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We give robust representations of law-invariant monotone quasiconvex functions.
The results are based on Jouini et al. [10] and Svindland [14], showing that law-
invariant quasiconvex functions have the Fatou property.
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1 Introduction

The theory of monetary risk measures dates back to the end of the twentieth century where
ARTZNER et al. in [1] introduced the coherent cash additive risk measures which were further
extended to the convez cash additive risk measures by FOLLMER and SCHIED in [7] and FRITTELLI
and GIANIN in [8]. Monetary risk measures aim at specifying the capital requirement that
financial institutions have to reserve in order to cope with severe losses from their risky financial
activities. Recently, motivated by the study of risk orders in a general framework, DRAPEAU
and KUPPER in [4] defined risk measures as quasiconvex monotone functions. Building upon
the latter, the aim of this note is to specify the robust representation of risk measures in the
law-invariant case.

Robust representation of law-invariant monetary risk measures for bou-nded random variables
have first been studied by KUuSUOKA in [12], then FRITTELLI and GIANIN in [9] and further JOUINI
et al. in [10]. In a recent paper [2], CERREIA-VOGLIO et al. provide a robust representation for

law-invariant risk measures which are weakly' upper semicontinuous.
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1For the weak* topology o (]L°°,]L1).



In this note, we provide a robust representation of law-invariant risk measures for bounded
random variables which are norm lower semicontinuous. This is based on results by JOUINI et al.
in [10] and SVINDLAND in [14] showing that law-invariant norm closed convex sets of bounded

random variables are then Fatou closed. This robust representation takes the form

p0) =swp (v g (969 ).

where R is a maximal risk function which is uniquely determined, v are some nondecreasing
right-continuous functions whose integral is normalized to 1, and ¢x is the quantile function of
the random variable X. We further provide a representation in the special case of norm lower
semicontinuous law-invariant conver cash subadditive risk measures introduced by EL KAROUI
and RAVANELLI in [13]. Finally, we give a representation of time-consistent law-invariant mono-
tone quasiconcave functions in the spirit of KUPPER and SCHACHERMAYER in [11]. We illustrate
these results by a couple of explicit computations for examples of law-invariant risk measures

given by certainty equivalents.

2 Notations, Definitions and the Fatou Property

Throughout this paper, (2, F,P) is a standard probability space. We identify random variables
which are almost surely (a.s.) identical. All equalities and inequalities between random variables
are understood in the a.s. sense. As usual, L> := L (Q, F,P) is the space of bounded random

variables with topological dual (IL°°)*. Following [4], a risk measure is defined as follows.

Definition 2.1 A risk measure on L is a function p : L™ — [—oo,+00| satisfying for any
XY € L™ the axioms of

(i) Monotonicity:
p(X) > p(Y), whenever X <Y,

(i) Quasiconvexity:
pPAX + (1= NY) <max{p(X),p(Y)}, forany0<A<1.
Further particular risk measures used in this paper satisfy some of the following additional
properties,
(i) cash additivity if p(X +m) = p(X) — m for any m € R,
(ii) cash subadditivity if p(X +m) > p(X) —m for any m > 0,
(iii) convexity if p(AX + (1 = A)Y) < Ap(X) + (1 = A)p(Y), for any 0 < A < 1,

(iv) law-invariance if p (X) = p(Y) whenever X and Y have the same law.



A risk measure satisfies the Fatou property if

p(X) <liminf p(X,) whenever sup | X, <oo and X, 5 x, (1)
n— oo n
where -5 denotes convergence in probability. A reformulation of the results in [10] in the context

of quasiconvex law-invariant functions yields the following result.

Proposition 2.2 Let f : L®° — [—00,4+00] be a || - ||oo-lower semicontinuous, quasiconver and

law-invariant function. Then, f is o(IL°°,LY)-lower semicontinuous and has the Fatou property.

Proof. Let C C L™ be a || - ||oo-closed, convex, law-invariant set with polar C° in (L°)*.
In view of Proposition 4.1 in [10], it follows that C° NL! is o((L>°)*,L°°)-dense in C. Hence,
C = (C° NLY)°, showing that C is o(L>°,L')-closed.

Consider now a law-invariant, quasiconvex and ||-||cc-lower semicontinuous function f : L —
[0, +c0]. By assumption, the level sets A, := {X € L* | f(X) < m}, m € R, are || - ||oo-
closed, convex and law-invariant. Hence, A,, are o(IL°,L')-closed, showing that f is o(IL>°,L!)-

lower semicontinuus. Finally a similar argumentation as in [3] yields the Fatou property. d

Remark 2.3 Any law-invariant, proper convex function f : L™ — [—o00, 00] is (L, L°)-lower
semicontinuous, see [5].
Recently, a similar result is shown in [14] in the more general setting of non-atomic probability

spaces rather than standard probability spaces.

3 Representation results for law-invariant risk measures

Throughout,

gx (t) == inf{s € RIP[X < s] > t}, te(0,1)
denotes the quantile function of a random variable X € L°°. Further, let ¥ be the set of
nondecreasing, right-continuous functions ¢ : (0,1) — [0, +00) and define the subsets

U, = {wexy‘ /01¢(u)du:1},

Uy, = {wexy‘ /1¢(u)du<1},
0

and denote by ¥ and \If‘f"é the set of all bounded functions in ¥; and V¥, ,, respectively. It
is shown in [6], Theorem 4.54, that any law-invariant cash additive risk measure p on L that

satisfies the Fatou property has the robust representation

1
p(X) = sup </ Y(t)g_x (t)dt — amm(iﬁ)) , Xel*™, (2)
YeT: \JO
where aumin(¥) = Subxca, fol Y(t)g—x (t) dt is the minimal penalty function for the acceptance
set A, :={X e L™ | p(X) <0} .
In a first step, we derive the following representation result for law-invariant cash sub-additive

convex risk measures.



Proposition 3.1 Let p be a law-invariant cash sub-additive convex risk measure on 1L°°. Then

p has the robust representation

p( = Sup (/ ¢ q X amin(w)>a XeLooa

Ppews?

for the minimal penalty function

Oémm = sup (/ 7/) q X dt ( )) 5 w S \Ill,s~
Proof. According to Theorem 4.3 in [13] it follows

p(X)= sup (Eg[-X]— amin(Q)),
QeM; +(P)

where Gmin(Q) = sup y ¢ (Eg[—X] — p(X)) and M, (P) denotes the set of measures Q abso-
lutely continuous with respect to P, which density satisfy E[dQ/dP] < 1. By Lemma 4.55 in [6]

and the law-invariance of p we deduce

&min(Q) = Sup sup (EQ[_Y] - p(Y))
Xel>® Y~X

= sup (/Olw(t)qx(t) dt—p(X)> = amin (V)

XelLee

for any ¢ € ¥y ; and Q € My, (P) with ¢ = qqg/qp. Finally, under consideration of Remark 2.3

and Lemma 4.55 in [6], it follows

p(X)= sup (Eg[-X]—amn(Q))

QeMge, (P)
= sup sup (]E@ [—X] — Gmin (@))
QEME, (P) §nQ

=wzt§1>) ( / P(t)g-x( amin(w)>,

where M5 (IP) are those elements in M; s(P) with a bounded Radon-Nikodym derivative. [

As a second step, we state our main result: a quantile representation for || - ||o-lower semicon-
tinuous law-invariant risk measures. Beforehand, as in [4], we define the class of mazimal risk
functions R™* as the set of functions R : U1 x R — [—00, +-00] which

(i) are nondecreasing and left-continuous in the second argument,
(ii) are jointly quasiconcave,
(iii) have a uniform asymptotic minimum, that is,

lim R (¢1,s) = SEI_HOOR(wg, s)

S—r— 00

for any 11,19 € Uy,



(iv) right-continuous version RT (¢, s) := infy s R (¢, §'), are o (L', L°°)-upper semicontinous

in the first argument.

Theorem 3.2 Let p : L®° — [—o0, +00] be a risk measure which is || - ||oo-lower semicontinuous.

Then, there exists a unique maximal risk function R € R™®* such that

p(X) = sup R <1/),/01q_x(t)¢(t) dt) , Xel™

PeEV
where
R(%x): sup {m‘amill(¢’m)<x}7 ¢€‘I’1
meR
for

1

Canin () = sUp / g (ty(t) dt
XeA™ Jo

and A™ ={X e L*® | p(X) < m}.

The proof of the previous theorem is based on the following proposition.

Proposition 3.3 Suppose that A C L is law-invariant, || - ||eo-closed, conver and such that
A+LE C A Then

1
Xed = [ axOu®d<amle) foralye, 3)
0

where

1
Chnin () = sup / @ x(OvE)dt, P e v,

XeA

Proof. Associated to the set A we define
pa(X)=inf(meR| X+me A}, XelL™.
The function p4 : L™ — [—00, +00] is a law-invariant, convex risk measure. Since
{(X e L= |pa(X) <m}=A—m, (4)

which by Proposition 2.2 is o(IL°°, L')-closed, it follows that p4 is o(L°°,L')-l.s.c.. Moreover,
one of the following cases must be valid:

(i) A=10, pa = +o0 and auin = —00;
(i) A=1L>®, pg = —0c0 and amin = +00;

(iii) A # 0 and A # L*°, in which case p4 is real valued. Indeed, if there is X,Y € L
such that X € A and Y & A, then there is n € R such that X + n ¢ A showing that
pa(X) € R. By monotonicity and translation invariance of p4, it follows that p4(Z) € R
for all Z € L*°.



For the cases (i) and (ii), the equivalence (3) is obvious. As for the third case, it follows from
(2) that

1
pax) = sup ([ ax(v)dt — ().
peT; \JO
which together with (4) implies (3). O
We are now ready for the proof of Theorem 3.2.
Proof. The risk acceptance family A = (An),,cp defined as
A™ = {X e L | p(X) < m},

are law-invariant, ||-||s-closed, convex and such that A+L3° C A. Thus, Proposition 3.3 implies

1
XeA" = / qg—x () (t)dt — amin(p,m) <0 for all ¢ € Uy, (5)
0

for the family of penalty functions

1
Cmin () = sup / Cx(Opp(t)dt, e .

XeA™ Jo

Since for all X € L

p(X):inf{meR‘XeAm}, (6)
it follows from (5) that
p(X) = 1nf{m ER‘ / qg—x()(t) dt < amin(p,m) for all ¥ € \Ill}. (7)
The goal is to show that
p(X) = sup inf {m ‘ / q— X dt < Olmln(qz[}a )} (8)
YeED, meR
To begin with, the equation (7) implies:
p(X) > sup inf {m‘ / q—x( t<amin(¢,m)}.
pew, mER

As for the reverse inequality, suppose that p (X) > —oo, otherwise (8) is trivial, and fix mgy <
p(X). Define C = {Y € L* | p(Y) < mg}, which is law-invariant, || - ||so-closed, convex, such
that C' 4+ > C C. Thus, Proposition 3.3 yields

YelC — /qy Y(t)dt < ac(y) for all ¢ € Wy, (9)

for the penalty function ac () = supy¢c fol q—y (t)(t) dt. Since X ¢ C, it follows from (9) that
there is ¥* € ¥y such that

1

1
/ g x (OW* () dt > ac(v) > / gy (O (D) dt forall Y € C. (10)

0 0



Since A™ C C for all m < mg and therefore ami, (¢¥*, m) < ac(*), it follows

1
/0 0 x (00 (8) dt — aumin (6%, ) >
/ g_x (B (t) dt — sup / y (DY (t)dt > 0. (11)
0 YeCJo

Hence,

mo < sup inf {m\ / g (0000 di < w,m)}. (12)

YET, meR

Since (12) holds for all mg < p(z) we deduce
1
p(X) < sup inf {m ’ / qg—x (®)Y(t) dt < amin (mm)},
Yew, mER 0

and (8) is established.
Let R (¢, ) := sup,,cp {m ’ Qmin (¥, M) < a:} be the left-inverse of ay,i,. Then

1
p(X)= sup R (¢,/ q—x ()Y(t) dt> for all X e L*°. (13)
YEV, 0

The proof of the existence is completed. The uniqueness follows from a similar argumentation
as in [4]. O

4 Time-consistent law-invariant quasiconcave functions

As an application of Proposition 2.2 we discuss an extension of the representation results for time-
consistent law-invariant strictly monotone functions given in [11]. In this subsection, we work on a
standard filtered probability space? (2, F, (F;)ien,, P). We fix —co < a < b < 400 and denote by
Lo (a,b) and L™ (a,b) the set of all random variables X such that a < essinf X < esssup X <b

and which are Fi-measurable and F-measurable, respectively. A function ¢y : L°(a,b) — R is
(i) normalized on constants if co(m) = m for all m € (a,b);
(ii) strictly monotone if X >Y and P[X > Y] > 0 imply co(X) > ¢o(Y);

(iii) time-consistent if for any ¢ € N there exists a mapping ¢; : L*>(a,b) — Lg°(a,b) which
satisfies the local property, that is, for any X,Y € L>°(a,b)

14X =14Y implies 14¢:(X) =14¢:(Y) forall A € Fy, (14)

and
co(X) = co(ct(X)) for all X € L™(a,b). (15)

2Recall that a standard filtered probability space is isomorphic to ([0, 1]N0, B([0, 1]N0), (Ft)iem,, AN0) where
B([0,1]N0) is the Borel sigma-algebra, AN0 is the product of Borel measures, and (F¢)ten, is the filtration
generated by the coordinate functions.



Under the additional assumtion of quasiconcavity we deduce as a corallary of Theorem 1.4 in
[11]:

Theorem 4.1 A function c¢o : L®(a,b) — R is normalized on constants, strictly monotone,

[| + [|oo-continuous, law-invariant, time-consistent and quasiconcave if and only if
co(X) =ut o Eu(X)], (16)

for an increasing, concave function u : (a,b) — R. In this case, the function u is uniquely defined

up to positive affine transformations, and
ct(X)=utoB[u(X)|F] forallteN. (17)

Proof. Fix a compact interval [A, B] C (a,b). Since L®[A,B] :=={X e L* | A< X < B} is

| - ||co-closed in L, it follows that

co(X) if X e L*[A,B
cgth():{ 0(X) ABl v
—00 else
is law-invariant, quasiconcave and || - ||oo-upper semicontinuous. Due to Proposition 2.2, the

function cg"B has the Fatou property and consequently the condition (C) in [11] is satisfied.
Hence, by Theorem 1.4 in [11] there is ua g : (4, B) — R such that

P (X) =ux's oEfuap(X)], X e€L*(A,B).

Exhausting (a, b) by increasing compact intervals, as in the proof of the “only if”-part of Theorem
1.4 in [11], yields u : (a,b) — R such that co(X) = u=! o E[u(X)] for all X € L>(a,b). Finally,

it is shown in Lemma 2 in [2] that ¢j is quasiconcave if and only if u is concave. O

5 Examples

The certainty equivalent of a random variable provides a typical example of a law-invariant risk
measure which is not necessarily convex nor cash additive. Let [ : R — ]—o00, +0o0] be a loss
function, that is, a lower semicontinuous proper convex nondecreasing function. By 7! : R —
[—00, +oo[ we denote the left inverse of [ given by

7' (s) =inf{z e R|I(z) > s}, seR

We further denote by [ (xz+) := limy 1 (t) for £ € R the right-continuous version of . By
Proposition B.2 in [4], we have

M) <z <= s<l(zt). (18)
We now define the risk measure

p(X):=1"'E[1(-X)], X elL™, (19)



with convention that 7! (+00) = lims_s 1 oo [ 71 (s). In [2, 4] it is shown that p is a risk measure.
Note that in [2], it is assumed that [ : R — R and increasing, and therefore does not include
some of the examples below. In [4], a constructive method is given to compute the robust rep-
resentation. To be self contained, we present this method in the law-invariant context hereafter.
For simplicity we suppose that [ is differentiable on the interior of its domain and first compute

the minimal penalty function at any risk level m. From relation (18) follows

Omin (¥, m) = sup / q-x(s)y (s)ds

xeAm Jo
1
- u _x(8)Y (s)ds
{x] foll(q_i(g)dsgz(m+)}/(J a-x (¥ () (20)
— XsélnPw/o [q—X(SW (s) — %(l (g—x(s)) — 1 (m+) )} ds.

for some Lagrange multiplier 8 := (¢, m) > 0. The first order conditions implies

zp—%l’ (.5)=0 <  qg=h(BY),

for the optimizer ¢_¢ of (20) where h denotes the left inverse of I’ as it is nondecreasing.

Therefore, 5 is determined through the equation

/01 l(h(ﬁw (s) ))ds = I(m+). (21)

Plugging the optimizer ¢_¢ in (20) yields

o (,m) = /0 B (8 (6, m) b ()) ) (s) ds. (22)

We subsequently list closed form solutions for some specific [ whereby we explicit the computa-

tions only for the first one.

e Quadratic Functional: Suppose that [ (z) = 2%/2 + z for z > —1 and [ (z) = —1/2
elsewhere. In this case, F [l (—X)] corresponds to a monotone version of the mean-variance
risk measure of MARKOWITZ. Here, 71 (s) = /25 + 1 —1if s > —1/2 and —oo elsewhere,
therefore

X2 , 1y 1
§(X) i \/QE[—X—|—2}+1—1 ifE[-X]+ 5B [X7] > - 3)

—00 else

Direct computations yields I’ (z) = 2+ 1 for & > —1 and I’ (z) = 0 elsewhere, h(s) =s—1
for s > 0 and h(s) = 4oo elsewhere implying I (h(s)) = 1/2 (s* — 1) for s > 0 and
[ (h(s)) = —1/2 elsewhere. From relation (21) follows 3 (1), m) = (m + 1) fo 2 ds)'/2.
Plugging into relation (22) yields

1/2

o [ semsetsom ([ o)



for m > —1 and « (¢, m) = —1 otherwise. Inverting yields

R(s) = (s +1) /( / (s)2ds) /2 — 1

if s > 1, and R (¢, s) = —oo elsewhere, and therefore

_ f01 g-x (s)(s)ds+1
1/2
Ve (fol 1/)(5)2d8> /

/0 g x (5)0(s)ds > 1p. (24)

e Exponential Function: If [ (z) = e* — 1, then

p(X):=Mn(E[e *]) = sup {/01 (qfx (s)9 (s) = (s) logw(S)) dS}. (25)

PpeY;

e Logarithm Function: If [ (z) = —In(—z) for z < 0 and | = —oo elsewhere, then

p(X) = —exp (E[In (X)])

1
= sup

e Power Functions: If [ (z) = —(—z)'77/ (1 — ) for z < 0 and | = —oo elsewhere whereby
0 < v < 1, we obtain

e
T—

p(X) = sup {( / 1 ¢<s>”¥1ds) ! L ()6 (s) ds} . (27)
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