lemma 3.2
in this context. The remaining part of the estimate is obtained following the lines of [Ura73],
Lemma 3 and 4, even though we consider a more general situation.

We denote by ng and ~ the extensions constructed in Remark 3.1. It was noticed for the first
time in [Ura73] that under the condition ||| . (ac) < 10, it is sufficient to estimate the quantity

v:=F(x, Vi) + VY -ng, (62)

in view of the inequalities

(o = [lKllz@e)) V14 VY <0 < (po + [[K]=@e) VI+[VE2inG,  (63)

which are clear consequences of the condition (12a).

Throughout this section, we apply the convention that integration on the surfaces S and G is
always performed with respect to the standard surface measures dH,, and dH,,_;. The integrals
on 0SS are performed with respect to the measure dH,,_ (cf. (40)) occurring in the Lemma 3.2
and B.2.

Lemma 5.1. Assume that G' € C? and that 1) satisfies (5), (6) and belongs to C?(G). Assume
that ¢ is given in C%*(G x R) and in Vi, and that ® is defined by (4). Let v be the function
(62). Then, there are nonnegative numbers ¢; (¢ = 1, ..., 4) such that for all ) € C’l(G)

/ Fyy s 50051 — (v — 1Al (o)) / bors VIF VOED

/\5\+c/u+ __Lod [ 1
n 2 n Cs 1+|V¢|2 n.

Here, ¢; are continuous functions of the constants appearing in the conditions (12), and of
|V (K na)|| Loe()- The constant ¢, is depends linearly on || Vg™~ || Lo () (cf. the Lemma A.2).

Proof. Fork = 1,...,n, the relation (5) implies that

dF, dd dF,
_P.V§:/_§+/ ng~—p , (64)
a dﬂjk a dﬂjk G dxk

forall ¢ € WHH(G). Fori, k € {1,...,n}, observe that

dFy,
dz k

= sz‘@k + Fpi,pj a?,k¢ : (65)
On the other hand, if v is defined by (62), the relation

;v = (F,, + kngx) aj%m + Fy, + Oktp Oj(ng i k) (66)
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is valid. In (64), consider a testfunction of the form { = [F,, (-, V¥) + kngiln, with k €
{1,...,n} and n € C(G) arbitrary. Due to (65) and (66), summation over k = 1,...,n
implies foreach i € {1,...,n} that

dF. .
[Fpr + Eng d;: =Fpp; (050 — Fyy — Ok1p 05(ng i K))

+ [Fpk + K’nGvk] Fpi,xk )

and it follows from (64) that
/{sz‘vpj (ajv - Fl‘j - akw aj (nG,k KJ)) + [Fpk + K’nGvk] Fpi,xk} aﬂ?
G
+ / {<Fpi7$k + Fpi,pj aikw> (Fpkml 8l2,27vb + Fpk,wi + ai(’%nGJf))} n (67)
G

dd dF,,.
:/Gd—xk[Fpk+’€”G,k]ﬁ+/aG[Fpk+’f”G,k]d—;;'nGTI-

With the abbreviations

bgl) = —Fyp, (Foy +0j(kngr) Oky), fori=1,...,n,

b2 = Fy 0 Fopopy O30 000 + Fyp 03100 (Fyy o + 0i(K G 1))
+ Fypy Fpow, 0700

bB) = Fyinp (Fppw; +0i(Kngy))

(68)

the relation (67) reads

/ Fhip; Oj0 0 + / bgl) o + /{5(2) + 6@}y
G - G

dd

dF,
- [ 2= F Jai bt '
/dek[ pk+/‘mG,k]77+/aG[ pe T KNG Ll

(69)

The claim will follow from appropriate estimates on the functions b, Usingfor j = 1,...,n
the abbreviation &; := F,; + 0;(k ng k) 1), the Cauchy-Schwarz inequality yields

05 01| = | By, 01 (Fo, + 0y (ki) O1th)
1/2
< (sz‘vpj 5:'77 53'77) (szij 52 Sj)1/2 :
Thanks to (12c), the property (23) and (26), it follows that

VY|

W)Sﬁwm- (70)

1
168 0inl < pa | 8] (1 + ||V (516 | <)

On the other hand, Lemma 3 of [Ura73] (cp. the Lemma D.1 in the appendix) yields
kX

RVENZE

14
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The assumptions (12e) moreover imply that

D] < s (s + IV (£ 16) || 1)) (72)
Due to Lemma D.2 (see the appendix for the proof)
dd |9 vl

d—[L'k [Fpk + /ingk] Ség + 64

V14 |Vy|? (73)
+ (10 — [|EllL=(06)) Panis V1 + [VY[2.

Define Cq = 61 -+ 64, and Cy = 63 -+ 62 + M3 (,u3 -+ ||V(I€ ng)HLoo(G)).
We at last consider in (69) the surface integral, which was estimated in [Ura71], [Ura73], [Ura75]

only for special cases of F', x and (5. Due to the condition (6), the operator [Fpk + mng,k]ﬁ

is a tangential differential operator. If {T(k)}kzl,m,n_l is a system of orthonormal tangential
vectors on G, then, the relation (6) implies that

/[F —l—lﬁln(;k]ﬂ 77—/ (Fp’T(l))( @ . V)F namn
oG dzy oG
:/ (F, )( Vk)n _/ (Fp-T(l))(T(l)-V)nG-Fpn
oG G
:/ (Fp~r<l>)(r<l>-w)n_/ (E, - 7O) (E, - 79 (0 . V)ng - 70
oG e
_/a (Fy -7 (Fy - ng) (7Y - V)ng - ngn. (74)
e

Note that (T(l) . V)ng -ng = 0, and that the eigenvalues of the symmetric matrix a; ; :=
(T(l) -V)ng - 70) (j,1 = 1,...,n — 1) are nothing else but the principal curvatures k; of OG.
In the paper [Ura73], Lemma 2 these facts and the assumption x = const. were used to prove
that the surface integral has a sign for all nonnegative 7). In the general case, it follows that

dr,
/ [Fp + ] == - ngn < (|[VElL~@a) + 17 sup ki) / Inl.  (75)
oG dzy, i=1,...,n—1 oG

Using the estimates (70), (71), (72), (73), (75) and the relation (69), the claim follows. O

5.1 The gradient estimate |

In this subsection, we show on the base of Lemma 5.1 that under the strong monotonicity
condition (7), the estimate on V) is only polynomial in the norm of the data.

Lemma 5.2. Same assumptions as in Lemma 5.1. Assume moreover that ||/<;||Loo(ag) < 1.
Then, there is K > O such thatforall 1 < ¢ < oo

/ Uq_4 |VU|2 - ( HKHLOO 6G / ¢xn+1 'Uq+l < K / ve. (76)
G

The number K is a continuous function of the constants in the conditions (12), of the constants
c; of Lemma 5.1, and on vy — ||| L (ac). Moreover, K depends linearly on ||Vt~ oo (s)

and on [||| L (s).
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Proof. For f € C'(]0, oc[) nonnegative and increasing, choose in Lemma 5.1 = f(v). The
estimates (63) imply that

/ F(0) Fyey, 050000 — (v — ] 2 03))? / borr v (V)

o flv)
/Iév\f +C2/f +c3 W f()-

(77)

Due to the identity (cp. (38), (39))

_ : —1 f(U) 2
8Gf(v>_/6GSHla —W V14 |2, (78)

the inequality (63) implies that (cf. (40) for the definition of the measure dH,,_1)

[ 0) < o+ Iel=c) / sima™! f(0)/o /I T [P

oG
= (po + |||l = (oc)) / sina™! f(v)/vdH,_; .

oS
fv) <

(1o /v|+00/f /o)

e vo — ||kl L= o)
to + ||6ll oo fw)v+ f(v

< ) 5 |5U|+Co f)/v) .
vo — |6l ey \Js v s

Writing the surface integrals over (G again, the property (35) and the inequality (63) yield

v Ho + [IKll <o) "(v v)/v)|dv| + ¢ v
R e v v R § AR (CICILEET ) B

Define

Applying Lemma 3.2, it follows that

Mo + HF&HLOO aG

o + |5 L= o6 Gy im ey 4 o o + || &l L o6

C~1 =c +cy

(vo — %l =(06))? (vo = |kl 0c))?
5 cs to + || K] L 0c)
C3 = +Cy .
(1o — ||Kll=oc)) (vo — 1Kl 200 )?

The estimates (77) and (79) together imply that

/ £(0) By 050050 — (v — 1 (0 )? / Do f(0)
G G

(80)
<& / [dv| f'(v) + o / f(v) +¢3 / |dv|vt f(v).
G G G
From Young’s inequality and (63), it follows that
/M LS AONN / *( >
N 403 a1+ |V2/)|2 (vo — |/‘€||L°o(aG frw)v’ 61)

[0 5') i
/"“"f <1 L egt uo—||n||mag>>/cf(“)“‘
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Due to (26), it follows from (80) and (81) that

N e S L V/¢ v 5 (0)
9 G W 0 L>(0G) Tnt1
2
(82)
=3 O—WMMG/f <mwwmm /f

+@/f

Choose now f(v) = v? with ¢ > 1in (82). Then

qus (uo+||f<:||L°<>(<'9G))_1/?J‘I_QICSUIQ—(VO—||/’€||Lo<>(aG))2/cbscnﬂvq+1
G G

s@+owm—wmﬂmm*@w+@m»4vf

Using the property (36), the claim follows. O

Proposition 5.3. Same assumptions as in Lemma 5.2. Assume moreover that (16) is valid. Let
do > m arbitrary. Then, there exist a constant c5 = ¢5(qo) and positive numbers ¢; = (;(qo)
(z =1, 2, 3) such that

maxv < ¢ (K + meas(G)%)) Hv||qu @) - (83)
Proof. Due to the condition (16), Lemma 5.2 implies that

/|V (g— 2/2 2 o (Q4— 2)? /qu. (64)

We add ||v(7=2)/2 HL?(G on both sides of (84). Thanks to Holder’s inequality, it follows that

K (q—2)?
/{\Vv(q_2)/2\2 + v]97?} < % / v? + meas(G)*1 ||v||%, (2G) . (85)
e e

Define x = qO 2 ﬁ if n > 2, and x := 2 if n = 2. The choice of ¢y implies that x > 1 and
that

2n
< forall gy < g < 00.
q—2 n-—2

It follows that the embedding W'2(G) — L"(G) for r := 2xq/(q — 2) is continuous, and
that the embedding constant are uniformely bounded. The relation (85) implies that

o155 = 1020 < (0= 2 K ol + mess( G ol
< ¢ max{(q — 2) K, meas(G)/*} max{]|o]%, . [oll%} - (36)
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Form € N, set ¢n, := X -1, Am = ||V]|Lom (@), Am = @m/(¢m — 2), and define

if A, > 1
gm = {)\m I " _ ) Cmp = C [(qm - 2)2 K + meaS(G>2/qm] . (87)
1 otherwise

As a consequence of (86), one finds the recursive inequalities

Am—i—l S C%(Q'm_2) Af;;n )

m—1 . (88)
— Am+1 S C%(%L—Q) { [Ci]£i+l/(Qi—2)} Agli:o & .

1=0

As usual for Moser-iteration-type arguments, we now provide (rough) bounds for the products
appearing in (88). Note first that

logH <Zlong a4 — 2))§2Zq41_2§q02_22><"}
i= ¢ =0

=0

Thus (o := [[:2, & satisfies the estimate (o < exp(2x/(go — 2)(x — 1)). Observe also that

m—1
10 £L+1/ qi— £Z+1 ,
g 1_! Z (c:) )
log(c;) <logc+log K + 2 log(q; — 2) + 2/qi 10g meas(G) :

Using the estimate

i+1

X 4o qo )
% <)\z - - < f GN,
Sit1 < Aipa X’“q()—Q_qo—Qom
we can bound
m—1 . m—1
i l | 1 1
Z it1 log _9)< qo ZZ 08XﬂL OgCIO qo log qo ZH-
4~ Go—2= X'q—2 C_Io—2 — X
and
§z+1 o 1 2qox
(1:= , < ,
Z CIO—2 ;X’%—Q (g0 —2)*(x—1)

o)

2811 o 1 X o
=) —F——— <2 <
: ;qz‘(qz‘—% qo—2Z "X'q0o—2) — (*—1) (g0 —2)?

e e}

Therefore, (89) implies that [ [ci]5+1/@=2) < ¢1(go) (K< 4 meas(G)%) , and the claim
follows from (88). O

Everything is therefore reduced to estimating the L9 —norm of v for a ¢y > n. We directly
obtain this bound, if we require the strong monotonicity condition (7).
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Proposition 5.4. Same assumptions as in Lemma 5.2 and (7). Then, there is a positive number
¢ = ¢(G) such thatforall 2 < t < oo,

1+t K
vy (1+1) _ meas(G) Yt | (90)
(ro — [[&llL=(ac)) Yo

IA

vl e
where K is the constant of Lemma 5.2.

Proof. Use Lemma 5.2 and Holder's inequality, to obtain for ¢ > 1 that

(0 — lI£ll=(0c))* 70

qr2

/ vitt < K / v < K o)l T meas(G)Y @+
¢ G

5.2 Gradient estimate Il. The limiting case vy =0

Ural'tseva has proved in [Ura73], [Ura75] for the gradient estimate that the assumption (7) can
be replaced by (16) either if the domain G is convex and  is a constant, or if 0 = ¢%(q) = |q|.
Here, we prove the validity of these results in a more general situation. The key-point in the proof
is the Sobolev embedding theorem on the manifold .S recalled in the appendix under Lemma
B.3.

An important feature is that the gradient estimate here depends on lower-order norm of v, in
particular on [|1)|| (), whereas in the preceding section, the condition (7) guaranteed an
independent estimate on V) (cp. Proposition 5.4). Note also that the estimate in this section is
exponential in the data.

Lemma 5.5. Let v be defined by (62), and w := log v. Under the assumptions of Lemma 5.2,
there is a constant ¢ such that for all ¢ € C*(G) and all ¢ € [1, 00|

/SC2\5[w+]("“)/2\2 <c(g+1)° /S([w+]q‘1 + w1 /q) (C+10¢))*. (@D

The constant ¢ is a continuous function of the constants v;, u; in the conditions (12), of the
constants ¢; in Lemma 5.1, and depends linearly on ||[V¢™ ™ || L (sy and on ||@|| Lo (s

Proof. We start from the Lemma 5.2, choosing 77 := (?v f(w), with f € C'(R) positive and
nondecreasing. The assumption (16) yields

/ f(w) C2 F, i»Dj ajv 8@1} + / U2 f,(w) C2 F, i»Dj ajw 8iw < ¢ / f(w> U<2
G G

) , |F)]|3v]v
2/Gvf( )¢ Fpo, 000:C + 3 /c Nies 2000 RALCLS
& /G{Cz\f(w)\|5v\+c2f’(w)v\5w\+2Cvf(w)\5<|}- ©2)
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Using Young’s and Cauchy-Schwarz’s inequalities
w) ¢ Fy,p; 0;
< i /Gf(w) ¢ Fp,p, 050 00 + /Gf(w) Fpp, 0;€0:C

< i /Gf(w) C2 Foip; 0;v 0;v + g (po + ||H||L°°(8G)) /Gf(w) v 5C‘2 )

where we used the assumption (12c) in the second line. Using also (63), it follows from (92) that

| @) B 000+ [ 7 0) B duow<a [ ofw)
G G oG
+C/G{C2|f(w)||5v|+<2f’(w)v|5w|+vf(w)(lc5€|+<)2}~ (93)

The inequality (63) and Lemma 3.2 imply that (cp. (78))

[ v fw) ¢ < 00— Illoo) " [ sina ) ¢ty

oG as

< (o = 6]l = o))~ (/{f’(w) Clow| +2¢ fw) [ 3¢} + o /f(w) ¢*)
S s

Therefore, there is a constant ¢ such that the inequality (93) is preserved dropping the boundary
term. Estimating

2 V2 ¢2 |5U‘2
| eirnisn <2 [ e T

evt (v — [¥ll o) /<2f<w>v

123 02 \5w|2
| rwlsul <2 [ 1w NeERo
+cy2_ (o — ||&ll L= oey) ™~ /§2|f'(w) v
G

the property (12c) yields

V2 VTS L1 % [dw|®
z </Gf< ) e L 1+\w\2>
c/Gv{f’(w)+f(w)}(|5<|+C) b

It follows from (63) that

2 [orwEaer <e [ o re)(sd+or. e

20



For g € [1,00[and s € R, define f(s) = max{s, 0}9. Then, writing the integrals in (94) over
S, we obtain that

“ / Gl owtP < e / (qlw'] + W) (16 +Q?, ©9)
S S
and the claim follows. O

Lemma 5.6. Same assumptions as in Lemma 5.5. Then, there is ( €]0, 1] such that wt <
¢|lwt ||L2 . The constant ¢ depends on the constants v;, p; and ¢;. Additionally ¢ depends

on H, (S) and on the constant (3 of Lemma B.3.

Proof. Observe at first that

[ etstwryenep = [acunenp - ek, e

Fors =2n/(n —2)ifn =2, s < oo arbitrary if n = 2, Theorem B.3 yields

BT <o [ 18T,
and it follows from Lemma B.3 that
16 [ 1)
<ela+ 1 (1 e P o DI

Setting x :=n/(n — 2) forn > 2, x > 1 arbitrary if n = 2, it follows that

1/2
</ C2X (I—I-l)
(98)
<c(g+1)° /9{[w+]q_1 +[w g+ [w] ™ (g + 1)7H (¢ + ¢

From (98), the claim follows from fairly standard arguments. For zp € G and 0 < r < R, we
choose n € C®(G) sothatn = 1on B,(xy),n = 0in G\ Bgr(x¢),and |Vn| < ¢y (R—7)!
We then define ( := 7, S, := {(z, ¥(x)) : * € G N B,}. The relation (98) and Holder's
inequality yield

(/T[w+]x(q+1))l/2 < %N (S) (/SR[w-I-]q—i-l))\q ’ 99

A €{(g—1)/(g+1), q¢/(qg+1), 1},

where

H,(8)*/(a+) ifA,=(¢—1)/(¢+1)
Ny(S) =< ¢ H, (S)Y@+D it N, = q/(q+ 1) (100)
(q+1)72 ifA, =1.
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For m € N, choose o, = x™, 1 = 1 (1 + 27™). Putting in (99) the choice ¢ + 1 = vy,
r = rme1 and R = r, yields

l/aerl X2m 4m+1 )\m/am
( / [w*]%ﬂ) < XA s ( / [wﬂam) o
S, S,

72
with the iterative structure

Tm+1 ™m

2m 4m+1

X m

Amyr < lem—3 Ny (S Adm (102)

We obtain

2m gm+1 m—1 22 i+1
x4 m 4 i
Apr < [e X N7 [ le = NS/ alee™ . og)
=0

Here \,, < 1. The claim follows with similar methods as for Proposition 5.3. O

Thanks to Lemma 5.6, the problem of estimating w™ is reduced to obtaining bounds on H,,(.S)
and on ||w™ || £2(s). This can be done exactly as in the paper [Ura73], Lemma 5.

Remark 5.7. Since the estimate of ||w™ || ;2(gy in [Ura73], Lemma 5 depends on the number
|90|| Lo (z). it seems that a truly a priori bound can be obtained only via a strong monotonicity
such as (7) or (17).

6 Higher-order estimates

The gradient bound is crucial in the problem (5), (6). Higher-order estimates can be derived
whenever a L>°—bound on the derivatives of 1) has been proved, since the equation (5) is then
a uniformely elliptic equation of quasilinear type, due to (cp. (27))

Fpi,pj gz gj Z Vo (1 =+ sup ‘v¢‘2>_3/2 ‘5‘2 for all g € Rn .
G

Define ag := sup¢ |V)|. Here, and also in the next section about existence, we provide alter-
native proofs to the ones of the literature. We at first state an auxiliary proposition, whose proof,
technical, is to find in the appendix, section D.

Lemma 6.1. Let G be an — 1 dimensional manifold of class C** (« € [0, 1]). Then there
exist k € N and a family {7V, ..., T®)} of vector fields, such that 7" € [C1*(G)]" and
such that

divT® =0inG, TW.ne=00ndG, (104)

for { = 1,..., k. Moreover, if 7 € [CY*(dG)]™ is such that 7 - ng = 0 on G, there exist
ALy - A € [O12(G)]™ such that

k
7=Y NTY ondG. (105)
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The following Lemma states the Hoelder continuity estimate on V).

Lemma 6.2. Assume that G is a domain of class C>?, (0 < a < 1). Let ¢ € C%(G) be a
solution to (5), (6). Then, for all 3 € [0, 1], there is ¢ = ¢(G, ag, (3) such that

IVY[lcosg) < c(X+([V(ng K)ll<c) + 19llz=(s)) »
Proof. Due to Remark 3.1 and Gauss’ theorem, the relation (48) is equivalent to

/(Fp +kng) - VE= /((I) —div(kng)) € VE€ WH(G). (106)
G G

Forl = 1,...,n, we insert the testfunction axlg for & € C’l(@) in (106). Using integration by
parts, it follows that

- / (Fpopy 00+ Op (5061)} 0 + / (Fy, + Fnss) Oni
G oG (107)
_ /(@ _ div(kne)) ut
G

Let7 € {TW ... T®} where k and the family {7"} are given by Lemma 6.1.

Define v, := 7-V1). In (107), choose £ = 7,1, withn € C*(G). Summationoverl = 1,...,n
yields

- / sz‘vpj axij a’vin + / Fpi,Pj a’L‘jTl axl,l/)al’in - / Fpi,pj aﬁj,$l¢ axﬂ-l n
G G G
[ (Bt wne)umncin+ [ 0n(neiw) 3, (m)
oG G
+ / (& —div(kng)) O, (i 7) .
G
Since T is divergence-free in GG according to the Lemma 6.1, it follows that

dF,,
/ Fpi,pj 8§j,1‘lw amiTl n= / d—pl 8x7;7—l n— / thml 8xi7—l n
G G X G

:/ F;Di ariTlnnG,l_/Fpi 8901'7—1 890177_/Fpi,90l 8%'7—1777

oG G G

—/ %na,i(?x,ﬂnc,mz—/0xl(/€nc,i) Qcﬁm—/ KNG Op, T Op, M
le G G

and therefore

- / P gy On, s O + / Fopy a1 Ot D)+ / Fyy 071 Ot
G G G
+ / Fpi,xl aﬂciTl n=- / KNag, a’L‘iTl axﬂ? + / aﬂcz (nG,i '%) Tl a:ciﬁ
G G &

+/(q>—div(/€ng))718xl77'
G
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Equivalently

/ sz‘m]‘ arij 8901-77 = /{wﬁ + V- VTI} ) (108)
G G
with w := F},, 5, 0,71, and with a vector field V' given by

Vk ::Fpkﬁﬁj 8%7'[ &Qw + Fpi 8mirk -+ RNgG; 8mi7k — 8@ (an H) Tl
— (@ —div(kng)) 1 fork=1,...,n. (109)

Using in particular the growth assumption (12b), it follows that

Vil <(p2 + pr + ||| e oay) VT e @) + | VE| @)
+ ||K,||Loo(a(;) ||VTLG||LOO(G) —+ ||®||Loo(s) for k € {1, .. ,n} .

According to the case (1) of Theorem C.1, there is for 0 < [ < 1 arbitrary a constant ¢
depending only on (3, (5, the ellipticity constant of the matrix {Fpi7p,'} and its norm in L°° such
that

[rllcos@ < c IV liz=@ym + lwll=)) - (110)

Let {7(1), e ,7'(”‘1)} be an orthonormal basis of the tangential space on JG. Using Lemma
6.1, a representation

[asry

n— n—1
Vi — (ng - Vi) ng = 3 _(r9 - V) 70 =3
i—1

1 7

k
(X)?@WVW>N%

i =1

is valid, with \{” € C'"*(G). With the help of the result (110), it follows that ¢, := V¢ — (ng
V) ne € CO8(G).

We finally show that also v, := n¢g - V) satisfies a Holder condition. For z € G, y € R,
define (cp. (55))

H(z, y) = Fy(z, Yo(x) + ne(z) y) - ng(z) + k(x).

Using the growth condition (12b),

H(z, y)| < i + [¥llieoe) V(z.y) € G x R.
Moreover, for 21, o € G,y € R

|H (21, y) — H(ws, y)| <V} Fllre |21 — 2]
IV Il (e(21) — vl2)] + [yl Ina(e1) — na(zs)])

so that the following estimate holds:

|H(‘T17 y) - H(x27 y)|
|71 — @o|P

< e+ [Yillcos@ + 1yl Inclloos @) - (111)
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By virtue of the condition (12c), note that

OyH (2, y) = Fpop; ncj(x) nai(x) > va (1+ V) (1= (ns - ne)?)
> vy (14 ag) ™. (112)

On the other hand, the boundary condition (6) implies that H(x, ¢,(z)) = 0 on 0G. For
x, ¥’ € OG arbitrary, it follows that

Pn(a’)

va (14 a0) ™2 (n (@) — ula’)) < / i 5)ds

= H(z, Yn(2') — H(z, tn(x)) = H(z, n(2')) — H(@', ¢ (2)) .
The latest yields

[¥n(2) = Yu(a)] _ [H(z, ¥u(2’)) — H(2', du(2’))]

< 113
PRI o] ()
Therefore, taking (111) into account
[¥nllcosoe) < ¢(L+ 1Uillpos@ + ao linellcos@))

which finally implies that Vi) € C%#(9G). Return to (107) for £ € C}(G)
/ { PiPj Z‘ xl,l?D + axl(I{nG 'l)} ang / @ le(/{: nG)) axlg (114)

With the help of the case (1) of Theorem C.1, it now follow that 9,,,¢) € C%#(G)forl =1,...n
with corresponding norm estimate. O

The estimate in C'*>® is obtained with similar ideas.

Lemma 6.3. Same assumptions as in Lemma 6.2. Then, the norm of V4 in C’l’a(@) is
bounded by a constant that depends on the constants in the conditions (12), on [|¢||co.a(s)
and ag.

Proof. Consider the relation (108). Lemma 6.2 implies that ), ,,. € C'Oﬁ(@) forall € [0, 1].
Analogously, ® € C%3(G) for all 3 € [0, 1] (cf. (4) and (19)).

The definition (109) together with Lemma 6.2 now implies that V' € [C%%(G)]™ (cp. (109)).
Thus, the case (2) of Theorem C.1 now yields

[P licra@yn < UV lgoa@yn + wllz=) ,

and it follows from Lemma 6.1 that

[Vl cre@ = IVY = (ne - V) nellcre@ < cllV]icoa@yn - (115)
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We are now allowed to differentiate the relation H (x, ¥,,(x)) = 0 in any tangential direction 7
over G, which yields

OyH (x, Yn(x)) (1-Vp,) =7 -V, H(x, Y,(x)) forz e dG.

Due to (115), the regularity of OG and the preceding Proposition 6.2, the function 7-V . H (z, 1,,(x))
belongs to C%*(dG). For the same reasons, and (112), the function [0, H (x, ¢,,(z))] ™" be-
longs to C**(OG) as well. Thus, the mixed-derivatives 1), ,, belongs to C**(JG), with corre-
sponding continuity estimates.

We now want to show that also ¥, ,, € Co’a(ﬁG). Using integration by parts, the relation (107)
in particular implies for [ = 1, ..., n that

| 16 P 0= Olma )b+ [ (B mnas) €
oG oG

_ /aG nea (® — div(sng)) €.

Choosing £ = 1 ng,; and summing up for I = 1,..., n, it follows after straightforward simplifi-
cations that

/ nG,inG, Fpp; Q%Ml@bn = / (Fp, + kngi) Onn — / (® -k div(ng))n.
G aG G

Denoting divy¢ the surface divergence on JG, the latest yields

nNagiNa, thpj ijm@b = — diVag(Fp + I{)n(;) — & + K le(ng) on 0G . (116)
If 7 is a tangential vector on OG, thenfori =1,....n

T V(Fpi - '%nG,i) =T (Fpiwz + Fpi,Pj a?,l¢ - al('%nG,i))
=T oy + Fpip, T Vb, +7-V(kng,).

Using the preceding results, divag(Fp + mng) involves only mixed tangential normal second
derivatives of ¢ and therefore belongs to C%*(9G) with estimate. Note also that

GG Fpop, O, 00 = 160 Fy,p; Ontn — 163 Fp, p; 00 O
= (nG,i Fpiﬁl’j nG,j) (nG ' an) +na,i Fpiﬁl’j ¢tj7n — NG, Fpi,pj arjnGJ arz¢ :
The relation (116) implies that

since ng; Fy, p, naj = va (14 ag) ™2, then the function (ng; Fy, ,, ne,;) " belongs also
to C%*(9G). We finally can conclude that (ng - Vib,) € C%*(9G). Since D%y € C**(9G),

the relation (114) yields the claim (case (2) of Theorem C.1). O
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7 Existence

It was shown for the first time in [Ura71] that a priori estimates on the gradient of C? solutions
to (5), (6) joined to the Hoelder estimate of Lemma 6.2 leads to an existence theorem via
continuation methods in Banach-spaces exposed in [LU68], Ch. 10.

We are able to generalize these ideas and to significantly improve the hypotheses on ¢, required
to satisfy only (13) and (14) instead of being Hoelder continuously differentiable. Moreover, once
the a priori estimate of Lemma 6.3 is given, existence is obtained more directly via the following
simple continuation Lemma.

Proposition 7.1. Let X, Y be two Banach spaces such that Y — X with compact embed-
ding. Let S : X — X be a Fréchet differentiable mapping. Assume that there are a, K > 0
such that for all A €] — a, 1], all solutions = € X to the equation

AS(x) ==, (117)
belong to B (0;Y'). Then S has a fixed-point in By (0;Y).

Proof. Define amappingG : X x| —a, 1[— X by G(z, \) = A\ S(z) —x. Since S is Fréchet
differentiable on X, G is Fréchet differentiable on X x| — a, 1].

Define M C [—a, 1] by
M:={\€[-a,1] : Fx € X, G(x, \) =0}.

The set M is nonvoid since G(0,0) = 0. Moreover A* := sup M belongs to M. To see this,
choose {\;}ren € M, A\ — A*. By definition, there is z;, € X such that G(xg, Ax) = 0.
By assumption x;, € Bk (0;Y) for all £ € N, and therefore, there is a subsequence xy, that
strongly converges in X to some x*. Obviously, G(z*, \*) = 0, implying \* € M.

Seeking a contradiction, assume that A* < 1. Then, due to the implicit function theorem (see
[GTO01], Th. 17.6), there is an open neighborhood |\* — €, \* + €[ in | — a, 1] such that the
equation G(x, A) = 0 defines a unique implicit vector-valued function A — z(\) € X.
Therefore \* # sup M, the contradiction. O

Theorem 7.2. Assumptions of the Theorem 2.1. Then, there is ¢ € 02’0‘(5) that solves (5),
(6).

Proof. At first, the fundamental theorem of integration implies that

1
Fpi(x> p) = / sz‘7pj(x> tp) dtpj + F i(x7 0)
0
=t a;;(z, p) p; + bi(z).
Due to (118), the problem (5), (6) is equivalent to

—0p, (a;j(z, V1) Op,00) = O(x, ¢, V) + Oy, bi(x) inG
—ng,i(z) a;j(x, V) 0,0 = K(x) + )

(118)
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Letw € 02’5(@), with 3 < « be given. Consider the following semilinear Neumann-problem
for the unknown wu:

=0y, (aij(x, Vw) Opu) = ¢(x, u) + R(w, Vw) + 0,,0(x) inG
—ngi(z) a;j(x, Vw) 0y u = k(x) + ngi(x) bi(v) on 0G . (119)
Since Vw is in C7, the coefficient matrix {a; ;(z Vw)} is uniformely elliptic, and it moreover
belongs [C1#(G)]™ ™. In Lemma D.4 hereafter, we prove that the problem (119) is uniquely

solvable in the space C%#((), and that the nonlinear mapping S : C*?(G) — C*P(G)
given by Sw := u is Fréchet differentiable in C%°(G).

Leta > O arbitrary, let A €]—a, 1]\ {0}, and assume that w € C*#(G) satisfies A S(w) = w.
The latest means that

—0p,(a;j(z, Vw) Op,w) = A ®(z, w/\, Vw) + X0, b(x) inG
—ng,i(r) a; ;(x, Vw) 0p;w = X (k(x) + ngi(r) bi(x)) on 0G . (120)

Introduce

Oy (z, i1, p) = AP(z, Tpi1 /A, p) + (A —1) 0z, bi(x) ,
Ry = Ak(x) + (A — 1) ngi(z) bi(z) .

Taking into account the definitions (118), (120) is nothing else but

—0,, F,(z, Vw) = ®\(z, w, Vw) inG
—ngi(z) Fp,(z, Vw) = Ry(2) on 0G .

The new functions (f)\, K satisfy the requirements of the statements 4.4, 5.3, 6.2 and 6.3: In
particular, (7) is valid, and all derivatives of ®, are bounded independently of the parameter \.
Therefore, w is unique, and there is a continuous function K of the data such that ||w||cz,a(@) <

K . The claim follows from Proposition 7.1, with X = C?># and Y = C>*. O

It remains to prove the existence claim of Theorem 2.3 with the weakening of the condition (7).

Proposition 7.3. Assumptions of the Theorem 2.3. Then, there exists a solution to (5), (6) in
C?%(@G). Under (18) is the solution unique.

Proof. Assume that ¢ satisfies (16). For € > 0, the function ¢.(x, x,41) = ¢(x, Tpi1) —
€ Tp41 Satisfies (7), with 79 = €. Applying the result of Theorem 7.2, there is a unique ¥, €
C?**(@) that solves the problem

—div Fy(z, Vo) = D (x, e, Vo) inG,
—Fy(z, V) = k(2) on 0G .

On the other hand, ¢(z, 7,11) satisfies (17) independently of ¢, and therefore || V)| 1) +
|¥e||Lo(c) < C' according to Lemma 4.1 and Lemma 4.2. Then, the statements 5.6 and 5.7
guaranty that also ||V ||L=) < C with C independent of . Finally, one obtains uniform
bounds for {Vqﬁe} in Hoelder spaces applying the propositions 6.2 and 6.3. The existence
claim follows letting € — 0. O
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8 Uniqueness

We recall the definition (3) and that 0°(q) := |¢|. We abbreviate R = R(x,p) and for ¢ =
(—p,1),0 =o0(x,q) = o(z,—p,1),0° = 0%z, q) = 0°(x, —p,1). Then,fork = 1,...,n,
the assumption (12d) implies that

8R n+1 n+1
_ 0 0 0 0\ _ _ 0,0
8pk N Z (2 Oqi.x; qu O gi,an + Oj,qk,9: 9, U‘]j) = =2 Z Ogi,a; U‘]j Tgivan, -
i,j=1 i,j=1
Fori =1,...,n+1,denoten; := 20y, ., agj. Due to (12e), |17| < 2 us. Let £ € R™ arbitrary.

Using the latest, and the projection operator (28) it follows that %—? &= Z?Zil ng_’qkm ék .

Denote £ = £ — (£ - q/|q|?) ¢. Since ¢° satisfies (12c) with yy = 1, the Cauchy-Schwarz
inequality yields

OR | |7 3
—-5‘ < BT <y, 1L (121)
Op ql I
Let p1, po € R", and x € G arbitrary. Due to the fundamental theorem of integration
"OR
R(z, p1) — R(z, p2) = a—p(93> tpr+ (1= t)p2) - (p1 — p2) dt .
0
Using (121), with ¢ = ¢; = (tp1 + (1 — t)ps, —1) and & = (p1 — po) it follows that
R, p) Rz, ) <20 [ | w2
’ VST (T ftp + (= Opa)2
where & = £ — (é - q¢/1g:|?) q;. On the other hand, we can write
(Fp(, p1) — Fp(x, p2)) - (p1 — p2)
1
~ [ Byl 101+ (1= 002) (1 = ) (01— )y,
0
and, employing the same notations as in (122), the assumptions (12c), (12d) yield
(Fp(z, p1) — Fy(x, p2)) - (pr — p2) > 12 /1 |ét|2 2)1/2 dt. (123
o (L4 [tpr+ (1 —=t)paf*)V

It 1), and 1), are two weak solutions to (5), (6), then

/G(Fp(% Vipy) = Fp(x, Vb)) - V(g = 4hs) — / (0(, 1) = o2, 42)) (Y1 — 12

G

— [ (Rle, T01) = Bla, Vi) (01— ). (12)
G
For p > 0, and 7y > 0 Youngs inequality yields

|R(x, Vi) — R(z, Vipo)| [t — 1| < pyolen — ol
+ (4pv) " [R(z, Vipr) — R(z, Vi)|>.
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Due to the assumption p3 < 2 g V5, the estimates (122) and (123), there is p < 1 such that
(Fp(z, Vi) = Fylw, Vipa)) - V(i = 12) — (4p0) ™" [R(w, Vipi) — Rz, Vibo)|?

> (v2 — (2p70) " p3) /0 ( i

dt > 0.
L+ [tV 4+ (1 =)V |2)1/2 T —

Therefore, the assumption (7) implies that (1 — p) Yo fG |1h1 — 1)5|? < 0, proving the unique-
ness.

A Useful properties

Let G C R" be bounded, and define d(z) := dist(x,dG) for z € G. For i > 0, denote
I, ={zeG:dx)<p}

Lemma A.l. If G € C*°, thereis jy = po(G), such that d € C**(T,,). Moreover, if k €
Ch(0G), thereis & € C1*(T',,,)) such that & = k on G, and ||k () < |||l L= (0c)-

Proof. A proof is given in [GT01], Lemma 14.16 for d € CQ(FHO), but it obviously extends to
the C*“ case. Itis moreover shown that for all = € ', thereis aunique y = y(x) € OG such
that d(x) = |y — x|, and the mapping x — y is of class C'*(T',,,) (resp. of class C**(T,,,)).
Given k € CH*(9G), define & (z) := k(y(x)) forz € L. O

In the following Lemma, we show that the right-hand side ® of (5) is allowed to have less
regularity than C' (G x R). If ¢/ € C%'(G), we introduce

O ={(z,2n11) : T <V(2)}, Q" i={(z,2011) : T >V (2)}.  (125)

Lemma A.2. Let ¢ € Vi (cp. (14)). Assume that ) € C%!(G). Then, the function ¢(-, 1)
belongs to W (&), and moreover

d _ 0o~

TS B

('7 Q/)) + a$n+1 ) 8&72 ) (126)

where Vo™~ € L'(.9) are the traces of V¢ on the surface S taken from the side of ™.

Proof. By assumption, ¢ € W%1(Q2™). Therefore, the function ¢ and its first weak derivatives
¢z, 0 =1,...,n 4+ 1) have well defined traces (same denotation) in L'(S N Q7). Moreover,
there is a sequence {¢,,} C C°°(Q~) such that ¢,,, — ¢ in W2(Q7). For the traces is in
particular valid that ¢,,, — ¢ in L'(S N Q7), and that ¢, ;, — ¢, in LH(S N Q7).

The chain rule impliesin G~ :={z € G : ¥(z) < ¢'(z)} that

d 0, Do

N
d—%¢m('v 'l/)) 0:):, axn—i—l

8a7i '

(127)
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The right-hand of (127) is strongly convergent in L*(G™), and therefore, ¢,,,(+, ) — w €
WL(@), and it follows that w = (-, v)). This proves (126) in G~. The claim follows from a
similar consideration for the set Q.

In the interior of the set Gy := {x € G : ¥(x) = ¢'(x)}, the traces ¢ from the side of Q"
and ¢_. from the side )™ are in general different. O

B Integration by parts and Sobolev embedding on manifolds

In this section, we assume that G € C', and we consider ¢» € C'*(G). Denote by S the graph
of ¥ (cp. (29)) and by dH,, the surface measure /1 + |V)|2d\, on S. For vector fields
n € [CH(R™1)]"*1, the surface divergence div g 7 is defined using the operator § of (32) by

divgn = Zéi 7; onS. (128)
i=1

Lemma B.1. Assume that o satisfies the assumptions (11) and (12d), that F' and R are re-
spectively defined by (2) and (3), and that ® is given by (4). Then, (1) is valid for ¢ € CZ(G) if
and only if (5) is satisfied.

Proof. Throughout the proof, o, = aq(x, —V1, 1). According to (128), the relation (1) is
equivalent to

" [ d
E : Oq; — (ns ’ VU%) nsi | = ¢ .
- dz;
=1
For:=1,...,n+ 1, we compute
2
ng+Vog =Ng;j0gz; —NS;j g O ¥

and therefore, using that the assumption (12d) implies 0, 4, s, = 0fork =1,...,n+1,it
follows that

2
(ns - Vog)nsi =nsj 04 2, Nsi — Nsj O Y004, g, 05 = R.

Thus, (1) is equivalent to Z?:l %U% = ¢ + R, and the claim follows. O

For vector fields 77 € [C"'(G x R)]**, and for z € G, denote 7j(z) := 7(x, ¢(x)), so that
n € [CHG)]"™ . 1f n-ng = 0on S, the surface divergence of 7 on S has the equivalent
expression

(divgn)(x, P(x)) :== (V14 |V(2)[2) ™! div(y/1 + [VY[27)(z) forz € G. (129)

We recall the definition (32) of the operator d, the notations (38) and (39). The following Lemma
is well-known. It is proved here only for the convenience of the reader.

31



Lemma B.2. Assume that G € C'. Let H,,_; denote the surface measure on 0G. Let H,,_; be
the measure \/1 + |¢y|2 dH,,_; on 3S. Then, forallp € [C'(G xR)]"*! such thatn-ng = 0
onS,andall ¢ € C'(G x R),

[aivsngatt, == [n-sgatt,+ [ nonsgars, (130)
s s oS
with ngg = sin a~! (’fLG — (ng . ’flg) ns).
Proof. By definition

/divsngdHn:/ div(y/1 + [V [27) € dz

s a

:—/ \/1+\v¢\2f;~v§d:€+/ V1I+|VYRG-ngEdH, .
a oG

We easily verify that [, \/1 + [V[?7) - Védr = Jgn-0&dH, . Moreover, since - ng = 0
onS,

77~n(;:7~)~ (TLG_ (ng"flg) ng) :Sil’lOé’F]~nag (131)

Using (39) of sin «, the claim follows. O

The following Theorem was first proved in [LU70] to obtain local gradients estimates. It bases on
the Federer/Fleming deformation theorem for (convex) currents and repeats arguments applied
in [Mir67] for minimal surfaces. It was extended in [Ura71], Lemma 5 to nonconvex surfaces to
prove a global estimate.

Theorem B.3. Let ¢ € C%(G) solve (5), (6). Let G; C G and denote I'; = 9G| N OG. If
I’y is of class C?, there exists a constant (3 depending on the constants vy, j1, p3 in (12), on
|]|c1 (o) and on ||| Lo (s), such that for all g € C'*(G) such that supp(g) € Gy UT

(n=1)/n
</ ‘9|ﬁdﬂn) Sﬂ/\59|dHn. (132)
s s

A natural consequence of Theorem B.3 is the general embedding theorem on the manifold S

Corollary B.4. Let 2* denote the usual Sobolev embedding exponent to p = 2 in R". Let
S1 = {(z,¢(x)) : x € G} with G; satisfying the assumptions of Theorem B.3. For all
g € CY(G) such that supp(g) € G, U T

1/2~ 1/2
(/ g dHn) <c (/ |5g\2dHn) . (133)
S S

Proof. For ¢ € [1, oo, Theorem B.3 implies that

191 ans 1351 SM/SIQIQ”IMIdHn.

Choose ¢ =2(n —1)/(n —2)ifn > 2, g < oo arbitrary if n = 2. O
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C Auxiliary regularity theorems

For the higher-order estimates on V1), we need auxiliary regularity. Throughout this section, we
consider a function u € W§’2(G), where I' C 0@ is a (relatively) closed subset of G that
might also be empty. We assume that u is a weak solution to the mixed boundary value problem

ue Wh(Q),
/am 8ju8iv+/ cuv = /(fv+fi8iv) forallv € W2*(@),
@ @ @

where {CLiJ}iJ:l,“.’n is uniformely elliptic.

(134)

Theorem C.1. Let u satisfy (134). Assume that ¢ € L>°(G), and that f € L*°(G). Then, the
following statements are valid:

1) G € Cla; € L®(G)fori,j =1,...,n,and f; € L=(G) fori = 1,...,n, then
u € C%(G) forall B < 1, and there is C' > 0 depending on (3 and on the data a; ;, c and
G in their respective norm such that

[ullcos@ < C ([ flle@) + [ fill L) + lullwrz@e)) -

2 IfG € C (a > 0), a;; € C*G)fori,j = 1,...,n,and f; € C*(G) fori =
1,...,n, thenu € C**(G), and there is C' > 0 depending on the data a; j, ¢ and G in
their respective norm such that

[ullora@y < C ([ flle=@ + [ fill o) + lullwize)) -

(3) Same assumptions as in (2), but with f; € LP(G) fori = 1,...,n for some p €]2, o0.
Then, u € WHP(G), and there is C' > 0 depending on the data a; ;, ¢ and G in their
respective norm such that

ullwire) < C U flle@) + [ fille@) + lullwrz@)) -

@) IfG € C? (a>0),a,; € Ct(G)fori,j=1,...,n,c€ C*(G),and f € C*(G),
f; € CY(G)fori=1,...,n,thenu € CQ’O‘(G), and there is C' > 0 depending on the
data a; ;, c and G in their respective norm such that

[ullcza@ < C I fllcoa@ + I fillera@ + lullwize) -

Proof. The result (4) is already to find by Schauder. See the Ch. 3 of monograph [LU68]. A proof
basing on Campanato space methods is to find in the more recent survey [Tro87], Theorem 3.16
and Theorem 3.17. O

The following Lemma, to find for instance in [Tro87], Theorem 2.7 (see also Lemma 2.9), is
well-known.

Lemma C.2. Letu € W'(G). Fork € N, let A(k) := {x € G : |u(x)| > k}. Assume
that there are kg € N, p > 1 and C' > 0 such that for all £ > kg, the function u satisfies
the inequality || — T (w)||Lr(¢) < C meas(A(k)). Then, forp’ :=p/(p — 1), @ <
ko + C 2" meas(G)P~ 1.
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D Proof of some technical results

The following Lemma was proved in [Ura73], Lemma 3 for o = a(q) and Kk = const. The
proof is elegant and relatively short. Because we consider a more general form of o and , we
present a sketch of the proof, but we emphasize that we introduce no new ideas.

Lemma D.1. Same assumptions as in Lemma 5.1. Define b@ as in (68). Then, there are
nonnegative ¢; (¢ = 1,2) depending continuously on the constants f;, v; in (12), and on
|V(kne)| () such that

[0 v]
L
V1t VY2
Proof. Throughout the proof, we denote a;; = 0y, 4, (2, =V, 1) fori,j = 1,...,n+ 1,

and A := {a;,}. Itis convenient to use the notation u := ¢ € C*(G x R) (cf. (28)) to avoid
confusion with the superscripts.

b2 > ¢ — ¢y forallz € G.

First step. Obviously

n n+1
2 2 2 2
Z sz‘vpj Foimi aj,kw al,z’¢ = Z Wi,j Akl aj,ku 8l,iu .
i,j7k‘,l:1 i,j7k‘,l:1
Denote A{(z), ..., A,(z) the nonvanishing eigenvalues of the matrix A(z), and A,.; = 0.
Due to (12c¢), the eigenvalues satisfy the inequalities

Vo M2
— <\ < —
V1I+H[VYP V1 [V

Due to the condition (12d), there is for each x € G x R an orthonormal system of vectors
{7"™(%) }m=1,...n such that 7" (x) - ng(x) = 0, and such that

forr =1 n. (135)

g ey

AT T =0ps A forrs=1,...,n+1,

with the Kronecker ¢. Using othonormal decomposition, and the fact that Ang = 0, we see that

2 92 p g U
A= aijag; 0;u 0 u = A A\ [T =

" owide, (136)

Second step. For! = 1,...,n, introduce §; := 2 I}, + kng,, and g := g(cp. (28)). Due to
the conditions (12b) and (12e), note that

gllzoc(axry < 2p1 + [|6l|ze@a), 1029l e@xr) < 2p3 + [|V(Eng)||Le@) . (137)
Rearranging the indices in the definition (68) of b@ | it follows that

b(2) =A+ Fpiﬁl?j 8]2,k¢ (Fpk,wi + ai(nG,k K)) + Fpk,pl al%zw Fpk,wi
=A + F i»Dj 8;,1@7/) (2 Fpk,xi + ai(nG,k K’))
=A + ai j 8j2,ku 8ng .
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Orthonormal decomposition implies the equivalent representation

i j 832',;3“ Oigr, = A (TP - VORu) (77 - Vi)
=X (77 - V)Vu-77) (77 - V)g - 7)) + X, (77 - V)Vu - ng) ((77 - V)g - ng) .
(138)

The Cauchy-Schwarz inequality, Young's inequality and (135) imply that

Pu .\ dg;
D . .4 D . q 1/2 P q p P4 i
Ap ((T V)Vu - ) ((T V)g-T ) (Ap A= (] 75 8@8%] " (77 7 8xj]
1 d%u Lo dg; A f2
< = p._q 2 p_gq 992 o A 2
S gh AT G F 2l T g s g 2 IVl (139)

Third step. The second term on the right-hand of (138) contains mixed tangential-normal
derivatives that are not contained in the expression A. To obtain a suitable estimate for the
right-hand of (138), we have to state an auxiliary inequality, originating in the paper [Ura73]
again. Consider for yo € G x Rand p € {1,...,n + 1} the vector 77° := 7P(y,) and the
function w := 77° - Vu. The inequality (36) yields

IVw| < [§w| /14 [VE]P? = /1T+[VeR > |7 Vul.
k=1
Using the latest, the definition of w implies that
) < |Vw| < V14 |VY2 kT p77
| ) 5.7 a a | | | | 7/’| | ] a 8 |

Writing the last expression in (x, x,,1) = yo arbitrary, it follows for all (z, z,,1) € G x R
andp € {1,...,n+ 1} that

0% 0?
krd s 5 oz, | < V1+ [V r ﬁ| (140)

On the other hand, the orthonormality of {7}, and the definition of the extension operator (28),
yield for k = 1, ..., n the decomposition

F,, +kngr =nskns - (Fp +kng) + Z Tt (F, 4+ kng) . (141)
q=1

Consider now the formula (66) for the derivatives of the function v. Due to the latest formula
(141) used in (66), we obtain for p € {1,...,n + 1} that

ij 0jv = ij 8]27k¢ (Fp, + kngr) + ij Fp + ij 0j(kngx) Ot
=170 bnspng - (Fp+ kng) + 10 0 i 8- (Fy + kng) + 77 Fy,
+ ’TJP 8]-(/{ nG7k) 8k¢ . (142)
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In view of (22), —ng - (F, + kng) > vy — pu1/+/1 + |V)|2. The latest yields, thanks also to
the conditions (12e),

H1

0% n Yy — ——————
177 05 nsk| (W e

) <ol + 17} 975 7| (1 + |6l L=oc)) + |Fal

+IV(kne)llz=@ VY.

It follows from (140) that

2
B C U < ko U
1+ V|2 7 Ol < 5‘%5’%"

and therefore, the last two relation yield

Yo \T]p i;ﬂﬂ ns k|

(143)
<[ 8ol + 77 o T (2 pa + 1l o)) + [ Fal + [V (5 na) || @) VY],

which, in turn, thanks also to (23), implies that
Ap ((Tp -V)Vu - ng) ((Tp -V)g - ns) <yt IVgllL=
f (—| o
VI VOP

With arguments analogous to (139)

+ s+ [V(n6) =) + (2 + |6l L=(oc)) Ap [ 7] O il | -

vo IVl (2 + 6]l e 06) Ap 175 0 7|
A A, 2 2

<= 2 oo Vgl 7o -
<5+ @mt Ilixo)? IVl

Using the estimates (136), (139) and (137), the claim follows. O

Lemma D.2. Same assumptions as in Lemma 5.1. Let v be the function (62). Then, there are
nonnegative numbers ¢3, ¢4 depending continuously on the constants p;, v; in (12), and on
|V (kn¢)| Lo () such that

- d R . ov
> (B + Kncl P, v, V) <&+ & [0v]

— Tk, V14| V|2
+ (o — ||Ellz=06)) aniy V1 + VY2

The number ¢3 depends moreover continuously on ||V ¢* ™ || Lo ().

Proof. Due to the definition (4), we have & = ¢ 4+ R. We begin estimating the ¢ term. Lemma
A.2, and the property (53) yield

d¢
d—llﬁ'k [Fpk + K’nGvk] = (QSC% + ¢5L‘n+1 81#/’) [Fpk + K'nGJf] ) (144)

O [Fp, + Enar] > (Mo — ||Kllze@a) V14 VY2 — .
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In the case that V ¢ is discontinuous across .S, Lemma A.2 moreover shows that the traces ¢,.,
in (144) can be taken from arbitrary side of S. The latest implies the estimate

do
5 F < T T
day, [ pe T ’%nG,k] —‘(b k| + \¢ n+1| (145)

+ (Vo — |kl 2= 06)) Prnpr V1 + VY2

Now considering the R term (cf. (3)) with 6°(¢) = |¢|, note for k = 1, ..., n that

dR . 0o 0 0 0
doe Z[qu,xj (Tge.a0 Oa; T 9450 %4 2) T 040 5 Oaisal Ot
I=1

0 0
+ O-qi O-qj‘ Uf]i@j@k )

where the summation over i, j occurs from 1,...,n + 1. Forall (z,q) € G x R"" and [ =
1,...n+1, the assumption (12d) yields o, 4, (z, ¢) ¢; = 0, and therefore also 0., 4,4, (7, q) ¢; =
0. It follows that 00 74, 4,4, = 0, and that

n
dR Z
_ 0 0 2 0 _0
dzy, =2 Ogixj Og; qi.a 8I7k¢ + 04 Tqj Oaiswjs, -
=1

It follows that

dR
(Fp, +Kngr) =— = —20¢.4; 0, o9 Zaql a Py + EnG ) o Y]

dx k (146)

+qu Ul(])j O0g;,x5,2k (Fpk + Iian) :
Due to (12a) and (12€), we obviously have
0 0
‘qu- O4; Oqi,zjay (Fp + K1) < g (g1 + ||“||L°°(8G))7 .
On the other hand, using (66), we see that

[(Fpk + KNG k) alzkw] = aﬂczv - F - 8k¢ al (nG,k/’f)

Z USMH [(Fpy + EnG al RO Z Og ql Opv — Fyy — Ok Ol(ng k) -
=1

Fori=1,...,n+1,setn; := 0y, 0. The [n| < gz in view of (12e). Since 0°(¢) = |q|
satisfies the assumptions (12c), and (12d) with ©5 = 1, it follows that (cp. (70))

1
| Tgisa 8xlvnz| <Vvi+ V|2 [ov]|n],

and analogously (cf. (23))

|Teq (Foy + 0k Onger)) mil < (13 + [V (£ 16) | (6) s -

The claim follows from (146). O
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We now give the proof of Lemma 6.1.

Proof of Lemma 6.1. Let Z; be the cylinder By (0; R"1)x]| — 1, 0] (here B;(0; R"!) is the
unit ball centered at zero in the space R”~1). Due to the definition of a C*>® manifold, there are
m € N, a family of smooth open sets {U; }i—o,..,» C R" such that 90G C |J;*, U;, and a
family of C* diffeormorphisms { F; }i—1. m

EZ Zl—>UZ‘ﬁ@
& — Fi(#),

such that F;(B;(0; R"™') x {0}) = U; N dG. Let {(p, - - ., (n ) denote a partition of unity
associated with the family {U; }i—o...m

We fix i € {1,...,m} and let {ej }i=1,..n—1 denote the n — 1 first standard basis vectors in
R™. We define a vector field 7°7) [C’l O‘(U NG)|"b
o 1
TCD(Fy(2)) == ————~ F/(#)e; fori€ Zyandj=1,...,n—1. (147)

det F/(7)

Using formula to find for instance in [Mon03], Lemma 3.59 and formula (3.80), one shows for
j=1,...,n— 1that

div 709 = [det /]! div(e;) =0inU; NG, T .ng =00nU; NOG,

proving (104). It remains to prove the representation (105). Let 7 € [C*(9G)|". Fixing
i € {1,...,m}, we define 7) := (; 7, and we associate with 7(*) the vector field £
[CL(B(0;R™1) x {0})]™ defined by

0(&) = det(F(2)) [F ()] 7O (Fi(2)).

We define an extension @ € [C1(Z))]" by setting £(2) := £ (%, ..., &,_1,0). It follows
from (147) that

n—1
)= S ),
7=1
m n—1
=Y ¢ ) TE(F Y (z)) forz e,
i=1 j=1

O

In the following Lemma, we prove the Fréchet-differentiability claim needed for the Theorem 7.2.
The proof uses the following straightforward property.

LemmaD.3. Letg, h € C%F(G)with 0 < 3 < 1. Let f € C¥'(R). Then, g, h € C%%(G),
and f o g € C%P(@).

Lemma D.4. Under the conditions of Theorem 7.2, the solution mapping .S to the problem (119)
is well-defined, continuous and Fréchet-differentiable from C*#(G) intoitself forall 0 < 3 < «.
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Proof. We at first prove the unique solvability of (119) in C*%(G). For v € L>(G), define

1
a(x, v) = / Gy (z, tv)dt. (148)
0

Due to the condition (7), a(x, v) < —p uniformely in G. On the other hand, the fundamental
Lemma of integration yields

o(z, u) = alx, u)u+ ¢z, 0).

Letw € C?#(G) be fixed. Let p > n such that 1 — n/p > 3. We denote by T : L>°(G) —
W1P(QG) the solution operator v — w to the linear problem

0y, (aij(w, Vw) Op;u) — a(x, v)u = ¢(x, 0) + R(z, Vw) + 0y, bi(r) inG
—ngi(x)a; ;(x, Vw) Op,u = k(x) + ngi(x) bi(z) on OG .
(149)

Due to the estimate (20), the case (3) of Theorem C.1 induces the existence of the solution
u € WH(G), and a continuity estimate. The uniqueness of the solution follows from the
uniform negativity of the coefficient a. Clearly, 7" is compact from L>°(G) into itself due to the
choice of p and the Sobolev embedding theorem. We now prove that 7' maps a closed, convex
and bounded set of L*°(G) into itself.

For k € N, multiply (149) with the testfunction &, := (u — Ty (u)). Integration by parts yields

/am-(a:, Vw) 0y, (u — Ti(u)) O, (u — Ti(u)) —/ a(z, v)u(u—Ti(u))
G

G

:_Af@—émw%@+éw@m+mg.

It follows that
inf{yo, ao(w)} lu — Ti(w)[[fy1.2(0
< [ b= Tl + [ o= Tl + [ JoC- 0) + Bl lu = Tifuw)].
G G G
Forrg > n — 1 and ¢y > n arbitrary, it follows from Lemma C.2 that

[ull L@y < e llkllLro@a) + [1bill Loy + 10 0) + Bl paor2er)) (150)

with a constant ¢ independent of v, that is, due also to (20), || 70| () < K, with K indepen-
dent of v. Thus, invoking the Schauder fixed-point theorem, there is u € L>°(G) N W1P(G)
such that T'u = wu, that is u solves the problem (119). Due to the choice of p, u € CO’B(@).
Since ¢ is Lipschitz continuous, it follows that ¢(z, u) € C%?(G), and the case (4) of Theorem
C.1 implies even that u € C’Z’B(@), with a corresponding continuous estimate.

We now prove the Fréchet differentiability of the solution mapping Sw := u. Let h € C’Z’ﬁ(@).
Denote uj, = S(w + h) € C*P(G). Then, defining

gi = (aij(z, V(w+h)) —a;j(x, Vw)) Op,up fori=1,...,n,
9o := R(z, V(w + h)) — R(z, Vw),
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one proves that

_8$i(ai7j(x7 vw) 8903‘ (uh - u)) = (b(xa uh) - ¢($, u) + 890192 +go in G (151)
—ngi(z) aij(z, Vw) &cj (up, —u) = ng(z) g; on 0G,

With the notation

o(x, up) — od(x, u) = /0 Gna1(x, tup + (1 —t)u) dt (up — u)
=:a(x, u, up) (up —u),

one equivalently obtains for all ¢ € W12(@) that

/(ai,j(x, Vw) O, (up — u) 0z,€ — alx, u, up) (up —u) &) = /(gof — i 0n,€) .
G G
(152)

since |go| < ll9llcr@xrny [VRI and [gi| < [[Vupllz=@) | Vpaijllz=@) VA (cp. (19)), it
follows for 1 < g < oo that

19l Lac) + lgollzaey < ([[Vunllz=e) 1Vpaiillze@ + |9l cr@xrny) VAl L) -

With arguments similar to the ones used for the problem (149), we can prove that if u, — u
satisfies (152), and if 3 < 1 — n/qq, there is a continuous function c(-, ) on [C*#(G)]? such
that

lun — ullcos@y < c(w, w+h) VA o) (153)
We now prove that there even is ¢(w, w + h) such that
[un — ull g2y < c(w, w+ h) [|h]|c2p@) - (154)

Fork =1,...,n, observe that

d
d—m(am(lﬁ V(w+h)) = a;j(z, Vw)) = Op.a;j(x, V(w + h)) — Oy, a;5(z, Vw)
0*(w + h) 0w

+8plai,j(x7 V(w + h’)) 8x18£€k - aplai’j (LL’, vw) aﬁl]lﬁl’k '

It follows that

0*h

Or, 9i ={0z,ai j(x, V(w + h)) — Oy, a;5(x, Vw) + Op,a;;(x, V(w + h)) o107y

+ (apzai,j(x> V(w + h)) - 8pzai,j(x> Vw))

82uh

W (a;j(x, V(w+ h)) —a; j(x, Vw)).
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The latest together with the property of Lemma D.3 and (19) yields
IVgillcos@ < clw, w+h)[[hllczs @) -
Similarily, using the regularity (19)

190llcos@) < c(w, w+h)[[h]lcrs -
Therefore, the case (4) of Theorem C.1 on the regularity of the problem (151) yields

15(w + h) = S(w)l[c26)
< c(w,w+h) (lgollcos@ + Ngillors@ + |o(z, un) = ¢z, w)llcon@)

< c(w,w+h) ([[Pllczo@) + 0lloor l[un = ullcosg)) -

The claim follows using (153). O
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