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Abstract

We study the class of linear differential-algebraic m-input m-output systems which have a transfer
function with proper inverse. A sufficient condition for the transfer function to have proper inverse
it that the system has ‘strict and non-positive relative degree’. We present two main results: First,
a so called ‘zero dynamics form’ is derived: this form is — within the class of system equivalence —
a simple (“almost normal”) form of the DAE; it is a counterpart to the well-known Byrnes-Isidori
form for ODE systems with strictly proper transfer function. The ‘zero dynamics form’ is exploited
to characterize structural properties such as asymptotically stable zero dynamics, minimum phase,
and high-gain stabilizability. The zero dynamics are characterized by (A, E, B)-invariant subspaces.
Secondly, it is shown that the ‘funnel controller’ (that is a static nonlinear output error feedback)
achieves, for all DAE systems with asymptotically stable zero dynamics and transfer function with
proper inverse, tracking of a reference signal by the output signal within a pre-specified funnel. This

funnel determines the transient behaviour.
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Nomenclature
N, Ng, Z set of natural numbers, Ng = NU {0}, set of all integers, resp.
R>o = [0,00)
C,, C_ the open set of complex numbers with positive, negative real part, resp.
Gl,(R) the set of invertible real n x n matrices
R[s] the ring of polynomials with coefficients in R
R(s) the quotient field of R[s]
R™™ the set of n X m matrices with entries in a ring R
|| = vz Tz, the Euclidean norm of = € R"
|| M| = max {||M z|| |z € R™, ||z|| = 1}, induced matrix norm of M € R™™
M-ty ={xe€R™ | Mz €} }, the pre-image of the set Y C R"™ under M € R™™
L>(T;R") the set of essentially bounded functions f: 7 — R"
CHT;R™) the set of /-times continuously differentiable functions f : 7 — R"
BUT;R™ = {feCUT:R" | & fe Lo(T;R") fori=0,...,0}
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1 Introduction

We consider linear differential-algebraic systems of the form
Ei(t) = Ax(t) + Bu(t)
y(t) = Ca(t),
where E;A € R™" B € R™™ (C € RP™ are such that the pencil sE — A € R[s|™"™ is regular, i.e.

det(sE — A) € R[s] \ {0}; the set of these systems is denoted by 3, ,,,, and we write [E, A, B,C] €
S

The functions v : R = R™ and y : R — RP are called input and output of the system, resp. A
trajectory (z,u,y) : R = R™ x R™ x RP is said to be a solution of (1.1) if, and only if, it belongs to
the behaviour of (1.1):

(1.1)

By = { (z,u,9) € C(R;R") x C(R;R™) x C(R; R™) | (2, u,y) solves (1.1) forall t e R } .

More smoothness for u and y is required for some results.
The transfer function of [E, A, B,C| € ¥,, 1, p is defined by

G(s) = C(sE — A)"'B € R(s)P™

and throughout the paper we will assume that G(s) has proper inverse over R(s) or stronger, has a
strict relative degree. Both notions are defined as follows.

Definition 1.1. A rational matrix function G(s) € R(s)?"™ is called proper if, and only if, lims_, ., G(s) =
D for some D € RP'™; and strictly proper if, and only if, lims_,o, G(s) = 0. We say that the square
matrix function G(s) € R(s)™™ has strict relative degree p € 7 if, and only if,

p = srdegG(s) = sup{k:EZ

ok
lim s G(s) € Glm(R)} cZ. .

The notion of strict relative degree generalizes (see [8] and the references therein) what is known for
transfer function of ODE systems [I,,, A, B, C] € Xy, m.m:

G(s)=C(sl, — A 'B=CBs '+ CABs >+ CA’Bs 3 4 ...,
is strictly proper and has strict relative degree p € N if, and only if,
CA'B=0 for i=0,...,p—2 and CA’'Bc Gl,(R).

In the single-input, single-output case, i.e.

Gls) =2 for pls),als) € Rlsl, als) #0,
it is clear that
srdeg G(s) = degq(s) —degp(s) <0 <= G(s) has proper inverse.
This equivalence does, in general, not hold in the multi-input, multi output case:

Proposition 1.2 (Strict relative degree implies proper inverse).
For G(s) € R(s)™™ we have

srdeg G(s) <0 = G(s) has proper inverse.
=
ig.



The proof is in Appendix 8.2.

We will show that the assumption ‘G(s) has proper inverse’ suffices to derive a so called ‘zero dynamics
form’ of [E, A, B,C| € ¥, p, m within the equivalence class defined by:

Definition 1.3 (System equivalence).
Two systems [E;, A;, B, Ci] € Xy p, @ = 1,2, are called system equivalent if, and only if,

SEl—Al B1 . W 0 8E2—A2 BQ T 0
o 0] |0 I, Oy 0|0 I

?

IW,T € Gl,,(R) : [

we write —_—
[ElaAl)Blacl] ~ [EQ)A2)B2502]’

o
It is easy to see that system equivalence is an equivalence relation on X, ,, p.
Weierstrafl proved the following for regular pencils sFE — A.
Proposition 1.4 (Weierstraf form [5, Th. XII.3]).
For any regular matriz pencil sE — A € R[s]™", there exist W,T € Gl,(R) such that
_ s, — As 0

sE—A =W 0 NI, T, (1.2)

for some As € R"™ and nilpotent N € R""f, o

The index of nilpotency of a nilpotent matrix N € R** is defined to be the smallest v € N such that
N” = 0. It can be shown (see e.g. [10, Lem. 2.10]) that the index of nilpotency v of N in (1.2) is
uniquely defined by the regular pencil sE — A; v is therefore called the index of the pencil sE — A if
the nilpotent block is present and v = 0 if it is absent (ny = 0).

The following is immediate from Proposition 1.4.

Corollary 1.5 (Decoupled DAE).
Let [E, A, B,C] € Ly, mp. Then there exist W,T € Gl,(R) such that

[E,A,B,C] "% HIS ](\J[}[z‘(l) Igj’[gj,[cs cf]], (1.3)

for some B, € R""™ By € R""™, Cy € RP"s, Cp € RP"s, A, € R"" and nilpotent N € R"/"f.
This is interpreted, in terms of the DAE (1.1), as follows: (v,u,y) € B(1.1y if, and only if,

(550) =76

Bs(t) = Asay(t) + Byu(t)

solves the decoupled DAEs

ys(t) = Cyay(t), (1.4a)

Nig(t) = az(t) + Byu(t)
yr(t) = Cray(t), (1.4b)
y(t) = ys(t) +ys(t). (1.4c)
<



If (x,u,y) € B(1.1) and in addition u € C¥~1(R;R™), then by repeated multiplication of (1.4b) by N
from the left, differentiation, and using the identity

(sN — Inf)_1 = —Ip, —sN — s2N% — ... —s""INY71if v is the index of nilpotency of N, (1.5)

it is easy to see that the solution of (1.4b) satisfies

v—1

zy() ==Y N*Bru®(). (1.6)

k=0

We are now in a position to interpret the relative degree of the transfer function of [E, A, B, C] € ¥, n, p.
Since the transfer function is invariant under system equivalence, we have

G(s) = C(sE—A)"1B ¥ Cy(sN = 1,,)"'By + Cy(sl,, — A,) B,
v—1
S oNBr s 4+ Y CATB s (1.7)
i=0 i>1
=:P(s) =:G:p(s)

where Ggp(s) is strictly proper; if G(s) has strict relative degree p <0, then
srdeg G(s) = —deg P(s) = —max { i € {0,...,v — 1} | CyN'Bj € Gl,,(R) } .

This means that system y(s) = G(s)u(s) can be represented as a parallel decomposition of a strictly
proper system and a system of differentiators of the input, see Fig. 1.

3 Gsp(s)
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Figure 1: Parallel decomposition of a strictly proper system and differentiators

Finally, we recall different concepts of controllability and observability for DAEs (1.1). For brevity,
we do not define the concepts in system theoretic terms but only give the algebraic characteriza-
tions in Proposition 1.6; the latter will be used in our proofs. Different notions of controllability and
observability at infinity are used in the literature: [3] compares the algebraically formulated control-
lability /observability concepts of [14] and [16]; we go along with those in [14]. For system theoretic
notions of the concepts see [4, Secs. 2 & 3].

Proposition 1.6 (Controllability and observability).
A system (1.1) is
(1) R-controllable <= rtk[sE—A,Bl=n forallseC
(ii) stabilizable <= tk[sE— A,B]=n foralls€ C,
(iii)  controllable at infinity <= rk[E, B]=n



(iv) controllable <= it is R-controllable and controllable at infinity
(v) R-observable <= tk[sET — AT, C"]=n foralls€cC

(vi) detectable <= tk[sET — AT, CT)=n forallsc C,

(vii)  observable at infinity <= tk[ET,CT]=n

(viii) observable <<= it is R-observable and observable at infinity.

The properties (1)-(viii) are invariant under system equivalence.

The present note is organized as follows: Throughout we study those systems [E, A, B,C] € ¥, y.m
where the transfer function C(sE — A)~!B has proper inverse; hence we do not consider systems
with strictly proper transfer function, i.e. ODEs without feedthrough. In Section 2, we derive the
‘zero dynamics form’; this is a counterpart to the Byrnes-Isidori form for strictly proper systems
[In, A, B,C] € £y, m,m- In Section 3, we investigate zero dynamics and give, exploiting the zero dynam-
ics form, a simple representation for the zero dynamics. The zero dynamics may be further characterized
by (A, E, B)-invariant subspaces in Section 4. In Section 5, the concept of asymptotically stable zero
dynamics is defined and characterized. In Section 6, the above findings will be exploited to show that
the so called ‘funnel controller’ (that is an output feedback controller such that the error between a
given reference signal and the output evolves within a pre-specified funnel) is applicable to any system
[E,A,B,C| € ¥, m,m with asymptotically stable zero dynamics. Finally, in Section 7 our findings
are illustrated and simulated by examples for [E, A, B,C] € ¥, ;.m: the first is a mechanical system
with springs, masses and dampers and the second is a 2-input 2-output system. We have delegated
two sections into an appendix, Section 8: relevant facts on rational matrix functions are collected in
Section 8.1, and all proofs of the results in the preceding sections are delegated to Section 8.2.

2 Zero dynamics form

The first main result of this paper is to show that any system [E,A,B,C] € X, m, such that
C(sE — A)~'B has proper inverse, is system equivalent to a system in so called zero dynamics form.
The latter is the counterpart to the Byrnes-Isidori form for strictly proper systems, see [9, Sec. 5.1]
and [8]. Although the notion of zero dynamics is not necessary to derive this form, and in fact will be
introduced in the following Section 3, the form allows to read off the zero dynamics as will be shown
in Section 3. It gives more structural insight into the strict relative degree (see also Remark 2.7) and
is the main mathematical tool to prove tracking control results in Section 6.

Definition 2.1 (Zero dynamics form).
System [E, A, B,C] € £, . is said to be in zero dynamics form if, and only if,

[E,A,B,C] =
0 0 0 FEuu A;r A O 0 I,
0 I,, O 0 A Q@ 0 0 Ony,m
’ I 2.1
FE31 0 N33 FEs3y |’ 0 0 I,, O "1 0nsm s Omnas Omngs O] (2.1)
0 0 0 Ny 0 0 0 I, Ony,m

for some no,ng,ny € Ny, Fig € R™™ A1 € R™™ A9 € R™™2, Ay € R™™ Q € R"™2 F3 €
R™™ N3z € R™"3 Fgy € R™™ Ny € R™™ such that N33 and Ny are nilpotent and rk [E3;, N33] =
ns. <



Remark 2.2 (Controllability and observability at infinity).
Note that condition rk [ E31, N33 | = ng on the zero dynamics form is equivalent to that the subsystem

0 0 0 A A 0 I,
0 In2 0 ) A2l Q 0 ) Ong,m 7[Im7 Om,nga Om,ng] (22)
F31 0 Nss 0 0 I, Onz,m

of (2.1) is controllable at infinity. As a consequence, ny = 0 if, and only if, the system (2.1) is
controllable at infinity. If (2.1) is observable at infinity, then ng = 0. o

We are now in a position to state the main result of the present note.

Theorem 2.3 (Zero dynamics form).
Suppose [E,A,B,C] € X, mm is such that C(sE — A)"'B has proper inverse. Then there exist

W,T € Gl,,(R) such that [E, A, B,C] r [E, A, B, C] where the latter is in zero dynamics form (2.1).
Furthermore, the following holds:

(i) N§3 =0 and Nj, =0, where v denotes the index of the pencil sE — A.
(i) the transfer function satisfies

C(sE—A)'B = — (A + Awa(sIn, — Q) " Agy) ™
(iii) srdeg (C(sE—A)"'B) =0 <~ An €Gl,(R).
(iv) srdeg (C(sE—A)"'B)=p<0 <<= [ A1 =0 A srdeg (Aia(sly, — Q) 1 Az) = —p] .
For uniqueness we have:

(v) If [E,A,B,C], [E, A,B,C’] € Xpmm are in zero dynamics form (2.1) and

1E,A,B,01"" [B,A,B,C]  for some W,T € GlL,(R), (2.3)
then
I, 0 0 0
W=17"= 8 V%” V[Zg W934 ., where Wi; € Gl,,.(R), i =2,3,4, Waq € R"™"™. (2.4)
0 0 0 Wy

(vi) The dimensions na,ns,ng are unique; the matrices N33, Ny4, Q are unique up to similarity, so
in particular the spectrum of Q is unique; and A1 = —limg_, (C(sE — A)_lB)_1 .

The proof is in Appendix 8.2.

Remark 2.4 (How close is the zero dynamics form to a normal form?).

Equation (8.17b) in Step 7 of the proof of Theorem 2.3 shows that FEsi, Fi4, A21, Aj2 could be
normalized by multiplication with invertible matrices from the left or right; and (8.17¢) shows that the
only “critical entry” is Fs34. It is easy to present an example such that (8.17c) is satisfied for E34 = 0
and Esy # 0. Therefore, the zero dynamics form is not a normal form, but “almost”: Transform
the uncontrollable subsystem [Nz, In, .,0,Cy ], obtained in Step 1 of the proof of Theorem 2.3, into
observability form (following [4, Sec. 2-5.]) such that the observable variables are separated from the
unobservable ones and carry on with the proof as in Theorem 2.3. This should result in a normal form
with 5 x 5 block structure. o



Remark 2.5 (Properties of the zero dynamics form).

Let [E,A,B,C] € Spmm such that C(sE — A)™'B has proper inverse. Then, by Theorem (2.3),
[E, A, B, C] is system equivalent to a system in zero dynamics form (2.1). Since regularity of the pencil
sE — A is invariant under system equivalence, the pencil

[—An —Aq

—Ay sI—-Q

] is regular and rk[A11, A12] =1k {AH] =m
Aoy

) Q@
U X9 le y
—Alg ¢ + / — A21 ¢
z2(0) S B3
—Aq1 ¢
%Ngg < —— ------- cclitN33 < ‘ c(iitN33 <
y) xS l/ y) Vi
< \‘b\ <+>‘ """" +\ Qi‘/\
X4
«— 0

Figure 2: System [E, A, B,C| € ¥, jum in zero dynamics form

A simple consequence of the zero dynamics form is that the DAE (1.1) can be written in the following
“decoupled form”, see also Fig. 2:

Corollary 2.6 (DAE of zero dynamics form).

Suppose [E, A, B,C| € Xy m.m is such that C(sE — A)~'B has proper inverse and let v be the index of
sE — A. The behaviour of the DAE (1.1) may be interpreted, in terms of the zero dynamics form (2.1)
in Theorem 2.3, as follows: (z,u,y) € B(y.1) N (Cl(R;R”) x CH(R; R™) x C”(R;Rm)) if, and only if,
(Tx,u,y) solves

o
|

A y(t) + Aa za(t) + u(t)
Q za(t) + A1 y(t)

Y120 NiEayith(¢)

= 0,

ot

2.5
i (2.5)

~— ~— —
|

x4(t

.
where T = (y, a2, x5, x) ) € CH(R;R™2tnstnay,
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Proof: Let Tz = (21, 25, x4, xI)T € CY(R;R™Fn2tn3+n4) for T as in Theorem 2.3. Then the DAE
associated with (1.1) is system equivalent to

Eua4(t) = Apxi(t) + A za(t) + u(t)
Zo(t) = Ao z1(t) + Qaa(t)
E31d1(t) + N3z @3(t) + Esata(t) = w3() (2.6)
Nyg@4(t) = x4(t)
y(t) = x(t).

Since Ny, = 0, a similar argument as for (1.6) applied to Ny4Z4(t) = x4(t) gives x4 = 0. Therefore (2.6)
yields the first equation in (2.5). Since Ni; = 0 and y € CY(R;R™), repeating the argument used
for (1.6) yields that the third equation in (2.6) and in (2.5) are equivalent. This completes the proof. [

The zero dynamics form (2.5) allows the following interpretation.

Remark 2.7.
Consider [E, A, B,C] € %y, y.m such that its transfer function C(sE — A)~! B has proper inverse.

(i) The DAE in zero dynamics form (2.5) provides a realization for the inverse system:

ia(t) = Qua(t) + A2 y(?)
u(t) = —Alg.%'g(t) —Ally(t).

This is a time-domain counterpart of the representation (2.3) of the transfer function. In terms
of Corollary 2.6: if (z,u,y) € ¥(1.1), then the input u(-) is uniquely determined by x(:):

2.5
u(t) 22— A1,C2(t) — Ara [Ongums Ty Ong s O] T 2(2) - (2.7)

Note that the assumption y € C”(R;R™) is not required for this observation since the third
equation in (2.5) is irrelevant.

(ii) Theorem 2.3 (iii) and (iv) allows to interpret the non-positive strict relative degree p of the
transfer function of [E, A, B,C] € X, m: First, suppose that p < 0. Then A;; = 0, and
Aia(sI — Q)" Ag; has strict relative degree —p > 1, i.e.

AleiAzl =0 fori= 0, ceey, TP — 2 and Ang_p_lAzl S Glm(R) 5 (28)
and (2.5) yields, for any (z,u,y) € ¥(;1) and Tx = (y',og,23,20)7,
ia(t) = Qua(t) + Any(t)
u(t) = —Ais 1‘2(75) .

We see that —p is the least number of times one has to differentiate the input u(-) so that the
output y(-) occurs explicitly in the equation for u(*p)(-).
If p =0, then 4; € Gl,(R) and (2.5) yields u(t) = —Any(t) — Ajaza(t); thus y(-) occurs
explicitly in the equation for w(-).
An algebraic characterization of non-positive strict relative degree in terms of the zero dynamics
form is the following: Let [E, A, B, C] be in zero dynamics form (2.1). Then, invoking CAB = Aj;
and (2.8), an easy calculation yields that C(sE — A)~!B has strict relative degree p < 0 if, and
only if,

CA'B=0 fori=1,...,—p and CA "B e Gl,(R).



(iii) If the transfer function of [E, A, B, C] has strict relative degree zero, then it has a realization as
an ODE system with feedthrough; the latter is, in the notation of Theorem 2.3, given by

io(t) = (Q— AnAf'An)as(t) — AnAp'u(t)
y(t) = —A A ao(t) — A u(t).

3 Zero dynamics

In this section we introduce the central concept of zero dynamics for DAE systems (1.1) and give,
exploiting the zero dynamics form (2.1), a simple representation of it.

Definition 3.1 (Zero dynamics).
The zero dynamics of system (1.1) is defined as the set of trajectories

ZD(1.1) = { (z,u,y) € Byy.1) | y=0 } .

By linearity of (1.1), the set ZDq 1) is a real vector space.
In the following we show that the zero dynamics form (2.5) of the DAE is quite useful for a simple
representation of the zero dynamics.

Remark 3.2 (Representation of zero dynamics).
Suppose [E, A, B,C] € Spmm so that C(sE — A)"!B has proper inverse, and use the notation of
Theorem 2.3. Then Corollary 2.6 yields

(z,u,y) € ZD11y <= yt) =0 A @2(t) = Qua(t) A u(t) = —Ar2z2(t) A 23(t) = 0.
Therefore, the zero dynamics may be written as

O,
eQ'xg
Ong
Ony

ZDgqay = T , —A1e?a), 0 Ty eR™2 3 . (3.1)

Next we show that the zero dynamics is a direct summand of the behaviour of the system.

Remark 3.3 (Zero dynamics and behaviour).

It may be interesting to see that for any [E, A, B, C] € %, .m so that C(sE—A)~! B has proper inverse,
the behaviour 3, ;) can be decomposed, in terms of the transformation matrix 7" from Theorem 2.3,
into a direct sum of the zero dynamics and a summand as

DB(1.1)

S U, 1 1.1 d
:ZD(ll) @ { (:c,u,y) c Cl(R,Rn) x C(R,Rm) x C(R,Rm) (-75 U y) solves ( ) an } .

[Onmm’ Inw Onz,ns’ 0n27n4]T:C(O) =0

In terms of (3.1), the sum is immediate from

O Om
Q-0 Q-0
1| ¥ : 1| e¥x :
(z(),u(),y() = | T 2|, —Awe®al, 0| + | a() T 2|5 ul) + Ane®af, y() |,
Ong OnS
Ony Ony
for any (z,u,y) € B 1), where 2§ = [0, I,,,0,0/Tz(0). The direct sum also follows from (3.1). o
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Finally, we show that the zero dynamics carries in a certain sense the structure of a dynamical system.

Remark 3.4 (Zero dynamics are a dynamical system).
Suppose [E,A,B,C| € ¥, ,m and let v be the index of the pencil sE — A. The transition map of
system (1.1) is defined, in terms of Proposition 1.4, as

0:RxRxR"xC""YR;R™) — R"

t
(tt0,2%u() > T-1 [ a0 4 [T

to

eAS (tfto) 0:|

eAs (t—s) 0
0 0 [

—1
0 0] W~"Bu(s) ds

v—1 0 0
-7t [0 Nk} W1BuF) (t).
k=0

We have shown in [1, Prop. 2.20] that for any (tp,2",u) € R x R® x C*~1(R;R™) the map t + z(t) :=
o(t,to, 2%, u(-)) solves the initial value problem

Ei(t) = Az(t) + Bu(t), z(ty) = 2° (3.2)

if, and only if,

¥ e Viou(:) = { xeR"

:C+V21T1 0 0 WBu (ty) € im T~ In,
s 0 N o (-

Therefore, consistency of the initial value z° depends on the initial time #q and the input u(-). The
output map of system (1.1) is defined by

n:RxR"xR™ = R"™, (t,z,u) — Cx.

It is readily verified that the structure (R, R™,C*~1(R;R™),R", R™, ©,n), where ¢ : D, — R" is the
restriction of the transition map (by abuse of notation we write the same symbol) on

D(p = { (t,tO,CCO,U) ERXRxXxR"x Cy_l(Rva) ‘ ':CO € Vto,u(~)’ C@(’thxO’u()) =0 })

is an R-linear time-invariant dynamical system as defined in [7, Defs. 2.1.1, 2.1.24, 2.1.26].
Next let u € C*~1(R;R™). As a consequence of uniqueness and global existence of the solution of the
initial value problem (3.2) for 2% € V() (see again [1, Prop. 2.20]), the map

v Dgo,O — ZD(ll) ) (0,0,xo,u(-)) = ((p(';vaovu('))vu(')vC‘P(';vaovu(')))

is well-defined, where
Dy = {(0,0,2°,u) € D,} C D,,.

Most importantly, if C(sE — A)~!B has proper inverse, then ¥ is an isomorphism: it is surjective since
a pre-image of (z,u,0) € ZD(y 1y is (0,0,2(0),u(-)) € Dy (note that u € C*~1(R; R™) by Remark 3.2),
it is injective by uniqueness of the solution of the initial value problem (3.2). In this sense, we may
say that ZDq ) is a dynamical system. o

4 (A,E,B)-invariant subspaces

In this section we recall the concept of (A, E, B)-invariant subspaces and show that the function vector
space of zero dynamics of system (1.1) is, under some conditions, isomorphic to the supremal (in fact
maximal) (A, E, B)-invariant subspace included in ker C.

10



Definition 4.1 ((A, E, B)-invariance).
Let (A, E,B) € R™"™ x R™™ x R™™. A subspace V C R" is called (A, E, B)-invariant if, and only if,

AV C EV +im B. o

The concept of (A, E, B)-invariance is well-known, see e.g. [11, 12], and used, for example in [13], to
derive the reachable and controllable subspaces of (1.1).

The existence of the supremal (A, E, B)-invariant subspace included in ker C'
V*(A,E,B;ker C) :==sup{ V CR" | Vis an (A, E, B)-invariant subspace and V C ker C' }

follows since the sum of (A, E, B)-invariant subspaces included in ker C' is (A, E, B)-invariant and
included in ker C; actually, the supremum is a maximum.
The space V*(A, E, B; ker C) is the limit of the following sequence of subspaces (see e.g. [13, Lemma 2.1]):

Vo=kerC, Viy1=kerCNAYEV;+imB), ieNy
actually, it terminates after finitely many steps:
Jk*eNVieN : Vieyy = Vi = V(A E, B;ker C).

The following proposition gives a simple and useful representation of V*(A, E, B;ker C') under the
assumptions of Theorem 2.3.

Proposition 4.2 (Representation of V*(A4, E, B; ker C)).
Suppose [E, A, B,C] € Xy, mm such that C(sE — A)~'B has proper inverse. Then, in terms of the
matrices in Theorem 2.3, we have

Om,ng

Iy,

0”3 12

V*(A,E,B;ker C) =im T~}
0n4,n2

The proof is in Appendix 8.2.

Now, as a consequence of the simple representation of the zero dynamics in (3.1) and the maximal
(A, B, B)-invariant subspace included in ker C, we are able to show that the state z(-) of (z,u,y) €
ZD 1 evolves in V*(A, E, B;ker C).

Proposition 4.3 (Characterization of zero dynamics).
Suppose [E, A, B,C]| € Sy m.m so that C(sE — A)™'B has proper inverse. Then

(z,u,y) € ZD11) = VteR: z(t) € V(A E,B;ker C) |.

Proof: “=7" follows from Remark 3.2 and Proposition 4.2. To see “<=”, note that by Corollary 2.6 the
first m components of T'x coincide with the vector y; then Proposition 4.2 and the assumption yield
y =0, hence (z,u,y) € ZD(1.1). O

The following theorem shows that the zero dynamics of a DAE (with proper inverse transfer function)
is isomorphic to the maximal (A, E, B)-invariant subspace included in the kernel of C.

11



Theorem 4.4 (Vector space isomorphism).
Let [E, A, B,C| € Sy m.m such that C(sE — A)™1B has proper inverse. Then the linear map

¢: V(A E,B;kerC) — 2Dy,

2L o (x(-),u(-),Cx(-)), where (z(),u(-)) solves the initial value problem
o G)=1¢ 21 C)

(oto) = ( o )
u(O) _A12[0n2,m’ Inw Onz,nsa 0”2,n4]Tx0 ’

where we use the notation from Theorem 2.3, is a vector space isomorphism.

(4.1)

Proof: If 2° € V*(A, E, B;ker C), then Proposition 4.2 yields, for some zJ € R"™, that Ta" =

((0m) ", (DT, (0ny) T, (om)T)T. Since (4.1) gives y(-) = 0, it follows from Corollary 2.6 that DAE (2.5)
with initial value z(0) = Tz" has unique solution

y(t) =0, wo(t) =e®af, 23(t) =0, z4(t) =0, wu(t)=—Appas(t) = —Apeaf.

Hence, the initial value problem (4.1) has a unique solution for any 2° € V*(A, E, B;ker C). Fur-
thermore, ¢ is well-defined and injective; surjectivity is a consequence of Proposition 4.3 and the
representation (2.7) of u(-). O

5 Stable zero dynamics

The main result of this section is Theorem 5.4 which characterizes stable zero dynamics and, most
importantly, shows that any system with asymptotically stable zero dynamics can be stabilized by
high-gain output feedback. Note that in the present section and in the following Section 6 we consider
the restriction of solutions of [E, A, B, C] to [0, 00).

Definition 5.1 (Stability of zero dynamics).
The zero dynamics of system (1.1) is called asymptotically stable if, and only if,

Ve>030>0V(z,u,y) € ZD( 1 s.t. [[((0),u(0)[| <dVE>0 = [[(z(t),u))| <e

and
V(2,u,y) € ZDy tlgglo (z(t),u(t)) =0.

o

As an immediate consequence of the representation of ZD(; 1) in Remark 3.2 we have that asymptotic
stability of the zero dynamics can be read off as follows:

Corollary 5.2 (Stable zero dynamics).
Let [E,A,B,C] € Xy mm so that C(sE — A)™'B has proper inverse. The zero dynamics are asymp-
totically stable if, and only if, the matriz Q in (2.1) satisfies o(Q) C C_.

To state the main result of this section, we need to recall the definition of transmission zeros and poles
of a transfer function.

12



Definition 5.3 (Smith-McMillan form).
Let G(s) € R(s)P™ with Smith-McMillan form

-1 -1 — dia 51(8) ET’(S) s)pm
U1 (s)G(s)V "1 (s) = d g<w1(8),...,wr(s),o,...,0>E]R() ,

where U(s) € R[s]PP, V(s) € R[s|™"™ are unimodular, rk G(s) = r, €;(s),1i(s) € R[s] are monic,
coprime and satisfy €;(s) | €i+1(s), ¥it1(s) | ¥i(s) for i =1,...,7 — 1. sp € C is called transmission
zero of G(s) if €,(sg) = 0 and a pole of G(s) if 11(sg) = 0. o

We are now in a position to state the main result of this section and show characterizations of the zero
dynamics in terms of a determinant, minimum phase and high-gain stabilizability.

Theorem 5.4 (Stable zero dynamics). Let [E, A, B,C] € £, m.m such that C(sE — A)~' B has proper
inverse. Then the following statements are equivalent:

(i) The zero dynamics of system (1.1) are asymptotically stable ;

(i)
— sE—A B
VS€C+:det|: c 0}7&0;

(iii) system (1.1) is minimum phase, i.e.

(a) (1.1) is stabilizable,
(b) (1.1) is detectable,

(c) C(sE — A)~'B has no transmission zeros in C ;
(iv) (1.1) is high-gain stabilizable, i.e.

JE* >0VEkeR, |kl > k" Vsin. x(-) of ‘w(t) =ky(t) & (1.1)" : lim z(¢t) = 0.

t—o00

The proof is in Appendix 8.2.

Remark 5.5 (High-gain stabilizability).

Being familiar with high-gain control for minimum phase systems with strictly proper transfer function,
it might surprise that high-gain stabilizability in Theorem 5.4 (iv) does neither depend on the relative
degree of the system nor on the sign of the high frequency gain. The reason is that, in view of
Corollary 2.6, the closed-loop system ‘u(t) = ky(t) & (1.1)’ is equivalent to

—(An + kL) y(t) = Apwa(t)
Ta(t) = Qua(t) + Auny(?t)

x3(t) = YUy Niy Esyi(t)
and, if & > ||A11]|, equivalent to
y(t) = —(An +klyn) ! Apaa(t)
To(t) = [Q — A1 (A + kIm)flAm] xa(t)
23(t) = S0y Nig Espytth(t).
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Note that 2o € C®°(R; R"~?) yields y € C*°(R; R™) and so the algebraic equation for x3 is well defined.
By Corollary 5.2 , system (1.1) has asymptotically stable zero dynamics if, and only if, o(Q) C C_.
Since

lim o (Q — A91 (A1 + ki]m)ilAw) = 0(Q),

k—+o0

the assumptions ‘|k| sufficiently large’ and ‘(1.1) has asymptotically stable zero dynamics’ yields ex-
ponential decay of xo(-) , and therefore x3(-) and y(-) decay exponentially, too. On the other hand, it
is immediate that high-gain stabilizability implies o(Q) C C_. o

6 Funnel control

We have seen in Theorem 5.4 that any system [E, A, B,C] € ¥, ;u.m, where C(sE — A)~! B has proper
inverse and system (1.1) has asymptotically stable zero dynamics, can be stabilized by output feedback
u(t) = ky(t) for sufficiently large |k|. This controller is simple, it does not require any specific system
data but only structural assumptions; however, one has to find out what “sufficiently large” means
and the aim is that the control law does not explicitly depend on the system data. To resolve this
problem, one may consider the adaptive controller

—k(t)y(?) }
ly@I,  k(0) = &°

for DAE systems [E, A, B,C] with proper inverse transfer function. This result is not proved here;
the proof is similar to that of Theorem 6.2. The drawback of the control strategy (6.1) is that, albeit
Ek(-) is bounded, it is monotonically increasing and potentially so large that it is very sensitive to noise
corrupting the output measurement. Further drawbacks are that (6.1) does not tolerate mild output
perturbations, tracking would require an internal model and, most importantly, transient behaviour
is not taken into account. These issues are discussed for ODE systems (with strictly proper transfer
function of strict relative degree one and asymptotically stable zero dynamics) in the survey [8].

g
—~

~
~—

(6.1)

T
—~
~
~—

- Ball with radius 1/p(t)
)—* Evolution of the error e

Figure 3: Error evolution in the funnel F, with “width co” at t =0, i.e. ¢(0) =0

To overcome these drawbacks, the concept of “funnel control” is introduced (see [8] and the references
therein): For any function ¢ belonging to

" = {p € B"(R>0,R) | ¢(0) =0, ¢(s)> 0 forall s> 0 and lim inf o (s) > 0},
we associate the performance funnel

Fp = {(t,€) € Rzp x RZ| o(t)]ell < 1}, (6.2

14



see Fig. 3. We assume sufficient smoothness of ¢ € ®¥  that is, u = v + 1, where v is the index of
sE — A. The control objective is feedback control so that the tracking error evolves within 7, and all
variables are bounded. More specific, the transient behaviour is supposed to satisfy

le(®)I <1/e(t) ¥V i>0,

and, moreover, if ¢ is chosen so that ¢(¢) > 1/A for all ¢ sufficiently large, then the tracking error
remains smaller than 1/\.

To ensure error evolution within the funnel, we introduce, for k € R\{0}, the funnel controller:

ult) = k(1) (1), e(t) = y(t) — yrer(t).
i (6.3)
M = T e

In view of the high-gain property derived in Theorem 5.4, we see intuitively that, in order to maintain
the error evolution within the funnel, high gain values may only be required if the norm of the error,
i.e. [le(t)|], is close to the funnel boundary ¢(¢)~!. This intuition underpins the choice of the gain
k(t) in (6.3). The control design (6.3) has two advantages: k(-) is non-monotone and (6.3) is a static

time-varying proportional output feedback of striking simplicity.

Before we state our main result, some remarks on the consistency of the initial value of the closed-loop
system are necessary.

Remark 6.1 (Consistent initial values).
Suppose that [E, A, B,C| € ¥, p, m such that the assumptions of Theorem 6.2 hold.

(i) An initial value x° € R™ is consistent for the closed-loop system (1.1), (6.3) if, and only if, there
exists a solution z : [0,w) — R"™ for some w € (0, 00] of the initial value problem (1.1), (6.3),
2(0) = 2°.

(i) If, in terms of Theorem 2.3, n3 = 0, then 2° € R” is consistent for the closed-loop system (1.1),
(6.3) if, and only if,

k(A1 — k1) yres (0) (A1 — kD)7 A
20+ 177! 0 €im7T! In,
0 Oy ns

Invoking ng = 0, “=" follows immediately from (8.22); and “<” follows from a careful inspection
of the proof of Theorem 6.2.

(iii) In practice, consistency of the initial state of the “unknown” system should be satisfied as far as
the DAE [E, A, B, C] is the correct model. o

We are now in a position to state the main result of this section.

Theorem 6.2 (Funnel control).

Suppose that [E, A, B,C| € ¥, ;m.m has asymptotically stable zero dynamics and the transfer function
G(s) = C(sE — A)"'B has proper inverse. Let v be the index of sE — A. Let ¢ € ®'*1 define
a performance funnel F,. Then for any consistent initial value 20 € R”, initial gain ke R with
k| > limg 500 ||G™(s)|l, and any reference signal yres € B*F1(Rs0; R™), the application of the funnel
controller (6.3) to (1.1) yields a closed-loop initial-value problem with the following properties:
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(i) Precisely one mazximal continuously differential solution x(-): [0,w) — R™ exists and this solution
is global (i.e. w = 00).

(ii) The global solution x(-) is bounded and the tracking error e(-) = Cx(-) — yret(-) evolves uniformly
within the performance funnel F,; more precisely,

FJe>0Vt>0: |le®)] <o)t —¢. (6.4)

~

k
1= (1—ellplloo)?

(iii) The gain function k is bounded: ||k||occ <

The proof is in Appendix 8.2.

Remark 6.3 (Initial data of the funnel controller).
Theorem 6.2 does not require that [F, A, B, C] has a non-positive strict relative degree. However, if it
has one, then Theorem 2.3 (iii) and (iv) yield that

. . | A11]], if srdeg (C(sE—A)"'B)=0
KO) =k with k] >
0, if srdeg (C(sE—A)"'B) <0.

Therefore, additional information on the system class, namely & > ||A11]|, is required for the funnel
controller (6.3) only if [E, A, B, C] is an ODE system with feedthrough; see Remark 2.7 (iii). Otherwise,
any k > 0 is good enough. o

Remark 6.4 (Weakening the assumptions of Theorem 6.2).

(i) The result of Theorem 6.2 is valid for a much bigger class of systems. This is revealed by
a careful inspection of its proof: In fact, the pencil sE — A must not be regular, it is sufficient
to assume that [F, A, B, C] is system equivalent to a system in form (2.1) (where not necessarily
rk [E31, N3] = ng holds) such that o(Q) € C_; then we may choose v to be the maximum of
the indices of nilpotency of N33 and Ny and funnel control is feasible. Note that existence and
uniqueness of the solution is guaranteed by the control law to that extent that the resulting
semi-explicit DAE (8.24) is index 1. This issue is illustrated in the example in Section 7.2.

(ii) The smoothness assumptions on the reference trajectory ypr and the funnel function ¢ can be
further relaxed. A close look at the zero dynamics form (2.1) of [E, A, B, C] reveals: Denoting
the index of nilpotency of N33 by v3 (v3 = 0, if ng = 0), and setting p = max{1,v3}, it is only
required that

Yref € B”H(Rzo;Rm) and Rk L

Note that, by Theorem 2.3 (v), the number v3 is an invariant of the system [E, A, B, C| and, by
construction of the zero dynamics form in the proof of Theorem 2.3, it holds that 3 < v.

If [E, A, B,C] is observable at infinity, then v3 = 0 by Remark 2.2, and thus .ot € B%(R>0; R™)
and ¢ € ®?2 are sufficient to guarantee the statements (i)—(iii) of Theorem 6.2.

(iii) Remark 6.1 also remains valid under the weaker assumptions of (i) and (ii).
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7 Examples and simulations

For purposes of illustration, we consider two examples of differential-algebraic systems (1.1) and apply
the funnel controller (6.3). The first example in Section 7.1 is a mechanical system with springs, masses
and dampers with single-input spatial distance between the two masses and single-output position of
one mass; the second example in Section 7.2 is an academic example of a 2-input 2-output system with
singular matrix pencil.

As reference signal yref : R>9 — R, we take components of the (chaotic) solution of the following
initial-value problem for the Lorenz system

&(t) = 10(&(t) &), £(0) =5
L(t) = 286 (8) — &(t)&s(t) — &(t),  &(0)=5 (7.1)
&(t) = &(t)&(t) — §t&s(t), £3(0) =5.

It is well known that the unique global solution of (7.1) is bounded with bounded derivative on the
positive real axis, see for example [15, App. C]. The first and second components of the solution of (7.1)
are depicted in Fig. 4.

—-15

—-20

—-25
o

Figure 4: Components & (-) and &(+) of the Lorenz system (7.1)

The funnel F is determined by the function
¢ :Rsg = Rsg, tr0.5te " +2 arctant. (7.2)

Note that this prescribes an exponentially (exponent 1) decaying funnel in the transient phase [0, T,
where T' = 3, and a tracking accuracy quantified by A = 1/7 thereafter, see Fig. 6d.
All numerical simulations are performed by MATLAB.

7.1 Position control of a mechanical system with springs, masses and dampers

We are indebted to our colleague Professor P.C. Miiller (BU Wuppertal) for providing the following
mechanical system illustrated in Fig. 5 to us.
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Cl ml m t m2 62

da

Figure 5: Mass-spring-damper system

The masses mq, mg, damping constants dy, do and spring constants ci, ¢y are all assumed to be
positive. The input u(t) = z9(t) — z1(t) is the spatial distance between the masses m; and mg; as
output y(t) = z2(t) we take the position of the mass mg. Then the mechanical system in Fig. 5 may
be modelled by the second-order differential-algebraic equation

mlél(t) + dlél( ) + clzl(t) )\(t) =0
mgéz(t) + dgég( ) + C2Z2(t) + )\(t) =0
aft) = 1(0) = ult) "
y(t) = 2(t)

where A(-) is a constraint force viewed as a variable. Defining z(t) = (21(t), 21(t), z2(t), 22(t), A(t)) T,
the model (7.3) may be rewritten as the linear differential-algebraic input-output system (1.1) for

1 0 0 0 0 0 1 0 0 0 0 0’
0 m O 0 O —c1 —d; O 0 1 0 0
E=10 0 1 0 o/, A=l0o 0o o 1 o], B=1lo|, c=|1 (7.4)
0 0 0 mg O 0 0 —co —do -1 0 0
0O 0 0 0 O 1 0 -1 0 0 1 0
We may immediately see that the pencil sE — A is regular and has index v = 3.
The transfer function is
24+d
G(s) = C(sE — A)"'B = — 77”;18 +dis+a ’
(m1 +m2)s? + (d1 + d2)s + (c1 + c2)
has strict relative degree srdeg G(s) = 0 and proper inverse: limg oo G~1(s) = —(my +ma)/m;.

The zero dynamics of (7.4) is asymptotically stable: setting y(-) = 0 in (7.3) yields 2z2(-) =0, A(-) =0
z1(+) = —u(:) and mq z1(t) + d121(t) + c121(t) = 0 for all ¢t > 0; positivity of m, d; and ¢; then gives
limy o0 21 (t) = limy— o0 21(t) = 0.
The constants in (7.3) and initial position of masses are chosen, for the simulations, as

m1 = 1, mo = 3, C1 = 2, Co = 1, d1 = 3, d2 = 5, 21(0) = —59, ZQ(O) = 21. (75)

In view of Remark 6.3 and Theorem 2.3 (vi), we set

k=5>4=— lim GY(s).

§—00

Now some straightforward calculations show that the closed-loop system (6.3), (7.3) has uniquely
determined initial velocities 21 (0), 22(0) as well as initial constraint force A(0) and that the initialization
is consistent.
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c: input u d: norm of error |e(t)| and funnel

Figure 6: Simulation of the funnel controller (6.3) with funnel boundary specified in (7.2) and reference
signal yref(+) = &1(+) given in (7.1) applied to the mechanical model (7.3) with data (7.5).

Then all assumptions of Theorem 6.2 are satisfied and we may apply the funnel controller (6.3) with
funnel boundary specified in (7.2) and reference signal y,ef(-) = &1(+) given in (7.1). The simulations
over the time interval [0, 10] are depicted in Fig. 6: Fig. 6a shows the output y(-) tracking the rather
“vivid” reference signal yyef(-) within the funnel shown in Fig. 6d. Note that the input u(-) in Fig. 6¢
as well as the gain function k(-) in Fig. 6b have spikes at those times ¢t when the norm of the error
lle(t)] is “close” to the funnel boundary ¢(¢)~!; this is due to rapid change of the reference signal. We
stress that the gain function k(-) is non-monotone.

7.2 2-input 2-output system with singular matrix pencil

Consider the academic example

000 10
[E,A,B,C]:= 000,00—1,01,[
00 1 00
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0

a: solution y = (y1,y2)

i i i i i i i i i i i i i i i ‘
1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7
t
c: input u = (ug,u2) d: norm of error |le(t)| and funnel

Figure 7: Simulation of the funnel controller (6.3) with funnel boundary specified in (7.2) and reference
signal yree(-) = (&1(),&2(+)) T given in (7.1) applied to system (7.6) with initial data (7.7).

It is immediate that the pencil sE — A is singular, i.e. det(sE — A) = 0. However, in view of
Remark 6.4 (i), funnel control as suggested in Theorem 6.2 is still feasible if the other assumptions are
satisfied: Obviously, [E, A, B,C] is in zero dynamics form (2.1) with A;; = 022 and asymptotically
stable zero dynamics since o(Q)) = {—1}. We may choose the initial data of the closed-loop system (6.3),
(7.6) as

k=1, 2°=4,6,-1)" (7.7)

so that, by Remark 6.1 (ii), they are consistent.

The simulations, over the time interval [0,10], of the funnel controller (6.3) with funnel boundary
specified in (7.2) and reference signal yyef(-) = (£1(+),&(-))" given in (7.1), applied to system (7.6)
with initial data (7.7) are depicted in Fig. 7: Similar to the example in Section 7.1, an action of the
input components in Fig. 7c and the gain function in Fig. 7b is required only if the error |le(t)|| is close
to the funnel boundary o(¢)~1. Note that y(t) & yret(t) if, and only if, k(t) ~ k = 1.
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8 Appendix

The following Section 8.1 is the fundament for the proofs in Section 8.2.

8.1 Elementary properties of rational matrices

In the present section we collect the relevant properties of rational matrices for our results.
If G(s) € R(s)"™™, then it is well known, see for example [4, Thm. 2-6.2], that

JP(s) € R[s]™™ 3 strictly proper Gs,(s) € R(s)™™ : G(s) = P(s) + Gsp(s); (8.1)
and it is easy to see that
srdegG(s) =p<0 <= p=—degP(s) and the leading coefficient of P(s) is invertible. (8.2)

In passing, we also note that if Py € Gl,,(R), then P(s) = Zi]\io P;st € R[s]™™ is invertible over R(s);
however, if P(s) is invertible over R(s), then Py is not necessarily invertible, for an example see [2,
p. 257]. Note further that, if G(s) € R(s)"™™ has some non-positive strict relative degree, then (8.2)
yields that the leading coefficient of P(s) is invertible and therefore P(s) is invertible; and thus the
Sherman-Morrison-Woodbury formula (see [6, p. 50]) gives

-1

Gil(s) = Pil(s) — Pil(s) Gsp(s) [I + Pil(s)GSp(s)} Pil(s)7 (8.3)

whence

stdeg G(s) = —srdeg G (s). (8.4)

To characterize transfer functions with proper inverse we first have to show the following technical
lemma.

Lemma 8.1. Suppose E € R, B,CT € R™™ satisfy
im E + im B = R", imE" +imCT =R", tk B=1k C=m. (8.5)
Let my :=dim(im ENim B), r:=n—m+my and mgo:=m —my. Then
(i) imENimB # {0} <= imE'NimCT #{0} <+= tkE>n—-m,
(ii) dim(im £ Nim B) = dim(im ET Nim C'T").
(iii) There exist W1,T1 € Gl,(R) and Wa, Ty € G1,,(R), By € R™™, C1; € R™" such that

Ir Or,mg

0m2 na Omg ;112

Bll Or,mg

0m2,m1 Im2

WLET, = [ } . W1BT, = [ ] . WoCTy = [C“ Omlvmﬂ . (8.6)

Oy, I,

(iv) If my =0, then (8.6) reduces to

WLET, = [ In—m O"mvm] .,  WiB= [O"mvm} . CTi=[Ompn-m In].  (87)

Om,n—m Om,m Im
Proof: First note that (8.5) yields

n = dim(imE+imB) =1k F +rk B —dim(im £ Nim B)

rk £+ m — dim(im £ Nim B),

n = dim(imE" +imCT) =1k ET +1k CT —dim(im ET Nim CT)
= tk ET +m —dim(imET NimCT),

(8.8)

21



and hence assertions (i) and (ii) are immediate. We show (iii):
Step 1: We show

3W, € GL,(R) 3Ty € GL,,(R) : Wi E = [0 Ex ] ,  WiBTy= [BO” IO ] : (8.9)
n—r,n ma2
Note that (8.8) yields tk B =n —m+mj =r. So
rn Ey
IW e GL,(R) IE, e R™ : WE = 0 and tk By =1k E=r.
Then
im Er +im By = R"™, where By =WB for B; € R" By e R" "™,
0 By By
and so im By = R"™" which gives
> By By By
3T € Gl,(R) B2 € Gl,_(R) : WBT = T=|~ ~
(R) 3Bz ®) [32} [321 B2J
and hence (8.9) follows for
I —31231] [ I, 0 }
Wy= |7 2\W and To:=T| ="+ ~ -
! {0 Iy ? ~By'By By
Step 2: We show (8.6). Since
im BT +imCT = im[E],0] + im CT = im[E], W] +imCT =imET +imcT & Rr",
we may apply Step 1 to E{ and C'T and conclude
T , T_ |E2 TwT _ |G 0
IV e GL,(R) 3W, € GL,,(R) 3E, € GL.(R) : VE| = NE Vo'W, = o 1. |-
ma2
Therefore,
+ [E] 0O + [cf o
WHLEV ' = [ 0 0 and WLCV' = 0 I,
and (8.6) follows for
EyT 0
T :=V"' |72 .
v
The statement (iv) follows from a careful inspection of the proof of (iii). O

Proposition 8.2 (Transfer function with proper inverse).
Let [E,A,B,C] € Xy mm be controllable at infinity and observable at infinity. Then the following
statements are equivalent:

(i) The transfer function C(sE — A)~'B has proper inverse.

(i) i mE®@imB=R" A imE'®imC'=R*" A rtkB=rkC=m .
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Proof: Note that
G(s) has inverse over R(s) = tk B=rkC=m (8.10)

and, by assumption,
imE+imB=R" A imE'+imC' =R". (8.11)
“(i)=-(i1)”: By (8.10) and (8.11) and in view of Lemma 8.1(i), it remains to show that
dim (im £ Nim B) =: m; = 0.

Seeking a contradiction, suppose that m; > 0. Then by Lemma 8.1(iii) there exist W1,T; € Gl,(R)
and Wy, Ty € Gl,,(R), such that, for my = m—my, r = n—m-+m; and some By; € R"1 (Cq; € R™V7,
equation (8.6) holds. Define

|:A11 A12

] = W1 ATy, where A1 € R™" and Ajg, As1, Ags accordingly
Az Ago

we conclude

G11 (8) Glg(S)

Ci 0} [SI—AH —Am]l [BH 0] = [Gm(s) GzQ(s)}

WiG(s) T, = [ 0 I|]| —Aann —Ax 0 I

where, by invoking the matrix inversion formula [2, Prop. 2.8.7],

A repeated application of the matrix inversion formula [2, Prop. 2.8.7] yields

(W1 G(s) Tp) ™! = [Hn(s) 1

B3 B3
with improper
Hi1(s) = (G11(s) — G12(5)Ga3 (8)Ga1(s)) ™" = (Cri(sIny — A1) 'Br1) ™"

Therefore, (W1 G(s) Ty)~ ! is improper and so is G~!(s). This contradicts (i).
“(ii)=-(1)”: Since Lemma 8.1(iv) holds, we may set

A Ar = W1 ATy, where A €e R7™™ and Ajg, Aoy, Ags accordingly.
Ao Ago
Then an application of the matrix inversion formula [2, Prop. 2.8.7] gives

C(E-A)'B=[0 I,] [51 — An —Alz]l [o

] = — (A22 + Aoy (sly—m — A11)71A12)_1 ;

—Agr A Iy,
and thus
lim Gil(s) = lim (—A22 — Agl(SIRQ — A11)71A12) = —Ays. O
5—00 5—00

23



8.2 Proofs

This section contains all proofs of the statements in Sections 1-6.

Proof of Proposition 1.2:

Suppose (8.1) holds. Then (8.2) follows and hence P~!(s) exists and is proper and we may apply (8.3)
to conclude that G~1(s) exists and is proper.

To see that the converse is, in general, false, consider the following counterexample:

000 11 1 10
[E,A,B,C] = 000,11—1,01,[
00 1] [2 1 0 0

has transfer function
= — _ 1L 11—
G(s) =C(sE A)’lB—C§ s—2 —(s+2) 2| B 5 [1 s s+1 )]

and inverse transfer function

=[] [0 2]

Therefore, G~1(s) exists and is proper; however, G(s) does not have a strict relative degree since

11-1 1
1 L
This completes the proof. ]

Proof of Theorem 2.3:
We proceed in several steps.
Step 1: We show that there exist Wy, T3 € Gl,,(R) such that

Ell 0 E13 All 0 0 El

B, A, B, 1" | By K Eg|,| 0 I, 0,|Bf,[Ci, 0, Gs]|,  (8.12a)
0 0 Ng 0 0 Iy] Lo

N% =0 and N¥% =0, (8.12b)

[EH, fln, 31, C’l] € X4, ,m,m is controllable at infinity and observable at infinity. (8.12¢)

Corollary 1.5 yields (1.3) for some W1, T} € Gl1,,(R). It follows from [4, Sec. 2-5.] that the system (1.4b)
may be decomposed into controllability and observability form so that, for some T3 € Gl,, (R),

T_17T2
[N, I,;,Bf,Cy] *~
N, 0 | Nig In,., O 0 By .co
N21 N65 N23 5 0 Inf,ca 0 ) Bf,05 ) [ Cf,(207 0 ‘ Cf,E } )
0 0] N 0 0 | In,, 0
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where N; € Renre, Cpp € R™Mse, Ny € Rconsico, Ny, € RMicomsco, Cp o, € RMMsco, By, €
R eo™ and Ny, = 0, N5 = 0, Nf = 0. The system [Neo, In; ., Bf.cos Cf.co] is both controllable and
observable; this is equivalent to

N,
rk [ Neo, Bfco] =1k <[C co}) = Nfco- (8.13)
f,co
. L. 0 I, 0 .
Setting W3 := W, {8 T21:| , T3 = [8 Tz} T, we arrive at
|E, A, B,C] &P

L, 0010 A, 0 | 0 | 0 B,

0 No| 0 | Ny 0 I,.| 0 | 0 By o 7

0 Ny [ Ne | Nos 0 0 |In,.] 0 || B [ Cor Creo| 0] Cpz ]

0 00 |N 0 0 | 0 |In. 0

and clearly (8.12b) holds true.

Step 2: We show that, for 71 = ns +ny co,
im En @ im Bl — R™ A im ElTl @ im C’lT =R™ A rk Bl =rk C’l =m. (8.15)

Since the transfer function is invariant under system equivalence, an application of the matrix inversion
formula [2, Prop. 2.8.7] to (8.14) yields
-1

i SEll — 12111 0 5E13 Bl
C(SE — A)le = [Cl, 0, Cg] sEoy sNoy — Ifm sFEog BQ
i 0 0 | sN33 — I, 0
R R SEH — AH 0 - * El
= [Cl, 0, Cg] sFE9 sNoyy — IﬁQ * By
0 0 ‘ * 0
— [C1,0] [(SEll — Ap)~! 0 } Bl}
’ * (SN22 — IﬁQ)_l By

= él(SEll — All)_lél.

Since (8.12¢) holds and C'(sE — A)~! B has proper inverse by assumption, we may apply Proposition 8.2
to conclude (8.15).

Step 3: We show that [E, A, B, C] is system equivalent to an DAE in zero dynamics form (2.1).
Since (8.15) holds and rk B; = rk C; = m, we may apply Lemma 8.1(iv) and multiply the matrices
in (8.7) by permutation matrices so that

Im,

Oﬁl —m,m

Oﬁlfm,m Ilefm

} CT = [Im, Om,ﬁl,m] for some W,T € Gly, (R).
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Partitioning the matrices

2,2 An Ap 2, 2 By
A T — ~ ~ E = ~
WAnR {Am ol W Eh3 oy
EnT = [E:sl, E~32} ) Nyy = N, N33 = Ny, C3=0Cy

:| ) E23 = E~34) B2 = B3a

accordingly and setting

we obtain that

(E,4,B,0] "X [E,A,B,C]
for
0 0 0 FEu] [Au A 0 0 I,
_ 0 I 0 FEyy Ay Q 0 0
E A B, C| = ~ 2 el I
[ ] E31 E3z N33 FEszy 0 0 Iz, O B3

0 0 0 Ny 0 0 0 I 07y

(8.16)

05 ~
) nem ) |:Ima Om,ﬁg ) Om,ﬁga 04]

In the following steps a)-d), we show successively that an equivalence action Wil applied to [E, A, B, C]

removes Egg, E24, Bg and C4

30) [E, A, B,0) "' By, Ag, Ba, C] for
I, 0 0 —A;Cy I, 0 0 C
0 I, 0 —AyCy 0 Ii, 0 O
¢ 0 0 Ip 0 ’ “ 0 0 Iz, O]’
0 0 0 I, 0 0 0 Iy,
and so [Ea A,, B, ~a] reserves the structure of [E, A, B, C’] and changes Cj to O iy -
3b) [Eq, Aq, By, Cal Tt * [Ey, Ap, By, Cy) for
I,, O 0 0 Iy 0 0 0
0 Iy 0 0 0 I; 0 0
W = | = 2 ’ T — s Ing_
b By 0 Iz, O b —B3A;1 —B3Ap In, 0
0 0 0 In, 0 0 0 In,
and so [Eb, Ay, By, C’b] preserves the structure of [Ea, A,, Ba, C’a] and changes Bj to 0fi3,m-
30) [Eba Aba Bba éb] WE\ZTC [Eca Ac’ Bc’ éc] for
I, 0 0 0 Iy, 0 0 0
0 I; 0 0 0 I 0 0 — o o~
W, = n2 , T. = - n2 , L — Nk E k‘7
¢ 0 —L32 In3 0 ¢ L32A21 LBQQ Iﬁ3 0 % Z % 32Q
0 0 0 I 0 0 0 I
and so [~ ,A., B., ~c] preserves the structure of [Eb,fib, By, C’b] and changes Ess to 071 o -

3d) [E., A., B, C. Wagts [Eq, Ag, By, Cy) for

I, O 0 A12L24 I, O 0 0 .
0 I; 0 QL24 0 Iﬁg 0 _L24 - Nk 1 7k
W, = 2 Ty = Loy = FEouN,
d 0 O Iﬁs O 9 d 0 0 Iflg 0 9 24 kz_o Q 241V44,
0 0 0 I 0 0 0 I -
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and so [Ed, A4, By, C’d] preserves the structure of [EC, A., B,, C’C] and changes Foy4 to Ofy.74- Therefore,

0 0 0 EL [A4 A4 0 0 Im
L 0 I, 0 0 A4 QY 0 0 07
E4,A4,Bq,Cql = | | = "z 21 "2 L, Ot > O s O
[ ds Ady Pdy d] Eéll 0 Nélg E~g4 5 0 0 Iﬁg 0 5 szg,m 7[ ms Ym,ngy Ym,nz m,n4]
0 0 0 N 0 0 0 Il LOagm

has block structure as in (2.1); however, it remains to show that the rank condition on [Eg;, N%] holds.
This is, in general, not the case and a further transformation is required.

By [4, Sec. 2-5.], we may transform [N3d3,lﬁ3,E~3dl,O] into controllability form; that means there exist
T. € Gl;,(R), nilpotent N, € R"3em3c - Nz € R™3em3¢ - and matrices Nig € R™e™e gy € R™™ guch
that

d d Te_1 Te N, ng I . 0 E31
[N337[ﬁ37E3170] ~ |:|: OC NC:| s |: nO3 Ingé , 0 , [07 0] s I‘k[E31’ Nc] = N3e.
Finally,
I, 0 0 O
WI b 4 B¢ v _ s |0 I, 00
[Eq, Ad, Ba, Cq) [E,A,B,C], for W '=T= 0o 0 T o
0 0 0 Iy

where [E, A, B,C] is in zero dynamics form (2.1) and satisfies no = nig, 13 = nge, Mg = N3z + N4,

o o o Nz o o
[Egl, Ngg] = [Egl, Nc], N44 = |: OC ]\~;k :| s and rk [Egl, Ngg] = ﬁg. This proves the claim of Step 3.
44

Step 4: Assertion (i) follows from (8.12b).

Step 5: We show assertion (ii). Very similar to Step 2, we apply the matrix inversion formula [2,
Prop. 2.8.7] to (2.1) to conclude

_ -1

_All —A12 0 5E14 I
—Ay sI—Q 0 0 0
i _ 21
C(SE A) B [17 07 07 0:| SE31 0 5N33 -1 8E34 0
0 0 0 SNyy — 1 0
[ A1 —Ap 0 - I
—Ag sl —-Q 0 0
= [1, 0, 0, 0
[ ] sEs 0 sN33 — 1 0
I 0 0 0 | (sNag —1)~" 1 0

Ay AT
- oa gt
= — (A1 + Awa(sln, — Q)_1A21)_1 .

Step 6: We show assertions (iii) and (iv). To see “=", observe that (8.4) yields that (C(sE — A)_lB)_1
has strict relative degree —p > 0. If p = 0, then 4;; € GL,,(R); if —p > 1, then A;; = 0 and
Aja(sI — Q) Ag; has strict relative degree —p. “<=" is straightforward.
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Step 7: We show assertions (v). Suppose (2.3) holds and the two systems in zero dynamics form (2.1):

[ 0 0 0 Eul| [Ann A O o1 [ L, ] i
_ 0 I,, O 0 A Q@ 0 0 Ong,m

[Ev A7 B7 C] - E31 0 N33 E34 I 0 0 Ing 0 bl 0n37 bl [Im7 Om,nga Om,nga Om,n4]
[ L 0 0 0 Ngf [ O 0 0 In] |Ongm] i
T0 0 0 Ful [Aq A 0 07 [ I, ] T

o 0 I 0 0 Ayy Q0 0 05

E. A.B — R n2 A 21 n9,m T R R R

[ s 41y 70] E31 0 N33 E34 ) 0 0 Iﬁg 0 ’ 0ﬁ37 7[ ms 0m,TL27 0m,TL37 Om,n4]
[ L O 0 0 Ny L O 0 0 Ip,l L1O4um] i

where

Eyy e R™™, E31 € R™™, N33 € R""™, 3y € R"™™, Ny € R™™,
A11 c Rm’m, Q c RnQ’nQ, A12 c Rm’nQ, A21 c RnQ’m,
E14 € Rm’fM, Egl € Rﬁg”m, Ngg € Rﬁg’ﬁg’, E34 € Rﬁg”ﬁ‘l, N44 S Rﬁ4’ﬁ4,
12111 c Rm’m, Q c RﬁQ’ﬁQ, Alg c Rm’fm, Agl c RﬁQ’m,

such that N33, Nys, Nas, Nyy are nilpotent and rk [ Es1, N33| = ng, rk [Egl , Ngg] = f3.
The equations WB = B, CT = C give

W— 0 Wi Wiz Wy 71— Tor Ty Toz 1o
0 Wiy Wiz Wayl’ T3y T3 T3z Tsg
0 Wiy Wi Wy Ty Ty Tyz Ty

for some matrices W;;, T;; of dimensions corresponding to the partitioning of £ and E, resp.
In the following, we investigate the (i,j)-th block, i,j € {1,2,3,4}, in the matrix equations WE =
ET~! and WA = AT~ !: Block (2,2) of WE = ET~! gives Way = Thy, and blocks (3,3), (3,4), (4,3)
and (4,4) of WA = AT! yield
Was =T33, Wia =T34, Wiz =Ta3, Wiy =Ty
Block (2,3) of WA = AT! and WE = ET~! yield Ways = QT3 and Wy3Na3 = Ths. Hence,
ng = QW23N33 =...= QAVW23N3V3 = 0 and T23 = W23N33 = 0

By the same argument, block (2,4) of WE = ET! gives Woy = Toy =0,
block (4,2) of WE = ET~1 gives Wyy = Tys = 0,

block (3,2) of WE = ET~! gives Wiy = T3 =0,
blocks (1, 3) and 1,4 of WA = AT 1 glve W13 = Alngg =0 and W14 = A12T24 = 0,
blocks (3, 1) and ( 5 ) of WA= AT 1 glve T31 = W32A21 =0 and T41 == W42A21 == O,
blocks (2, 1) and ( s ) of WE = ET 1 glve W12 = E14T42 =0 and T21 = W23E31 = 0.
blocks (4, 1) and ( , ) of WE = ET 1 glve W43E31 =0 and W43N33 = N44T43 = N44W43.
Hence, for k =1,...,v — 1, we have WysN& E3; = N§,Wy3E3 = 0. Therefore,

Wi [Es1, N3sBsi, ..., Nig 'E3] = 0.

=Ko
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By [4, Thm. 2-2.1], the matrix K, has full row rank if, and only if, [ 51, N33 ] has full row rank; so the
assumption rk [ E3;, N33] = n3 on the zero dynamics form yields to Wy3 = 0. Therefore, W has the
structure as indicated in (2.4) and it remains to show that n; = f; for i = 2,3,4. Since W € G1,(R),
we obtain ng = ni9 and

[Wazs W3y

0 W44} € Glyyqny(R) for Wiz e R Wyy € Rﬁg’m, Wy € RMm4

Hence, W33 has full column rank and Wyy has full row rank, whence ng < n3 and n4 > n4. Reversing
the roles of [E, A, B,C| and [E, A, B, C], we obtain fi3 < n3 and fy > n4 and, thus, ng = ng, ng = ng4.
This shows W;; € Gl,,, (R) for i = 2,3,4.

Step 8: We show assertion (vi). The fact Wj; € Gl,, (R) yields n; = n; for i = 2,3, 4, resp. From (2.3)
and (2.4) we see that

Wi3Nsg = NasWas, WisNag = NuuWas, WaeQ = QWa, (8.17a)
WisEsi = Es1, By = EuyWa, WAy = Ay, Ap = AWy, (8.17b)
Wis Esy + WsyNay = NygWay + EsyWas. (8.17¢)

Now (8.17a) shows that N33, Ny and @ are unique up to similarity. Finally, the formula for A;; in (vi
follows from (ii). This completes the proof. O

Proof of Proposition 4.2:
First note that for [F, A, B,C] in zero dynamics form (2.1) we have

~

TV*(A,E,B;ker C) = V*(A,E,B;ker C)
and therefore it suffices to show that

Om,ng

I,

0”3 N2

V*(A,E, B;ker C) = imV for V:= (8.18)

07'L4 ;12

First note that imV C ker C' = ker[Ip,, Orm.ng, Omong, Omon,| and (A,E, E)—invariance of imV follows
from

AlQInQ Ong,ng Im

im Qln, Cim Ty +im Ona.m . (8.19)
Ons,nz Ons,nz 0”377”
07147712 0”4:”2 0n4,m

We prove next that imV C im V for any V € R™* k e N, such that imV is (fl, E,B)—invariant and
imV C ker C.

Let [V,", V', V5T, V1|7 := V for V; € R™F V, € R™* V3 € R™F V, € R™F. (A, E, B)-invariance of
imV yields

A Vi + Ay E14V, I,
AnVi + QV . Va . | Onym
C im +im 2 8.20
V3 - E31 Vi + N33Vz + E34Vy Ong,m (8:20)
Vy NasVy Ong,m
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The assumption im Vv C ker C gives V1 = 0. Then im V; C im Ny V4 and an iterative application of the
inclusion leads to

Therefore, V4 = 0 and (8.20) now gives im V3 C N33V3. Repeating the argument used for V; we find
V3 =0, thus
0
k 7 Ing .
VeeR": Vo= 0 Voxr €imV.
0

This completes the proof. O
For the proof of Theorem 5.4 we first show the following technical lemma.

Lemma 8.3. Consider [I,, A, B, C] € ¥, and assume that p € o(A) is not a pole of C(sI —
A)~IB € R(s)P™. Then

rk[ul — A, Bl <n Y rk[ul — AT, C"] <n

Proof: Without loss of generality, we assume that A is in Jordan form and A, B, C are partitioned as

follows
)\1[n1+N1 B1

A= ; B = 3 C:[Clv teey Ck‘]v
A+ N, By,

where o(A) = {\1,..., \x}, ©= A1 and Ny,..., Ny are nilpotent with indices of nilpotency vy, ..., v
and appropriate formats. Then

k v;—1
C(sI— A)~ ZZ CibVi B

i=1 5=0
and the set of poles of C(sI — A)~!B is given by
{)\iea(A) ‘ie{l...,k} A 3jef0,...,vi—1} : CiNIB; # 0pm }
Suppose j is not a pole of C(sI — A)™'B and rk[ul — AT, C"] = n; then Clel_lBl = 0 and
rk [N,", O] = ny. Since

N1,
[Ci] (V! 'B) =0,

we conclude NfrlBl =0 and so
N/ N, By =0.

Since NY' =1 0, it follows that rk [Ny, By] < ny and thus rk [ul — A, B] < n.
Analogously, one may show that ‘u is not a pole of C(sI — A)"!B and rk[ul — A, B] = n’ yields
tk[ul — AT, C'T] < n; this is omitted. This completes the proof of the lemma. O

Proof of Theorem 5.4:
It is readily verified that without restriction of generality we may assume that system [E, A, B,C] is
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in zero dynamics form (2.1).
“(i)<(ii)”: Since det(sN — Ij,) = (—1)* for any nilpotent N € R** we have

—Ann —Ap 0 sk 1 I —Ap 0 sBEy  —An
—A21 sl — Q 0 0 0 0 sI-— Q 0 0 —Agl
det SE31 0 8N33 -1 8E34 o = (_1)m det |0 0 8N33 -1 8E34 8E31
0 0 0 SN44 -1 0 0 0 0 SN44 — 1T 0
1 0 0 0 0 0 0 0 0 1

= (=1)™t"s 4 det(sl,, — Q).

Now the claim is a consequence of Corollary 5.2.
“(i)=(iii)(a)”: Suppose that, for some A € C; and v; € C1"2, vy € C, v3 € CH™ | vy € CH™, we have

—Ap —Ap 0 AEy I
Ay A —-Q 0 0o o] _

o v o v T 0T AN o1 Ay o =0 (8:21)
0 0 0 ANu-1I 0

Then vq; = 0, v3 = 0 and thus vy = 0. Equation vy(AI — Q) = 0 yields, since o(Q) C C_ holds by
assumption and Corollary 5.2, that vy = 0.

“(i)=-(iii)(b)”: Detectability of the system can be shown similarly and is omitted.

“(i)=(iii)(c)”: First note that if G(s) € Gl,,(R(s)), then its Smith-McMillan form has, in terms of
Definition 5.3, the form

U~ (5)G(s)V "1 (s) = diag( (s) 6m(5)> ,

€1
Yi(s)” " m(s)
and the Smith-McMillan form of G’l(s) is

Y (s) Y1(s)
em(s)” 7 e1(s)

Now formula (2.3) of the transfer function yields that the set of transmission zeros of C(sE — A)™'B
coincides with the set of poles of Aj; + A12(sl,, — Q) 1 Ay;. Since the latter is a subset of o(Q), the
claim follows from Corollary 5.2.

“(iii)=-(i)”: By Corollary 5.2, we have to show that every A € o(Q) satisfies A\ € C_. We distinguish
two cases:

Case 1: X is a pole of Ayq + Aja(sl,, — Q)1 As.

By the preliminary thoughts, A is then a transmission zero of C(sE — A)~!B and assumption (iii)(c)
implies that A € C_.

Case 2: X is not a pole of A1 + A12(sl,, — Q) 1Ay,

In this case, we can apply Lemma 8.3 to [I,, Q, A21, A12] € Xy, mp to see that we are at least in one
of the following situations:

MV (s)G 1 (s)U(s) IT = diag < ) , where II= {1/1] € R™™,

(@) tk[M,, —Q, A1) <no  or  (B) tk[M,, —QT, Aly] < ny.

If (o) holds, then
duy € C™ \ {O} . U;[)\Ing - Q7 AQl] = 07

and for vy := 01,1, v3 := 01 py, V4 := 01,5,, we obtain that (8.21) holds true. Now (iii)(a) gives A € C_.
The case () is treated analogously and omitted.
“(i)<(iv)” is a consequence of Remark 5.5. This completes the proof. O
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Proof of Theorem 6.2: We proceed in several steps:
Step 1: In view of Corollary 2.6, the closed-loop system (1.1), (6.3) is given by

0= (All — k(t)]m)e(t) + Aiox9 (t) + Allyref(t)a (822&)

.i'g(t) = Q.%'Q(t) + Agle( ) + Aglyref( ) (8.22b)
v—1

w3(t) = > Nig g1 (1) + ZNgg By (), (8.22¢)
=0

2at) = 0, (8.22d)

k) = ot (8.22e)

We seek for a local solution (e(-), x2(+), #3(-), z4(-), k(-)) of (8.22) so that e(-) evolves within the funnel,
that means (¢, e(t)) belongs to the set D :={ (t,e) € [0,00) x R™ | ¢(t) |le|| <1 }. Note that solution
means in particular that (8.22b) holds and this is implied by e € C**1(R>0; R™); this will be shown in
Step 6.

Note also that the design of k(-) together with the assumption |k| > limy o0 [|G71(s)|| = || A1l
ensures that k(t)I,,, — A11 € Gl,,(R) for all ¢ € [0,w) as long as there exists a solution (z,e, k) :
[0,w) = R+ for o € (0,00], to the closed-loop system (1.1), (6.3) such that (¢,e(t)) € D. As a
consequence, (8.22a) is equivalent to

e(t) = (k(t)In — A1) ™" (Arama(t) + Anyret(t))- (8.23)

Therefore, e(-) evolves within the funnel if, and only if, (¢, z2(t), k(t)) belongs to
D= { (t,fbg,k) S [0,00) x R™ x []AC,OO) ‘ gO(t) H(kj]m - All)_l(Alzxz + Allyref(t))H <1 } .

Step 2: We show that there exists a solution (x2, k) to (8.22a), (8.22b), (8.22e). For this, it remains to
seek for a solution (z2, k) of the time-varying non-linear semi-explicit DAE

a(t) = f(t wa(t), k(1))

8.24
0= glt,w2(0), K(0), 520
where
f:D—=R™, (g, k) = (Q+ Agi (kL — A1) P Arg)xy + Aoy (kI — A1) ™' An1yres () + Ao1Yres (1)
k
:D—=R, (t,xo,k)—k— .
’ (e B P — An) (s + Anra )P
To rewrite (8.24) as an ODE, we first record two technical facts:
X ¢
Vk>kVIEN : %(k‘ — A = (=D 0 (kI — Ayy)OFY (8.25a)
VE>kVneR™ : A=k YAul)Inl? < n"(In —kA1)7. (8.25D)
We obtain, for ¢» € R™,
(8.25) 9 T _
H( —An) P =Y <2 (kL — An) ) (kI — An) )
o T _
= =2((kln — An)?9) (kL — An) (kI — An) 2 4)
(8.25b) . I
< =2k (=R [ AnD (kL — An) 79|17 (8.26)
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Since v > 1, there holds that y.ef € C2(R>o;R™) and ¢ € &2, whence %g(t,xg,k), %g(t,xg,k),
and 8% g(t,zo, k) are well defined and continuously differentiable on D. Now we conclude, for all
(t,xg, k) € D and w(xg,t) = Ajoxo + Allyref(t), that

) B k o(t)? 0 _
or It nk) = L R — A e, DR ok I — Ao I
(8.26) 2k k o(t)* (1 — k|| Ax ) 42 2
5 T 0PI R A T, | A Ol
> 1 (8.27)
and since
(8.24) Og 0g dg ;
07 =" (b, xa(t), k(1) + 73— (8, m2(t), k(1)) f(E,22(t), k(2) + o7 (8, 22(t), k(1)) K(t),

875 83:2 8k

it follows from (8.27) that

GH(t,wa, k) + 5L (t,wa, k) [ (8,32, k)
%(t,CCQ, k:)

h: D —R, (t,zo,k)— —
is well defined and continuously differentiable. Therefore, the DAE (8.24) is equivalent to the ODE

(8.28)

Step 3: Both functions f(-,-,-) and g(-,-,-) are continuously differentiable on D, and D is a relatively
open, non-empty set in [0,00) x R"2 x [l%,oo). This allows to apply [17, §10, Thm. VI] to conclude
existence of a unique solution (x2,k) : [0,w) — R™*! for maximal w € (0,00] of the initial value
problem (8.28), (22(0), k(0)) = (29, k).

It follows from Step 1-2, that equivalently there exists a unique and maximal solution (z,k) : [0,w) —
R™1 of the closed-loop system (1.1) for any consistent initial value ° € R™ such that T2° =

()7, )T, @T,0) "

Step 4: We show x9 € L*([0,w),R™?) and k € L*>*(]0,w),R).

Note that e(-) as in (8.23) evolves within the funnel and () is bounded by assumption, i.e.
e, Yret € L2([0,w),R™), thus y € L>*(]0,w),R™). Since o(Q)) C C_ by assumption and Corollary 5.2,
equation (8.22b) yields

t
INM >0Vt e0,w) : [lz2(t)] < Me ||z +/ Me ) Agt | [lylloo ds <
0
M
M |23l + <[ Az1lll[ylc -

Therefore, 9 € L*°([0,w), R™?).
Since k(t) > k > ||A11]| by assumption, we may apply the theory of Neumann series to conclude, for
all t € [0,w),

~

1 k
< k(1)
1 — k()= A1l k— || A

(k@) I — Ar) ™ = k@O — k(O™ A) 71 < k(@)
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and (8.23) gives

~

k

. e 717
vie0w): el < k)™ T

(Iszlllz2llo + 1 An gl ) (5.29)
Suppose k € L*°([0,w),R), i.e. there exists a sequence (¢;) such that ¢; ,/ w and k(t;) oo for i — oo.
Then (8.29) yields lim; . e(t;) = 0 and therefore, due to boundedness of ¢(-), lim; o (t;)?|le(t;)]|* =
0. This shows lim;_, k(t;) = k, a contradiction; and hence k € L>®([0,w),R).

Step 5: We show w = oo and equation (6.4).
By definition and boundedness of k(-) we have,

Ve e 0,w): k(L — @)l = k(1) < Kl

or, equivalently,

<\ 12
k
Vte[0,w) @ @) le(t)] < <1 - W) . (8.30)
This implies (6.4). Invoking (8.23), neither (z2(-), k(-)) has a finite escape time nor does it tend to the
boundary of D; therefore [17, §10, Thm. VI] yields w = oc.

Step 6: We show that for x3(-) as defined in (8.22c) holds z3 € B'(R>p,R™). In view of yr €
BYTH(R>0; R™), it suffices to show that e € B*1(R>o; R™). Let, as before, (z2(-), k(+)) be the solution
component of (8.22a), (8.22b), (8.22¢).

6a) By definition and boundedness of k(-) we have

36>0Vt>0: ||(k(t)y — A1) Y| >0
- . (8.31)
F6>0Vt>0: 1—p)?e®)|* > 6.

By (8.25a), (8.31) and since yyor € C*1(R>0;R™), a straightforward calculation gives, for any multi
index (i1,42,13) € {0,...,v} X Ng x Ny, that the map
o 9z s

oti 8;{:122 Ok’

f(t,xo,k): D — R™ (8.32)

is well defined and g;ll 59;22 aé’l:fg f(,x2(-),k(+)) is bounded. Similarly, we conclude from (8.25a), (8.31),

Yref € BT (R>0; R™), and ¢ € BT (R>0; R) that for any multi index (i1, 42,43) € {0, ..., v} x Ng x N,
the map

g 92 o
D1 97 Dk

h(t,z2,k): D —- R (8.33)

is well defined and g;ll 88;; 59]:?3 h(-,x2(-), k(-)) is bounded.

6b) We may now differentiate (8.28) for i« = 0,...,r and use the findings of Step 6a) to conclude
successively that xgﬂ)(-) and k(41 () are continuous and bounded. Hence x5 € BY+!(R>0; R"?) and

k € B""1(R>¢;R) and so e € B/T1(Rxo; R™) follows.
Step 7: In view of Step 1 and T" as defined in Corollary 2.6, it remains to show boundedness of z(-) =

T (y()T, o) T, 23() T, 24(-)T)T; this follows from Steps 4-6 and boundedness of y(-).
Therefore, the proof of the theorem is complete. O
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