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Abstract

The adaptive weights smoothing (AWS) procedure was introduced in
Polzehl and Spokoiny (2000) in the context of image denoising. The
procedure has some remarkable properties like preservation of edges and
contrast, and (in some sense) optimal reduction of noise. The procedure
is fully adaptive and dimension free. Simulations with artificial images
show that AWS is superior to classical smoothing techniques especially
when the underlying image function is discontinuous and can be well
approximated by a piecewise constant function. However, the latter as-
sumption can be rather restrictive for a number of potential applications.
Here the AWS method is generalized to the case of an arbitrary local lin-
ear parametric structure. We also establish some important results about
properties of the AWS procedure including the so called “propagation
condition” and spatial adaptivity. The performance of the procedure is
illustrated by examples for local polynomial regression in univariate and

bivariate situations.
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1. INTRODUCTION

Polzehl and Spokoiny (2000), referred to as PS2000 in what follows, offered a new
method of nonparametric estimation, Adaptive Weights Smoothing (AWS), in the con-
text of image denoising. The main idea of the procedure is to describe the largest local
vicinity of every design point X; in which the underlying model function can be well
approximated by a constant in a data-driven and iterative way. The procedure possesses
remarkable properties. It is fully adaptive in the sense that no prior information about
the structure of the model is required. It is design adaptive and does not suffer from
the Gibbs effect (high variability and increased bias near edges and boundaries). A very
important feature of the method is that it is dimension free and computationally straight-
forward. Our numerical results demonstrate that the new method is, compared to other
nonparametric procedures, very efficient in situations when the underlying model allows
a piecewise constant approximation within large homogeneous regions. Unfortunately,
the iterative nature of the procedure makes a rigorous theoretical analysis of the new
method very complicated. PS2000 did not provide any theoretical results about the ac-
curacy of estimation delivered by this method. Another weak point of the procedure from
PS2000 is that it applies the simplest method of local smoothing based on local constant
approximation. This approach seems reasonable e.g. in image analysis or for statistical
inference in magnet resonance imaging, as shown in Polzehl and Spokoiny (2001), re-
ferred to as PS2001. Other applications to density, volatility, tail index estimation can
be found in Polzehl and Spokoiny (2002). However, in many situations the assumption
of a local constant structure can be too restrictive. A striking example is estimation of
a smooth or piecewise smooth regression function where a piecewise constant approxi-
mation is typically too rough. Local linear (polynomial) smoothing delivers much better
results in such cases, see Fan and Gijbels (1996) or our examples in Section 5.

In the present paper we propose an extension of the AWS procedure to the case of
varying coefficient regression models and simultaneously present a detailed theoretical
study of the new method. We particularly prove an important feature of the procedure,
the “propagation condition”, which means a free extension of every local model in a
nearly homogeneous situation. We then show that this condition automatically leads to
a nearly optimal accuracy of estimation for a smooth regression function.

Varying coefficient regression models generalize classical nonparametric regression and
gained much attention within the last years, see e.g. Hastie and Tibshirani (1993),
Fan and Zhang (1999), Caroll, Ruppert and Welsh (1998), Cai, Fan and Yao (2000)
and references therein. The traditional approach uses an approximation of the varying
coefficient by a local linear model in the varying parameter. The model is estimated for
every localization point independently by local least squares or local maximal likelihood.

Accuracy of estimation is typically studied asymptotically as the localization parameter
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(bandwidth) tends to zero. Such an approach has serious drawbacks of being unable to
incorporate special important cases like a global parametric model, a change-point model
or more generally, models with inhomogeneous variability w.r.t. the varying parameter.
We propose a completely different approach based on the adaptive weights idea that
allows to treat all mentioned special cases in a unified way and to get a nearly optimal
accuracy of estimation in every such situation. It is however worth mentioning that the
classical local polynomial smoothing appears as a very special case of our procedure when
we “turn off” our adaptation step.

The next section discusses the notions of global and local modeling. The basic idea
of the generalized AWS and the description of the procedure are given in Section 3.
The important special case of a local polynomial regression is discussed in Section 4.
The performance of the method is studied for some simulated examples of univariate
and bivariate regression in Section 5. Section 6 discusses theoretical properties of the
procedure. Proofs and some technical results are provided in the Appendix. A reference
implementation of the proposed procedures is available as a contributed package of R
from URL: http://cran.r-project.org/.

2. LOCAL MODELING BY WEIGHTS

Suppose that data Y; are observed at design points X; from the Euclidean space IR?,
i =1,...,n. In this paper we restrict ourselves to the regression setup with fixed design.
The target of statistical analysis is the mean regression function f(z) = E(Y|X = z).

We use a representation
Y;' = f(Xl) +&; (2.1)

where ¢; can be interpreted as additive random noise with zero mean. The distribution
of the ¢;’s is typically unknown. Often noise homogeneity can be assumed, that is, all the
g€;’s are independent and satisfy Ee; =0 and Es? = 02 for some o > 0. For exposition
simplicity we restrict ourselves to this homoscedastic situation. Heteroscedastic noise can
be considered as well, see PS2001 for some examples. We assume that an estimate o2
of o2 is available, see again PS2000 or PS2001 for specific examples.

A pure nonparametric estimate of the target function f(x) usually performs very
poorly, especially in case of a multivariate design. The reason is that the underlying
target function f(x) often is too complex to be estimated with a reasonable quality
without further specifications of its structure.

The approach proposed in PS2000 and PS2001 can be called structural adaptation. We
assume that the underlying model has a relatively simple structure in some vicinity of
every point X;. The procedure attempts to recover this local structure using a pilot es-

timate of the model function. Then it utilizes this estimated local structural information
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to obtain a new improved estimate of the model function. These two steps are iterated
extending each time the degree of locality for every local model.

The original AWS method from PS2000 is based on the simplest local structural as-
sumption: the function f is nearly constant within some neighborhood U(X;) of the

point X;. Here we extend this to the more general situation of a local linear structure.

2.1. Global linear modeling. Suppose we are given a set of functions 1 (), ..., ¢¥p(z)
on IR?. We consider a linear parametric family F = {fg, 8 € O} where O is a subset

of a p-dimensional Euclidean space and, for 8 = (64, ..., Gp)T ,

fo(z) =011 (z) + ...+ gpl/}p(x)'

A global parametric structure for the model (2.1) would mean that the underlying
function f belongs to F. The simplest example is a one-parameter family given by
fo(x) = 6, corresponding to a constant approximation of the function f. Under the
global parametric assumption f € F, the parameter 6 can be easily estimated from the

sample Y7,...,Y,. A natural estimate of 0 is given by ordinary least squares:
n
0= arg(;’infz (Vi — fo(X:))?.
i=1

For an explicit representation of this estimate vector notation is useful. Define vectors
¥; in IRP with entries ¢,,(X;), m=1,...,p, and the p X n-matrix ¥ whose columns
are ¥; . Let also Y stand for the vector of observations: Y = (Y7,... 7Yn)T € IR"™. Then

n -1 n

—~ —1

0 — <§ WWT> N Ty = (WT) vy
i=1 =1

provided that the p x p matrix ¥ is nondegenerated.

2.2. Local linear modeling. The global parametric assumption can be too restrictive
and does not allow to model complex statistical objects. A standard approach in non-
parametric inference is to apply the parametric (linear) structural assumption locally.
The most general way to describe a local model centered at a given point is localization
by weights. Let, for a fixed x, a nonnegative weight w; < 1 be assigned to the observa-
tion Y; at X;. When estimating the local parameter 6 at x we utilize every observation

Y; with the weight w; = w;(x) . This leads to a local (weighted) least squares estimate

0(z) = azgiélfiwi(lﬁ; — fo(X:))? = <¢W¢T)fl TWY (2.2)
€0 =1
with W = diag{wi,...,wp}.
We mention two examples of choosing the weights w;. Localization by a bandwidth
is defined by the weights of the form w;(x) = K;(I;) with I; = |p(z, X;)/h|*> where h
is a bandwidth, p(z,X;) is the Euclidean distance between x and the design point X;

and K is a location kernel. Localization by a window simply restricts the model to some
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subset (window) U of the design space, that is, w; = 1(X; € U) and all data points Y;
with X; outside the region U are not taken into account when estimating 6(x).

Here we do not assume any special structure for the weights w; , that is, any configu-
ration of the weights is allowed. In what follows we identify the diagonal weight matrix
W = diag{wi,...,w,} and the local model defined by these weights.

3. ADAPTIVE WEIGHTS SMOOTHING

This section describes a new method of locally adaptive estimation, Adaptive Weights
Smoothing. The idea of the procedure is to determine adaptively for every point X; the
largest possible neighborhood in which the model function f(z) can be well approximated
by a parametric function fg from F. The local model at X; is given by weights w;;
assigned to every observation Y;. The procedure is iterative. At every iteration step,
the procedure tries to extend the local model at each design point. We first illustrate
the idea for the local constant structural assumption as considered in PS2000. Here the

~

estimate 6; = f(X;) is defined as the mean of the observations Y; with weights w;; :

)= gw / >y (31)

The weights w;; are calculated iteratively. For the initial step, the estimate f(o) (X;) is
computed from a smallest local model defined by a bandwidth A(?) | that is,

Fo) =8 = YKy [ Y ki)
i=1 j=1

with l ’p Xi, X /h(o)’ In other words, the algorithm starts with the usual kernel
estlmate with the bandwidth h°, which is taken very small. If K; = 1(u < 1) as in
PS52000, then for every point X; the weights w;; vanish outside the ball Ui(o) of radius
h(®) with the center at X;, that is, the local model at X; is concentrated on UZ-(O) . Next,
at each iteration k, a ball Ui(k) with a larger bandwidth h(*) is considered and every

point X; from U(k) gets a weight w(f)

which is defined by comparing the estimates
Fr=D(x (X;) and f Flk— D(X;) obtained in the previous iteration. These weights are then
used to compute new improved estimates f(k)( Xi) by use of (3.1).

One possible interpretation of this procedure is that at each iteration step the location
penalty l ‘ p(Xi, X;)/h k)| is relaxed by increasing h®) at cost of introducing a
data—drlven statistical penalty which comes from comparison of different local models.

Note that under the local constant assumption f(z) =6, the value 6 uniquely deter-
mines the model function and the comparison of the values f~1) (X;) and f("’_l)(Xj) is
equivalent to a comparison of two model functions. The extension of this approach to the
more general local parametric assumption leads to a check of homogeneity for two local

models W* ™" = diag{w{™,... 0l ™V} and WY = diag{w TV, .. 0lE ) to
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specify the weight wl(f). Now we discuss how a statistical penalty (distance) for two

local models can be computed.

3.1. Measuring the statistical difference between two local models. Consider
two local models corresponding to points X; and X; and defined by diagonal weight
matrices W; and W;. We suppose that the structural assumption is fulfilled for both,
that is, the underlying regression function f can be well approximated by some fg €
F within every local model. However, the value of the parameter 6 determining the
approximating function fg may be different for the two local models. We aim to develop
a rule to judge from the data, whether the local model corresponding to the point Xj
and described by W; is not significantly different (in the value of the parameter 8 ) from
the model at X; described by W;. More precisely, we want to quantify the difference
between the parameters of these two local models in order to assign a weight w;; with
which the observation Y; will enter into the local model at X; in the next iteration
of the algorithm. A natural way is to consider the data from two local models as two
different populations and to apply the two population likelihood ratio test for testing the
hypothesis 8; = 6;. Suppose that the errors ¢; are normally distributed with parameters
(0,02). The log-likelihood L(W;,0,8’) for the local regression model at X; with the
weights W; is, for any pair 0,0’ € O, defined by

1 n
L(W:0,0) = 55> wa|(Yi—w0) — (vi— 0 0)?
=1

1 n
= 5o > wa |20 - w0 (66— (60— ) ww (9~ 6)
=1
yielding
L(W;,6;,0') = (20°)7'(0 — 6') "B, (6 - 6'),
with B; = WW;¥ " . The classical likelihood-ratio test statistic is of the form
T = max L(W;,0,0") + max L(W,;,0,0") — max L(W; +W;,6,0"
= L(WZ‘, /éi, 9/) + L(Wj, b\j, 0/) - L(Wi + Wj, /éij, 9/) (3.2)
where 6; = argmaxg L(W;,0,0") is the maximum likelihood estimate (MLE) correspond-
ing to the local model described by the weight matrix W; and similarly for éj. Also
Eij = argmaxgy L(W; + W;,0,8’) is the local MLE corresponding to the combined model

which is obtained by summing the weights from the both models.
The simple algebra yields

T = (20%)7'(6: — 0,) " Bi(Bi + B;) ' B;(6; — 6).

Note that the value T7; is “symmetric” w.r.t. W; and Wj in the sense that T35 =T7;.

In our procedure, described in the next section, we apply a slightly modified asymmetric
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version of this test statistic, namely
Tyj = L(W:.0:) — L(W:.8;) = (20°) ' (8; — 6;) " Bi(8; — 6). (33)

It has a nice interpretation as a difference between the maximum log-likelihood L (W, 51) =
supg L(W;,6,8’) in model W; and the “plug-in” log-likelihood L(Wi,aj,el) in which
§j comes from the model W;. This modification is important because T;; is used
for defining the weight w;; with which the observation Y; at X, will enter in the local
model W; corresponding to X;. However, in the “balanced” situation when the “sample
sizes” N; and Nj are of the same order, the values T} and Tj; have similar properties.
We consider the value Tj; as a ‘statistical penalty’, that is, when computing the new

weight w;; at the next iteration step we strongly penalize for a large value of Tj; .

3.2. Penalization for extending a local model. An important feature of the original
AWS method from PS2000 is its stability against iteration. It turns out that the gen-
eralization of the local constant procedure to the local linear case requires to introduce
an additional penalty to prevent from leverage problems. To clarify the idea, suppose
for the moment that for every iteration step k, each local model Wi(k) is restricted to
the ball Ui(k_l) of the radius h*~1) centered at X;. Suppose also that the first k — 1
iterations of the algorithm have been carried over. As a result, we obtain for every point
g?_l) for each X; € Ui(k_l) . At the next it-
eration the procedure tries to extend every local model by increasing the bandwidth h(*)
@
Ui(k) of X; with the radius h®). If X, € Ui(k)\Ui(kfl), then giving X; a significantly

positive weight w;; can be interpreted as including the point X; into the local model

X; alocal model described by the weights w

and assigning the weights w;; = w,;” for every point X; from the larger neighborhood

centered at X;. In some cases, including even one point X; with a relatively large value
p(X;, X;) into the local model at X; may significantly change the estimate ;. Such
leverage problem does not arise in the local constant modeling but it becomes crucial for
local linear (polynomial) regression. To prevent from this danger, we introduce a special
penalty for including an influence point.

To measure the influence of the observation Y; at X; in the local model described by
the weight matrix W;, one can consider the extended model obtained by adding a single
observation at the point X; and look at the relative difference between the original and
the extended model. This leads to the value

— -1 —
vij = ftr { (WWZWT> (WWZ'WT + W]WJT> } —-p
— -1 -1
= (vWar") v = W e (ewT)

Here ¥; € IRP is the jth column of ¥ and, for a diagonal matrix W, we denote
W = (ttW)~'W . A large value of vi; means that X; is a leverage point. To make the

procedure more stable w.r.t. such influential points, we additionally penalize for including
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points with a large value ~;;, i.e. assign small weights even when the difference 51 — @-
is statistically insignificant and the statistical penalty s;; is small.

For adjusting the penalty term one can use the ‘propagation’ principle which means
a free extension of the model in the homogeneous situation when the coefficients of the
linear model do not vary with location. In that situation, neither the statistical penalty
nor the penalty for extending the model would significantly affect the estimate leading

after the first £ — 1 iterations to the classical location weights wl(fhol) = K| (lgﬂfl)) =

K; (‘p(XZ-, X;)/h k‘”! ) . The influence of the point X; within the local homogeneous

k—1)

model described by Wz’(,ho is given by

s = 5 (W) = (i) (o)

1) k—1) (k—1

where VVZ(];I; = diag{wg1 ho s Wy ho)}. This value 7;jno can be used for adjusting

the penalty for extending the model. Namely, we assign to every observation Y, at X;

the penalty

k _
ez(j) =77 (Yij/Yigho — 1)

where a; means max{0,a} and 7 is a numerical tuning parameter.

3.3. Defining weights. Using the previously described methods, we compute for every
(®) (k) (k)
ij 0 Sij
of every such factor is independent of the other factors. This suggests to define the new

weight wgf)

pair (i,j) the penalties and e;;”. It is natural to require that the influence

using the product

—(k k k k
wz(j) = Kl(lz(j))K ( Ej))Ke(eZ(j))’

where Kj, K, and K, are three kernel functions, which are nondecreasing on the positive
semiaxis and satisfy the condition K;(0) = K,(0) = K.(0) =1.
In the algorithm presented in the subsection, we use one more (memory) parameter

€ (0,1) which controls the rate of changing the weights for every local model within
(k)

the iteration process. Namely, we define the new weight w;;

(k—1)

of the previous step weight w;;

as a convex combination

and the just defined product @Z(Jk) :

~(k)

W, — n)wij )

® =D 11

3.4. Formal description of the procedure. Important ingredients of the method are
the kernels K;, K; and K. ; the parameters \,7 and 7; the initial bandwidth RO | the
factor @ > 1, the maximal bandwidth Amax and the estimated error variance 2. The
choice of these parameters is discussed in detail in Section 3.5.

The generalized procedure reads as follows:

(0)

1. Initialization: For every 7 define the diagonal matrix W, with diagonal entries

w? = Kl(lg-))) and l(o) ‘p(Xi,Xj)/h(O)f, that is, w0 = dlag{wz(?), . (O)}

i %
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Compute
~ —1
NO —tw®  BO —ewOuT, 2O —owOy and 8 = (Bfo)) 70,

Set k=1.
. . k— . k— k—
2. Iteration: forevery i =1,...,n define W‘(,ho b — dlag{Kl (lz(1 1)), LK (l( 1))},

1

e calculate the adaptive weights: For every point X; compute

-1
W = Nl (BRY)

= ) (o)

i,ho

where ¥; is jth column of ¥. Then calculate the penalties

1 = e, X,)/h9F,
s® = ey @ - )T —a Y, (3.4)
e = 70 ke — 14
and obtain the weight @g?) as
G = K (1) Ko (s Ko (el), (3.5)

(k)

Denote by /Wz(k) the diagonal matrix whose diagonal elements are ﬁij .

e Compute the new estimate: Compute

N = nNi(k_l) +(1- n)trwi(k),

N

B =z 41— pewPy,

7

B = 9B* Y (1 —pewMeT,

Q i

and the estimate Ef’“) (resp. ]?(k)) of 0; (resp. of f; = f(X;)) by

)

—~ -1 ~
ol(k) _ (B(k)> Z(k) ﬁ(k) _ WZTH(k).

i
3. Stopping: Increase kby 1, set h®) = ah=D If () < b . continue with step 2.
Otherwise terminate.

(k")

We obtain the final estimates as fz = f;7 7, with k* denoting the total number of

iterations.

3.5. Choice of parameters. The parameters of the procedure are selected similarly to
PS2000. We briefly discuss each of the parameters.

Kernels K;, K; and K.: The kernels K; and K; must be nonnegative and
non-increasing on the positive semiaxis. We propose to use Ks(u) = e “I,<q - We
recommend to apply a compactly supported localization kernel K; to reduce the com-
putational effort of the method. PS2000 used a uniform kernel, here the triangle kernel
Kij(u) = (1 —u);+ is employed. We also set K. = K. Our numerical results show
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that similarly to the standard local linear (polynomial) regression the particular choice
of kernels K, K; and K. does not significantly affect the performance of the method.

Initial bandwidth Ah© , parameter a and maximal bandwidth h,.c: The
starting bandwidth h(®) should be small. We recommend to select h(®) such that every
initial local neighborhood Ui(o) contains a sufficient number of design points to guarantee
identifiability of the local parameter 6; .

The parameter a controls the growth rate of the local neighborhoods for every point
X;. If X; are from the unit cube in the space IR we take the parameter a as a = a},,iifw .
This allows for an exponential growth, in %, of the mean number of points inside a ball
Ui(k) with radius A*) with the factor Agrow - Our default choice is agrow = 1.25. This
ensures that the number of iterations k* is at most logarithmic in the sample size.

The maximal bandwidth hn.x may be taken very large if the specified local model
allows for a good approximation of the regression function in its smooth parts. How-
ever, using a too large final bandwidth hy.c may lead to oversmoothing and artificial
segmentation. A data-driven method of optimal stopping, based, for instance, on cross-
validation can be applied for selecting a proper bandwidth hpax -

The value of hpax also determines the number of iterations and can therefore be used
to control the numerical complexity of the procedure.

Parameter A: An important parameter of the procedure is A which scales the
statistical penalty s;;. Small values of A lead to overpenalization which may result in
unstable performance of the method in the homogeneous situation. Large values of A
may result in loss of adaptivity of the method (less sensitivity to structural changes).
The extreme case is given by A = co which leads to nonadaptive local linear procedure
with the bandwidth Ay -

A reasonable way to define the parameter A\ for a specific application is based on
the condition of free extension, which we also call the “propagation condition”. This
condition means that in a homogeneous situation, i.e. when the underlying parameters
for every two local models coincide, the impact of the statistical penalty in the computed
weights w;; is negligible. This would result in a free extension of every local model under
homogeneity.

In a homogenous situation, provided the value hpax is sufficiently large, all weights
w;; will be close to one at the end of the iteration process and every local model will
essentially coincide with the global one. Therefore, the parameter A can be adjusted
by selecting the minimal value of A still providing a prescribed probability of getting
the global model at the end of the iteration process for the homogeneous (parametric)
model 6(x) = 0 using Monte-Carlo simulations. The theoretical justification is given by
Theorem 6.1 in Section 6.1, that claims that the choice A = C'logn with a sufficiently

large C' yields the “propagation” condition whatever the parameter @ is.
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Our default value is A = qa(Xg) , that is the a-quantile of the x? distribution with p
degree of freedom, where o depends on the specified linear parametric family. Defaults
for the case of local polynomial regression are given in Section 5. An optimal choice of
a may also slightly depend on the error distribution.

Parameter 7: The optimal choice of 7depends on the method of smoothing. For the
local constant AWS considered in PS2000, there are no influential points (see Section 4.1).
For local polynomial smoothing the default choice of 7 is given in Section 4.

Parameter 7 and the control step: A value 1 € (0,1) can be used to control the
stability of the AWS procedure w.r.t. iterations. An increase of n results in a higher
stability, however, it decreases the sensitivity to changes of the local structure. The use
of the memory parameter also guarantees that the estimates 5fk) are well defined, that

(k)

is, all the matrices B, are positive definite. Our default choice is n =1/2.

The original AWS procedure from PS2000 did not involve the “memory” parameter
n (it corresponds to n = 0). Instead it used an additional control step in which the
l for ¥ < k. If

~(k
was compared with all the previous estimates 9( )
~(k'
— 0,5 ) became significant, the new estimate was not accepted and

~

new estimate 05

the difference Bfk

the previous step estimate was used. This control step is a very useful device for proving

7

)

some theoretical properties of the procedure, because it ensures that the gained quality

of estimation will not be lost in further iterations, see Section 6 for more details. In the
~(k

local linear case this control step would accept the estimate 01( ) only if

AE)

(262)1(8! ™)

) BE @ 8y <, K =1, k-1, (3.6)

7

that is, when the new estimate 51 lies inside all confidence ellipsoids of previous esti-
mates at the point X;. However, our numerical results (not reported here) indicate that
the usefulness of the control step for practical purpose is questionable. The use of the

“memory” parameter 71 can be regarded as a soft version of the control step.

3.6. Computational complexity of the algorithm. We start with the following two

~(k -1
important remarks. First note, that every estimate is defined as 9( - <Bi(k)) Zi(k)
(k)

K3
using the matrix Bi(k) and the vector Zi(k) . Similarly, the new weights w, ; are computed
on the basis of the same statistics Bi(k_l) , Z* D and N*7Y from the previous step

A A
of the procedure. Therefore, the whole structural information is contained in these three
(k)
(]
with different j only with the aim to compute the new elements B% . z®™ ana N®.

T A i

basis elements. During the adaptation step, we compute for every i the weights w

This reduces the memory requirements for the algorithm to O(np?) or even to O(np)

for local polynomial modeling, see the next section, while keeping all the weights wg”‘)

would lead to the memory requirement O(n?).

The localization kernel K; usually has a compact support, say, [0,1]. This immedi-

ately implies that for every local model at X, all the weights @l(-j]?) for the points X;
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outside the ball U( = {z: p(Xi,z) < h®)} vanish. Therefore, it suffices at each step to
compute the weights wl(j) for pairs X;, X; with p(X;, X;) < h(%) . Denote by M, the

maximal number of design points X; within a ball of radius h(%) centered at a design

~(k)

point. At the kth step there are at most My positive weights w;; for any X .

Therefore, for carrying out the kth adaptation step of the algomthm we have to

(k) (k) (k) ~(k)
i Sij and €;; and the value w;;”

p(Xi, X;) < h®) due to (3.5). This requires a finite number of operations depending on

compute the penalties [ for every pair (7,7) with
the number of parameters p only, and the whole kth adaptation step of the algorithm
requires of order nMj operations.

To obtain the estimate we need, for every point X;, to compute the d x d-matrix
B® = pB* D L 10— e WHEeT | the vector 2" = nz* Y +(1—n)@w W™y and the
value Ni(k) = nNi(kfl) +(1- n)trfﬂv/i(k) . It is clear that the complexity of computing all
these values is of order My . Computing 55"’) = (Bi(k))i1 Zi(k) requires a finite number
operations depending on p only. Therefore, the complexity of the whole estimation
step is again of order nMj . Since typically the numbers M grow exponentially, the
complexity of the whole algorithm is estimated as n(Mj + ...+ My+) < nMy+ where k*

is the number of iteration steps.

4. LOCAL POLYNOMIAL REGRESSION

We now specify the procedure for adaptive local polynomial estimation of a regression

function with univariate and multivariate covariates.

4.1. Local constant regression. The local constant approximation corresponds to the
simplest family of basis functions {t,} consisting of one constant function ¢y = 1.
The major advantage of this method is that the dimensionality of the regressors plays
absolutely no role. In this situation ¥ = (1,...,1) and, for every diagonal matrix
W = diag(wy, ..., wy), it holds ¥W¥T = ttW and YWY = Y"}', ;Y. Hence, for the

local constant case, the B(k) ’s coincide with the N, ()55, The statistical penalty sg-c)

be written in the form S(J) (20 )~ lN(k 2 |0(k Y Gg-k—l)|2. Also, for all ¢ and k,

it holds ’yi(j) = trVVik b /trWi -U = 1, and similarly for ’yz(f{w Therefore, the penalty

can

e;j is always zero and can be dropped.

The weights ﬁgg) can be computed as w( ) = Kl(l( ))Ks(sgf)) that essentially co-
incides with the proposal from PS2000 if the uniform kernel K; is applied. A small
difference remains in the use of the memory parameter n and in a slightly different form

of the statistical penalty.

4.2. Local polynomial univariate regression. Local linear (polynomial) smoothing
is known to be much more accurate when estimating a smooth function, see e.g. Fan
and Gijbels (1996). A generalization of the original AWS to the local linear (polynomial)

regression therefore is of special importance.
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For local polynomial regression the basis functions could be specified as 9;(z) = 1,
Yo(z) =, ..., ¥y(z) = 2P~1. However, it is well known, that the numerical stability of
the procedure will be improved if, for every local model, the basis functions are centered

m

at the reference point X;, that is, the functions (x — X;)™ are applied. This is, for
fixed 7, only a reparametrization, but requires to slightly modify the description of
the procedure. Denote by ¥(X;) the p x n matrix with the entries (X; — X;)™ for
m=0,1,....,.p—1and [ =1,...,n.

The estimation step of the algorithm is performed similarly to the case described in
Section 3.4. The only difference is that the family of basis functions (or, equivalently,
the matrix ¥ ) depends on the central point X;. Suppose that at the kth step of the
procedure, for a point X;, the matrix Wi(k) has been computed. We then compute the
p-vector Zi(k) = nZi(k_l) +(1— n)W(Xi)Wi(k)Y with entries Zi(k)

., Of the form

i,m

=1

and the matrix BZ-(k) = ntk_l) +(1- n)W(Xi)Wi(k)WT(Xi) whose entries are of the form
(k) (k)
B =b

/
= i me for m,m'=1,...,p where

i,m i,m

bt =t V- Y @ - X)™ m=0,...,2p -2,
=1

3 3

The estimate 55’“) in the local model at X;, is obtained as éfk) = <B,(k))71 7"

In the kth adaptation step, we have to compare two estimates corresponding to the
local models Wi(k_l) and Wj(k_l) . Note however, that this comparison can be done only
if the both estimates are computed for the same basis system. Thus, the comparison
requires to recompute the estimate for the local model Wj(k_l) w.r.t. the basis centered
at the point X;. Let b} = (5]-,0, e @,p_l)T be the estimate for the local model at X .
This estimate leads to a local approximation of the unknown regression function by the
polynom E(m) = é\j,o + gjl(:n - X)) +...+ @7p,1(m — X;)P~. Now we represent this
polynom as a linear combination of the basis functions (r — X;)™, m =0,...,p— 1,

that is, we have to find new coefficients /H\ij = (@j’o, . ,@\ij,p_l)T such that

o~

filx) = é\ij,O + é\ij,l(l' - X)+...+ é\ij,pfl(iv - X;)P L

The coefficients @Jm can be computed from the formula @]m = (m!)_ldmfj(Xi)/dxm.

Suppose that all the estimates Eﬁk_l) = (5%71), - ,/9\](~f;:11))T have been computed in

~(k—1
the previous step. Next, for a fixed 7 and every j, we compute the estimates 9§j ) by

p—m—1
k—1 q+m\ k-1
o =3 ( ) )@j’q%(xi—xj)q. m=0,1,....,p— 1.

q=0
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(k)
ij
in (3.4). For computing the extension penalty, we apply ¥(X;) in place of ¥ and ¥;
has to be replaced by ¥;(X;) which is the jth column of ¥(X;). The remaining steps

of the procedure are performed similarly to the basic algorithm.

~(k—1 ~(k—1
The estimate ng ) is used in place of 0; ) for computing the statistical penalty s

4.3. Local linear multiple regression. Let Xi,..., Xy be points in the d-dimensional
Euclidean space IR?. Classical linear regression leads to an approximation of the regres-
sion function f by a linear combination of the constant function y(z) = 1 and d
coordinate functions ¥, (x) = z, , so that the family {v,,} consists of p =d + 1 basis
functions. Our procedure attempts to apply this approximation locally for adaptively se-
lected local models. The global linear modeling arises as a special case if the underlying
model is entirely linear.

Similarly to the univariate case, we adopt for every design point X; a local linear

model with centered basis functions ¥, (z, X;) = zpy — X for m = 1,...,d. The
corresponding p x n matrix ¥(X;) has columns ¥;(X;) = (1, X;1 — Xi1, ..., X1g — Xia) "
for [ =1,...,n. At the estimation step one computes the estimates /0\5 ) of the parameter

0 € IR? for every local model, leading to a local linear approximation of the function f

by the linear function jj(:n) with

This linear function can be rewritten in the form

d d
Fi@) =00+ 0im(Xim — Xjm) + > Ojm(@m — Xim)-

m=1 m=1

Therefore, only the first coefficient of the vector éj has to be recomputed when the basis

system ¥(Xj;) is used in place of ¥(Xj;). This means that at the kth adaptation step,

~(k— ~(k— — —
the vector 0§» Y is replaced by ng Y @;(j’fml) = §§km B

@g‘ial) = é};‘ial) + Zizl é\]m(le — Xjm) . The rest of the procedure is carried through
similarly to the univariate case.

where for m =1,...,d and

4.4. Local quadratic bivariate regression. Finally we shortly discuss the bivariate
case with d = 2 for local quadratic approximation. The case of a larger d can be
handled similarly. The family {¢,,} of basis functions contains one constant function
equal to 1, two linear coordinate functions z; and xo and three quadratic functions
22,23 and m29. It is useful to utilize the notation m = (my,mz), |m| = my + mo
and 2™ = 2" al? for x = (v1,72)" € IR? and integers my,ma. The family of basis
functions can now be written in the form {vy,(z),|m| < 2}. For numerical stability the

centered functions ¥, (x — X;) should be used within each local model.
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At the kth estimation step one computes the entries @(2,

~(k
01(- ) . At the kth adaptation step we additionally need, for every i, to recompute the

~(k—1
vectors 0; ) for the basis system ¥(X;). Similarly to the univariate case, we get

|m| < 2, of the vector

Nk—-1) m+m"\ ~k-1) ,

Ogm = 2. < o) G (X = X5)™, 0 m] < 2.
m’:m’|<2—|m)|

Here 3~ /.| <o—|m means the sum over the set of all pair m’ = (I,15) with mj+mj <

2—mi—mg and () = (zi) (zz) . Particularly, é}f;l) = @(.7’;;1) for all m with |m| =2,

and é\mo = E(XZ) . The rest of the procedure remains as before.

5. NUMERICAL RESULTS

We now demonstrate the performance of the method for artificial examples in uni-
variate and bivariate regression. The aim of this study is to illustrate two important
features of the procedure: adaptability to large homogeneous regions and sensitivity to
sharp changes in the local structure of the model. We also try to give some hints about
the choice of the degree of local polynomial approximation.

Estimates are obtained using R, a language and environment for statistical computing,
and its contributed libraries pspline (J. Ramsay and B. Ripley), waveslim (B. Whitcher)
and aws (J. Polzehl).

Our univariate simulations are conducted generating data as (X;,Y;) with Y; =
f(X;) + ;. The sample size is n = 1000. The design is chosen as an equidistant
grid on (0,1). Errors g; are i.i.d. Gaussian or t-distributed. The error variance o? is
assumed to be unknown.

Local linear (p = 1), local quadratic (p = 2) and local cubic (p = 3) AWS estimates
are computed for 1000 simulated data sets using a maximal bandwidth Ay = 0.25 and
defaults, see Table 1, for the other parameters. The parameter 7 was selected to provide

the propagation condition in the pure parametric situation.

TABLE 1. Default parameters used for the AWS procedure

A n T
P 0 1 2 3 1 2 3

univariate qXQ;.966,1 qX2§-92:2 qX2;~92»3 qX2§~9274 5 45 13.5 40

bivariate qX2;.966,1 qX2§-9273 qX2§~92»6 - 5135 150 -

For comparison we use a penalized cubic smoothing spline, with smoothing parameter
determined by generalized cross validation. See Heckman and Ramsey (2000) for details.
Such a choice was motivated by excellent numerical results delivered by this method

for many situations. We also tried other more sophisticated procedures like wavelets,



16 VARYING COEFFICIENT REGRESSION MODELING BY AWS

0=0.125 0=0.25 0=05

1.0

0.5

0.0

0.0 02 04 . 06 0.8 10 00 0.2 04 06 0.8 10 00 0.2 04 06 0.8 10
Mean Absolute Error Mean Absolute Error Mean Absolute Error

0.06
+ .
o

+.,
+.

I
Auﬁ -
+,
[
1

0.04

I
“+
=

T

M-+
Ml
i

0.010 0.015 0.020 0.025 0.030 0.035 0.040
02

J
!
j

p=1 p=2 p=3 splines p=1 p=2 p=3 splines p=1 p=2 p=3 splines

FiGURE 1. Univariate Example 1: Simulated data sets with local cubic
AWS estimates ( hmax = 0.6 ) and Box-Plots of MAE for local linear, local

quadratic and local cubic AWS and penalized cubic smoothing splines.

pointwise adaptive procedures, Markov Random Fields methods but the numerical results

(not reported here) were always in favor of smoothing splines, see also PS2000.

5.1. Univariate Example 1. Our first example uses the piecewise smooth function

8z x < 0.125,
2 — 8z 0.125 < 2 < 0.25,
flx) = )
A4(z — 0.4) 0.25 < 2 < 0.55,

0.5cos(6m(x — 0.775) + 0.5 0.55 < x.

The upper row of Figure 1 shows plots of the first data set for ¢ = 0.125,0.25 and
0.5, respectively, together with the estimate obtained by local cubic AWS with default
parameters and hpyax = 0.6. The bottom row reports the results in form of box-plots of
Mean Absolute Error (MAE) obtained for the four procedures in 1000 simulation runs.

Figure 2, providing pointwise estimates of the Mean Absolute Error for three proce-
dures in case of o = 0.125, illustrates the local behavior of the procedures. Especially
the local linear AWS is superior to the cubic smoothing spline both near the discontinu-
ities and within smooth regions. Local quadratic AWS seems to be a bit more variable
near the first singularity x = 0.125, but behaves excellent for the rest of the design.
Advantages are due to the local adaptivity of the AWS procedures in contrast to the

global nature of the smoothing spline.
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FI1GURE 2. Univariate Example 1:

Estimated pointwise Mean Abso-

lute Error for local linear and local quadratic AWS and penalized cubic

smoothing splines, ¢ = 0.125.

5.2. Univariate example 2. The second univariate example uses a smooth regression

function with varying second derivative:

f(z) =sin(2.47/(x 4+ 0.2)) .

The upper row of Figure 3 provides a typical data set for ¢ = 0.125,0.25,0.5 and 1,

0.0 0.5 1.0

-0.5

1.0

0.020 0.025 0.030 0.035 0.040

0.015

0=0.125 0=0.25 0=0.5 og=1
.
00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10
Mean Absolute Error Mean Absolute Error Mean Absolute Error Mean Absolute Error
. 5 - .
° o =] N o
° o
&+ . : + |9 - H
| - H ' °© -
f ' 8 -+ ' ] ' X
! =5 . . . ! . [ I N
- ET .| = 3 =lai o |
: ' H ° ° '
] ] o °© H ' °
— 8 - 3 T | E . 4
1 + ! © 1 - N —_ T |
' ! ! ! ! ' © . i ' o ' .
e~ Y I S B Lo s -
L] ' o ! ° — ° ' !
S ' T l
= [|+53 =K =
© ' 1 1
1 T ' Q 1 ] ' !
4 g | ' o= , g X X
' oS =) ' '
§ —— -+ AL -+ AL . — \
° ° 8 3 o 8 —
p=1 p=2 p=3 splines p=1 p=2 p=3 splines ° p=1 p=2 p=3 splines p=1 p=2 p=3 splines

F1GURE 3. Univariate Example 2: Simulated data sets with local cubic
AWS estimates ( hmax = 0.3 ) and Box-Plots of MAE for local linear, local

quadratic and local cubic AWS and penalized cubic smoothing splines.
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F1cURE 4. Example 2: Estimated pointwise Mean Absolute Error for
local quadratic AWS, local cubic AWS and penalized cubic smoothing

splines in case of ¢ = 0.25.

TABLE 2. MAE for Example 2 with t-distributed errors

Error distribution | linear AWS | quadratic AWS | cubic AWS | splines
t3 0.0808 0.0730 0.0673 0.0914

ts 0.0808 0.0728 0.0665 0.0948

t1o 0.0810 0.0730 0.0662 0.0957
N(0,0.25) 0.0813 0.0727 0.0657 0.0955

respectively, together with the local cubic AWS estimate obtained from this data set
using standard parameters and hyax = 0.3. The bottom row contains box-plots of Mean
Absolute Error obtained for the four procedures in 1000 simulation runs.

Figure 4 again gives pointwise estimates of the Mean Absolute Error. Results are
shown for local quadratic and cubic AWS and the penalized cubic smoothing splines in
case of 0 = 0.25. The AWS procedures perform better in regions where the regression
function is highly fluctuating or very smooth while the smoothing spline delivers better
results only in a small region of medium fluctuation, i.e. for x € (0.05,0.2) where the
global smoothing parameter of the spline is nearly optimal in the local sense as well.
For small values of x the spline suffers from high bias while for large values variability
dominates. AWS delivers a good compromise in all cases.

Table 2 provides simulation results obtained using the same regression function and
t-distributed errors, with 3, 5, 10 and oo degrees of freedom. FErrors are rescaled to
have variance o2 = 0.25. A maximal bandwidth of Ay = 0.3 is used. Simulation size

is 1000. The results show a robust behavior with respect to non-Gaussian errors.
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TABLE 3. MAE and optimal parameters of bivariate reconstructions

AWS (hmax ) Local polynomial () Wavelets
p=0|p=1|p=2|p=0|p=1|p=2| DWT | MODWT
MAE 0.076 | 0.042 | 0.024 | 0.102 | 0.098 | 0.104 | 0.127 0.063
Parameters | 0.075 0.3 0.74 | 0.053 | 0.062 | 0.099 | D4, 5 | Haar, 5

5.3. Bivariate Example. We use the following example to demonstrate the behavior
of our procedure in a bivariate design. Data are generated on a equidistant grid of

100 x 100 points in [—1,1]? using the regression function:
fl@,y) = (42% + 8y*)sign(4a” — dzy — 6y°)

and additive errors with variance o2 = 0.25. The upper left of Figure 5 shows a perspec-
tive plot of the data. The three panels in the right column provide plots of the estimated
surface obtained by local constant, local linear and local quadratic AWS, with standard
values for A and 7. For a comparison we computed reconstructions of the surface us-
ing local polynomial estimates of order 0, 1 and 2 using optimal global bandwidths
and reconstructions using a discrete wavelet transform (DWT) and a maximum overlap
discrete wavelet transform (MODWT), see e.g. Gencay, Selcuk and Whitcher (2001),
with optimal basis and optimal depth of decomposition. We used R-package waveslim
of Brandon Whitcher in the last two cases. The reconstructions using the local linear
estimator and MODWT are shown in the left column of Figure 5.

Table 3 provides the mean absolute error (MAE) of the reconstructions together with
the parameters used, i.e. hmax for AWS, optimal bandwidth h for the local polyno-
mial estimators and basis system and depth of decomposition for wavelets. The results
clearly illustrate the advantages of AWS compared to local polynomial smoothing if the
unknown regression function is piecewise smooth. AWS automatically detects disconti-
nuities and therefore allows for a larger bandwidth within smooth regions, resulting in
a larger variance reduction. AWS also outperforms wavelet approaches on this example
due to its more flexible handling of boundaries. Best results are obtained for the local
quadratic approach, while local constant AWS suffers from a segmentation effect caused

by its inappropriate structural assumption.

5.4. Summary. The performance of the AWS method is completely in agreement with
what was aimed: it is adaptive to variable smoothness properties of the underlying
function and sensitive to discontinuities outperforming the classical smoothing methods.
It demonstrates excellent results for a small or moderate noise and it is stable with respect
to large noise.

Local quadratic AWS seems to be a reasonable compromise for many situations com-

bining a good approximating properties with a very good quality of change-point or edge
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Noisy data Local constant AWS

Local linear estimate Local linear AWS

Maximum Overlap Wavelets Local quadratic AWS

FIGURE 5. Bivariate Example: Perspective plots of data (upper left),

local constant (upper right), local linear (lower left) and local quadratic

(lower right) reconstruction.

estimation. In situations with large homogeneous regions, local polynomial approxima-
tion of a higher order can be slightly preferable. The choice of the polynomial degree can
be also done automatically using global cross-validation type criteria.

Our experiments (not reported here) demonstrate that the procedure is rather stable
w.r.t. to the choice of the parameters A, 7, 17, hmax , that is, a moderate change of these
parameters near default values does not significantly affect the quality of estimation. In

the most of cases, only a minor improvement can be achieved by tuning these parameters.
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6. SOME IMPORTANT PROPERTIES OF AWS

This section discusses some properties of the AWS procedure. In particular we establish
the “propagation condition” which means a free extension of every local model in a
homogeneous situation, leading to a nearly parametric estimate at the end of iteration

process. Further we discuss the rate of estimation for a smooth function 6(z).

6.1. Behavior inside homogeneous regions. Propagation condition. The proce-
dure is designed to provide a free extension of every local model within a large homoge-
neous region. An extreme case is given by a fully parametric homogeneous model. In that
case, a desirable feature of the method is that the final estimate at every point coincides
with high probability with the fully parametric global estimate. This property which we
call the “propagation” condition is proved here under some simplifying assumptions.

~

The analysis of the properties of the iterative estimates 0( is very difficult. The main

(2
~(k

reason is that every estimate 95 ) solves the local likelihood problem for the local model

defined by the weights wg?) which are random and depend on the same observations

Yi1,...,Y,. To tackle this problem we make the following assumption:

(AO0) for every step k an independent sample Y7,...,Y,, is available so that the weights
(k)

w;;’ are independent of the sample Yi,...,Y,, for every k.

This assumption can be realized by splitting the original sample into k* subsamples.
Since the number of steps is only of logarithmic order this split can change the quality of
estimation only by a logarithmic factor. Of course, this is only a theoretical device, the
use of the same sample for all steps of the algorithm still requires a further justification.

In our study we restrict ourselves to the case of the varying coefficient model with

homogeneous Gaussian noise:
(A1) The observations Yi,...,Y, follow the model Y; = f(X;) + &; where €1,...,¢e,
are i.i.d. N(0,02).
The results can be easily extended to the case when the errors &; have uniformly bounded

exponential moments. To simplify the presentation we also assume that

A2) The statistical penalty st is defined via the likelihood ratio test statistic T
i )
from (3.2) in Section 3.1.

In our procedure the statistic 7j; from (3.3) is applied. However, an essential difference
between T;; and TZC; only occurs in the situations where the local models W; and W;

are strongly unbalanced, which do not meet in the specific cases considered here.

(k)

ij

is set to zero, that is, Ke(eg?)) =1.

(A3) The extension penalty e
Again, this assumption is not restrictive because the extension penalty does not matter
as long as the propagation condition is studied.

We first consider the homogeneous situation with 6; = 6 which corresponds to a

global linear model f(x) = 01¢1(x) + ... + Op)p(x).
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Theorem 6.1. Let (A0), (A1), (A2) and (A3) be fulfilled. Suppose that 8(X;) =80, i.e.
f=w0. If X > Clogn with constant C' depending on the kernel Ks only, then for
every iteration k

P ( min K,(s(?) > 1/2> >1-1/n.

i,j=1,...,n

Proof. Define b by the equation K4(b) = 1/2. Theorem 8.3 from the Appendix yields
for every iteration k

n

P ( min Ks(sg?)) > 1/2) =P ( max Tlgk) < b/\> >1- Z ap(bX —p)
ij=1,..n ij=1,.n 52
where ¢p(u) is defined by loggy(u) = —u/2 + 0.5plog(1 + u/p). It is easy to see that
gp(u) fulfills logg,(u) < —2logn for u > Cplogn with some constant C, depending
on p only. This yields the assertion as soon as bA —p > Cp,logn, or, equivalently,
A>(p+Cplogn)/b. O

This result means that the statistical penalty entering in the weights wg-g) at every

iteration k does not restrict a free extension of any local model.

Corollary 6.2. Let the assumptions (A0), (A1), (A2) and (A3) be fulfilled and 0(X;) =
0. If A>Clogn and hmax s sufficiently large, then the last step estimate /éz = éfk )

fulfills for every z >0
P ((20%)7 (0~ 0) 0w (8~ 0) > p+2) < gp(2)

where logqy(u) = —u/2 4+ 0.5plog(1 + u/p) .

10
ij
k= k* fulfills Kl(ll(.f)) ~ 1 for every pair (i,7). By Theorem 6.1 the statistical penalty
Ks(sgf)) > 1/2, hence wl(-jl?) > 1/2 for all (i,7). This yields WWi(k)WT > 0.5¥¥ " and

the result follows from Theorem 8.1 in the Appendix. O

Proof. If hpax is sufficiently large then the location penalty K;(l;;’) at the final iteration

~ ~(k*
Due to this result the final estimate 8; = 05 ) delivers the same quality of estimation
as the global LSE 0= (W@ T)~1@Y . In fact, one can show an even stronger assertion:
with a high probability it holds ; ~ 8.

The propagation condition can be easily extended to the case of a large homogeneous
region G in X . Define for every x € G the distance from x to the boundary of G,
ie. pg(r) =min{p(z,X;): X; ¢ G}. At every step k we consider only internal points
X, € G which are separated from the boundary with the distance 2h*)

" = {X; € G: pa(X;) > 2hM}.

The next result claims the propagation condition (free extension) for all such points.
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Theorem 6.3. Let the assumptions (A0), (A1) and (A2) be fulfilled. Suppose that
0(X;) =0 for all X; from some region G in X . If A > Clogn for some constant C
depending on the kernel Ky only, then for every iteration k
P min K(sy>1/2) >1-1/n.
(i.7): X:€GR) | p(X;,X;)<h() J
Proof. It suffices to note that if X; € G*) then the local model Wi(k) as well as all

the models Wj(k) for all X; with p(X;,X;) < h®) are homogeneous. Hence, the result
follows again by Theorem 8.3. U

6.2. Accuracy of estimation for a varying coefficient model. We consider the case
of an arbitrary function f which allows a good linear approximation in a neighborhood
of a point x € X. We first show that this condition ensures a free extension of all the
local models within this neighborhood.

Let a design point z = X; for some ¢ be fixed, and let h be some bandwidth used
in the iteration procedure. We define Uy(z) = {2’ : |2/ — x| < h}. We consider the
following conditions which are specified for the fixed point = and the bandwidth h:

(A4) It holds WJT 0(X;) —6(x)]| <0 for some 6 >0 and all X; € Up(X;).
(A5) The kernel K; is compactly supported on [0, 1].
(A6) Define W = diag{w;j,...,w;,} with wj; = Ki(|p(X:, X;)/h|%), Nf = trtWr
and Bf = WW;¥" . It holds N; ;W," < Cp B} .
Condition (A4) means that the value f(X;) can be approximated by a linear expression
SP]-TB(Q:) with the precision ¢ for every X; € Uy(z). Condition (A6) guarantees a certain
design regularity in a neighborhood of the reference point x. The next result claims the
propagation condition (free extension) for the local models w* as long as h¥) < h

(2

provided that ¢ is sufficiently small.

Theorem 6.4. Let the assumptions (A0) through (A6) be fulfilled. Let X > C'logn for
some constant C depending on the kernel Kg only. If

202 pd* (N} + N¥) < bA/6, X; € Up(z), (6.1)
where b is defined by K(b) = 1/2, then for every iteration k with h*) < h

. (k)
P Ki(s;;’)>1/2)>1—-1/n. 0.2
(j:XjTéllljfhl(Xi) (55 > /)_ /n (6.2)

If BB = b, then the estimate fF) = 0,0 of fi = f(X;) fulfills

( l

> \/pCpd + o /2CB)\/N;‘> <2/n. (6.3)

The proof is given in the Appendix. The result (6.3) indicates that the first k iter-

ations of the procedure (for h¥) < h) lead to a reasonable quality of estimation of the

-

function f(-). However, the procedure has to prevent from losing the obtained quality
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of estimation during further iterations. This is precisely what the control step of the
original AWS procedure from PS2000 does, see the discussion at the end of Section 3.5.
The procedure presented here applies this control step in a soft form, however we only

show how the hard control step (3.6) can be used for proving the rate result.

Theorem 6.5. Let the conditions of Theorem 6.4 be fulfilled and let the procedure involve
k*

the control step from (3.6) with n* > X. Then the last step estimate fZ = WTO( ) of

fi = f(Xi) fulfills with a probability of at least 1 —2/n

i| < \/pCpd + 0y/2C\/ N} + a1/2Cpn* /N}.

Proof. Let h = h(*) for some k. The control step (3.6) ensures that

0,

)

(202)_1(5(}:) _ b‘gk‘*))TBi(k) (O(k) ~(k* )) <.

This yields by (A6)

~ ~(k)  ~ (k k*
N(k)‘ﬁk)_fi‘z _ N(k)(a()_ ( )Q/ZQ/T( (k) ))

(2 ]

Ak 5(1@ )) l( )(a(k) 52@*)) < 2020377*‘

IA

5 (8!

By Theorem 6.4 Ni(k) > 0.5V with a high probability and the assertion follows directly
from (6.3). O

6.3. Rate of estimation for a smooth function f(-). Spatial adaptivity. Here
we briefly discuss one important special case of the result of Theorem 6.5. Namely, we
suppose that f(-) is a smooth function in IR? and consider the polynomial basis {1/, }
of degree less than a given integer number s. In the univariate case d = 1 there are

exactly p = s basis functions, e.g. 1,u —x,...,(u —x)*"!. We also suppose that

(A4s) The function f(-) is s times continuously differentiable and |f(®)(u)| < Ls! for
some constant L and all u € Up(z).
(A7) For some positive constants Cx; < Cxs and for all h € [h(o), hmax] holds

Cx1 < Nji/(nh?) < Cxa.

where N = 37" Ki(|p(Xi, X;)/hl?).
Note that condition (A4s) ensures (A4) with § = Lh*. We now apply Theorem 6.5 to

this situation with n* = A. The result is formulated as a separate statement.

Theorem 6.6. Suppose that (A0), (A1), (A2), (A3), (A4s), (A5), (A7) are fulfilled and
(A6) holds for all h € [h), hya]. If X > Clogn for some fired C, then

where the constant C7 depends on Cx1,Cxs and Cpg only.
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Proof. The bound (6.3) and condition (A7) imply with a high probability

Ji = f| < V/pC6 + 20\ /20pM/N; < \/pOpLI* + 201/2C5/(Cxinhd).

Optimizing this expression w.r.t. h leads to h = Cy{\o?/(nL?)}*/(4+25)  With this
choice condition (6.1) is fulfilled in view of (A7) provided that C3 is not too large. Using
such an h results in the accuracy of order {\og?/n}s/(4+25) [d/(d+25) a5 required. 0

The accuracy shown in Theorem 6.6 is optimal in rate for the problem of estimation of
a smooth function f up to a logarithmic factor A. Therefore, this result means that our
procedure is pointwise adaptive in the sense that it automatically adapts to the unknown
local smoothness degree measured by the exponent s and the Lipschitz constant L. As
shown in Lepski, Mammen and Spokoiny (1997) this property automatically leads to rate

optimality in the Sobolev and Besov function classes B, , .

7. SUMMARY AND OUTLOOK

The paper presents a new general method of local linear modeling based on the adap-
tive weights idea. The method has a number of remarkable properties. In particular,
AWS applies in a unified way to a broad class of regression models, and the procedure is
able to adapt to the unknown and variable function structure without requiring any spe-
cific prior information like the degree of smoothness of the underlying regression function.
These features are justified both by our theoretical results and by numerical examples.

Similarly to local polynomial smoothing, the AWS method is design adaptive and has
no boundary problem. The produced estimate does not exhibit the usual Gibbs effect
(high variability and increased bias near discontinuities).

AWS applies for high dimensional models. However, for local linear or local polynomial
modeling, the number of parameters grows dramatically with the dimension d, and the
procedure can face the so called “curse of dimensionality” problem: in high dimension,
pure nonparametric modeling leads to strong oversmoothing. Specifically for the AWS
method, if the number of parameters becomes too high (say, more than 6) then the
procedure looses sensitivity to structural changes. For such situation, combining the
procedure with some dimension reduction methods can be useful.

The AWS method is computationally straightforward and the numerical complexity
can be easily controlled, see Section 3.4.

The presented procedure is however restricted to the case of a local linear model. An
extension to generalized linear models with varying coefficients is important for many

applications, see Cai, Fan and Li (2000). This will be a subject for further development.

8. APPENDIX

Here we present some general results on large deviation probabilities for local likelihood

ratio test statistics in Gaussian regression.
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We consider the varying coefficient regression model Y; = f(X;) + ¢; with homoge-
neous Gaussian errors ¢; ~ N(0,0%). The local model W is described by the weights
w1, ..., Wy, . Local linear modeling assumes the linear structure of the model function f
within the local model W: f(z) = 61¢1(x) +...+0pp(z) for a given system {t¢,(z)}.
The corresponding local MLE 0 can be represented in the form 0= (WVV@T)f1 ywy
with the notation from Section 2.2. The local likelihood ratio test statistic is defined for
a given @ by L(W,0,0) = (6 —6)T B(6 — 6)/(202) where B=UWW¥' .

8.1. Linear parametric case. Define 8 = B~'WW f. Then ¥ is the best linear
approximation of f within the local model W . In the homogeneous case f =¥'8, it
obviously holds @ = 6. The first result shows that 0 is a good estimate of the vector
0. This particularly implies nice properties of the estimate in a homogeneous situation

when the local linear assumption is fulfilled and 6 is the true parameter.
Theorem 8.1. For every z >0
P <2L(W, 0,0)>p+ z) < (%)
where
¢p(2) = exp (—0.52 4+ 0.5plog(1 + z/p)) . (8.1)

Proof. The model equation Y = f + ¢ immediately implies that 0; = B; lyw,y =
9; + B YWW,e . Therefore, 51 -0, = B 'WW,e does not depend on 6, and we assume
without loss of generality that @ = 0, so that the observations Y; coincide with the noise
g; . This obviously implies E = 0. The covariance matrix V of the estimate 6 can be

represented as

V=E00 =EB Wee "W B =023 DB
where D = WW?2¥ T . Therefore, the estimate 0 can be expressed as 0=vY 2¢ where
¢ is a standard Gaussian random vector in IRP. This yields

L(W,0,0) = (26%)~'¢TV2BV'/2¢ = 0.5¢ T R¢

with R = B~Y/2DB~Y/2. Since w; < 1, it holds D < B and ||R|| < 1, that is, the
largest eigenvalue of R does not exceed one. Now the desired result follows from the

general result for Gaussian quadratic forms in Lemma 8.2. O
Lemma 8.2. Let a symmetric p x p-matriz R fulfill ||R|| < 1. Then
P((TRC2p+2) < gyl2).

Proof. Let 71,...,7p be the eigenvalues of R satisfying 7, <1 for all m. It holds for
every pu < 1 by simple algebra

P P
1 1
log E exp(u¢ ' R¢/2) = log | | — = E log(1 — pry,) < —0.5plog(1 — w).
m=1 1- Him 2 m=1
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Now the exponential Chebyshev inequality implies

log P <0.5§TR§ > (p+ z)/2> < —up+2)/2+1logE (0.5MCTRC)
< —0.5u(p+ 2) — 0.5plog(1 — ).

This expression is maximized by u = z/(p + z) leading to
log P (gTRg >p4 z) < 0.5z + 0.5plog(1 + 2/p)
as required. O

Next we consider the likelihood ratio test statistic TZCJ’ defined in Section 3.6 for two
local models W; and W;.

Theorem 8.3. Let f =¥ '0. Then for every z > 0
P (T5>p+z) < qpl2).
Proof. We use the expression 27}; = o2(0; — aj)TBi(Bi + B;j) !B, (6; — /B\j) . Note that
Cov(0; — 5]) < 2Cov(8;) + QCOV(/éj) =2V; +2V; < 20%(B; ! + Bj_l).
Now the result follows from Lemma 8.2 similarly to the proof of Theorem 8.1. U

8.2. Sufficient conditions for free extension. We consider the general situation of
a varying coefficient model. We show that if the difference between two local models
defined in terms of the Kullback-Leibler distance, is sufficiently small, then T35 is with
a large probability smaller then bA for some b < 1.

Theorem 8.4. Let b € (0,1] be such that z =b\/2 —p > 0. Then the condition

A:=0.50"2(0; —0,)" B;(B; + B;)"'B;(0; — 8;) < b\/6 (8.2)
with 0; = B;1WWif and Ej = BIIWij implies

P (T > b)) < qp(2) + e 012,
Proof. We use the decomposition
6, —0;=¢6 ¢ +0, -6,

where & = B; 'WW;e and similarly for &;. This implies with B;; = B;(B; + B;) ™' B;
20°T5 = (& — &) " Bij(& — &) + (0: — 0,) " Bij(0; — 6;) + 2(6; — 0;) " Bij (& — &) (8.3)
The result of Theorem 8.3 implies

P (072(& —&) ' By(&— &) >p+ Z) < gp(2).
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Next, (;j = 0 2(0; — 0;)"B;j(& — &) is a Gaussian random variable with zero mean
satisfying
EC?] == 0'_4(51‘ - @)TB@-J- COV(& - EJ)BU(@@ - 53)
< 2072(51' - Ej)TBij(@ - EJ) < A4A. (84)

Here we have used that Cov(¢; — &) < 202 B;;, see the proof of Theorem 8.3. This and
condition (8.2) imply

P ((ij > bA/3) < e V12,
Since p 4+ z = bA, we finally obtain
P(T5>0) < P(05072(¢ — &) Biyl6i — &) 2 p+2) + P (Gy > bA/3)
< gplz) + eV
as required. O

The next assertion delivers some sufficient conditions ensuring (8.2). More precisely,
we consider the situation when the function f can be well approximated by a lin-
ear function ¥'@ within both local models W; and W;. If |f(X;) — ¥'0| < § for
some small positive  and all X; entering with positive weight in the model W;, then
(f=¥TO)TWi(f-wT0) =, wulf(X))—¥ 0> < N;6? with N; = >, wy and similarly
for the model W;.

Lemma 8.5. The condition

(f—wT0)"W;(f —¥'8) < §N;
implies

(6; — 0)" B;i(6; — 0) < pd>N;.
If, in addition, (f —WT0)TW;(f —W¥'0) < N;6%, then
(6; — 6;)" Bij(6; — 8;) < 2p0*(N; + N;)
where B;j = B;(B; + Bj)_lBj )
Proof. The use of B; = UW;¥" and 6; = B, '"WW,f gives
0;—6)"Bi(6;,—0)=(f—v'0) W B luW,(f -¥'6)
Define A = W;/*0" B 'wW}/* . Then
trAAT = W0 B oW B oW = B WOWw T = eI, = p.

Therefore, by the Cauchy-Schwarz inequality

(0; — )T Bi(B; — 0))> < [W,/*(f — 0T 0)|>trAAT < Ni6%p
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and the first assertion follows.
Since B;; < B; and similarly B;; < B;, it holds

(E — gj)TBij(@ — 6]) < 2(§z — H)TBZ(E — 0) + 2(§j — O)TB]'(EJ‘ — 9)
and the second assertion follows as well. O

8.3. Separability condition. Now we present some sufficient conditions for separability
of two local models. Namely, we aim to establish conditions that ensure 15 > AN where
A is the length of the support of the kernel Ky (Ks(u) =0 for v > A). With this
conditions, it holds K (7j;/A) =0 and hence the new weight w;; will be equal to zero.

Theorem 8.6. The condition

A= 0.50_2(51' — EJ)TBZ(BZ + Bj)_lBj (61 — 53) > AXN (8.5)
implies with b= (A — AX)/A

b2
P (T < AX) < e 15D,
Proof. As in the proof of Theorem 8.4, decomposition (8.3) and condition (8.4) imply
P (T3 < AN) S P(A+ Gy < AN) < P (=(; > b)) < e 0V/04),
O

Proof of Theorem 6.4. The propagation condition (6.2) follows similarly to the proof of
Theorem 6.3. The only difference is that in the local smooth case we apply Theorems 8.4
and 8.5 instead of Theorem 8.3. Let k be such that h(®) < h and X; € Uy(X;). We
apply Theorem 8.4 to the local models Wi(k) and Wj(k). For this we have to check
the condition (8.2) using Lemma 8.5. It holds with € = 6(z) by the assumptions (A4)
and (A6) that (f —@70)T W (f —wTe) < NW62 < N762 for every X; € Upn(X:).
Lemma 8.5 yields

k)[BT (k) k) _ 5k) * *
(67 —9,") B (6, —8)") < 2p8* (N + N)
so that the condition (8.2) is fulfilled by (6.1).
Theorem 8.4 now applies yielding
P min s < 1/2) <n!
j=1,..n Y
provided that A = C'logn with a sufficiently large C'.

The second assertion of the theorem follows from the next lemma.

Lemma 8.7. Let the assumptions (A4), (A5) and (A6) hold true for some h and x =
Xi. Let also the local model W; be such that w;; > 0.5w;; = K;(l;;) for all j. If
A > Clogn for some fizred C', then

P (‘ﬁ — fz| > 6/pCh +0'1/2CB/\/NZ-*) < l/n.
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Proof. Define W = diag{w},...,w},}, Bf = YW;¥T and N; = trW;. Then the
conditions of the lemma yield N; > 0.5V and B; > 0.58 . Next, by Theorem 8.1

P (8-

for A < C'logn with a sufficiently large C'. This implies by (A6) with a high probability

In view of (A6) this gives

or equivalently

\fi — Fi| < o\/2CA/N?

where f; = ¥.'0;. Next, Lemma 8.5 and (A4) imply
(6; — )" B (0; — ) < pd>N; .
This and (A6) yield using the equality f; = ¥,' 0
|fi = fil> = (8: — 6) "W, (0; — 6) < Cp(6; — 0)" B} (6; — 0)/N; < pCpd”

and the assertion follows. O

REFERENCES

[1] Cai, Z. Fan,J. and Li, R. (2000). Efficient estimation and inference for varying coefficients models.
J. Amer. Statist. Ass. 95 888-902.

[2] Cai, Z. Fan, J. and Yao, Q. (2000). Functional-coefficient regression models for nonlinear time series
J. Amer. Statist. Ass., 95 941-956.

[3] Caroll, R.J., Ruppert, D, and Welsh, A.H. (1998). Nonparametric estimation via local estimating
equation. J. Amer. Statist. Ass. 93 214-227.

[4] Fan, J. and Gijbels, I. (1996). Local polynomial modelling and its applications. Chapman & Hall,
London.

[5] Fan, J., Zhang, W. (1999). Statistical estimation in varying coefficent models. Ann. Statist. 27
1491-1518.

[6] Gencay, R., F. Selcuk, and B. Whitcher (2001). An Introduction to Wavelets and Other Filtering
Methods in Finance and Economics, San Diego: Academic Press.

[7] Hastie, T.J. and Tibshirani, R.J. (1993). Varying-coefficient models (with discussion). J. Royal
Statist. Soc. Ser. B 55 757-796.

[8] Heckman, N. and Ramsay, J.O. (2000). Penalized regression with model-based penalties. Canadian
Journal of Statistics 28, 241-258.

[9] Lepski, O., Mammen, E. and Spokoiny, V. (1997). Ideal spatial adaptation to inhomogeneous smooth-
ness: an approach based on kernel estimates with variable bandwidth selection. Annals of Statistics,
25, no. 3, 929-947.

[10] Polzehl, J. and Spokoiny, V. (2000). Adaptive weights smoothing with applications to image seg-
mentation. J. of Royal Stat. Soc., 62, Series B, 335-354.



J. POLZEHL AND V. SPOKOINY 31

[11] Polzehl, J. and Spokoiny, V. (2001). Functional and dynamic magnetic resonance imaging using
vector adaptive weights smoothing. Applied Statistics, 50, 485-501.

[12] Polzehl, J. and Spokoiny, V. (2002). Local likelihood modeling by adaptive weights smoothing.
Preprint 787. WIAS 2002. http://www.wias-berlin.de/publications/preprints/787.

[13] R Development Core Team (2003). R: A language and environment for statistical computing, R
Foundation for Statistical Computing, Vienna, Austria, URL: http://www.R-project.org.

WEIERSTRASS-INSTITUTE, MOHRENSTR. 39, 10117 BERLIN, GERMANY

FE-mail address: polzehl@@wias-berlin.de

WEIERSTRASS-INSTITUTE, MOHRENSTR. 39, 10117 BERLIN, GERMANY

E-mail address: spokoiny@@wias-berlin.de



