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Abstract

We discuss the perturbation analysis for eigenvalues and eigenvectors of structured
homogeneous matrix polynomials with Hermitian, skew-Hermitian, H-even and H-odd
structure. We construct minimal structured perturbations (structured backward errors)
such that an approximate eigenpair is an exact eigenpair of an appropriate perturbed
structured matrix polynomial. We present various comparisons with unstructured back-
ward errors and previous error bounds derived for the non-homogeneous case and show
that our bounds present a significant improvement.

Keywords. Nonlinear eigenvalue problem, H-even matrix polynomial, H-odd matrix polyno-
mial, Hermitian matrix polynomial, skew-Hermitian matrix polynomial, perturbation analy-
sis, backward error, homogeneous polynomial.

AMS subject classification. 65F15, 15A18, 65F35, 15A12

1 Introduction

In this paper we study the perturbation analysis for eigenvalues and eigenvectors of matrix
polynomials of degree m in homogeneous form

L(c,s) := Z IS A, (1)
=0

with coefficient matrices, A; € C"*", j = 0,1,...,m, where the eigenvalues are represented
s

as pairs (c,s) € C?\ {(0,0)}, which for ¢ # 0 correspond to finite eigenvalues A = =, while
c

(0, s) corresponds to the eigenvalue oo.

The eigenvalue problem for matrix polynomials arises naturally in a large number of appli-
cations, see [15, 19, 21, 26] and the references therein. Furthermore, in many applications, the
problem has further structure which reflects the properties of the underlying physical model,
see [8, 10, 20, 22, 23, 26]. The coefficients of the polynomial eigenvalue problem and there-
fore also the computed eigenvalues and eigenvectors are usually not exact, due to modeling,
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discretization, approximation, and round-off errors. Thus it is very important to study the
the sensitivity of the eigenvalue/eigenvectors under perturbation in order to judge whether
the computed results are trustworthy. While the perturbation analysis for classical and gen-
eralized eigenvalue problems is well established, see [17, 24, 27], for polynomial eigenvalue
problems the situation is much less satisfactory and most research is very recent, see e.g.,
[1, 9, 18, 25]. In this paper we are particularly interested in the behavior of the eigenvalues
and eigenvectors under perturbations which preserve the structure of the matrix polynomial
and we will present a systematic extension of the work in [1, 2, 3, 5, 6, 9, 14, 18, 24]. In
contrast to previous work in [7], here we focus on complex matrix polynomials, where the
coefficient matrices are Hermitian or skew-Hermitian, i.e., LY (¢, s) = +L(¢,5) or where the
matrix polynomial is H-even or H-odd, i.e., L (¢, s) = +L(¢, —3). Linearization techniques
and applications of such problems have been studied in [20]. In many applications only finite
eigenvalues and the associated eigenvectors are desired but often the eigenvectors associated
with the eigenvalue infinity play an important role as well [11, 12].

In our perturbation analysis, for a given approximation to an eigenvalue/eigenvector pair of
a matrix polynomial L, we will construct an appropriately structured minimal (in Frobenius
and spectral norm) perturbation polynomial AL such that the given eigenvalue/eigenvector
pair is exact for L + AL. It will turn out that the so constructed minimal perturbation is
unique in the case of the Frobenius norm and that there are infinitely many such minimal per-
turbations in the case of the spectral norm. We will compare the so constructed perturbations
with those constructed for matrix pencils and matrix polynomials in [1, 2].

The paper is organized as follows. In Section 2, we review some of the techniques developed
in [4, 5, 6] that will be used in the analysis of structured polynomial eigenvalue problems. In
Sections 3 and 4 we study the structured backward error analysis of an approximate eigenval-
ues/eigenvector pair for Hermitian, skew-Hermitian, H-even, and H-odd matrix polynomials
and compare these with the corresponding unstructured backward errors. We also present a
systematic general procedure for the construction of an appropriate structured minimal Her-
mitian, skew-Hermitian, H-even, or H-odd polynomial AL such that the given approximate
(finite or infinite) eigenvalue and eigenvector are exact for L + AL and we show that our
results generalize the results of [1, 2].

2 Notation and preliminaries

We denote by R™"*™ C™*" the real and complex n x n matrices, respectively. For a nonnegative
vector w = [w;] € R, x = [z;] € R™ and an integer p, 1 < p < oo, we define the weighted
p-(semi)norm via

2]l p = lfwizr, wams, .. s wnza] Iy,

with ||z||, denoting the p-norm of x € R". If w is strictly positive, then this is a norm, and if
w has zero components then it is a seminorm. We will consider structured and non-structured
backward errors both in spectral norm and Frobenius norm on C"*™

|A|l2 := max ||Azl2, ||A|F := (traceA*A)l/Q,

[[z]l2=1

respectively. For a nonnegative vector w = [w;] € R™ we define the componentwise inverse via
wl = [wl_l, ..,w; YT, where we use the convention that wi_l =0 if w; = 0. By omax(A)

and opin(A) we denote the largest and smallest singular value of a matrix A, respectively.



The identity matrix is denoted by I, its columns by e; and A, AT and AY stand for the
conjugate, transpose, and conjugate transpose of a matrix A, respectively.
The set of all matrix polynomials of degree m > 0 with coefficients in C™*" is denoted

by L, (C"*™). This is a vector space which we can equip with a weighted norm/seminorm
defined as

ILllwr = [(Ao,.. . Am)llwr = (Wil AollF + ... + wl [ Am || F)2,
for the Frobenius norm and
ILllwz = (Ao, Am)llwz = (Wil Aoll3 + . .. + wi | An|3)"/2,

for the spectral norm. Note that here w := [wg,w1,...,w,]T € R™*L\ {0} is again a
nonnegative weight vector.

For a matrix M € C**™ we denote by M+ the Moore-Penrose pseudo-inverse of M.

A matrix polynomial in L,,(C"*™) is called regular if det(L(\,u)) # 0 for some (A, u) €
C2\{(0,0)}; otherwise it is called singular. The spectrum of a homogeneous matrix polynomial
is defined as

A(L) := {(c,8) € C*\ {(0,0)} : rank(L(c,s)) < n}.

Throughout the paper we assume that the set of points (¢, s) € C2\ {(0,0)} is normalized such
that |c|? 4 |s|?> = 1 and that c is real. With this normalization, it follows that the spectrum
A(L) can be identified with a subset of the Riemann sphere, see e.g. [5].

In the following we will compute backward errors for matrix polynomials. These were
introduced, e.g., in [16, 25], but here we follow [4, 5]. Let (A\,u) € C%\ {(0,0)} be an
approximate eigenvalue of L € L,,(C™"*") with corresponding approximate right eigenvector
x # 0, ie., L(\ u)zr = 0. We consider the Frobenius and spectral norm backward errors

Nw,p(A\, i, z, L) = inf{||AL|,,r, AL € L,,(C™*"),
(L(\ 1) + AL )z = 0},
nw,2(>‘? M, T, L) = 1Hf{|||AL|||w,27 AL € Lm((Can)’

respectively.

In order to compute these backward errors, we will need the partial gradient V;||z||y,2 of
the map C™*!1 — R, 2z +— ||2||y2 which is just the derivative of the map C — R, z;
20, 21, - - .,zm}THwQ with the variables zg, z1,...,2i-1, Zi+1, - - - , 2m fixed as constants. The
gradient of the map C™™! — R, 2 — ||2||w,2, is then defined as

V(lzllwz) = Vollzllwe, Villzlwgz, .-, Vilzllw2]” € C™F

Now consider (A, 1) € C2\ {(0,0)} and z € C" such that 27z = 1, and let k := —L(\, u1)x.
Then, setting, Hy 2 := ||[[\", A" tp, ..o, ™| ,2, we have

LA )z
o2 L) = m
Introducing
VHy1
A (2)

3



where the partial gradient is evaluated at [\, A" 1y, ..., u]T, we define AA; = @ka .

- k
Then, for AL(c,s) = 327" ¢" 75/ AA; we have ALz = HU £ , see [7].
w12

The structured backward errors for structured matrix polynomials from a set S C L, (C"*")
are defined analogously as

Mo r(\ 2, L) = inf{|AL|yr, AL €S, (L(X,p) + AL\, p))z = 0},
(N w2, L) inf{| AL|lw2, AL € S, (L(\, u) + AL(X, p))z = 0},

respectively. If w := [1,1,...,1]7 then we just omit the index w.
In this paper we will construct backward errors for the following classes of structured matrix
polynomials in homogeneous form as they were introduced in [20] in non-homogeneous form.

Definition 2.1 Let (c,s) € C?\ {(0,0)}. A matriz polynomial L € L,,(C"*") is called
1. Hermitian/skew-Hermitian if L (c, s) = +L(¢, 3),

2. H-even/H-odd if LY (¢, s) = +L(c, —3).

The classes of matrix polynomials introduced in Definition 2.1 have the following well-known
spectral properties, see e.g. [20].

Proposition 2.2 1. Let L € L,,,(C™"*™) be an Hermitian/skew-Hermitian matriz polyno-
mial of the form (1). Let x € C" andy € C™ be right and left eigenvectors corresponding
to an eigenvalue (\,p) € C%\ {(0,0)} of L(c,s). Then y and x will be right and left

eigenvector corresponding to an eigenvalue (X, ).

2. Let L € L,,,(C™™) be an H-even or H-odd matriz polynomial of the form (1). Let
z € C" and y € C" be a right and left eigenvector corresponding to an eigenvalue
(A, ) € C?\ {(0,0)} of L(c,s). Then y and x will be the right and left eigenvector

corresponding to an eigenvalue (A, —f).

For the construction of the backward errors we need the following two propositions which
have been proved in [7] and extend results for matrix pencils from [4, 5].

m
Proposition 2.3 Let m be an integer, let mg = 5 + 1, mg = m if m is even and My =

mE e =m—1if m is odd, and let my =

m — 1 if m is odd. Consider the maps

o, My =m ifm is even and my = mTH, my =

o Hyo: C™! 5 R given by z — Hy2(2) == ||[20, 21, - - .,zm]T||w72,
o Kyo:CE — R given by z — ||[wozo, Woze, Wazd, -« ., Wiy, Zing | |25
o Nyo: C™ — R given by z +— ||[wy21, w323, w525, . . . ,mesz]THg.

Then Hy 2, Ky 2, and Ny o are differentiable and
2

w; z; .
ViHy2(z) = T ’2(;), i=1,2,...,m,

w,

w?z R
Vinjg(Z) = K 12(;), 220,2,4,...,771[(,

w,

2

wr; z; . N
v’iNuh?(z) = N 12(7:2)7 L= 1)3555"'7mN'

w,



Proposition 2.4 Consider the functions

m . m—1 m moeme l ™ T
Hyo(c™ ™ sy, 8™ = ||[™, oy 8" w2,
Kua(c™ ™ 28% . s™) = ||[woc™ wgcm 262 wms™ T ||o if m is even,
Ko (c™, 225 = | [wee™ wgc 232, o wmo1es™ T |y if m is odd,
Nuo(¢™ s, c™ 363 . es™ ) = ||[wid™ H wsd™ 383w 1es™ T |2 if mis even,
Nypo(c™ s, ™33 0 00s™) = |[[wic™ L wse™ 383, wns™) T2 if mis odd.
For even m then the following formulas hold:
m - 2 m
_i jViHyo K, _
g "Il ;{ —s = Hg} and g w; 2|V Kypol> =1
j=0,j even w,2 w,2 =0
m—1 = 2 m—1
_i jViHya  Nio _
g s =S = 2% and E w; 2|V Nyol? =1
Hw,2 Hw 2 ; J
j=1,5 odd 7 j=1
m ~ 7> m—1 ~ AT
_ VKo _: +ViNyo
S g Yitu2 g N g YT g g
. Kw,Q w,2
7=0,5 even j=1,j odd
m m—1 ~ 1rr
V Hw 2 m—j jVij’g
E ™ + E c §)——= =1.
P HwQ Hw,?
j=0,j even =1, odd
For odd m then the following formulas hold:
2 m s 55 2
It DM e
Hyo  H2,’ Hyo  H2,’
j=0.j even 2 w2 1 5odd w2 w,2
m—1 ~ 1 m ~ AT
DO A e R S P ET S R
P Kw,2 Nw,2
7=0,7 even j=1j Odd
m—1 m ~ 1rr
V iHy 2 . ViHyo
E + g Mgl SIS =,
. - Hw 2 Hw 2
Jj=0,j even j=1,5 odd '

For all m the following formulas hold:

Zcmjj “’2_1 Zw—2|VHw2|2

w2 =0

We will also frequently use the following completion theorem from [13].

A C
B X

J

Theorem 2.5 Consider a complex block matrizT := [ } . Then for any positive number

o 4

the block X can be chosen such that
A C
B X

5

4 ]

2

< X
2




and X is of the form X = —KA"L + x(I — KK")'Y27z(I — LYL)Y/?, where K = ((x*I —
AR A-12BHNVH T .— (2] — A A)=V2C and Z is an arbitrary matriz such that || Z]|s < 1.

As a Corollary one has the following result for Hermitian /skew-Hermitian matrices.

A

Corollary 2.6 For A =4+A" B =+B" Sety:= B

H
' [g ig } =y and D is of the form D = —KAK" +
2

x(I— KKM272(1 — KKH)Y2? where K := B(x*I — A?)~Y2 and Z = 7" is an arbitrary
matriz such that | Z||2 < 1.

. Then there exists an Hermitian/skew-
2

Hermitian matrix D such that

After recalling these preliminary results, in the following section we derive structured back-
ward errors for complex structured matrix polynomials.

3 Backward errors for Hermitian and skew-Hermitian matrix
polynomials

In this section we derive backward error formulas for homogeneous Hermitian and skew-
Hermitian matrix polynomials. Let L € L,,(C"*") be a matrix polynomial of the form (1),
let (A, 1) € C%2\ {(0,0)}, and let € C" be such that 22 = 1. Introduce k := —L(\, p)x,
P, :=1I — za™ and furthermore, for

RO™)  RO™Lm) Rm)
M= siim  spmtiy S |
X i S

set

mﬂm] | .

ti=[to,t1,. .. tm)t = M* {%(ka)

Theorem 3.1 Let L € L,,,(C™ ™) be a matriz polynomial of the form (1), let (A, u) € C?\
{(0,0)}, and let x € C" be such that 'z = 1. For j = 0,1,2,...,m define the following
coefficients of the perturbation matriz polynomial.

i) In the case that \™ 7 € C\ R choose

AA — —xacHAja:a:H -l—TAjP:Cka —i—zAjackHP:C, if Aj= A
J —xxHijxH +@ka‘1‘H — ZA].l‘]{JHPx, if Aj= —AH. ’

ii) In the case that N™ 7 pJ € R choose

o [ e [@TR) @) + kel £ akP] L if Ay = AT,
o ZA; [z(ach:)(xacH) + Pykat — kaPx] . if A — A

Then -
= Zcm_jsjAAj € L, (C™™)
§=0

is an Hermitian or skew-Hermitian matriz polynomial, respectively, such that (L(\, u) +

AL(X, )z = 0.



m
Proof. If L is Hermitian, then in all suggested cases AL(c,s) = Zcm*jsjAAj is also
=0
Hermitian. By Proposition 2.4 we have that Z;‘n:o A= /ﬂ@ =1, and thus we have

(LA, 1) + AL(X, p))x ZAm I (A; + AAj)z
= Z/\m J — xxf Ajeat 4 [24; akH (I — z2™) +7za, (I — ca)ka))x
= Z/\m] (Ajz — zz¥ Ajx +Za; (I — zzfk)

= (I-zz? Z)\m 119 Aj) $+Z/\m I Za,(I — zx Hy ke
= —(I -z )k+( —xx )k::O.

If L is skew-Hermitian, then by construction also AL is skew-Hermitian and we have

(L(\, 1) + AL, )z }:xnﬂ (Aj + AA))z
= Z)\m J — zaf Ajpat — [zA]a:k:H(I ) —zZa, (1 — ) kxt])z
= Z)\mj (Ajz — zz Ajx +Za; (I — zz")k)

= (I —xz" Z)\m J JA m—l—Z)\m J,uzA —xx )k

— —(I—x:r; )k‘—l—( —xx )k‘IO.

The proof for the real case follows analogously. 0O
Using Theorem 3.1 we then obtain the following backward errors.

Theorem 3.2 Let L € L,,(C"*"™) be an Hermitian matriz polynomial of the form (1), let
(A, ) € C?\ {(0,0)}, and let x € C" be such that 'z = 1. With k = —L(\, p)x and
t = [to,t1,...,tm]T as in (3) we have the following backward errors.

i) The structured backward error in Frobenius norm is given by

V2[5 — 2" k[
Hw—1,2 7
2
213~ AP
H? ’

w—1,2

if A" € R,

ny p (A g, @, L) = m B
> | if Xl € C\R.

w
3=0




ii) The structured backward error in spectral norm is given by

[15]]2 e vmej
_— AT e R
Hy 1y if W eR,
S
77w2()‘7u7357L) = ™o |2 ”kH2_| Hp|2
E — _— A7 e C\R.
2 ;| F 2., if p ety

j=0

If we introduce the coefficient matrices of the perturbation polynomial as

ZA, [a:a;Hka?H + ke P, + Pxxk:H] , if Nmipd € R,
AA]' = -1 e H | H H ; m—j,,j (4)
w; tjzx” + Za; Pokx® + 24, Ppxk®™,  of ATl € C \ R,

then AL = 3700, ™ IsIAA; is the unique minimal (in Frobenius norm) Hermitian pertur-
bation polynomial such that (L(X, p) + AL(X, p))x = 0 and || AL[|w.r = 9w, r(A, 1, 2, L).
If for AA; as in (4), we introduce the coefficient matrices of the perturbation polynomial as

H H
za.x kP kE™ P, o
AA;— BT T T G meiyi € R,
AE]' =
t; P kk" P, o
AAy — 2T e meiyi € C\R,
wj’y
m
then AL(c, s) = Zcm*jsjAEj is a minimal (in spectral norm) Hermitian perturbation poly-
j=0

nomial such that (L(A\, p) + AL(X, 1))z = 0 and ||AL|w2 = 77372()\,/;,1‘, L).

Proof. For the given perturbation coefficients, by Theorem 3.1 we have that (L(\, u) +
AL(\, 1))z = 0. Choose a unitary matrix U = [z, U;],U; € C*"~! and let

AA; = UTAAU = {dm' dﬂ ,
dj Dj;

where D; ; = ij e Cn1xn=1 Then

P

UAL(\, ) U = UUH (AL, p))UHU = AL\, ).

e~

This implies that UAL(\, u)U" 2 = AL(\, u)x = k, and hence

— H
AL\, Uz = UHE = [Elﬂ .
1

Since UM 2 = ey, we get that

- m—7j,,J % Am_j:u'j

Z/\ Il d;, ijdj,jT .

L o I o od | |UHE|
Sy || St |
=0 =0 Wi



To minimize the perturbation, we solve this system for the parameters d; ;, d; in a least square
sense and, applying Proposition 2.3, we obtain

_V()Hw—lg_ _V()walg_
doo Hy-19 do Hy-19
d Vle—l 2 d Vlefl 2
1,1 - = 2 H 1 - = 4 H
. = Hw—172 X ka : = Hw7172 Ul k>
dm,m : dm :
Vme_l,Z Vme_l,Z
Hw71,2 Hw71,2
and from this _ _
do,o ZA, do Z4,
dy ZA dy ZA
, 1 1
Sl=1 U2k | = | UPR
dm,m ZAm_ dm _ZAm

We now have to consider cases. If N/ € R, then d;; = zAj:ch: € R. Then the
Frobenius norm can be minimized by taking D;; = 0 and hence,

2 2||k[I3 — |z k[
H2

w—12

IAA;|IF = |djgl* +201d; 13 = 24, PQIIKNE — =" kI?) = |V Hopm1 ]

m
as || UHk|? = |2" k> + || UF k||3, and by Proposition 2.4, we have that Zw?\Vijq’QP =1.
=0

m

2||k||5 — |2 k|?

e = | St = [AHE BT
=0

Then

AL

w=1,2
with the Hermitian perturbation
AA; = UNAUT = [z U] [dé]’? gf j] [g?f]
= (xdj; + Urd;)z™ + (zd}’ + U1D; ;)UY!
= za,[(zzka™) + U\ U k2! + 26" U0 U] + UL D; ;U
ZA, (zafka™) + Poka® + 2k" P, + U1 D; ;U (5)
ZA; [k + 2k™ — (k" 2)z2™] + U1 D; ;UL (6)

With the minimal Frobenius norm choice D; ; = 0, we then have

AAj = 2z, [k:cH +zkf — xk:HxxH} ) (7)



m
and, since g A g za; = 1, we have
J=0

(LA p) + AL\, p))z = Y A"l (Aj 4+ AAj)z
j=0

= —k+ Z/\m_jpjzAj (kzt + xkf — akH a2
§=0
= —k+4k+azkfle—zkfe=o0.

This implies that = is an eigenvector corresponding to an eigenvalue (\, ).
To find the smallest spectral norm perturbation, by Corollary 2.6, we get

HRUH KRR U,

Djj = —za, 5

’ gl
with 72 = ||k||3 — |27 k|?. Hence for the spectral norm we get

ZA; 2 kP kEE P,
ok ’

AE; = AA; —

where AA; is given by (7).

m

s ) A "
In the general complex case that A7/ € C\ R, we can rewrite Ziwjdjjj =z"k
— j
as !
RO™) - RO 1) R(u™)] | wodoo
wo wr wo widy 1 _ Rz k)
SO S ) st || S(afk)
wo wy T wm ] wpdimm
The least squares solution of this system is given by
wodp,o
widi, R(z" k)
’ _ + —
: =M [%(ka)] =5
wmdm,m
and thus d; ; = wj_ltj, and
_ -1, >—77H 1\ H
AA; = UANAUH = [z ©y) | "l (z,U1"K) [z )"
ZA].Ul k’ Dj,j

— [wj—ltj:c + UlTAleHk} o+ [zza, (U K)T + ULD; ;] U
= w; 'tz +Z U ke + 2 0k UUT + ULD; U

= w; 'tz + 24, Poka 4+ 24,0k Py + ULD; ;U

10



For the Frobenius norm we choose Dj; = 0, and then the perturbation matrix and the
backward error are given by

AA; = w;ltjxxH —}—@kalﬂ + zA].xk:HPx, (8)

LI !k‘Hﬂfl2

7’]372()\,/1,,$,L) = Z H2 ’
=0

wy

respectively.
For the spectral norm, by Corollary 2.6, we have

w; 't Pk Py
&[5 — [aH k[

ULD; ;U =

and thus, the perturbation matrix and the backward error are given by

w; 't Pokk Py

AE: = AA; — ,
! T kN3 - |2 H R
“ k cH k|2
773,2(/\7%337 L) = Z H”QH—2|7
wj

=0

respectively, where AA; is as in (8). With this perturbation matrix we obtain
m . .
Zx” (A + AE))z = —k+ Y A" [w;ltjx + 24 Pk

m
= —k+ Y N"pdw e + Pk

j=0
m
= Z)\m ]uw t:c—a?;UHk
j=0
m m
= Z)\m_Jquj_ltjx — xZ/\m_]/ﬂxHAij
j=0 §=0
m m
= Z)\m I w; t x — Z)\m_]pﬂw;ltj =0,
7=0 7=0

and hence the proof is finished. O

Note that if w; = 0 then 24, = 0, and by Theorem 3.2 we have AA; = 0. Thus if w; =0
then A; remains unperturbed.

We do not present here the results for the skew-Hermitian case, which can be obtained
directly from the Hermitian case, either by scaling the matrix polynomial with ¢ or by going
through the same arguments as in the Hermitian case, using the skew-Hermitian formulas in
Theorem 3.1.

As a corollary we obtain relations between structured and unstructured backward errors.

11



Corollary 3.3 et L € L,,,(C™*™) be an Hermitian/skew-Hermitian matriz polynomial of the
form (1), let (A\, ) € C2\ {(0,0)}, and let x € C* be such that zx = 1. Then we have the
following relations between the structured and unstructured backward errors.

’L) 775;7F()‘1 M, T, L) < \/5 77w,2()\7ﬂaxa L)7
it) 1y oA 1y, L) = Nu 2 (A, py 2, L), NI € R,

iii) my (A 2, L) < ma(A, g2, L), A"l € C\R.

As immediate corollary one obtains the results of [4, 6] for matrix pencils L(c, s) = cAo+ sA;
and w = [1,1]T.

The results for the case of non-homogeneous matrix polynomials without infinite eigen-
values [1] follow by setting ¢ = 1,L(s) := L(1,5),A := [1,p,...,u™]", and by choosing the
weight vector w := [1,1,...,1]T.

4 Backward errors for H-even and H-odd matrix polynomials

In this section we derive backward error formulas for homogeneous H-odd/H-even matrix
polynomials. To simplify the presentation, we assume without loss of generality that the
coefficient matrix Ay is always in the even-position which is Hermitian for a H-even matrix
polynomial and skew-Hermitian for H-odd matrix polynomial (the other case can be obtained
by scaling the matrix polynomial by i.)

In the following, similar to the Hermitian/skew Hermitian case, for (A, u) € C?\ {(0,0)}
and r € C" with 2z = 1, we introduce k = —L(\, u)x, P, := I — x| and slightly different
than in the Hermitian/skew Hermitian case,

A = [RO™) =Sl RO =S R(™)
S RO ST RO S
and
P [ r, . BT = NI [ggﬁjg;} |

Theorem 4.1 Let L € L,,(C"*") be H-even and of the form (1). Let (A, p) € C2\ {(0,0)}
and x € C" with 2%z = 1. We then have the following backward errors.

i) The structured backward error for the Frobenius norm is
V2[5 — k[
Hu) 1,2 7
9)
k Hk 2 o (
ol B s covm

w12

if N Ipd € R,

/\

ntsv,F()H:u’axaL) = m

Z

=0

i1) The structured backward error for the spectral norm is

k o
}y ”122, if Am=id e R,
s w
Nw2(As i, 2, L) i= m Ik Hi2 . (10)
Z M’ if Am iyl € C\R.
wj Hw 12

7=0

12



For the Frobenius norm we introduce the following perturbation matrices.
1. If \™J ) € R, then choose
za, (k) (za?) + Poka® + 2k P,|,  for j even,
za, [i(x" k) (za?) + Poka™ — 2k P, for j odd.
2. For (A, u) € (R,iR) purely imaginary, we choose
AA; =7z, [(#" k) (za™) + Poka™ + 2k Py . (12)
3. If \m~IpJ € C\ R is not purely imaginary, then choose

t .
[J(:)::):H) + @PM;:}:H + zAj:):kHPm} , for j even,

AAj = ;‘;ﬂ (13)
[wj(a:a:H) + @kax}[ — zAja:k:HPx} , forj odd.
m
This gives the unique (in Frobenius norm) H -even matriz polynomial AL(c, s) = Zcm*jsjAAj
j=0

such that (L(X, p) + AL(X, )z =0, and ||AL||y.r = WE,F()H w,z,L).

For the spectral norm, let ¥* = ||k||3 — |2TKk|? and introduce the following perturbation

matrices.

1. For \™ ;) € R choose

24,27 kP kKT P, ]
AA; — — 2 , for j even,
AE; = 2,2 kP kKT P, ,
AA; +1 2 ,  for j odd,
where AA; is given by (11).
2. If (A, ) € (R,iR) is purely imaginary, then choose
ZA; 22 kP kP,
AA; =AA; + 2 , (14)
with AA; given by (12).
8. If \™=Iud € C\ R is not purely imaginary, then choose
t; Pokk" P,
AA; — ]72, for j even,
ALj = i PRk P
AAj + % for j odd,
i

where AA; is given by (13).

13



m

This gives a minimal (in spectral norm) H-even matriz polynomial AL(c, s) = Zcm*jsjAEj
§=0

such that (L(X, p1) + AL(A, )z = 0, and [|AL|ly2 = 5 »(A, p, 2, L).

m
Proof. Consider an H-even matrix polynomial L(c,s) = Zcm_j sjAj. Then we have
7=0

Aj = Af for j even and A; = —Af for j odd. By Theorem 3.1 there exists an H-even matrix

polynomial AL(c,s) = Zcm_jsjAAj such that AL\, )z = —L(\, u)z = k. Choosing a
=0

unitary matrix U = [x Ul] and then AA; :=U | 7 J U7, B :=U ’ J U™,
dj Dj,; —d; Bj;
where D; j = DI%, B j = =Bl € C""1"~1. Then AL(), )z = k implies that
Yo NTdg i Yy Adyy = otk (15)
j=0,jeven j=1,j0dd
Soooxrdi— Y A d; = Uk (16)
7=0,j7even j=1,j0dd

To minimize the perturbation we first solve (16) for the vector d;. The minimum norm
solution is given by d; = @UIH k.

For the computation of the parameters d; ;, D; ; we consider three different cases.

1) If X7/ € R, then we solve (15) in a least squares sense and then obtain d;; = za,2" k

for j even, and d; ; = —izAj:L'Hk for j odd. Then for even j we have
" H
H H
AAJ = [:U Ul] ZA;T k <ZAle k) |:5'H:|
ZAleH]{ Dj,j 1

= 24, [(&"k) (22 + U (U k2 + 2k U0 U] + UL D, ;UY.
Similarly, when j is odd we have
AA; = za, [(x"k)(z2™) + Poka™ — 2k P,| + UL B, ;UL

For the Frobenius norm we obtain the minimum by setting D; ; = 0 and Bj; = 0 and thus,

1AA e = \/lid; 13 + 21,12

which implies that

iSO L) = S\l 1K — 127 E]3)
j=0

_ (I3 — [l E]13)

14




To show that (L + AL)x = 0 consider first the coefficients with even index.

(L+AL)x = Z NI (A + AAj)x + Z NI (A + AAj)x
Jj=0,j even j=1,j odd
= Z NI A+ Z NI A
7=0,7 even j=1j odd
+ > NTTRIAA Y N A A
j=0, j even j=1, j odd
= —k+ Y NTIAAp+ ) NI AA
J=0,j even j=1,7 odd

m

= —k+ Z )\m_j,ujzA]. [(2"k)(z2™) + Poka + 2k Py 2
=0

= —k+ [(z"k)(z2™) + Poka™ + 2k" P,] »

= —k+ @"k)z+ Pk =—k+ @"k)z+ k- 22k =0,

The proof for the coefficients with odd index is analogous.
For the spectral norm set 72 = ||k||2 — |#k|?> and apply Corollary 2.6. For Hermitian

coefficients we obtain that
_gH k:UlH kKT U,
Dj; = —Za; 2

while for skew-Hermitian coefficients we get

B — i:):HkUlHkkHUl
5.3 = RA; ~2 ’
Hence
’ za. 22 kP kK P, .
AA; — —1———— forjeven
AE, — ] ~2 ) )
J za. P kP kkT P, .
AA; + z%, for j odd.

It remains to show that (L(A, pu) + AL(\, p))x = 0. We have

(L+ AL)x
= Y N4+ AA)z+ > NTTTI(A + A
Jj=0,j even j=1,;j odd
= > XA+ > N A
]:0,] even ]:17] Odd
+ > NTIWAAz+ > XTI AA
j=0,j even j=1,j0dd
= —k+ Z )\m_j,ujzAj (27 k(z2™) + Poka®™ + 2k" P,] x +
j=0,j even
Z )\m_j,ujzAj [szk:(:mH) + Pokat — kaPx] z
j=1,j odd

15



= —k+ Z /\m_j,u,jzA]. ek + Z i)\m_j,ujzijHk:U +
j=0,7 even j=1,j odd
[ Z )\m_jujzAj + Z )\m_j,ujzAj]ka
j=0,j even j=1,j odd
= —k+ Z /\m_j,u,jzA]. e kr + Z i)\m_j,ujzijHkx + Pk
Jj=0,j even j=1,5 odd
= —k+ Z )\m_j,ujzijHka: + Z i/\m_j,ujzAj:chx

7j=0,75 even j=1,j odd

+(I — zzH) Z NI I A A

Jj=0
_ m—j, j H ym—j ] H
= Z N W zp, o ke + Z IN"TI 2 a2 ke
7j=0,75 even =1, odd
m—j,,J H ym—j . j H
— Z Nl z a0k — Z iN"T W za 2 ke = 0.
7=0,75 even j=1,j odd

2) If \™~Jy/ € C \ R is purely imaginary, then the construction of the perturbation coeffi-
cients and the proof follows exactly as in the real case.
3) If A7 77 € C\ R is not purely imaginary, then we have to solve

m m—1
ST ORI~ Y SN )dy
j=0,j even i=1,j odd _ [%(«’UH/C)}
> SOmH)dii+ Y RO )y
| 7=0,j even j=1,j odd ]
which is just
woao,o
| wiany | [R(zH k)
M : N [%(ka) ’

Wm Am,m

; 17%-. This gives the perturbation coefficients

and hence d;; = w

H
—17 ——77H
Ul Wil (ZAJ' Ui k) UH . for even j
AA; = %UlHk Dj,;
S ——77H
u| it (ZAle ’“) Ut for odd j.
( Za, U1k Bj;
For even j we have
" H
17 ——77H
Ad; = [oowy) | Wl AU ’f) [[3}’{{}

Z1,U{"k Dj,

= w; (ea") + Z U (U ke + 2,2k OUT + ULD U7
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By construction we have that U;U{! = I — z2¥ and thus,

AA; =w; i (va") + Zx; Poka™ + za,2k" Py + UL D; ;U
Similarly, when j is odd we have

AA; = [wjflfj(xxH) + @kaxH — zijk:HPx} + UlBjJUlH.

Hence for A9/ € C and for the Frobenius norm, taking D;; =0and B;; = 0, we obtain
the perturbation matrices

Ad o { Wi (@) + Za Pkt 4 24 2k P, for j even,
J ’wj_ltj(l'l'H) + @kal‘H - ZAjJ:k;Han for J odd.

For the spectral norm we introduce the perturbation matrices

t; P, kk" P,
AA; — 372, for j even,
ARj = it PR
AA; + Lﬁ, for j odd.
wj’y

and we have the backward error

m ~ 2 m ~ 9
b tj &3 — o k[
Mo m ) = | D7 1| o ORI~ ok2) = | 0| 2| 4 IR
; ; .
g=0""/ j=01"7 w12
It remains to show that (L(A, u) + AL(\, p))x = 0.
(L+ AL)x
= ) NP A e+ Y AT (A + Ay
j=0,;j even i—1.7 0dd
j=0, 7 even j=1,j odd
+ S A+ Y AT A A
j=0,7 even j=1,7 odd

N
=—k+ > Ay [{(a;a;H) + 74, Pk + zAja;k:HPm] z+
j=0,j even Wi
T4t
Z A"y [Z](xxH) + zAijk::cH — zijk:HPx] x
Wa
j=1,7 odd J

R o[t
=—k+ > A" [”m + %Pmk] + Y A {ij + %ka}
j=0,j even Wi j=1,7 odd i

- it
— kY amg b S meiliy | py
j=0,j even wj j=1,j odd Wi
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it
=—k+ Z AT g ]x—i— Z )\m*]ujz—‘?:z,’%-(l—m:H)k

j=0,j even j=1,j odd i
it m o
= Z AT j,u —m + Z Am_Jujjx - xZ)\m_J,uijAAjm
j=0,j even j=1,j odd ! j=0
- x+ 3 am=iyi iy
"
j=0,j even j=1,; odd I
S ol S ymeitiy g g
wj wj
7=0,75 even J j=1,j Odd J

The result for homogeneous matrix pencils (m = 1) of the form L(c,s) = cAo + s4; €
L, (C™*™), see [4, 5] as well as the corresponding results for the case of non-homogenous
matrix polynomials (¢ = 1) that have only finite eigenvalues of [1] follow as special cases by
setting and w = [1,1,...,1].

For completeness we also state the expressions for the case of H-odd homogeneous matrix
polynomials. The proof is completely analogous to the H-even case, just exchanging the role
of off and even indices in appropriate places.

Theorem 4.2 Let L € L,,(C™") be H-odd and of the form (1). Let (\,u) € C?\ {(0,0)}
and x € C" with 22 = 1. We then have the same backward error formulas (9)-(10) as in
the H-even case.

For the Frobenius norm we introduce the following perturbation matrices.

1. If \™IuJ € R, then choose

H H H ;
AA, = za; [(z Hk)( )+ szxH+ zk HPm] , for? odd, (17)
za, [i(x" k) (za?) + Poka®? — 2k Py, for j even.
2. For (A, u) € (R,iR) purely imaginary, we choose
AA; =7z, [(=" k) (za™) + Poka™ + 2k Py . (18)
3. If \™Iud € C\ R is not purely imaginary, then choose
t.
[J(mmH) + za, Poka + zAjmkHPz} , for j odd,
AAj = LY (19)

t .
[Zj(a:a:H) + @PM:Q}H — zijkHPx} , forj even.
wj

m
This gives the unique (in Frobenius norm) H -odd matriz polynomial AL(c, s) = Zcm*jsjAAj
j=0

such that (L(X, p) + AL(X, )z =0, and ||AL||y.r = WE,F()H w,z,L).
For the spectral norm, let v := ||k|j3 — |2 k|?

matrices.

and introduce the following perturbation
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1. For N7 € R choose

24 20 kP kKT P,
AA; =B 2 T for § odd,
AE; = 2,2 kPkET P, ‘
AA; +1 2 , for j even,
where AA; is given by (17).
2. If (A, n) € (R,iR) is purely imaginary, then choose
ZA; 2 kP kP,
AA; =AA; + 2 , (20)
with AA; given by (18).
3. If \™Iud € C\ R is not purely imaginary, then choose
t;PkkH P,
AA; — sz, for j odd,
AEj = P wjﬁy
t; P kkH P,
AA; + m72z, for j even,
w;y
where AA; is given by (19).
m
This gives a minimal (in spectral norm) H-odd matriz polynomial AL(c, s) = Zcm_j s'AE;
§=0

such that (L(X, p) + AL(X, p))x = 0, and ||AL[|y2 = nlsl)’Q()\,p,x,L).

Further immediate corollaries are the corresponding results for matrix pencils L(s) = Ay +
sA; € L(C™™") given in [4, 5], which follows by taking ¢ = 1, m = 1 and the results for
non-homogeneous H-even and H odd matrix polynomials having no infinite eigenvalues of
1, 2].

Corollary 4.3 Let (\,u) € C2\{(0,0)}, and let & € C" be such that "z = 1. Then we have
the following relations between structured H-even/H-odd and unstructured backward errors.

i) nf p (A s 2, L) < V200 2(A, 2, L),
M) 77372(/\7/1’7'%'71‘) = 77w,2(A7M7377 L), /\mij,uj e R,

iii) nfy oA 1, L) < muo (X, @, L), A™ I € C\ R.

5 Conclusion

In [1, 2] the structured backward error analysis i.e., the construction of minimal structured
matrix polynomials (in Frobenius and spectral norm) such that an approximate eigenpair of L
becomes an exact eigenpair for L+ AL has been studied. However, these results were derived
for the case that the polynomial eigenvalue problem has no eigenvalue at co. In this paper we
have extended the results of [1, 2] in the homogeneous setup of matrix polynomials including
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the case of infinite eigenvalues. We have presented a systematic general procedure for the
construction of an appropriately structured minimal polynomial AL € L,,(C™*™) such that
approximate eigenvector and eigenvalue becomes exact eigenvalue and eigenvector of L + AL.
We have shown that the minimal perturbation is unique in the case of Frobenius norm and
there are infinitely many minimal perturbations for the case of 2 norm.
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