Model Reduction for a Class of Nonlinear Electrical Circuits by Reduction of Linear Subcircuits

Timo Reis^a, Matthias Heinkenschloss^b

aInstitut für Numerische Simulation, Technische Universität Hamburg-Harburg, Schwarzenbergstraße 95 E, 21073 Hamburg, Germany bDepartment of Computational and Applied Mathematics, Rice University, 6100 Main St. - MS 134 Houston, TX 77005-1892, USA

Abstract

We analyze a model reduction approach for a class of electrical circuits containing nonlinear resistance. In our approach the linear subcircuits are extracted and replaced with linear passive reduced-order models. The resulting nonlinear reduced-order model preserves admissibility and passivity. Moreover, we derive a-priori bounds for the error between the input-output map of the original circuit equations and that of our reduced-order model. These bounds are valid for all inputs. Since only linear subcircuits are reduced, our approach is effective when the number of nonlinear resistances is relatively small. The performance of our approach is illustrated numerically.

Keywords: electrical circuits, passive systems, model reduction, modified nodal analysis

1. Introduction

Model reduction is an attractive tool for the fast simulation of very large circuits. The goal of model reduction is to replace the very large system of differential algebraic equations (DAEs) that model the circuit by a small system of DAEs so that the small system approximates the input-output of the original system and preserves essential physical properties such as stability and passivity. While several model reduction approaches exists for linear time-invariant systems, only a few techniques have been proposed for

Email addresses: timo.reis@tu-harburg.de (Timo Reis), heinken@rice.edu (Matthias Heinkenschloss)

Preprint submitted to Elsevier May 18, 2010

nonlinear circuits and for none of the existing approaches global bounds for the error between full and reduced-order circuit equations exist. This paper presents and analyzes a model reduction approach for a class of circuits that contain few nonlinear resistors. Our approach extracts the linear subcircuit and applies standard passivity preserving model reduction to this subcircuit with auxiliary inputs and outputs given by the connectivity with the nonlinear subcircuit. We prove admissibility, stability and passivity of the resulting reduced-order model, and we prove global error bounds. The performance of our approach is illustrated numerically.

For linear and time-invariant circuits, a variety of passivity-preserving model reduction methods exist. These can be classified into interpolationbased, e.g., [1, 2, 3, 4, 5, 6] and methods based on balanced truncation [7, 8, 9, 10, 11]. An overview of several approaches and a comparison of their performance on linear circuit equations is given in [12]. Although they have been successfully applied in circuit simulation, interpolation based methods provide approximations which are only known to be good at certain local frequency ranges and, so far, there exist no global error bounds. In contrast, passivity-preserving balanced truncation provides computable error bounds that allow an adaptive choice of the order of the approximate model.

Model reduction approaches for nonlinear circuits are described in [13, 14, 15, 16, 17]. The technique in [16, 17] is based on piecewise linearization of the nonlinearities. The points around which the nonlinearity is linearized is detrmined by using ‘training’ inputs. A-posteriori error estimates are possible, but this approach does not allow for a-priori error estimates. The papers [13, 14, 15] use so-called Volterra series to expand the nonlinear systems into a system of linear time invariant systems and use moment matching to derive reduced order models for the latter. No bounds for the error in the input-output maps are given. The model reduction approach presented in this paper does not involve additional state variables, it preserves passivity, and we can prove global a-priori error bounds. However, our approach is only effective for circuits with relatively few nonlinear elements.

The idea behind our model reduction approach is simple. We extract the linear and the nonlinear subcircuit, and the interconnections between them. Then we apply a passivity preserving model reduction method to the linear subcircuit with auxiliary inputs and outputs to the linear subcircuit determined by the interconnections. The coupled reduced order model the consists of the reduced order linear subcircuit coupled to the original nonlinear subcircuit. We prove admissibility, stability and passivity of the coupled reduced order model. Reduction of the linear subcircuit is performed using the passivity-preserving balanced truncation method introduces in [11]. This method exploits the special structure of the circuit equations and also provides a bound for the error between the input-to-output map of the original linear subcircuit and the input-to-output map of the reduced order subcircuit. This error bound will be used to derive error bounds for our nonlinear reduced order model.

The development of reduced order model for nonlinear problems by extraction of large-scale linear time-invariant subproblems, and the model reduction of these linear subproblems is not new. For example, the papers [18, 19] present such an approach for systems of ordinary equations (ODEs) that arise from spatial discretizations of partial differential equations. The paper [18] presents an a-priori error estimate. The analysis of the reduced order model apprach presented in this paper is different from that in [18]. Our approach exploits the structure of the circuit equations. This enables us to prove admissibility and passivity of the reduced order models. Admissibility trivially satisfied for the ODE models in [18] and passivity plays no role in the problems studied in [18]. The techniques used to derive the a-priori error bound in this paper are tailored to the circuit equations and are different from those used in [18]. Some basic results for our approach are outlined in the proceedings paper [20]. This paper extends the error analysis given in [20] and presents numerical examples on a larger circuit provided by NEC Laboratories Europe, IT Research Division.

The paper is organized as follows. First, we briefly review the basic framework of linear and nonlinear circuit theory. In Section 3 we study properties of a class of descriptor systems which includes our circuit equations. In particular, we will introduce the concepts of incremental passivity and contractivity, we will provide sufficient conditions for these properties to hold, and we will verify incremental passivity of our circuit equations and contractivity of the corresponding scattering equations. The passivity-preserving balanced truncation model reduction method for circuit equations developed in [11] is reviewed in Section 4. We will present our model reduction approach in Section 5 and we will show that the resulting reduced order system remains incrementally passive. Global error bounds for our model reduction approach are derived in Section 6. Finally, the performance of our approach for the model reduction of a circuit provided by NEC Laboratories Europe, IT Research Division is illustrated in Section 7.

Throughout the paper R^{n,m} denotes the set of n × m real matrices. For symmetric matrices P, Q ∈ R^{n,n} we write P ≻ Q (P ⪰ Q) if P −Q is positive (semi)definite. The Euclidean vector norm and the spectral matrix norm are denoted by ‖ · ‖. The L_2-norm of a function f : [t_0, t_f ] → R^m is denoted by ‖f‖_{L2([t0,tf ])}m , or just ‖f‖_{L2} if dimension and time horizon are clear from the context.

2. Modified Nodal Analysis

A general electrical circuit can be modeled as a directed graph whose nodes correspond to the nodes of the circuit and whose branches correspond to the circuit elements like capacitors, inductors, resistors, diodes and transistors. Using Kirchhoff’s current and voltage laws as well as the branch constitutive relations, linear RLC circuits consisting only of linear resistors, inductors, capacitors and independent current and voltage sources can be described via Modified Nodal Analysis (MNA) by the following system of DAEs

AC^d_{dt} q(A^TC η(t)) = − AR g(A^TR η(t)) − ALiL (t) − AV iV (t) − A_I i_I (t), d dt Ψ(iL (t)) =A^TL η(t),

0 =A^TV η(t) − vV (t) (1)

with initial conditions

η(t_0) = η_0, iL (t_0) = iL_0, iV (t_0) = iV_0. (2)

Here η is a vector of node potentials, iL , i_I and iV are vectors of currents through inductors, current and voltage sources, respectively. We denote by n_η the number of nodes excepting the grounding node, by nR , nC , nL , n_I and nV the number of resistances, capacitances, inductors, current and voltage sources, respectively. Furthermore, AR , AC , AL , A_I and AV are the element-specific incidence matrices describing the circuit topology, and the functions g : R^{nR} → R^{nR} , q : R^{nC} → R^{nC} , Ψ : R^{nL} → R^{nL} are the describe the relations between resistive currents and voltages, capacitive voltages and charges and inductive currents and magnetic flux, respectively.

The input of the system is formed by voltages of voltage sources and currents of current sources, i.e., the number of inputs is m = n_I + nV . The state consists of η, iL and iV . The number of state variables, also referred to as the order of the system (1) is given by n = n_η + nL + nV . Finally, our system outputs are the negatives of the voltages of current sources and currents of voltages, i.e., our outputs are −v_I and −iV .

We make the following assumptions.

(A1) The matrix AV has full column rank.

(A2) The matrix [ AR , AC , AL , AV ] has full row rank.

(A3) The function g : R^{nR} → R^{nR} has the form

g([ u_1 , . . . , u_nR ]^T ) = [ g_1(u_1) , . . . , g_nR (u_nR ) ]^T ,

where for all i = 1, . . . , nR , the scalar function g_i is strictly monotonically increasing with g_i(0) = 0.

(A4) There exists a diagonal matrix C ∈ R^{nC ,nC} with C ≻ 0 such that q(uC ) = C uC .

(A5) There exists a diagonal matrix L ∈ R^{nL ,nL} with L ≻ 0 such that Ψ(iL) = LiL .

Assumption (A1) corresponds to the absence of loops of voltage sources, while (A2) forbids cutsets of current sources. Note that equations of circuits with loops of voltage sources or cutsets of current sources contain redundant and contradicting equations.

The property of diagonality of g, q and Ψ in (A3)–(A5) means that the circuit does not contain multiport elements. The monotonicity of g_i and the positive definiteness of C and L means that the elements of the circuit do not generate energy. These assumptions together guarantee that the DAE is neither under- nor overdetermined [21]. Additionally, (A4) and (A5) state that the capacitances and resistances are linear and time-invariant components.

3. Nonlinear Descriptor Systems and Incremental Passivity

Descriptor systems are input-output systems whose internal behavior is described by differential-algebraic equations (DAEs). This section presents results on incremental passivity and on Lipschitz-continuity (both will be fined below) for a class of descriptor systems that contains the circuit system (1). The properties of descriptor systems derived in this section will be used in the error analysis of our model reduction approach.

We consider descriptor systems of the form

Eẋ(t) = a(x(t)) + Bu(t), x(t_0) = x_0 (3a) y(t) = Cx(t) + Du(t), (3b)

where E ∈ R^{n,n}, a : R^n → R^n, and B ∈ R^{n,m}, C ∈ R^{p,n} and D ∈ R^{p,m}. The function u : [t_0, t_f ) → R^m is called the input and y : [t_0, t_f ) → R^p is the output.

We say that an input u : [t_0, t_f ) → R^m is admissible for the initial value x_0 if the DAE (3a) has a unique solution x : [t_0, t_f ) → R^n. The initial value x_0 consistent with the input u, if the DAE (3a) has a unique solution. A descriptor system is admissible if for all sufficiently smooth inputs u : [t_0, t_f ) → R^m there exists a consistent initial value x_0. Note that in the linear and time-invariant case, i.e., a(x) = Ax with A ∈ R^{n,n}, admissibility of the descriptor system (3a) is equivalent to the regularity of the matrix pencil λE − A (λ → det(λE − A) does not vanish identically).

Next we define some special properties of descriptor systems.

Definition 1. An admissible descriptor system (3) is called

– incrementally passive, if p = m and for all x_0 ∈ R^n and for all inputs u_1, u_2 : [t_0, t_f ) → R^m admissible with x_0 the corresponding outputs y_1(·), y_2(·) : [t_0, t_f ) → R^m satisfy �_{tf}

t_0

(u_1(τ) − u_2(τ))^T (y_1(τ) − y_2(τ))dτ ≥ 0. (4)

– L-Lipschitz, if for all x_0 ∈ R^n and for all inputs u_1, u_2 : [t_0, t_f ) → R^m admissible with x_0 the corresponding outputs y_1(·), y_2(·) : [t_0, t_f ) → R^m satisfy

�_{tf}

t_0

‖y_1(τ) − y_2(τ)‖^2dτ ≤ L^2

�_{tf}

t_0

‖u_1(τ) − u_2(τ)‖^2dτ. (5)

– (strictly) contractive if it is L-Lipschitz with (L < 1) L = 1.

The notion of incremental passivity is introduced for systems governed by ordinary differential equations in, e.g., [22, 23]. Our definition of incremental passivity specifies a property of the input-output behavior. In particular, for linear systems (3) (i.e., a(x) = Ax with A ∈ R^{n,n}) incremental passivity as defined above is equivalent to passivity.

The definition of incremental passivity given in [22] involves a so-called storage function. We give some sufficient criteria for incremental passivity (as defined above) and Lipschitz continuity of descriptor systems (3) via storage functions. The following result is a generalization of the Positive Real Lemma [24, 25, 26] for linear time-invariant systems governed by ordinary differential equations. In the case where the system is also controllable and observable, this criterion is also known to be necessary.

Theorem 2. An admissible descriptor system (3) is incrementally passive if there exists a function X : R^n → R such that

(i) X is continuously differentiable with Jacobian^d_{de} X(·),

(ii) X(Ex) ≥ 0 for all x ∈ R^n, and

(iii) for all vectors x_1, x_2 ∈ R^n and u_1, u_2 ∈ R^m with a(x_1) + Bu_1 ∈ im E and a(x_2) + Bu_2 ∈ im E the inequality d de X(E(x_1 − x_2)) (a(x_1) − a(x_2) + B(u_1 − u_2))

≤(u_1 − u_2)^T (C(x_1 − x_2) + D(u_1 − u_2)) (6) holds.

An admissible descriptor system (3) is L-Lipschitz if there exists a function X : R^n → R with the properties (i), (ii), and such that

(iv) for all vectors x_1, x_2 ∈ R^n and u_1, u_2 ∈ R^m with a(x_1) + Bu_1 ∈ im E and a(x_2) + Bu_2 ∈ im E the inequality d de X(E(x_1 − x_2)) (a(x_1) − a(x_2) + B(u_1 − u_2))

≤L^2(u_1 − u_2)^T (u_1 − u_2) − (C(x_1 − x_2) + D(u_1 − u_2))^T (C(x_1 − x_2) + D(u_1 − u_2)) (7)

holds.

If X satisfies (i)-(iii) [(i), (ii), (iv)], then the function S : R^n → R with S(x) = X(Ex) is called a storage function for incremental passivity [L- Lipschitz continuity].

Proof. Let x_0 ∈ R^n and u_1, u_2 ∈ (L_2([t_0, t_f ))^m be admissible with the initial value x_0. Let x_1, x_2 : [t_0, t_f ) → R^n and y_1, y_2 : [t_0, t_f ) → R^m be the corresponding states and outputs, respectively. Then we have for t ∈ [t_0, t_f ) that

�_t

t_0

(u_1(τ) − u_2(τ))^T (y_1(τ) − y_2(τ))dτ = �_t

t_0

(u_1(τ) − u_2(τ))^T (C(x_1(τ) − x_2(τ)) + D(u_1(τ) − u_2(τ)))dτ.

Due to Eẋ_i(τ) = a(x_i(τ)) + Bu_i(τ) for all τ ∈ [t_0, t_f ) and i = 1, 2, we have a(x_i(τ)) + Bu_i(τ) ∈ im E. Hence, (6) implies that

�_t

t_0

(u_1(τ) − u_2(τ))^T (y_1(τ) − y_2(τ))dτ ≥ �_t

t_0 d de X(E(x_1(τ) − x_2(τ))) (a(x_1(τ)) − a(x_2(τ)) + B(u_1(τ) − u_2(τ))) dτ = �_t

t_0 d de X(E(x_1(τ) − x_2(τ))) · (Eẋ_1(τ) − Eẋ_2(τ))dτ = �_t

t_0 d dτ X(E(x_1(τ) − x_2(τ)))dτ = X(E(x_1(t) − x_2(t))) ≥ 0.

The proof of the second part of the theorem concerning L-Lipschitz continuity is analogous. □

For linear and time invariant systems Eẋ(t) = Ax(t) + Bu(t), y(t) = Cx(t) + Du(t) the storage functions for incremental passivity or L-Lipschity continuity are quadratic. Let H ∈ R^{n,n} be a matrix such that E^T H = H^T E ⪰ 0 and define the function X(Ex) = x^T H^T Ex. For this function inequality (7) reads � x u �_T �

−A^T H − H^T A − C^T C −H^T B − C^T D −B^T H − D^T C L^2I_m − D^T D � � x u �_T ≥ 0 (8)

for all x ∈ R^n, u ∈ R^m with Ax+Bu ∈ im E. Note that a similar criterion can be formulated for passivity of linear and time-invariant descriptor systems [27].

Next we give a connections between incrementally passive and contractive systems. From a descriptor system (3) with D = 0, we define the so-called scattering system

E ˙^x(t) = (a(^x(t)) − BC^x(t)) − √ 2B^u(t), ^y(t) = √ 2C^x(t) + ^u(t). (9) The scattering system (9) can be obtained from the original system (3) using

^x(t) = x(t), ^u(t) =^{1√}_2 (u(t) + y(t)), ^y(t) =^{1√}_2 (u(t) − y(t)). (10)

Note that the scattering system could be also defined for general descriptor systems provided that I − D is invertible [10].

Proposition 3. Let an admissible system (3) with D = 0 be given and assume that the scattering system (9) is also admissible. The system (3) is incrementally passive if and only if (9) contractive.

Proof. Using the definitions (10) and elementary manipulations we obtain

‖^u_1(τ) − ^u_2(τ)‖^2 − ‖^y_1(τ) − ^y_2(τ)‖^2 = 2(u_1(τ) − u_2(τ))^T (y_1(τ) − y_2(τ)),

which implies the desired result. □

Next we present some properties of the circuit descriptor system (1) which can be seen as a special case of (3) with

x(t) = � � η(t) iL (t) iV (t)

� � , u(t) = � i_I (t) vV (t) � , y(t) = � −v_I (t) −iV (t) � ,

E = � � � AC C A^T_C 0 0 0 L 0

0 0 0

� � � , B = � � � −A_I 0 0 0 0 −I

� � � = C^T ,

a(η, iL , iV ) = � � � −AR g(A^TR η) − AL iL − AV iV A^TLη A^TV η

� � � , and D = 0.

(11)

Proposition 4. If (A1)–(A5) hold, then the circuit descriptor system (3) with matrices and functions as in (11) is incrementally passive. Moreover, its scattering system is admissible.

Proof. Admissibility of the circuit descriptor system follows from the results in [21]. Incremental passivity follows by an application of Theorem 2 with X(Ex) = x^T Ex and a projector K onto ker E.

To show admissibility of the scattering system, we define

T = � � I 0 0 0 I 0 A^TV 0 I � � , � � ^η(t) ^iL (t) ^iV (t) � � = ^x(t) = T^{−1}x(t)

and consider the state-space transformation

T^{−T} ET ˙^x(t) =T^{−T} � a(T ^x(t)) − BCT ^x(t) � − √ 2T^{−T} B^u(t), ^y(t) = √ 2CT ^x(t) + ^u(t).

(12)

In particular, we have T^{−T} ET = E,

T^{−T} B = � � � −A^T_I A^TV 0 0 0 −I

� � � , (CT )^T = � � � −A^T_I −A^TV 0 0 0 −I

� � � , and

T^{−T} � �a � �T � � ^η ^iL ^iV � � � � − BCT � � ^η ^iL ^iV � � � �

= � � � −AR g(A^TR ^η) − (AV A^TV + A_I A^T_I )^η − AL^iL A^TL ^η −^iV

� � � .

The first two rows of (12) can be seen as a circuit system satisfying (A1)– (A5), and the last row consists of some explicit algebraic equation for iV . The results of [21] can be now again used to conclude admissibility. □

4. Model Reduction for Linear Time-Invariant Circuits We will construct a reduced order model for the circuit system (1) by applying model reduction to the linear subsystem. In particular, we will apply the passivity-preserving balanced truncation method for electrical circuits (PABTEC) developed in [10, 11]. In this section we will review the main features of PABTEC.

PABTEC is applied to the MNA of linear time-invariant circuits Eẋ(t) = Ax(t) + Bu(t), y(t) = Cx(t),

(13)

with u(t), x(t), y(t), E, B, C as in (11) and

A = � � � −AR GA^T_R −A_L −A_V

A^TL 0 0 A^TV 0 0

� � � ,

where G ≻ 0 is the conductance matrix.

Let P_l and P_r be the so-called spectral projectors of the pencil λE − A + BC, i.e., P_l = T_l � I_{nf} 0 0 0 � T^{−1}_l , P_r = T^{−1}_r � I_{nf} 0 0 0 � T_r,

where T_l, T_r ∈ R^{n,n} are invertible matrices bringing the matrix pencil λE − A + BC into Kronecker normal form, i.e.,

T_l(λE − A + BC)T_r = � λI_{nf} 0 0 λN − I �

for some nilpotent N. Furthermore, define M_0 =I − 2 lim_{s→∞} C(sE − A + BC)^{−1}B, J_cJ^T_c =I − M_0M^T_0 , J^T_o J_c =I − M^T_0 M_0.

PABTEC is based on the solution of the Lur’e equations

(A − BC)XE^T + EX(A − BC)^T + 2P_lBB^T P^T_l = −2 K_cK^T_c , X = P_rXP^T_r ⪰ 0, EXC^T − P_lBM^T_0 = −K_cJ^T_c ,

(14) and (A − BC)^T Y E + E^T Y (A − BC) + 2P^T_r C^T CP_r = −2 K^T_o K_o, Y = P^T_l Y P_l ⪰ 0, −E^T Y B + P^T_r C^T M_0 = −K^T_o J_o

(15)

for X ∈ R^{n,n}, K_c ∈ R^{n,m} and Y ∈ R^{n,n}, K_o ∈ R^{m,n}, respectively. Furthermore, X and Y are required to be minimal solutions, that is, with respect to definiteness, they are below all other solutions of the Lur’e equations.

Based on X and Y a state-space transformations W, T ∈ R^{n,n} can be constructed such that

W ET = � I_q 0 0 0 � , T^{−1}XT^{−T} = W^{−T} Y W^{−1} = � Σ_f 0 0 0 �

for Σ_f = diag(π_1, . . . , π_q) with decreasing diagonal elements

π_1 ≥ π_2 ≥ . . . ≥ π_q ≥ 0.

The values π_1, . . . , π_q are called the passivity characteristic values.

The passive reduced order model of (13) is given by

~E ˙~x(t) = ~A~x(t) + ~Bu(t),

~y(t) = ~C~x(t).

(16)

where ~E = Z^T W ET Z, ~A = Z^T W AT Z, ~B = Z^T W B, ~C = CT Z, and Z = � I_r 0_{r,q−r} 0_{r,n−q} 0_{n−q,r} 0_{n−q,q−r} I_{n−q}

�_T . The structure of the circuit equations can be exploited to reduce the numerical effort of the model reduction method significantly. For instance, explicit expressions for M_0 and the spectral projectors can be derived and it can be shown that the solutions of the Lur’e equations satisfy X = SY S for S = diag(I_{nη} , −I_nL_{+n} V ). See [10].

The passivity characteristic values π_1, . . . , π_q can be used to derive a priori error bounds in the so-called H_∞-norm that is given by the maximal value ‖G(s)‖ for s ∈ C^+, where G(s) = C(sE − A)^{−1}B is the transfer function of (13). Roughly speaking, the H_∞-norm a system (13) is the smallest constant L such that (13) is L-Lipschitz. The following error bounds are proven in [10]:

1. Let G(s) = C(sE − A)^{−1}B and ~G(s) = ~C(s ~E − ~A)^{−1} ~B be the transfer functions of the full order system (13) and of the reduced order system (16), respectively. If r is chosen such that ‖I +G‖_{H∞} (π_{r+1} +. . .+π_q) < 1, then

‖ ~G − G‖_{H∞} ≤

‖I + G‖^2_{H∞} (π_{r+1} + . . . + π_q) 1 − ‖I + G‖_{H∞} (π_{r+1} + . . . + π_q)

. (17)

2. The transfer function ^G(s) = I − 2C(sE − A + BC)^{−1}B of the scattering system associated with (13) and the transfer function ^~G(s) = I − 2 ~C(s ~E − ~A + ~B ~C)^{−1} ~B of the scattering system associated with the reduced problem (16) obey

‖^~G − ^G‖_{H∞} ≤ 2(π_{r+1} + . . . + π_q). (18)

Additional error bounds are derived in [10].

5. Model Reduction of Nonlinear Circuits by Model Reduction of Linear Subcircuits

The idea behind our approach is simple. We identify the linear subcircuit corresponding to the linear resistances, determine its connectivity with the nonlinear subcircuit. The connectivities with the nonlinear subcircuit will be included as auxiliary inputs and outputs for the linear subcircuit when PABTEC is applied to compute a reduced order model for linear subcircuit. In this section we specify the linear and nonlinear subcircuits and their connectivity. Furthermore, we will establish admissibility and incremental passivity of the reduced order model that is obtained by applying PABTEC to the linear subcircuit. Error bounds will be discussed in Section 6.

Let nR_l and nR_n be the number of linear and nonlinear resistances, respectively. To simplify the presentation, we assume that this first nR_l resistances are linear. Consequently, let the matrix G_l ∈ R^{nR l,nR l} and the function g_n : R^{nR n} → R^{nR n} such that for u = [u^T_l , u^T_n ]^T with u_l ∈ R^{nR l} , u_n ∈ R^{nR n} the nonlinearity g in (11) is given by g � u_l u_n � = � G_lu_l g_n(u_n) � .

From (A3) we get that G_l is diagonal with G_l ≻ 0 and, furthermore, the function g_n also satisfies (A3). We split the resistive incidence matrix AR = [ AR_l , AR_n ] according to the linear and nonlinear parts. The circuit equations can now be rewritten as

E_lẋ(t) = A_lx(t) + B_lu(t) + B_ng_n(−C_nx(t)), y(t) = C_lx(t),

(19)

with E_l = E, B_l = B, C_l = C, (20a) where E, B, and C are given as in (11), and

A_l = � � � −AR_l G_lA^TR_l −AL −AV A^TL 0 0 A^TV 0 0

� � � , Bn = C^T_n = � � −AR_n 0 0

� � . (20b)

To facilitate model reduction we isolate the nonlinearity and write (19) in the form E_lẋ(t) = A_lx(t) + B_lu(t) + B_niR_n (t), −vR_n (t) = C_nx(t), y(t) = C_lx(t)

(21)

with nonlinearity iR_n (t) = g_n(vR_n (t)). (22) To guarantee that (21) is admissible, we employ the following assumption:

(A6) rank[ AR_l , AC , AL , AV ] = n_η,

In terms of the circuit topology, this condition forbids cutsets of elements different from current sources and nonlinear resistances or, equivalently, the removal of current sources and nonlinear resistances still yields a connected circuit. Note that this may be rather restrictive. However, this property can be bypassed by a further subdivision of the linear part into connected subcircuits.

Remark 5. The trajectories of linear subsystem (21) satisfy �_{tf}

t_0

u^T (τ)y(τ) − i^TR_n (τ)vR_n dτ = η^T (t)AR_l G_lA^TR_l η(t) � �^{t=tf}_{t=t0} .

Since G_l is positive semidefinite, (21) is passive.

To obtain a reduced order model for (19), we apply a passivity preserving reduced order model approach to the linear subsystem (21) and keep the nonlinearity (22). Let

~E_l ˙~x(t) = ~A_l ~x(t) + � ~B_l ~B_n

� � u(t)

iR_n (t) � , � ~y(t) −~vR_n (t) � = � ~C_l ~C_n � ~x(t)

(23)

be a passive reduced order model of (21). The reduced order model for (19) is given by ~E_l ˙~x(t) = ~A_l ~x(t) + ~B_ng(− ~C_n~x(t)) + ~B_lu(t)

~y(t) = ~C_l~x(t).

(24)

First we show that the global system with reduced order linear part is admissible and incrementally passive. Recall that for linear descriptor systems such as (23) incremental passivity is equivalent to passivity.

Theorem 6. Let (A1)–(A6) be satisfied. If (23) is passive, then the system (24) is admissible and incrementally passive. Moreover, the reduced order scattering system

~E_l ˙^~x(t) = ( ~A_l − ~B_l ~C_l)^~x(t) + ~B_ng(− ~C_n^~x(t)) − √ 2 ~B_l ^u(t) ^~y(t) = √2 ~C_l^~x(t) + ^u,

(25)

is admissible.

Proof. We only sketch the proofs for admissibility. By the results of [28] and references, a circuit realizing the system (23) can be synthesized, i.e., there exists a state space transform of (23) such that the resulting system has the form of equations of modified nodal analysis. The state space transformed system together with iR_n (t) = −g_n(vR_n (t)) then also yields circuit equations satisfying (A1)–(A3). By the results of [21], (23) is then admissible. The proof for admissibility of (25) can be obtained by a combination of the previous arguments and those in the proof of Proposition 4.

Now we show incremental passivity of (24). Let u_1, u_2 : [t_0, t_f ] → R^m be admissible for (24) with the initial value ~x_0 ∈ R^r. Let ~x_1, ~x_2 : [t_0, t_f ] → R^r and ~y_1, ~y_2 : [t_0, t_f ] → R^m be the corresponding states and outputs for (24).

Furthermore, let ~vR_{n,j} = ~C_n~x_j and iR_{n,j} = −g(~vR_{n,j}), j = 1, 2. Since the reduced linear subsystem (23) is passive we have 0 ≤ �_{tf}

t_0

(u_1(τ) − u_2(τ))^T (~y_1(τ) − ~y_2(τ)) dτ − �_{tf}

t_0

(iR_{n,1}(τ) − iR_{n,2}(τ))^T (~vR_{n,1}(τ) − ~vR_{n,2}(τ)) dτ = �_{tf}

t_0

(u_1(τ) − u_2(τ))^T (~y_1(τ) − ~y_2(τ)) dτ − �_{tf}

t_0 � g_n(~vR_{,1}(τ)) − g_n(~vR_{n,2}(τ))

�_T � ~vR_{n,1}(τ) − ~vR_{n,2}(τ) � dτ. Note that since g_n is strictly monotonically increasing, we have � g_n(~vR_{,1}(τ)) − g_n(~vR_{n,2}(τ))

�_T � ~vR_{n,1}(τ) − ~vR_{n,2}(τ) � ≥ 0 for all τ ∈ [t_0, t_f ]. Hence we have 0 ≤ �_{tf}

t_0

(u_1(τ) − u_2(τ))(~y_1(τ) − ~y_2(τ))dτ. □ 6. Global Error Bounds for the System with Reduced-Order Linear Part

Throughout the remaining part we assume that the reduced-order system (23) is obtained from (21) via PABTEC. Let π_{r+1}, . . . , π_q be passivity characteristic values corresponding to the truncated states.

In the following, we formulate four possible special properties of the circuit. Note that we mention at every particular result which of these additional properties are required. The first three of them concern the topology of the circuit, whereas the latter one describes possible feature of the voltagecurrent characteristic of the nonlinear resistances.

(A7) im[ AV , A_I , AR_n ] ⊂ im AR_l .

(A8) ker[ AC , AL , AV , A_I , AR_n ] = ker[ AC , AL ] × {0}.

(A9) ker[ AC , AL , AR_n ] = ker[ AC , AL ] × {0}.

(A10) there exist positive constants c_{g1}, c_{g2} such that for all u_1, u_2 ∈ R^{nR n} holds

(u_1 − u_2)^T (g_n(u_1) − g_n(u_2)) ≥ c_{g1}‖u_1 − u_2‖^2, (u_1 − u_2)^T (g_n(u_1) − g_n(u_2)) ≥ c_{g2}‖g_n(u_1) − g_n(u_2)‖^2.

We now give some circuit topological interpretations of the above introduced matrix rank criteria by employing the argumentations in [21, 29]. The claim (A7) means that the incidence nodes of every source and every nonlinear resistance are connected by a path of linear resistances. The circuit topological interpretation of (A8) is that the circuit does not contain loops only consisting of elements different from linear resistances except for loops that only consist of inductances and capacitances. This criterion can be equivalently rewritten as ker Z^TLC [ A_I , AV , AR_n ] = {0}, (26)

where ZLC ∈ R^{nη ,kLC} is a matrix with im ZLC = ker[ AL , AC ]^T . Analogously, (A9) is equivalent to ker Z^TLC AR_n = {0}. This means that there are no loops only consisting of elements different from resistances except for loops that only consist of inductances and capacitances. In (A10) it is essentially claimed that the voltage-current characteristic of the resistances is in some cone. This is, at least locally, fulfilled for any practically relevant resistance.

The first result provides sufficient conditions for the contractivity of scattering systems associated with the linear subsystem (21).

Proposition 7. Let a circuit satisfying (A1)–(A6) be given. Let E_l, A_l, B_l, B_n, C_l, C_n be given as in (20).

– If (A7) and (A8) are satisfied, then the scattering system of (21), i.e.,

E_l ˙^x(t) = (A_l − B_lB^T_l − B_nB^T_n )^x(t) − √ 2B_l ^u(t) − √ 2B_n^iR_n (t),

^vR_n (t) = √ 2C_n^x(t) + ^u(t),

^y(t) = √ 2C_l ^x(t) +^iR_n (t)

(27)

is strictly contractive.

– If (A7) and (A9) hold true, then the system

E_l ˙^x(t) = (A_l − B_lB^T_l − B_nB^T_n )^x(t) − √ 2B_n^iR_n (t),

^vR_n (t) = √ 2C_n^x(t) +^iR_n (t)

(28) is strictly contractive.

Proof. We only show the first statement since the second one can be proven using analogous arguments.

Let ^E = E_l, ^A = A_l − B_lB^T_l − B_nB^T_n , ^B = − ^C^T = − √ 2[ B_l , B_n ] and ^D = I. We will show strict contractivity by employing (8). Define H = I_n and a matrix ZC ∈ R^{nη ,kC} with im ZC = ker A^TC . Moreover, let K = � Z^TC 0 0 0 0 I � . By construction, we have H^T ^E = ^E^T H ⪰ 0 and K ^E = 0. The latter implies that � x u � : ^Ax + ^Bu ∈ im ^E � = ker � K ^A K ^B � . Let x = [ x^T_1 , x^T_2 , x^T_3 ]^T ∈ R^{nη +nL +nV} and u = [ u^T_1 , u^T_2 , i^TR ]^T ∈ R^{nI +nV +nR n} be partitioned according to the block structure of A and B. Our aim is to show that there exists L < 1 such that for all x ∈ R^{nη+nL +nV} and u ∈ R^{nI +nV} with K ^Ax + K ^Bu = 0 the inequality 0 ≤ � x^T u^T � � − ^A^T H − H^T ^A − ^C^T ^C −H^T ^B − ^C^T ^D − ^B^T H − ^D^T ^C L^2I_m − ^D^T ^D � � x u �

=x^T_1 AR_l G_lA^TR_l x_1 + (L^2 − 1)(u^T_1 u_1 + u^T_2 u_2 + i^TR iR )

(29)

holds. From K ^Ax + K ^Bu = 0, we obtain

−Z^TC (AR_l G_lA^TR_l + A_I A^T_I + AR_n A^TR_n )x_1 = Z^TC AL x_2 + Z^TC AV x_3 − √ 2Z^TC A_I u_1 − √ 2Z^TC AR_n iR , (30)

A^TV x_1 − x_3 = − √ 2u_2. (31)

Since im ZLC = ker[ AL , AC ]^T ⊂ ker A^TC = im ZC , there exists a matrix ZL_−C ∈ R^{kLV ,kC} with ZL_−C ZC = ZLC . Then a multiplication of (30) from the left with Z^TL_−C yields

− Z^TLC (AR_l G_lA^TR_l + A_I A^T_I + AR_n A^TR_n )x_1

= Z^TLC AV x_3 − √ 2Z^TLC A_I u_1 − √ 2Z^TLC AR_n iR .

(32)

By (A7) holds that im[ A_I , AR_n ] ⊂ im AR_l , i.e., [ A_I , AR_n ] = AR_l F for some F ∈ R^{nR} l^{,nI +nR n} . Hence, equation (32) reads

− Z^TLC AR_l (G_l + F F^T )A^TR_l x_1 = Z^TLC AV x_3 − √ 2Z^TLC A_I u_1 − √ 2Z^TLC AR_n iR .

(33)

Since Z^TLC [ AV , A_I , AR_n ] is assumed to have full column rank, we get from (32) that the vectors x_3, u_1 and iR are uniquely determined by A^TR_l x_1. This means that there exist matrices G ∈ R^nV^{,nη} , H ∈ R^{nI ,nη} and J ∈ R^{nR n,nη} such that x_3 = GA^TR_l x_1 u_1 = HA^TR_l x_1 and iR = JA^TR_l x_1. Employing these relations and (31), the expression on the right hand side of (29) is given by

x^T_1 AR_l G_lA^TR_l x_1

+ (L^2 − 1)x^T_1 (AR_l (H^T H + J^T J)A^TR_l + 1 2 (A^TV − GAR_l )^T (A^TV − GA^TR_l ))x_1.

Since im AV ⊂ im AR_l and G > 0, there exists some L < 1 such that the matrix AR_l GA^TR_l + (L^2 − 1)(AR_l (H^T H + J^T J)AR_l + 1 2 (A^TV − GAR_l )^T (A^TV − GA^TR_l )

is positive semidefinite. Thus, the system is strictly contractive. □

6.1. Error Bounds for the Scattering System

Now we present error bounds for the reduced-order system (24). First we give an estimate for the difference of the outputs of the scattering systems (9) and (25) corresponding to the full order system (11) and the reduced-order system (24), respectively. We will give an interpretation of the scattering error bound in terms of error of the behavioral system at the end of this section.

Theorem 8. Let a circuit satisfying (A1)–(A6), (A9) be given and let the reduced-order system (24) be obtained by applying PABTEC to (21). Furthermore, let the linear system (28) be strictly contractive with Lipschitz constant L < 1. If the size r of the reduced linear subsystem (23) is chosen such that

ε ≡ 2 q� k=r+1

π_k < 1 − L, (34) then the following holds true. If ^u : [t_0, t_f ] → R^m is admissible for the scattering systems (9) and (25) corresponding to (11) and (24), respectively, with initial conditions x(t_0) = ^x(t_0) = 0, then the corresponding outputs satisfy

‖^y − ~^y‖_{L2([t0,tf ])} ≤ ε ·

(2 − L)(2 − L − ε) (1 − L)(1 − L − ε)

‖^u‖_{L2([t0,tf ])}. (35)

Before Theorem 8 is proven we remark that strict contractivity of the linear system (28) can be guaranteed if (A7), (A9) hold (see Proposition 7). The passivity of the reduced-order linear part (23) together with Proposition 3 and Theorem 6 guarantees the contractivity of the reduced-order scattering system (25) and the reduced-order scattering linear subsystem (27).

Proof. Consider the scattering systems corresponding to the linear subsystems (21) and (23), respectively. Taking into account that the output of (21) and (23) is composed of the output of the overall system and the negative of the voltages of nonlinear resistances, the inputs (^u(t),^iR_n (t)), (^u(t),~^iR_n (t)) and the outputs (^y(t), ^vR_n (t)), (~^y(t), ~^vR_n (t)) of the corresponding scattering systems satisfy

^iR_n (t) =^1√_2 (iR_n (t) − vR_n (t)), ^vR_n (t) =^1√_2 (iR_n (t) + vR_n (t)), ~^i R_n (t) =^{1√}_2 (~iR_n (t) − ~vR_n (t)), ~^vR_n (t) =^{1√}_2 (~iR_n (t) + ~vR_n (t)).

(36)

Furthermore, recall that

iR_n = g_n(vR_n ), ~iR_n = g_n(~vR_n ). (37)

Since the scattering systems corresponding to (21) and (23) are linear, their input-to-output maps define linear operators F : (L_2([t_0, t_f ])^{m+nR n} → (L_2([t_0, t_f ]))^{m+nR n} and ~F : (L_2([t_0, t_f ])^{m+nR n} → (L_2([t_0, t_f ]))^{m+nR n} . Partitioning these mappings according to the block structure of the input and outputs, we have the structure � ^y ^vR_n � = � F_{11} F_{12} F_{21} F_{22} � � ^u ^iR_n � , � ~^y ~^vR_n � = � ~F_{11} ~F_{12} ~F_{21} ~F_{22} � � ^u ~^i R_n � . (38)

The error bound (18) for PABTEC stated in the time domain implies the bound ‖F − ~F‖ ≤ ε for the operator norms. This implies ‖F_{ij} − ~F_{ij} ‖ ≤ ε, i, j = 1, 2. Contractivity of the scattering linear subsystems imply ‖F_{ij}‖ ≤ 1, ‖ ~F_{ij}‖ ≤ 1, i, j = 1, 2. In particular, since F_{22} is the input-output-mapping of the system (28), we have ‖F_{22}‖ ≤ L < 1. Using (36) and (37) we can estimate ‖~^vR_n (t) − ^vR_n (t)‖^2 − ‖~^iR_n (t) −^iR_n (t)‖^2 =2(g_n(~vR_n (t)) − g_n(vR_n (t)))^T (~vR_n (t) − vR_n (t)).

Since g_n is strictly monotonically increasing, the last expression is positive, and thus ‖~^iR_n (t) −^iR_n (t)‖ ≤ ‖~^vR_n (t) − ^vR_n (t)‖. (39) For convenience, we use ‖·‖ instead of ‖·‖_{L2} and L_2-induced operator norms. We have

‖^y − ~^y‖ ≤‖F_{11} − ~F_{11}‖‖^u‖ + ‖F_{12}^iR_n − ~F_{12}^~iR_n ‖ ≤ε‖^u‖ + ‖(F_{12} − ~F_{12})~^iR_n ‖ + ‖F_{12}(~^iR_n −^iR_n )‖ ≤ε‖^u‖ + ε‖~^iR_n ‖ + ‖^iR_n −~^iR_n ‖ ≤ε‖^u‖ + ε‖^~vR_n ‖ + ‖^vR_n − ~^vR_n ‖.

(40)

Analogously, by also incorporating ‖F_{22}‖ < L, we obtain

‖^vR_n − ~^vR_n ‖ ≤ ε‖^u‖ + ε‖~^vR_n ‖ + L‖^vR_n − ~^vR_n ‖, which implies

‖^vR_n − ~^vR_n ‖ ≤ ε 1 − L � ‖^u‖ + ‖~^vR_n ‖ � . (41)

Moreover, we can derive

‖^~vR_n ‖ ≤‖ ~F_{21}‖‖^u‖ + ‖ ~F_{22}‖‖~^iR_n ‖ ≤ ‖^u‖ + (L + ε)‖~^iR_n ‖ ≤‖^u‖ + (L + ε)‖~^vR_n ‖.

and thus ‖|^~vR_n ‖ ≤ 1 1 − L − ε

‖^u‖. (42) Now plugging the inequalities (41) and (42) into (40), we obtain (35). □

Remark 9. Since Assumption (A8) implies (A9), Theorem 8 remain of course valid if (A9) is replaced by (A8).

In the following we provide an alternative error bound for the difference between the scattering systems corresponding to the original and reducedorder systems. Instead of assuming strict contractivity of the linear system (28), which can be guaranteed when certain conditions on the topology of the linear subsystem are satisfied (see (A7) and (A8) or (A9) in Proposition 7), we now prove an error estimate under assumption (A10) on the nonlinearities of the resistances.

Theorem 10. Let a circuit satisfying (A1)–(A6), (A10) be given and let (24) be a reduced-order system obtained by applied PABTEC to the linear part. If ^u : [t_0, t_f ] → R^m is admissible for both the scattering systems of (24) and (11) with initial conditions x(t_0) = 0 and ^x(t_0) = 0, respectively, then the corresponding outputs satisfy

‖^y − ~^y‖_{L2([t0,tf ])} ≤ ε (1 − c_g)^2

· ‖^u‖_{L2([t0 ,tf ])}, (43)

where ε ≡ 2

�_q

k=r+1 πk and cg = (1 + min{cg1, cg2})

−1/2 with the constants

c_{g1}, c_{g2} in (A10).

Proof. We define ^vR_n , ^iR_n , ~^vR_n and ~^iR_n as in (36) and we use the the block operator notation(38).

The passivity of the reduced-order linear part (23) together with Proposition 3 and Theorem 6 guarantees the contractivity of the reduced-order scattering system (25) and the reduced-order scattering linear subsystem (27). Together with the PABTEC error bound, this implies ‖F_{ij}‖ ≤ 1, ‖ ~F_{ij}‖ ≤ 1, ‖F_{ij} − ~F_{ij}‖ ≤ ε.

Recall (37). Since g is monotonically increasing, we have

(~iR_n (t) − iR_n (t))^T (~vR_n (t) − vR_n (t)) = (g_n(~vR_n (t)) − g_n(vR_n (t)))^T (~vR_n (t) − vR_n (t)) ≥ 0.

Using this inequality and (36), we obtain

2‖~^iR_n (t) −^iR_n (t)‖^2 =‖~iR_n (t) − iR_n (t)‖^2 + ‖~vR_n (t) − vR_n (t)‖^2

− 2(~iR_n (t) − iR_n (t))^T (~vR_n (t) − vR_n (t))

≤‖~iR_n (t) − iR_n (t)‖^2 + ‖~vR_n (t) − vR_n (t)‖^2.

The conditions (A10) imply

(~iR_n (t) − iR_n (t))^T (~vR_n (t) − vR_n (t)) = (g_n(~vR_n (t)) − g_n(vR_n (t)))^T (~vR_n (t) − vR_n (t)) ≥ c_{g1}‖~vR_n (t) − vR_n (t)‖^2 and (~iR_n (t) − iR_n (t))^T (~vR_n (t) − vR_n (t)) ≥ c_{g2}‖g_n(~vR_n (t)) − g_n(vR_n (t))‖^2 = c_{g2}‖~iR_n (t) − iR_n (t)‖^2 Using this inequality and (36), we obtain

2‖~^vR_n (t) − ^vR_n (t)‖^2 = ‖~iR_n (t) − iR_n (t)‖^2 + ‖~vR_n (t) − vR_n (t)‖^2

+ 2(~iR_n (t) − iR_n (t))^T (~vR_n (t) − vR_n (t)) ≥ (1 + c_{g1})‖~iR_n (t) − iR_n (t)‖^2 + (1 + c_{g2})‖~vR_n (t) − vR_n (t)‖^2 ≥ (1 + min{c_{g1}, c_{g2}})(‖~iR_n (t) − iR_n (t)‖^2 + ‖~vR_n (t) − vR_n (t)‖^2).

This yields ‖~^iR_n (t) −^iR_n (t)‖ ≤ c_g‖~^vR_n (t) − ^vR_n (t)‖. (44) In the following we derive the L_2 error bound. Note that we omit the subscripts L_2([t_0, t_f ]) in the norms in the subsequent calculations. We use the block operator notation (38), the bounds ‖F_{ij}‖ ≤ 1, ‖ ~F_{ij}‖ ≤ 1, ‖F_{ij} − ~F_{ij} ‖ ≤ ε and the (44) (once directly and one time with ~^vR_n = 0 and ~^iR_n = g(~^vR_n ) = g_n(0) = 0) to estimate

‖^y − ~^y‖ ≤‖F_{11} − ~F_{11}‖‖^u‖ + ‖F_{12}^iR − ~F_{12}^~iR ‖ ≤ε‖^u‖ + ‖(F_{12} − ~F_{12})~^iR ‖ + ‖ ~F_{12}(~^iR −^iR )‖ ≤ε‖^u‖ + ε‖^iR ‖ + ‖^iR −~^iR ‖ ≤ε‖^u‖ + εc_g‖^vR_n ‖ + c_g‖^vR_n − ~^vR_n ‖.

(45)

Analogously, we obtain ‖^vR_n − ~^vR_n ‖ ≤ ε‖^u‖ + εc_g‖^vR_n ‖ + c_g‖^vR_n − ~^vR_n ‖ which implies that

‖^vR_n − ~^vR_n ‖ ≤ ε 1 − c_g

‖^u‖ + εc_g 1 − c_g

‖^vR_n ‖ (46)

Moreover, we can derive ‖^vR_n ‖ ≤ ‖^u‖ + c_g‖^vR_n ‖, which yields

‖^vR_n ‖ ≤ 1 1 − c_g

‖^u‖. (47)

Now plugging the inequalities (46) and (47) into (45), we obtain (43). □

The previous two theorems derived error bounds to the scattering system. In the next subsection we will use these error bounds for the scattering system to derive bounds for the errors between the input-output maps of the full order model (19) and the reduced order model (24). Next we state a result that links error bounds for scattering systems to error bounds for the graph of the system, i.e., the set of input-output trajectories. Model reduction with error bounds of this type is considered, e.g., in [30, 31, 32].

Theorem 11. Let an admissible descriptor system (3) with initial value x_0 = 0 and a reduced-order system

~E ˙~x(t) = ~a(~x(t)) + ~Bu(t), ~x(t_0) = 0,

~y(t) = C~x(t) + Du(t)

(48)

be given. Moreover, assume that the scattering systems of (3) and (48) satisfy an error bound ‖^y − ~^y‖_{L2([t0,tf ])} ≤ e · ‖^u‖_{L2([t0,tf ])},

Then, for all inputs u ∈ L_2([t_0, t_f ]) of the original system admissible with the initial value x_0 = 0, there exists an input ~u ∈ L_2([t_0, t_f ]) admissible for the reduced order system with ~x_0 = 0 such that � � � � u − ~u y − ~y � � �_{L2([t0,tf ])} ≤ e � � � � u y � � �_{L2([t0,tf ])} . (49)

Proof. Let u ∈ L_2([t_0, t_f ]) be an input admissible with the initial value x_0 = 0 and let y ∈ L_2([t_0, t_f ]) be the corresponding output of the original system. Now define ^u =^{1√}_2 (u + y). Then the output of the scattering system satisfies ^y =^{1√}_2 (u − y). Further, let ~^y be the output of the reducedorder scattering system. If we define ~u =^{1√}_2 (^u + ~^y), then the output of the reduced-order system is given by ~y =^{1√}_2 (^u − ~y). Moreover, we have � � � � u − ~u y − ~y � � �_{L2([t0,tf ])} = � � �^{1√}2 � 1 1 1 −1 � � ^u − ^u ^y − ~^y � � �_{L2([t0,tf ])}

Since the 2 × 2 matrix in front of the vectorial function is orthogonal, we have � � � � � u − ~u y − ~y � � �_{L2} = ‖^y −

~^y‖_{L2} ≤ e‖^u‖_{L2} ≤ e � � � � ^u ^y � � �_{L2} . (50)

Using the same arguments as above, we get � � � � � ^u ^y � � �_{L2([t0,tf ])} = � � � � � u y � � �_{L2([t0 ,tf ])} ,

which together with (50) gives the desired estimate. □

6.2. Error Bounds for the Output of the Circuit System

To provide a bound for the error between the original system (19) and the reduced-order model (23) we need the following auxiliary result.

Lemma 12. Let (A1)–(A6) be satisfied and assume that the scattering system corresponding to (19) is strictly contractive with Lipschitz constant L < 1. If the scattering systems of (19) and (24) satisfy an error bound

‖^y − ~^y‖_{L2([t0,tf ])} ≤ e · ‖^u‖_{L2([t0,tf ])},

for all admissible inputs ^u ∈ L_2([t_0, t_f ]), then the following statements are true.

(i) The scattering system of (19) is strictly contractive with Lipschitz constant L.

(ii) The system (19) is K-Lipschitz with K = (1 − L)^{−1}(1 + L).

(iii) If e < 1 − L, then the system (24) is ~K-Lipschitz with

~K = (1 − L − e)^{−1}(1 + L + e).

(iv) For all inputs u ∈ L_2([t_0, t_f ]) admissible for (19) and (24) with x_0 = 0 and ~x_0 = 0, the corresponding outputs fulfill

‖y − ~y‖_{L2([t0,tf ])} ≤ e 1 − L

(‖u‖_{L2([t0,tf ])} + ‖~y‖_{L2([t0,tf ])}) (51)

(v) If e < 1 − L, then for all inputs u ∈ L_2([t_0, t_f ]) admissible for (19) and (24) with x_0 = 0 and ~x_0 = 0, the corresponding outputs fulfill

‖y − ~y‖_{L2([t0 ,tf ])} ≤ 2e (1 − L)(1 − L − e)

‖u‖_{L2([t0,tf ])} (52)

Proof. (i) We apply the representation of the scattering system as in the proof of Theorem 8. Using the strict contractivity of the scattering system corresponding to (21) and inequality (39), we find that ‖^y_1 − ^y_2‖^2 + ‖^vR_{n1} − ^vR_{n2}‖^2 ≤L^2(‖^u_1 − ^u_2‖^2 + ‖^iR_{n1} −^iR_{n2}‖^2) ≤L^2(‖^u_1 − ^u_2‖^2 + ‖^vR_{n1} − ^vR_{n2}‖^2).

Subtracting L^2‖^vR_{n1} −^vR_{n2}‖^2 on both sides of the inequality, we obtain the desired result.

(ii) Let u_1, u_2 and y_1, y_2 be inputs and corresponding outputs of the system (19). Then, for i = 1, 2, the functions ^u_i =^{1√}_2 (u_i + y_i) and ^y_i =^{1√}_2 (u_i − y_i) are inputs and outputs of the corresponding scattering system. Strict contractivity of the scattering system corresponding to (19). implies that ‖u_1 − u_2 − (y_1 − y_2)‖ ≤ L‖u_1 − u_2 + y_1 − y_2‖ and thus

‖y_1 − y_2‖ − ‖u_1 − u_2‖ ≤ L‖u_1 − u_2‖ + L‖y_1 − y_2‖ Rearranging terms, we obtain that (1+L)/(1−L) is a Lipschitz constant for (19)).

(iii) Taking into account that the scattering system of (24) is strictly contractive with Lipschitz constant L + e, the result can be obtained by the same arguments used in (ii).

(iv) Define ^u(t) =^{1√}_2 (u+y), ~^u(t) =^{1√}_2 (u+~y) and the corresponding outputs

^y(t) =^{1√}_2 (u − y) and ~^u(t) =^{1√}_2 (u − ~y). Moreover, denote by ^F and ~^F the (nonlinear) input-output mapping of the scattering systems of the original and reduced-order system, respectively. Then we have

‖^{1√}_2 (y − ~y)‖ =‖^y − ~^y‖ = ‖ ^F ^u − ~^F~^u‖ ≤ ‖ ^F ^u − ^F~^u‖ + ‖ ^F~^u − ~^F~^u‖

≤L‖^u − ~^u‖ + e‖~^u‖ ≤ L‖^{1√}_2 (~y − y)‖ + e‖^{1√}_2 (u − ~y)‖. (53) This directly implies (51).

(v) This follows by a combination of (iii) and (iv). □ We now apply Lemma 12 for deriving estimates for the output error of the reduced-order circuit. Note that (51) gives an a posteriori error bound whereas (52) is of a priori nature.

Theorem 13. Let a circuit satisfying (A1)–(A8) be given and let the reducedorder system (24) be obtained by applying PABTEC to (21). Furthermore, let the linear system (28) be strictly contractive with Lipschitz constant L < 1. If the size r of the reduced linear subsystem (23) is chosen such that

ε ≡ 2 q� k=r+1

π_k < 1 − L,

then the following holds true. If ^u : [t_0, t_f ] → R^m is admissible for both (19) and (24) with initial conditions x(t_0) = ~x(t_0) = 0, then the following holds true for the outputs sof the full and reduced-order system corresponding to the input u and initial values x_0 = 0, ~x_0 = 0: (i) ‖y − ~y‖_{L2([t0,tf ])} ≤ ε

(2 − L)(2 − L − ε) (1 − L)^2(1 − L − ε)

(‖u‖_{L2([t0,tf ])} + ‖~y‖_{L2([t0 ,tf ])}). (54)

(ii) If ε <^1_5 (1 − L)^3, then

‖y − ~y‖_{L2([t0 ,tf ])}

≤ 2ε

(2 − L)(2 − L − ε) (1 − L)((1 − L)^2(1 − L − ε) − ε(2 − L)(2 − L − ε))

‖u‖_{L2([t0,tf ])}.

(55)

(iii) If, additionally, (A10) holds true, then with c_g = (1+min{c_{g1}, c_{g2}})^{−1/2} for the constants c_{g1}, c_{g2} in (A10), the corresponding outputs satisfy

‖y − ~y‖_{L2([t0,tf ])} ≤ ε 1 (1 − L)(1 − c_g)^2

(‖u‖_{L2([t0,tf ])} + ‖~y‖_{L2([t0,tf ])}). (56)

(iv) If, additionally, (A10) and ε < (1 − c_g)^2(1 − L) hold true, then

‖y − ~y‖_{L2([t0 ,tf ])} ≤ ε 1 (1 − L)(1 − L)(1 − c_g)^2 − ε

‖u‖_{L2([t0,tf ])}. (57)

Proof. The statement (i) follows from Theorem 8 and (iv) of Lemma 12. Taking into account that ε <^1_5 (1 − L)^3 implies ε^{(2−L)(2−L−ε)}_{(1−L)(1−L−ε)} ≤ 1 − L, (ii) is a consequence of Theorem 8 and (v) of Lemma 12. (iii) and (iv) are also direct implications of Theorem 8 and Lemma 12. □

7. Numerical Example

We apply our model reduction approach to a circuit provided by NEC Laboratories Europe, IT Research Division. This circuit consists of 2002 capacitances, 2004 linear resistances, no inductance, one voltage source and two nonlinear resistances with voltage current characteristic

g_n(u) = exp(1000 · u) − 1.

The linear part is described by the passive system of order n = 2007. We apply trivial initial values x_0 = 0 and the input

u(t) = t · (exp(−100 · (t − 0.2)^2) − 5 · exp(−100 · ((t − 0.5)^2))), t ∈ [0, 1],

which is shown in Figure 1.

Computations were done on IBM RS 6000 44P Modell 270 with machine precision ε = 2.22 × 10^{−16} using MATLAB 2008a.

PSfrag replacements

Figure 1: Input into the circuit equations

The minimal solution of the projected Lur’e equation (14) is approximated by a low-rank matrix X ≈ L^T L with L ∈ R^{92,2007} using Newton’s method as presented in [10]. Figure 2 shows the largest 90 passivity characteristic values. One can see that the characteristic values decay rapidly. The original system was approximated by a model of order r = 59.

Figure 2: The passivity characteristic values decrease rapidly. The reduced-order model is obtained by truncating the passivity characteristic values with index greater than r = 59.

The numerical solution of the full order and reduced-order DAEs are computed using the MATLAB built in DAE solver ode23t. Figure 3 displays the output of the reduced-order model and the difference between outputs of original and reduced system. Our reduced-order model is in excellent agreement with the full order model output, as guaranteed by the error bound. Numerical computation yields that the actual model reduction error is around ‖y − ỹ‖ ≈ 5.8 · 10^{−4}. The a posteriori and a priori error bounds according to Theorem 13 (i) and (ii) are given by 0.0716 and 0.1665, respectively.

PSfrag replacements PSfrag replacements

Figure 3: Output of the reduced system (left plot) and error between the outputs of the full and the reduced-order system (right plot). The full and the reduced-order system outputs are in excellent agreement.

The simulation of the full order system took 107.00 seconds. The computation of the reduced-order model using PABTEC required 9.04 seconds and the simulation of the reduced-order system required 0.31 seconds. Thus model reduction already amortizes after only one single output computation.

8. Conclusion

We have introduced a model reduction technique for electrical circuits with nonlinear resistances. Our approach extract linear time invariant subcircuits, model reduced these subcircuits by the passivity preserving method PABTEC, and then coupled the reduced order linear subcircuit with the nonlinear subcircuit of the original model. Since the nonlinear subcircuit is not reduced, our approach is only efficient if there are relatively few nonlinear resistors. We have used the properties of the circuit to show that our reduced order models maintain admissibility and passivity, and we have proven a-priori bounds for the errors between the input-output maps of the original nonlinear system and the reduced order nonlinear system. These a-priori bounds are valid for all inputs. The development of error bounds for larger classes of circuits is subject of further research.

Acknowledgements

TR was supported by the DFG research grant RE 2917/1-1 and by the DFG Research Center “Matheon - Mathematics for Key Technologies” in Berlin. The research of MH was supported in part by AFOSR grant FA9550- 09-1-0225.

References

[1] Z. Bai, P. M. Dewilde, R. W. Freund, Reduced-order modeling, in:

W. H. A. Schilders, E. J. W. ter Maten (Eds.), Numerical Methods in Electromagnetics, Handb. Numer. Anal., XIII, Elsevier, Amsterdam, 2005, pp. 825–895.

[2] R. W. Freund, Model reduction methods based on Krylov subspaces, Acta Numer. 12 (2003) 267–319.

[3] R. Freund, SPRIM: structure-preserving reduced-order interconnect macromodeling, in: Technical Digest of the 2004 IEEE/ACM International Conference on Computer-Aided Design, IEEE Computer Society Press, Los Alamos, CA, 2004, pp. 80–87.

[4] R. Freund, RCL circuit equations, in: P. Benner, V. Mehrmann, D. Sorensen (Eds.), Dimension Reduction of Large-Scale Systems, Vol. 45 of Lecture Notes in Computational Science and Engineering, Springer-Verlag, Berlin, Heidelberg, 2005, pp. 367–371.

[5] A. Odabasioglu, M. Celik, L. Pileggi, PRIMA: Passive reduced-order interconnect macromodeling algorithm, IEEE Trans. Computer-Aided Design Integr. Circuits Syst. 17 (8) (1998) 645–654.

[6] D. Sorensen, Passivity preserving model reduction via interpolation of spectral zeros, Systems Control Lett. 54 (4) (2005) 347–360.

[7] S. Gugercin, A. Antoulas, A survey of model reduction by balanced truncation and some new results, Internat. J. Control 77 (8) (2004) 748–766.

[8] B. Moore, Principal component analysis in linear systems: controllability, observability, and model reduction, IEEE Trans. Automat. Control 26 (1) (1981) 17–32.

[9] J. Phillips, L. Daniel, L. Silveira, Guaranteed passive balancing transformations for model order reduction, IEEE Trans. Computer-Aided Design Integr. Circuits Syst. 22 (8) (2003) 1027–1041.

[10] T. Reis, T. Stykel, Positive real and bounded real balancing for model reduction of descriptor systems, Int. J. Control 83 (1) (2010) 74–88.

[11] T. Reis, T. Stykel, PABTEC: Passivity-preserving balanced truncation for electrical circuits, IEEE Trans. CAD Circ. Syst.Accepted for publication.

[12] R. Ionutiu, S. Lefteriu, A. C. Antoulas, Comparison of model reduction methods with applications to circuit simulation, in: G. Ciuprina, D. Ioan (Eds.), Scientific computing in electrical engineering, Vol. 11 of Math. Ind., Springer, Berlin, 2007, pp. 3–24.

[13] P. Li, L. T. Pileggi, NORM: compact model order reduction of weakly nonlinear systems, in: DAC ’03: Proceedings of the 40th annual Design Automation Conference, 2003, pp. 472–477.

[14] P. Li, L. T. Pileggi, Compact reduced-order modeling of weakly nonlinear analog and rf circuits, IEEE Trans. on CAD of Integrated Circuits and Systems 24 (2) (2005) 184–203.

[15] J. R. Phillips, Projection-based approaches for model reduction of weakly nonlinear, time-varying systems, IEEE Trans. Computer-Aided Design 22 (2) (2003) 171–187.

[16] M. Rewieński, J. White, A trajectory piecewise-linear approach to model order reduction and fast simulation of nonlinear circuits and micromachined devices, IEEE Transactions on Computer-Aided Design of Integrated Circuits and Systems 22 (2) (2003) 155 – 170.

[17] M. Rewieński, J. White, Model order reduction for nonlinear dynamical systems based on trajectory piecewise-linear approximations, Linear Algebra Appl. 415 (2-3) (2006) 426–454.

[18] H. Antil, M. Heinkenschloss, R. H. W. Hoppe, D. C. Sorensen, Domain decomposition and model reduction for the numerical solution of PDE constrained optimization problems with localized optimization variables, Tech. Rep. TR09–23, Department of Computational and Applied Mathematics, Rice University, submitted to Comput. Visual. Sci. (2009).

[19] K. Sun, R. Glowinski, M. Heinkenschloss, D. C. Sorensen, Domain decomposition and model reduction of systems with local nonlinearities, in: K. Kunisch, G. Of, O. Steinbach (Eds.), Numerical Mathematics And Advanced Applications. ENUMATH 2007, Springer-Verlag, Heidelberg, 2008, pp. 389–396.

[20] T. Reis, M. Heinkenschloss, Model reduction with a-priori error bounds for a class of nonlinear electrical circuits, in: Proceedings of the 48th IEEE Conference on Decision and Control, 2009 held jointly with the 2009 28th Chinese Control Conference. CDC/CCC 2009, 2009, pp. 5376– 5383.

[21] D. Estévez Schwarz, C. Tischendorf, Structural analysis for electric circuits and consequences for MNA, Int. J. Circ. Theor. Appl. 28 (2000) 131–162.

[22] A. Pavlov, L. Marconi, Incremental passivity and output regulation, Systems Control Lett. 57 (2007) 400–409.

[23] S. Sanders, G. Verghese, Lyapunov-based control for switched power converters, IEEE Trans. Power Electronics 7 (1) (1992) 17–24.

[24] B. Anderson, S. Vongpanitlerd, Network Analysis and Synthesis, Prentice Hall, Englewood Cliffs, NJ, 1973.

[25] B. Anderson, A system theory criterion for positive real matrices, SIAM J. Control 5 (2) (1967) 171–182.

[26] J. Willems, Dissipative dynamical systems. I. General theory, Arch. Rational Mech. Anal. 45 (1972) 321–351.

[27] D. Chu, R. Tan, Algebraic characterizations for positive realness of descriptor systems, SIAM J. Matrix Anal. Appl. 30 (1) (2008) 197–222.

[28] T. Reis, Circuit synthesis of passive descriptor systems - a modified nodal approach, Int. J. Circ. Theor. Appl. 38 (1) (2010) 44–68.

[29] R. Riaza, C. Tischendorf, Qualitative features of matrix pencils and DAEs arising in circuit dynamics, Dyn. Syst. 22 (2007) 107–131.

[30] D. Meyer, A fractional approach to model reduction, in: American Control Conference, 1988, pp. 1041 – 1047.

[31] D. Meyer, Fractional balanced reduction: model reduction via fractional representation, IEEE Trans. Automat. Control 35 (12) (1990) 1341 – 1345.

[32] P. Rapisarda, J. Willems, Model reduction by balancing from a behavioral point of view, in: Proceedings of the 35th Conference on Decision and Control, Kobe, Japan, 1996, pp. 694–699.