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Abstract

This paper concerns n X n linear one-dimensional hyperbolic systems of the type
wOu; + a5 (@) Doy + Y bin(@)ur = fi(x,t), j=1,...,n,

with periodicity conditions in time and reflection boundary conditions in space. We state sufficient
conditions on the data w,a; and bjx such that the system has a Fredholm like solvability behavior.
Moreover, we state sufficient conditions on the data such that for any right hand side there exists
exactly one solution, that the solution survives under small perturbations of the data, and that
the corresponding data-to-solution-map is smooth with respect to appropriate function space norms.
In particular, those sufficient conditions imply that no small denominator effects occur. Moreover,
we show that perturbations of the coefficients w and a; lead to essentially different results than
perturbations of the coefficients b, in general.

1 Introduction

1.1 Problem and main results

This paper concerns linear inhomogeneous hyperbolic systems of first order PDEs in one space dimension
of the type

wou; + a;(x)0zu; + ijk(:zr)uk = fi(z,t), 7=1,...,n, x € (0,1), teR (1.1)

with time-periodicity conditions
uj(z,t +2m) = u;(z,t), j=1,...,n, 2 €[0,1], t e R (1.2)

and reflection boundary conditions

n

Z kukOt j=1,...,m,

k—m+1 teR. (1.3)
Zrkuklt j=m+1,...,n,



Here 1 < m < n are fixed natural numbers, w > 0 and TJ o Jlk are real numbers, and the right-hand sides
fi :10,1] x R — R are supposed to be 2m-periodic with respect to t.

Roughly speaking, we will prove results of the following type:

First, we will state sufficient conditions on the data w, a;, bjx, r?k, and rjl-k such that the system (1.1)—
(1.3) has a Fredholm type solution behavior, i.e. that it is solvable if and only if the right hand side is

orthogonal to all solutions to the corresponding homogeneous adjoint system
n
—wou; — Oy (aj(x)uy) + Zbkj(x)uk =0,j=1,...,n,x€[0,1], teR

uj(z,t +2m) = u;(x,t), j=1,...,n, z €[0,1], t € R,

a;(0)u;(0,t) = Zrk]ak Jur(0,t), j=m+1,...,n
=% teR. (1.4)
aj(Dui(L,t) = = Y ryaeDue(Lt), j=1,....m,
k=m-+1

And second, we will state sufficient conditions on the data w,aj,bjx, 7% Jk» and rl i such that the sys-
tem (1.1)—(1.3) is uniquely solvable for any right hand side, that this unique solvablhty property survives
under small perturbations of the data, and that the corresponding data-to-solution-maps are smooth with
respect to appropriate function space norms. For example, under those sufficient conditions the following
is true:

(1) If & f € L2((0,1) x (0,27); R™) for j = 0,1, then the map b — u is C*°-smooth from an open set
in L* ((0,1); M,,) into L2 ((0,1) x (0, 27); R™).

(I) If &) f € L2 ((0,1) x (0,27); R™) for j = 0,1,2, then the map b — u is C*°-smooth from an open
set in L°° ((0,1); M,,) into C ([0, 1] x [0, 27]; R™).

(IT) If &/ f € L2((0,1) x (0,27); R™) for j = 0,1,...,k with k > 2, then the map (w,a) — u is
C*=lsmooth (rsp. C¥~2-smooth) from an open subset of R x C* ([0, 1]; R ) into L? ((0,1) x (0,2m); R™)
(rsp. C ([0,1] x [0, 27]; R™)).

Here and in what follows we denote by

a = (alv"'aan)a f:: (fla"'afn)v and b:= [bjk];lkZI

the vectors of the coefficient functions a; and the right hand sides f; and the matrix of the coefficient
functions by, respectively, and M, is the space of all real n x n matrices.

In order to formulate our results more precisely, let us introduce the following function spaces: For
v > 0 we denote by W7 the vector space of all locally integrable functions w : [0,1] x R — R™ such that
u(z,t) = u (z,t + 2m) for almost all x € (0,1) and ¢ € R and that

1| 27
lulZ- =0 +s2)V/ /u(x,t)e-isf dt| dz < . (1.5)
SEL 0 0
Here and in what follows || - || is the Hermitian norm in C™. It is well-known (see, e.g., [3], [19, Chapter

5.10] and [20, Chapter 2.4]) that W7 is a Banach space with the norm (1.5). In fact, it is the anisotropic
Sobolev space of all measurable functions w : [0,1] x R — R™ such that u(x,t) = u (x,t 4 27) for almost
allz € (0,1) and ¢t € R and that the distributional partial derivatives of v with respect to ¢ up to the order
«v are locally quadratically integrable. Further, for w > 0 and @ € L*° ((0,1); R™) with ess inf |a;| > 0 for
all j =1,...,n we will work with the function spaces

UV (w,a) = {u e W7 [wiu; + aj(?muj]?zl € W"*}



endowed with the norms

2
ol oy = Ml + [wBrsy + asduusliy |
Remark that the space U(w,a) depends on w and a. In particular, it is larger than the space of all
u € W7 such that dyu € W7 and d,u € W7 (which does not depend on w or a).
For v > 1 and u € U”(w, a) there exist traces u(0,-),u(1,-) € L} (R;R™) (see Section 2), and, hence,
it makes sense to consider the closed subspaces in U"(w, a)

V' (w,a,7) = {ueUY(w,a): (1.3)is fulfilled},
Vi(w,a,7) = {u€U”(w,a): (1.4)is fulfilled}.
Here we use the notation
ri= (7”0,7”1) with 10 := [Tgk];‘nzl,kn:mﬂ aTl = [Tgl'k]?:erl,;cnzl

for the matrices of the reflection coefficients r?k and r}k. Further, we denote by
b0 := diag{b11,b22,...,bun} and b' :=b—b°

the diagonal and the off-diagonal parts of the coefficient matrix b, respectively, and we introduce operators
A(w,a,b°) € LV (w,a,7); W), A(w,a,b°) € LIV (w,a,r); W) and B(bt), B(b') € LIW?) by

Aw,a,bu = [wdu+ a;j0,u; + bijusli—y s
Aw,a,bu = [~wdu —a;0, o + bjjujlt_q,
B(bl)u = [ j#k ]kuk} :1 )
B(bl)u = |: J#k bkjuk:| _
Obviously, the operator equation
A(w,a,b°)u + BbYu = f (1.6)

is an abstract representation of the periodic-Dirichlet problem (1.1)—(1.3). Finally, for s € Z we introduce
the following complex (n — m) x (n — m)—matrices

Ru(w,a,1,7) lzeww a5 ()= ()45, =Ai (1)1 le] , (1.7)
1=

—

J,k=m+1

where
xT

[ 1 b ()
a;(z) = — dy, Bj(z) = —— dy. (1.8)
0/ /

0

Our first result concerns an isomorphism property of A(w, a, b°):

Theorem 1.1 For all ¢ € (0,1) there exists C > 0 such that the following is true: If

a;,bj; € L*°(0,1) and essinfla;| >c¢ forallj=1,...,n, (1.9)
1
|w|+2 oo+ Isl) +30 30 Wl + 30 Sohrhl <2, (1.10)
j=1 k=m+1 j=m+1 k=1
and
|det(I — Ry(w,a,b’,7))| > ¢ for all s€Z, (1.11)

then for all v > 1 the operator A(w,a,b®) is an isomorphism from V7 (w,a,r) onto W7 and

HA(MG,bo)_lﬂﬁ(wv;vww,a,r)) <C



Our second result concerns the following Fredholm type solvability behavior of (1.6):
Theorem 1.2 Suppose that
aj € C*M0,1], b;; € L>=(0,1), Jmin laj(z)| >0 forallj=1,...,n (1.12)
and

for all j # k there is cji, € BV(0,1) such that } (1.13)

bir(x) = cjp(x)(aj(z) — ax(z)) for a.a. z €[0,1].
Further, suppose that there exists ¢ > 0 such that (1.11) is satisfied. Then the following is true:
(i) The operator A(w,a,b®) + B(b') is a Fredholm operator with index zero from V7 (w,a,r) into W7
for all v> 1. . -
(ii) The subspaces ker(A(w,a,b’) + B(b1)) and ker(A(w, a,b’) + B(b')) do not depend on vy, and

im(A(w,a,b’) + B(b")) = {f e W7 : (f,u)r2 =0 for all u € ker (fl(w, a,b%) + B’(bl))} .

Here we write
27

1
oy ps = %//(f(:v,t),u(x,t)) ddt (1.14)
0 0

for the usual scalar product in the Hilbert space L? ((0,1) x (0,27); R"), and (-, -) denotes the Euclidean
scalar product in R™ (as well as the Hermitian scalar product in C™).

The main tools of the proofs of Theorems 1.1 and 1.2 are separation of variables (cf. (3.2)-(3.3)),
integral representation of the solutions of the corresponding boundary value problems of the ODE sys-
tems (cf. (3.10)), and an abstract criterion for Fredholmness (cf. Lemma 4.1). In the special case
m=1,n=2a1(z) = 1,az(x) = —1 Theorem 1.2 was proved in [9].

Our last results concern the solution behavior of (1.6) under small perturbations of the data w,a, b,
and f. In order to describe this we use the following notation for the corresponding open balls (for e > 0):

Ac(a) = {&600’1([0,1];Rn) _max ||dj—aj||oo<5},
BE0) = {be LR e [~ bl <.
B.(b) = {BeB;O(b): bir € BV(0,1) foralllgj;ékgn}.

Of course, B2°(b) is an open set in the Banach space L>°((0,1); Ml,,). The sets A.(a) and B (b) will be con-
sidered as open sets in the (not complete) normed vector spaces C%*([0, 1]; R™) and {b € L>°((0,1); M,,) :

bjr € BV(0,1) for all 1 < j # k < n}, equipped with the corresponding L>°-norms.
The solution behavior of (1.6) under small perturbations of b and f follows directly from Theorem 1.2
and the Implicit Function Theorem, because the map

be L>((0,1);M,) — (A(w,a,%),B(b")) € LV (w,a,r); W) x LWT) (1.15)
is affine and continuous:
Corollary 1.3 Suppose (1.11) for some ¢ >0, (1.12), (1.18), and
dim ker(A(w, a,b°) + B(b")) = 0. (1.16)

Then there exists € > 0 such that for all v > 1, b e B(b), and f € W7 there exists exactly one
u € VY (w,a,r) with A(w,a,b®)u+ B(b')u = f. Moreover, the map

(b, f) € BX(b) x WY —u e V(w,a,r)

is C'°°-smooth.



In particular, Corollary 1.3 implies assertion (I) above, and, because of the continuous embedding
VY (w,a,r) — C([0,1] x [0, 27];R™) for v > 3/2 (see Lemma 2.2(iii)), also assertion (II).

The solution behavior of (1.6) under small perturbations of w, a, and r seems to be more complicated.
Under those perturbations the function spaces V7(w, a,r) change, in general. This makes them inappro-
priate. On the other hand, we don’t know any Fredholmness results for the operator A(w, a, b°) + B(b')
besides that which is described in Theorem 1.2 and, hence, which is related to the choice of the function
spaces V7 (w,a,r) and W7,

Theorem 1.4 Suppose (1.12), (1.16), and

3 S GO-HWL 2 <. (1.17)
Jk=m+1 1=1
Further, assume that for all 1 < j # k <n we have b, € BV (0,1) and
a;(x) # ag(x) for all z € [0,1]. (1.18)

(w—¢e,w+e),ac Aa), b€ B(b), and f € W7

Then there exists € > 0 such that for all v > 1, w € v
a,b%)u + B(b')u = f. Moreover, the map

there exists exactly one u € VV(w,a,r) with A(®,
(@,a,b, f) € (w—e,w+¢) x Ac(a) X Bo(b) x WY = u e WI—F1 (1.19)
is C*-smooth for all nonnegative integers k < v — 1.

In particular, for K =~ — 1 (rsp. k = v — 2) we get assertion (III) above.

The present paper has been motivated mainly by two reasons:

The first reason is that the Fredholm property of the linearization is a key for many local investigations
for nonlinear equations, such as small periodic forcing of stationary solutions to nonlinear autonomous
problems or Hopf bifurcation. In particular, those techniques are well established for nonlinear ODEs
and nonlinear parabolic PDEs, but almost nothing is known about the question if those techniques work
for nonlinear dissipative hyperbolic PDEs.

The second reason are applications to mathematical biology [4, 5, 6, 14], to kinetic gas dynamics
[1, 7, 16], or to semiconductor laser dynamics [12, 17, 18]. Phenomena like Hopf bifurcation (describing
the appearance of selfpulsations of lasers) and periodic forcing of stationary solutions (describing the
modulation of stationary laser states by time periodic electric pumping) are essential for many applications
of semiconductor laser devices in communication systems (see, e.g., [18]).

Remark that our smoothness assumptions concerning a;, b;x, and f;(-,t) are quite weak. This is im-
portant for the applications to laser dynamics. But it turns out that any stronger smoothness assumption
with respect to the space variable z would not essentially improve our results and would not simplify the
proofs.

Our paper is organized as follows: In Subsection 1.2 we comment about sufficient conditions for the
key assumptions (1.11), (1.13), (1.16), and (1.17) and about the question if those conditions as well as
the assertions of Theorems 1.1 and 1.2 are stable under small perturbations of the data. In Section 2 we
introduce the main properties of the function spaces, used in this paper. In Section 3 we prove Theorem
1.1, in Sections 4 and 5 we prove Theorem 1.2, and, finally, in Section 6 we prove Theorem 1.4.

1.2 Some Remarks

Remark 1.5 about a sufficient condition for (1.11): Let us formulate a sufficient condition for
(1.11), in which the parameters w and s do not appear.

Condition (1.11) is satisfied iff for all s € Z the matrix [ — Rs(w, a, b°, 7) is invertible and the Euclidean
norm (I — Rs(w,a,b’ )71 is bounded uniformly in s € Z. For the latter it is sufficient to have

| Rs(w, a,b°,7)|| < const < 1 for all s € Z. (1.20)

Condition (1.20) and, therefore, (1.11) are satisfied if, for example, condition (1.17) is satisfied.



Remark 1.6 about small perturbations of the data in (1.11) and (1.17): Let us comment
about the behavior of the assumption (1.11) and its sufficient condition (1.17) under small perturbations
of the data.

If condition (1.17) is satisfied for given data, then it remains to be satisfied under sufficiently small
perturbations of the coeflicients w, rjo-k, 7}1‘1@ and under sufficiently small (in L°°(0, 1)) perturbations of the
coefficient functions a; and bj.

If condition (1.11) is satisfied, then it remains to be satisfied under sufficiently small perturbations
of 1,75, and bjx, but not under small perturbations of w and a;, in general. In other words, (1.11) is
not sufficient for (1.17). It may happen that there exist arbitrarily small perturbations of w and a; that
destroy the validity of (1.11):

For example, consider the case m = 1,n = 2,a1(z) = 1l,az2(x) = —1,bj(z) = 0 for j,k = 1,2,
r,=1,r5, = —1. Then (1.11) reads as

|1+ e**%| > const > 0 for all s € Z. (1.21)

This is satisfied iff

km .
W= with k € Z and [ € N. (1.22)

The set of all w € R of the type (1.22) is dense in R, but does not contain any inner point. In other
words: In this case the set of all values w such that condition (1.11) is satisfied, is dense in R, but the
set of all values w such that (1.11) is not satisfied, is dense too.

Remark 1.7 about Fredholmness of A(w,a,b") + B(b') under small perturbations of the data:
Let us comment about the behavior of the conclusions of Theorem 1.2, mainly the Fredholmness of the
operator A(w, a,b’) + B(b!), under small perturbations of the data.

Suppose that for given data w,a, and b the assumptions of Theorem 1.2 are satisfied. Then, under
sufficiently small perturbations of bj; in L*°(0, 1), independently whether (1.13) remains to be true or
not, the Fredholmness of A(w, a,b’) survives because the map (1.15) is continuous and because the set
of index zero Fredholm operators between two fixed Banach spaces is open.

But if w, a;, r]Qk, or 7}1‘1@ are perturbed, then the function space V7 (w,a,r) is changed, in general, and
it may happen that there exist arbitrarily small perturbations that destroy the Fredholmness:

For example, consider again the case m = 1,n = 2,a1(z) = 1,a2(x) = —1, f(z) = 0,bx(z) = 0 for
Jk =127, =1y, = —1. Then (1.11) reads as (1.21) which is equivalent to (1.22). Hence, by
Theorem 1.2, if (1.22) is true, then A(w, a, b°) is Fredholm. Condition (1.22) and, hence, condition (1.21)
is not satisfied, for example, if

%+ 1
w:]?_wmmnqu (1.23)
q

and in this case A(w,a,b’) is not Fredholm because dim ker A(w, a,b’) = oo: Indeed, we have (u1,uz) €
ker A(w, a, bY) iff
woiuy + Oru1 = wOrug — Oyus =0, x € [0,1], t € R,

(1.24)

uj(x, t +2m) = uj(z,t), j=1,2, x € [0,1], t € R, (1.25)
ul(O,t) = U2(O,t), ’U,Q(l,t) = —ul(l,t), teR. ( )

)

The solutions of (1.24) are of the type u;(z,t) = Ui (t —wz) and ug(z,t) = Us(t+wzx). They satisfy (1.25
iff the functions U; and U, are 27-periodic. From the boundary condition in « = 0 follows U; = Us, and,
hence, the boundary condition in z = 1 reads as

U (t —w) = —Us (t + w). (1.27)

Choosing U1(y) = sin(ry), r € Z, and using (1.23), condition (1.27) transforms into

2
sin{r{t— p+17r = —sin|r t+2p+1ﬂ' .
2q 2q

This is fulfilled, for example, for r = (2k + 1)q and any choice of k € Z, i.e. we found infinitely many
linearly independent solutions to (1.24)—(1.26).




The set of all values w of the type (1.23) is dense in [0, 00). Hence, we get: In this case the set of all
w > 0 such that A(w,a,b’) + B(b') is Fredholm, is dense in [0,00), but the set of all w > 0 such that
A(w, a,b%) + B(b') is not Fredholm, is dense in [0, o) too.

Remark 1.8 about assumptions (1.13) and (1.18): Obviously, the condition (1.13) is not necessary
for the conclusions of Theorem 1.2 because the conclusions of Theorem 1.2 survive under small (in
L>(0,1)) perturbations of the coefficients b, but the assumption (1.13) does not, in general.

The following example shows that Theorem 1.2 is not true, in general, if all its assumptions are fulfilled
with the exception of (1.13): Take m = 1,n = 2,w = a1(z) = az(z) = 1,b11(z) = bia(x) = baa(z) =
fi(z,t) = fa(x,t) = 0,b21 = b =const. Then (1.1)—(1.3) looks like

815114 + 8111,1 = 8,5’[1,2 + 8xu2 + bu1 = O,
up(x,t 4 2m) — uy(x,t) = ua(x,t + 27) — us(x, t) 0,
u1(0,t) — r2%us(0,t) = ua(1,t) — rdus (1,t) =

If r9%rl; <1 and b # 0, then all assumption of Theorem 1.2 are fulfilled with the exception of (1.13). If,
moreover,

br, 1
73 — 1 7
then
up(x,t) =sinl(t — ), uz(z,t) =b (ﬁ - :v) sinl(t —z), l € N,
12721

are infinitely many linearly independent solutions. Hence, the conclusion of Theorem 1.2 is not true.
On the other hand, the assumptions (1.13) and (1.18) of Theorems 1.2 and 1.4 can be weakened in
order to handle cases with a;(z) = ax(z) for certain 1 < j #k < morcertain m+1<j#k<n
(what is essential for applications to laser dynamics, cf. [12]). Remark that in the example above we
have aj(z) = ax(z) for l=j=m<k=n=2.
Let us describe this weakening of the assumptions (1.13) and (1.18): Consider a system of the type
(1.1)—(1.3), but now with vector valued unknown functions:

uj(z,t) e RP, p; e N.

The coefficients w > 0 and a;(x) are still scalar valued, but the right hand sides f;(z,t) € R?/ are
correspondingly vector valued, and the coefficients b;y, r]Qk, and 7}1‘1@ are correspondingly matrix valued:

bjk(x)urg‘)kargl‘k € M(p; x px;R).

Here we denote by M(r x s; K) the space of all real (if K = R) or complex (if K = C) r x s-matrices. Then
our calculations and results can be translated to the new situation in a straightforward way. In particular,
aj(z) has to be considered as the identity p; x p;-matrix multiplied with [; 1/a;(y)dy. Moreover,
Bi(z) € M(p; x pj; R). Correspondingly,

Ry(w,a,b°,7) € M((Prmt1+ ...+ Pn) X (Pmg1 + - +pn); C)

is a matrix with blocks

Zezsw a;(1)—ay(1))+35(1)— Bl(l),r,O ’f‘l c M(p] % pk’(c) i
=1

This matrix is the coefficient matrix for the system (3.8), again. Further, equation (4.3) holds again,
but now as an equation in RP*. Hence, the calculations to get (4.5) (which is the only place where
assumptions (1.13) and (1.18) are used) can be repeated in the vectorial case.

Finally, let us remark that, surprisingly, the assumption (1.13) (as well as its weakening described
above) is used also in quite another circumstances, for proving the spectrum-determined growth condition
in LP-spaces [2, 13, 15] and in C-spaces [11] for semiflows generated by hyperbolic systems of the type

(1.1), (1.3).



Remark 1.9 about weakening of assumptions (1.12) and (1.13): The smoothness assumptions
aj € CY1([0,1]) for all j = 1,...,n and bj;, € BV(0,1) for all 1 < j # k < n of Theorem 1.2 (which
follow from assumptions (1.12) and (1.13)) can be weakened to

a; € L*°(0,1), ess inf |a;| >0 forall j=1,...,n

and

for all j # k there is ¢j; € BV(0,1) such that } (1.28)

a;(x)bjk(x) = cjp(x)(a;(x) — ak(x)) for a.a. x € [0, 1],
(see (4.4), where (1.28) is used). In particular, if bj, = 0 for all 1 < j # k < n, then (1.28) is satisfied.
Hence, after this weakening Theorem 1.1 is a particular case or Theorem 1.2.

Remark 1.10 about an open and dense condition: Let w > 0, r, and a € C%*([0, 1]; R"™) be fixed
such that
a;(z) #ap(x) forall 1 <j#k <nandze€0,1],

and denote
M= {0 € L¥(O.1):4,) 5 inf det (7~ R (w.0,10)] > 0}

SEZ
and
Mpy :={be M: by, € BV(0,1) forall 1 <j #k <n}.

Then M is open in L>((0,1);M,,), Mpy is dense in M, and Theorem 1.2 claims that A(w, a,b’) + B(b')
is Fredholm of index zero from V7(w,a,r) into W7 for all v+ > 1 and b € Mpy. But the map (1.15)
is continuous, hence there is an open neighborhood My € M of Mpy such that A(w,a,b’) + B(b!) is
Fredholm of index zero from V7(w,a,r) into W7 for all v > 1 and b € My, and My is dense in M.
Unfortunately we don’t have examples showing that My # M, in general.

Remark 1.11 about sufficient conditions for (1.16): Similarly to [8], one can provide a wide range
of w-independent sufficient conditions for (1.16). We here concentrate on the physically relevant case

n

i Y I <1and Zn: ilriklzél- (1.29)

j=1 k=m+1 j=m+1 k=1

If (1.1)—(1.3) with f = 0 is satisfied, then

2m
2 1
0= / (u3(1,t) — u3(0,t)) dt + 2/ / aj_l(:t) byj(@)u? + Z bk (x)ujug | dadt. (1.30)
0 7o kg
0 :

Using the reflection boundary conditions, summing up separately the first m equations of (1.30) and the
rest n —m equations of (1.30), and subtracting the second resulting equality from the first one, we get

27 m n m 2 n m n 2
/ Zu?(l,t) - Z ( le-kuk(l,t)> + Z u?(O,t) - Z < Z r;?kuk(o,t)> dt
0 j=1 k=1 j

j=m+1 j=m+1 7j=1 \k=m+1

m 27 pl
1
+2Z/0 /0 a;(z) byj(w)uf + ) bjk(@)uju | dedt
j=1 J

k#j
n 27 1 1
-2 Z / / — bjj(:c)u§ + Z bj(x)ujug | dedt = 0. (1.31)
jemy170  Jo a;(x) e
Applying Holder’s inequality and assumption (1.29), we derive that
[ Xwan- Y (ZT;kuka,t)) dz (1= 3 S| [ Y w oz
o \u=t o =1

j=m+1 \k=1 j=m+1 k=1 J



A similar estimate is true for the second boundary summand in (1.31) as well. Set

b; b;
cir(x) = ;f((:f)) for1<j<m and cx):= —;;T(;)) form+1<j<n.
Then (1.29) together with
cik(x)E€k > C’Z |&;|* for all ¢ € R™ and a.a. z € (0,1), (1.32)
7,k=1 j=1

where the constant C' > 0 does not depend on ¢ and z, is sufficient for (1.16). It is easily seen that
estimate (1.32) is true if, for instance,

b b; b;

ess inf L]—Z(ﬁ—i—ﬁ) >0 forall j=1,...,m,
aj Py aj (477
b b; b;

ess inf _ﬂ_Z(ﬂ ﬁ) >0 forall j=m-+1,...,n.
a; Py a; (477

Summarizing, we get: In order the main conditions (1.16) and (1.17) to be satisfied, it is sufficient
that (1.29) is fulfilled as well as

essinfa; >0 for j=1,...,m,
esssupa; <0 for j=m+1,...,n,
essinf bj; >0 for j=1,...,n,

ess sup |bjx| =0 for 1<j#k<n.

Remark 1.12 about very weak solutions: Let the assumptions of Theorem 1.4 be satisfied. Denote
by M the set of all (@,a,b, f) € R x C([0,1];R™) x L>((0,1); M,,) x W such that

0 —w| <e, max [|a; —ajlleo <&, max [|bjr — bjrlle <&,
j=1,....,n Jk=1,...,n
and by My the set of all (&,d,b, f) € M such that a; € C%1([0,1]) for all j = 1,...,n and bjx € BV (0,1)
forall 1 < j # k <mn. Then M is dense in M (with respect to the usual norm in R x C([0,1]; R™) x
L>((0,1); M,,) x W1). Moreover, the data-to-solution map (1.19) is defined on My, and it is uniformly
continuous (with respect to the usual norm in R x C([0, 1];R™) x L>((0,1); M,,) x W) from My into
WY (cf. Lemma 6.3). Hence, there exists a unique continuous continuation of the data-to-solution
map (1.19) on the set M. But the images u € W of this continuation, corresponding to arguments
(@,a,b, f) € M\ My, are not strong solutions to (1.1)-(1.3), in general, they are a kind of very weak
solutions to (1.1)—(1.3).

2 Some properties of the used function spaces

In this section we formulate some properties of the function spaces W7, V¥(w, a,r), and U"(w, a) intro-
duced in Section 1. For each u € W7 we have

2m
. 1 .
u(z,t) = %us(:c)e”t with v’ (z) := o /u(z,t)(f”t dt, (2.1)
s 0

where u® € L?((0,1); C"), and the series in (2.1) converges to u in the complexification of W7. And vice
versa: For any sequence (u®),cz with

u® € L*((0,1);C"), u™* =77, Z(l + SQ)WHUSH?{’C((OJ);(C") <o (2.2)
SEL



there exists exactly one v € W7 with (2.1). In what follows, we will identify functions v € W7 and
sequences (u®), ., with (2.2) by means of (2.1), and we will keep for the functions and the sequences the
notations u and (u®),.,, respectively.

The following lemma gives a compactness criterion in W7 (see [9, Lemma 6]):

Lemma 2.1 A set M C W7 is precompact in W7 if and only if the following two conditions are satisfied:
(i) There exists C > 0 such that for all u € M it holds

S+ [ e <c
0

SEZ

(i1) For all € > 0 there exists 6 > 0 such that for all h € (—=0,0) and all uw € M it holds

1
Z(l + %)Y / ||lw (2 + h)e'sh — us(a:)||2 dr <e,
0

SEL
where u®(xz + h) ;=0 forx+ h & [0,1].
Concerning the spaces U"(w, a) we have the following result (see [9]):

Lemma 2.2 (i) The space U"(w,a) is complete.

(i) If v > 1, then for any x € [0,1] there exists a continuous trace map v € UV (w,a) — u(x,-) €
L2 ((0,2m); R™).

(i11) If v > 3/2, then U7 (w, a) is continuously embedded into C([0, 1] x [0, 27]; R™).

Now, let us consider the dual spaces (W7)".
Obviously, for any v > 0 the spaces W are densely and continuously embedded into the Hilbert space
L?((0,1) x (0,2m); R™). Hence, there is a canonical dense continuous embedding

L2 ((0,1) x (0,27); R™) — (W)" : [u, v]w~ = (u,v) 2 (2.3)

for all w € L? ((0,1) x (0,27); R™) and v € W7. Here [-, -]y~ : (W?)* x WY — R is the dual pairing, and
(-, 2 is the scalar product introduced in (1.14).
Let us denote
es(t) :=e"! for s € Z and t € R. (2.4)

If a sequence (p*)sez with ¢* € L?((0,1);C?) is given, then the pointwise products ¢®es belong to
L?((0,1) x (0,27); C"). Hence, they belong to the complexification of (W?)* (by means of the complex-
ified version of (2.3)), and it makes sense to ask if the series

> ptes (2.5)

SEZ

converges in the complexification of (W7)*. Moreover, we have (see [9, Lemma 10])

Lemma 2.3 (i) For any ¢ € (W7)* there exists a sequence (¢°)scz with

<PS € Lz((ov 1)a Cn)a <P_S = ?a Z(l + S2>_’YH</)S('r)||%2((0,1);((:") < 00, (26)
SEL

and the series (2.5) converges to ¢ in the complexification of (W7Y)*. Moreover, it holds

1
/(cps(ac), u(z)) dr = [, ue_sly, for all u € L*(0,1). (2.7)
0

(i) For any sequence (¢%)scz with (2.6) the series (2.5) converges in the complezification of (W7)*
to some € (W7)*, and (2.7) is satisfied.

10



3 Isomorphism property (proof of Theorem 1.1)

Let v > 1 and f € W be arbitrarily fixed. We have f(z,t) = . f*(z)e®! with
SEZL

f5e L¥((0,1);C"), 1+ s /Ilf ? dr < 0. (3.1)
SGZ

We have to show that, if (1.9), (1.10) and (1.11) hold, then there exists exactly one u € V7 (w, a,r) with
(1.6) and

lullvsw,ary < Cllflwe

Writing u as series according to (2.1) and (2.2), we have to show that there exists exactly one tuple of
sequences (u$)sez,j = 1,...,n, with u5 € H' ((0,1); C) satisfying

d S N S S -
aj(x)%uj(x) + (isw + bj;(x)) ui(x) = fi(x), j=1,...,n, (3.2)
ui(0) = Z rOun(0), j=1,....,m,
=t (3.3)
ui(l) = Zr}kuZ(l), j=m+1,...,n
1
Z(l + 82)7/|u§(x)|2dac <Clfllw~, 3=1,...,n, (3.4)
SEL 0
1 2
1+s 7/ a;(z i(x) +iswui(x)| de < Cffllwv, j=1,...,n. (3.5)
SGZ 0

The estimate (3.5) follows from (3.2) and (3.4). Hence, we have to show that there exists exactly one
tuple of sequences (u$)sez,j =1,...,n, with uj € H' ((0,1); C) satisfying (3.2)—(3.4).
By means of the variation of constants formula, (3.2) is fulfilled if and only if

o [P 1)
s _ —iswag(x)—B(x s iSWwa; B Ty
u () = e~ @) B @) uj(0)+/e W)+ (v) ajj(y) dy | . (3.6)
0

where the functions a; and §; are defined in (1.8). The boundary conditions (3.3) are satisfied if and
only if

ui(0) = Y rGui(0), j=1,...,m, (3.7)

and

1
e~ tswe (1)=6;(1) u}(0) —l—/eiswaj(y)-kﬁj(y)fj_(y) dy

a;(y)
0

m 1 s
Z 7154;.)0% (1)—Br(1) ’U/Z(O) + /eiswak(y)Jrﬁk(y) fk (y) dy . j=m+1,...,n.
— ) ax(y)

This is equivalent to (3.7),

efiswaj(l) 51(1 Z Z 715"‘)0"“ (1)- ﬁ’“(l)TjkTngp(O)
k=1p=m+1

11



1
_ emisway ()= / eisoas e W) 4
0

a;(y
m 1 s
+ Z efiswak(l)fﬁk(l)r;k /eiswak(y)Jrﬁk(y) i (y) dy, j=m+1,...,n. (3.8)
= a(y)
0
The linear inhomogeneous system (3.8) has a unique solution (u$,,1(0),...,u5(0)) if and only if its

coefficient matrix I — R¢(w,a,b’,r) (where R(w,a,b’,r) is introduced in (1.7)) is regular. If, moreover,
assumptions (1.10)—(1.11) are satisfied, then there exist coefficients ¢j and a constant C' such that

n s

1
Wi (0) = 3 e iD= / piswan )+ () T (Y
0

~—

dy, j=m+1,...,n, (3.9)

S

~—

J
k=1 k(Y

and |3, | < C uniformly with respect to w, a, b9, r, and s € Z with (1.10)-(1.11). Hence, for each s € Z
the boundary value problem (3.2)—(3.3) is uniquely solvable, and we have the integral representation (3.6)
of the solution, where u;(0) for 1 < j < m is given by (3.7) and for m +1 < j <n by (3.9). Putting this
together, we get

x

us (I) — e—iswaj (z)—B;(x) </eiswaj (v)+8; () fj (y) dy

! a;(y)
0
n 1 s
+Zd;ke—iswak(l)—ﬁk(l) /eiswak(y)+ﬁk(y) fi (y)_ dy |, j=1,...,n, (3.10)
— ) ax(y)

with certain coefficients d, such that there exists a constant C (not depending on w, a, B0, r, and s € Z
with (1.10)—(1.11) and on z and f) with
|5 | < C. (3.11)

In addition, (3.10) and (3.11) imply that there exists a constant C' (not depending on w, a, b°, 7, and
s € Z with (1.10)—(1.11) and on = and f) such that

1
w@l < [ @] d .12
0
The estimate (3.4) now follows from (3.1).

4 Fredholmness property (proof of Theorem 1.2)

In Sections 4 and 5 we suppose the data w, a, b, and r to be fixed and to satisfy (1.11)—(1.13). Hence we
will omit the arguments in the operators and the spaces:

A= A(w,a,b°,7), B:=BbY), A:= Aw,a,b’,r), B:= B,

V7=V w,a,r), VY= f/"*(w,a,r).

In this section we prove that A + B is Fredholm from V7 into W7, which is part of the assertions of
Theorem 1.2.

Obviously, A + B is Fredholm from V?” into W7 if and only if I + BA~! is Fredholm from W into
W?7. Here I is the identity in W7.

We will prove that I +B.A~"! is Fredholm from W into W7 using the following abstract criterion for
Fredholmness (see, e.g., [9, Lemma 11] and [21, Proposition 5.7.1]):

12



Lemma 4.1 Let W be a Banach space, I the identity in W, and C € L(W) such that C? is compact.
Then I + C is Fredholm.

In order to use Lemma 4.1 with W := W" and C := BA~! we have to show that (BA’l)Q is compact
from W7 into W7. For this purpose we will use Lemma 2.1.

Condition (i) of Lemma 2.1 is satisfied because BA~! is a bounded operator from W into W7.

It remains to check condition (i) of Lemma 2.1. For this purpose we will use the integral represen-
tation (3.10) of A%

Take a bounded set N C WY and f € N. Denote u := A~ f and @ := (BA_1)2 f- Then

x

Z b]k —zswak(m)—ﬁk(w) (/ eiswak(y)-i-ﬁk(y)afl Z bkl dy
=1

0 =1
I#

L n
+ Z ds —isway (1)—pB(1) /eiswal( y)+B:i(y Z blr y>
0 r=1
r#l
~5 iswh ~s __ ps s s :
Therefore @}(z + h)e —uj(z) = P{(z,h) + Qj(x, h) + R;(z, h) with

x+h
Pi(x,h) =

NE

eisw(*ak (z+h)+h+ar(y))—Br(x+h)+Bk (y)alzl (y)bjk (I + h/)bkl (y)uf (y) dy,

k,l

k

Il
8

l

<.
S
e

NE

Q;(:zr, h) = bk (z + h)efﬁk(wrh) (eisw(*ak(erh)Jrh) _ e*iswak(m)) Si(x),

ke

3l
Kl

NE

B h) = Y (bule+ WO by (@) ) Si)

o
Sl
Kl

and

x

Si(x) ;:/eiswak(y)"‘ﬁk(y)a;l(y) Z b (y)us (y) dy

0 =1
12k
n 1 n
_'_Zdzle—iswal(l)—ﬁl(l)/eiswal(y)ﬂ'ﬁl(y)a;l 3 buly dy. (4.1)
=1 0 1

T

r;l
We have to show that

1
Z(l + 82)7/0 (1P; (z,h)]> + Q5 (2, h)|* + | RS (2, h)|*) do — 0 for h — 0
SEZL

uniformly with respect to f € N.
Because of Au = f we have (3.12). This implies

1
SO0+ 52 / (P52 d < CR2|| |13, (4.2)

SEZ

where the constant C' does not depend on j, h, and f. Hence, the left hand side of (4.2) tends to zero for
h — 0 uniformly with respect to f € N.
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In order to estimate Q3(z,h) and R}(x,h), let us first estimate S5(x). Again we use Au = f.
From (3.2) it follows

d : 17 ) = bu(y)ui (y)
o elswal(y)us _ elswal(y) l l .
dy ( l(y)) ai(y)

Using this, we get

Gl(y) — ak(y) eliswak (y) *(y)

15w U
ar(y)a(y) :
_ d /. d /.
_ pisw(ak(y)—au(y)) 2 [ siswau(y),, s _ 2| piswak(y), s
¢ g (@) = - (i)
_ ilwoy(y) flS (y) — b”(y)uls (y) d isway (y),, s
=e —— (e u .
ay) i ( i)
Therefore
: bri(y)
eiswon () +8k(y) PN | s y
ak(y) l( )
_ eﬁk(y) a (y>bkl(y) <eilwal(y) fls(y) — bll(y)uls (y) _ i (eiswak(y)uls(y))> ) (43)
isw a;(y) — ax(y) ai(y) dy

Moreover, because of assumptions (1.13) and a; € C%1([0, 1]), for all k # [ the function

= o) )b (y)

1
velo ai(y) — ax(y)
is in BV(0,1). Hence,
Br(y) al(y)bkl(y) d iswag(y),,s dul < Cllus 4.4
e ——— (e u U | oos :
[ e S L ( ) dy| < Clui (14)

the constant C' being independent of x, k, [, s, and u. Here we used assumption (1.13). Therefore, (3.12)
and (4.3) imply

x

1
- bua(v) ¢
iswa (y)+8k (y) PRIY) s < / s
/e i) ) < o [ 157 (4.5)
0 0

for some constant C' being independent of z, k, [, s, and f. Similar estimates are true for all other integrals
n (4.1). As a consequence,

C
1+ s

153 (2)] < /me, (4.6)
0

where C' does not depend on z, j, s, and f. This gives

C . ) 1
isw(—oy(z+h)+h) _ —iswoy(z)|2 s 2
e o3, e e 2 [ e,

1
| 1@t as <
0
where C does not depend on z, h, j, s, and f. But assumption (1.12) and notation (1.8) imply that

i (—an(@th)Th) _ gmiswar(@)| < Ogh,

hence .
E:O+65”/1KE@AMFdISC%ﬂUﬂ%m (4.7)
SEZ 0

where the constants, again, do not depend on j, k, h, and f. Hence, the left hand side of (4.7) tends to
zero for h — 0 uniformly with respect to f € N.



Finally, (4.6) gives

S+ [ RGP do

SEZ 0

1
< C'k:nllaxn/ bk (x + h)e—ﬁk(z—i-h) _ bjk(x)e—ﬁk(w)|2 dIHfH%/V'V’ (4.8)
0

.....

where the constant C' does not depend on j, h, and f. Hence, the left hand side of (4.8) tends to zero
for h — 0 uniformly with respect to f € N because of the continuity in the mean of the functions
x = big(z)e Pr@),

In order to finish the proof of assertion (¢) of Theorem 1.2, it remains to show that the index of A+ B

is zero. This is the topic of the next section.

5 Index zero property (still proof of Theorem 1.2)

Directly from the definitions of the operators A, A, B, and B it follows
(A4 B)u,@)p> = (u, (A+ B)i)2 forall u € V7 and @ € V7. (5.1)

Here (-, )12 is the scalar product in H%? = L2 ((0,1) x (0,27); R™) introduced in (1.14).
In order to prove that the Fredholm operator A + B has index zero, it suffices to show that

dim ker(A + B) = dimker(A + B)*. (5.2)

Here (A + B)* is the dual operator to A + B, i.e. a linear bounded operator from (W7)* into (V7)*.
Using the continuous dense embedding

VI o W (HY0)2 — (W),
it makes sense to compare the subspaces ker(A + B)* of (W7)* and ker(A + B) of V7
Lemma 5.1 ker(A + B)* = ker(A + B).
Proof. For allu € V7 and @ € V7 we have
((A+ B)a,u)rz = (@, (A+ B)u) 2 = [@, (A + B)uly- = [(A+B) @, uly - (5.3)

Here we used (2.3) and (5.1). Obviously, (5.3) implies ker(A + B) C ker(A + B)*.
Now, take an arbitrary ¢ € ker(A + B)* and show that ¢ € ker(A + B). By Lemma 2.3, we have

(using notation (2.4)) ¢ = 3 p®es with
SEL

s n s 2
(ZBS L2 ((07 1)7(C ) ) Z(l + 82)7 ||(P (x)HLZ((O,l);(C") < 0.
SEL

It follows that for all w € V7
1
* s d —s . —s T, —s
0= [(A+B) 0y = o, (A+ Bl = 3 [ {0a(a) 70— iswu™ + b(a)Tu
0

Therefore
<g05, a(x)%ufs —iswu”® + b(a:)Tus>L2 =0



for all u® € H'((0,1);C") with (3.3). By a standard argument, we conclude that ¢* € H' ((0,1);C")
and that it satisfies the differential equation

d

2 (a(x)@®) —iswe® + b(z)Tp* =0 (5.4)

and the boundary conditions

M= (5.5)
a;()ef(1) == Y rja(Dei(l),  1<j<m
k=m+1
This yields, as in Section 3, that ¢ € V7 and (A + B)p = 0. O

To finish with the proof of assertion (ii) of Theorem 1.2, it remains to prove (5.2), i.e.
dim ker(A + B) = dim ker(A + B). (5.6)

Lemma 5.2 There exists so € N such that for all u € ker(A + B), @ € ker(A + B), and s € Z with
|s| > so we have u® = 4° = 0.

Proof. Suppose, contrary to our claim, that there exists a sequence (u;),cy € ker(A + B) such that
for all [ € N there exists s; € Z with |s;| > [ and (u;)*™ # 0. Without loss of generality we can assume
that |sg| < |s;| for k£ < I. This means that the functions (u;)* es, belong to ker(A + B) and are linearly
independent, a contradiction with the fact that ker(A4 + B) < oo. O

Lemma 5.2 implies that

ker(A+ B) = Z u’es | u® solves (5.7),(3.3) »,

[s|<so

ker(A + B) = Z p’es

[s|<so

©° solves (5.4), (5.5) ;,

where p
a(gc)d—uS +iswu® + b(z)u® = 0. (5.7)

x
It is known that, given s € Z, the number of linearly independent solutions to (5.7), (3.3) equals to the

number of linearly independent solutions to (5.4), (5.5). Hence, (5.6) is proved. In particular, we have
proved that ker(A + B) and ker(A + B) do not depend on v, i.e. that claim (ii) of Theorem 1.2 is true.

6 Cf-smoothness of the data-to-solution map (proof of Theo-
rem 1.4)

In this section we prove Theorem 1.4. Hence, we suppose the assumptions of Theorem 1.4 to be satisfied,
i.e. the data w,a, b, and r, which satisfy (1.12) and (1.16)—(1.17), are given and fixed.

By Theorem 1.1, for all (©,a,b) ~ (w,a,b) in R x L>((0,1);R™) x L>((0,1);M,,) and v > 1 the
operator A(©, a, BO) is an isomorphism from V7(®, a,r) onto W7 and

HA((‘D?d760)71||£(W7;V7(®,&,T) S const. (68)

Lemma 6.1 For all v > 2 the map (©,a,b) — A(&,d,go)_l is uniformly continuous as a map from a
subset of R x L>([0,1];R™) x L>((0,1);M,) into LW7; W7—1).
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Proof. Take (w',a’,V'), (w”,a”,b") = (w,a,b) in R x L>®((0,1); R™) x L>((0,1); M,,), v > 2, f € W7,
u e V(W' d,r), and u” € VV(w”, a”,r) such that
A(w/,a/,b/)u/ _ A(w//7a//,b//)u// — f'
Then (6.8) yields
[0e' [ w1 < [ [lwe < W v (wrar,ry < ClLFlw (6.9)
and

n

. . / / ! I
min | min |aj(2)] 90 s < H [ajamuj]j:lHWH

< H W' Byu; + a0, LT w'[|0pu [l

]j:1 HWW*
< HU/HVV(w’,a’,T) + Cw,”fHW” < C(l +w,)||f||WV7 (6'10)
where the constant C' > 0 is the same as in (6.8) and is independent of v,w’,w”,a’,a”, b, and b".
Moreover, we have
./4(('()//,01//7 b//)(u// _ u/) — (A(w/7a//,b//) _ A(W”,a;”,b”)) u/
+ (AW, ad,b") — AW, a" ") u + (AW, d', b)) — AW, a', b)) o
= [(W" = w0 + (af = af) Durt + (b]; = b)) uj] ]

jlj=1"

This is a well-defined equation in WY~! and (6.8), (6.9), and (6.10) yield

o = lrer < € (Jo = /] o} =l + g I~ sl ) 1

with a new constant C' being independent of v,w’,w”, d’,a”,b’,b”, again. O

Lemma 6.2 There exist € >0 and C > 0 such that for all@ € (w —¢,w+¢), a € Ac(a), b€ B.(b) and
v > 2 the operator A(®,a,b°) + B(b) is an isomorphism from V7 (&, a,r) onto W7, and

H (A(&;,a,i)o) + 3(131))_1

<C. (6.11)
LWV (@,a,r))

Proof.  ;jFrom Theorem 1.2 follows that for all v > 1 there exists € > 0 such that for all @ €
(w—¢e,w+e), ac Ala), and b € B.(b) the operator A(@,a,b°) + B(b') is Fredholm of index zero
from V7Y(@,a,r) into W7. Moreover, € can be chosen independently on -, because, as we showed in
Section 5, if A(@,a,b°) + B(b') is Fredholm of index zero from V7 (@, a,r) onto W7 for certain v > 1,
then dim ker(A(&,d,ISo) + B(b')) and codim im (A(@,a,b°) + B(b')) do not depend on ~, and, hence,
A(@, a,b°) + B(b') is Fredholm of index zero from V7 (@,a,r) into W7 for any v > 1.

Let us show that ¢ can be chosen so small that for all @ € (w — e,w +¢), @ € A(a), and b € B.(b)
the operator A(@,a,b°) + B(b') is injective (and, hence, bijective).

Suppose the contrary. Then there exist sequences wy — w in R, ag, — a in L>((0,1); R™), B — b in
L>((0,1);M,,), and v € V7 (wg, o, ) such that

(A(wk, g, ) + B(BL))vr = 0 and vy, # 0. (6.12)
Set wy, := A(wg, ag, BY)vx. Then there is kg € N such that for all k > ko
(I + B(BL)A(wk, ax, B2) " Hwy, = 0. (6.13)

Hence )

wy, = (B(by) Alwr, a, B1) ™)™ we,
and, consequently,

WE 2

= (B(b")A(w,a,b°) ") 2z

2k ‘=
[[we [l w~

+ (BB Awr, ax, )7

2

— (B(b")A(w,a, bO)*l)Q) . (6.14)
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Because the operator (B(b')A(w,a, bo)_l)2 is compact from W7 into W7, it is also compact from W7~

into W7~1. Hence there exist z € W7~! and a subsequence zj, such that (B(b')A(w,a, bo)*l)2 2k — 2
in W7~ Therefore Lemma 6.1 and (6.14) yield that z;, — 2z in W7~! and Lemma 6.1 and (6.13) yield
that

(I+BbYA(w,a,b") Mz =0in WL

Hence z belongs to ker (I + B(b*)A(w,a,b%)7!). Since | z|lw~ = 1 and ker (I + B(b*)A(w,a,b)™") does
not depend on v, we get a contradiction to assumption (1.16).

It remains to prove (6.11). Suppose the contrary, i.e. that for any choice of € (6.11) is not true.
Then there exist sequences wy, — w in R, ax — a in L*°((0,1);R™), B — b in L°°((0,1); M,,), and
vg € V7 (wk, ag, ) such that

(A(w, o, B7) + B(Br))ve — 0 and okllva o) = 1. (6.15)

Now we proceed as above, replacing (6.12) by (6.15), to get a contradiction. O

Similarly to Lemma 6.1 one can prove

Lemma 6.3 For all v > 2 the map
(@,a,D) € (w—e,w+¢e) x Ac(a) x B.(b) — (A(&, a,0°) + 8(131))71 € LW, w1ty (6.16)
is uniformly continuous as a map from a subset of R x C([0,1];R™) x L°°((0,1); ML) into L(W; WY~1).
Let us introduce the data-to-solution map
(J),&,l;, f) € (w—¢e,w+e)x A(a) x Bs(b) x WY
) (&; b, f) = (A(&, a, %) + 8(131))71 Fewn. (6.17)
Lemma 6.4 The map @ is C'-smooth as a map into WY=2 for all v > 2.

Proof. We have to show that all partial derivatives 0,1, 0,4, Oy, and Oy@ exist and are continuous.
First, consider d¢t. From the definition (6.17) follows that it exists and that

. _ _ N
Bt (@,&,b, f) f= (A(cb,&,bo) +B(b1)) I3
The continuity of the map
(~,d,l~), f) € (w—eg,w+e) x A(a) x Be(b) x WY — 9r1 (~,d,~,f) e LW, W—h)

follows from Lemma 6.3.
Now, consider dyt. From Corollary 1.3 follows that it exists, and (6.17) yields
1

Ot (N,&,B, f) b= — (A(Q&,BO) + B(Bl))_l (35).,4(67),&,50)6"' B/(gl)l—)) (A(LD,EL, l~70) N B(l;l))_ /

Moreover, we have

(0A@,a,808) u = [byu;]_, and (B'GB)w= | bjpur| (6.18)

k#j =1

Hence, 0y A(®, a, 130) and B’(El) do not depend on @, @, and b°. Therefore, again Lemma 6.3 yields the
continuity of the map

(a,a,z}, f) € (w—e,wte)x Ac(a) x Beo(b) x W = Oyt (a f) € L(L=((0,1),M,); W),
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Further, consider 9,%. If 9,1 (&,d,i), f) exists as an element of £(L>((0,1),R"); WY~2), then for
any a € L*((0,1),R™) we have

n

= |2 | @0y (@0, F) + > bywi (3,3,5, 1) = £ . (6.19)

j=1
The right hand side belongs to W?~!, hence this equation determines uniquely the candidate
- . o\ -1 - -
(@ a,b f) = (A(J),a,bo) +B(b1)) (8aA(®,d,b0)a) a (@,d,b, f)

for 0,1 (&, a,b, f) in £(L*((0,1),R™); W7Y~1). Moreover, because of Lemma 6.3 the candidate 9 for 9,1
is continuous as a map from (w — g,w +¢) x Ac(a) x B:(b) x W7 into L£(L>((0,1),R"); W7~2).

It remains to prove that o is really d,@. In order to show this, take & € (w —¢,w+¢), ag, a1 € Ac(a),
be B(b),y>2, feWY uy € VV(wo,a,r), and u; € VV(wy,a,r) such that
(A(@,a0,8%) +BE) ) uo = (A@,a1,5) + BOY) w1 = f.
Then
(.A(JJ, ar, %) + B(i)l)> (u1 — up — (@, ag, b°)(a; — a0)>
= (A@, 00,8%) — A@,01,5°) ) (&, a0, 8°) (@1 — a0)
+ (A(@, 00,8) + 00 A(wo, a0,68) (a1 — ao) — A, a1,1%)) u.
But A(@, ag, b) + 04 A(wo, ag, b3) (a1 — ag) — A(@, a1, %) = 0 because A(@, -, b) is affine. Hence
| (A@.a1,5) + BEY) (w1 = w0 = 9@, 0.8 (a1 = a0)|| -, =0 (Jla1 = 0]l 0,172
and Lemma 6.2 yields
Hul —ug — (@, a0, b°) (a1 — ao)HW%2 =0 (Hal - ao||Loo((o,1),Rn)) ;
Finally, we consider 0,,4. If 0,4 (&), a,b, f) exists as an element of W?Y~2, then we have
(A(@, a, %) + 8(61)) a0 (w ab, f) - (awA(@, , 130)) & (@ a,b, f) — _di (w ab, f) .
This equation determines uniquely the candidate
0 (2..5.7) =~ (A@.a.5) +BG)) oy (2.a..1).

for 0,0 ((.D, a, l~7, f) in WY~2. Moreover, because of Lemma 6.3 the candidate w for 0,7 is continuous as
a map from (w —e,w+¢) x A.(a) x B:(b) x W7 into W72,
Again, it remains to prove that o is really 9, 4. In order to show this, take wo,w; € (w —&,w +¢),
a€A(a),be B:(b),y>2, f € WY, ug € VV(wyp,a,r) and u; € VV(wi,a,r) such that
(.A(wo, i, b) + B(Bl)) up = (A(wl, i, b) + 8(61)) u = f.
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Then
H (A(wl, a,0°) + B(Bl)) (ul —up — (w1 — wo)w(w, ag, bo)) H

i s
= H(wl — wo) (A(wl,d,i)o) A(wo, @, b°) ) (@, ao, b H . o(Jw1 — wpl)-
Hence, Lemma 6.2 yields
[ =0 = (@1 = wo)i(@, a0, 8|, =0 (ln —wol).
g
Lemma 6.5 The map 4 is C*-smooth as a map into WY™F=1 for all 1 <k <~ — 1.
Proof. For k =1 the lemma is true, and the first partial derivatives satisfy
st (a,a,z}, f) Fo=a (@,a,é, f), (6.20)
Oy (w a,b, f) b= —a (w a,b, B ( (w a,b, f) B)) , (6.21)
O (w a,b, f) i = —i (w a,b, A (aj ab, f,a (w a,b, f)) a) , (6.22)
B, (@,a,é, f) = —a (a,a,i),ata (@,@,B,f ) (6.23)

A (&,d,i), 1, u) a:= ?—J: WOoru; + Zi)jkuk —f; ,
@ oy _
Jj=1
and B : W7 x L>((0,1); M,,) — W7 is the bilinear bounded operator which is defined by (cf. (6.18))
b) = lz bjkuk‘| .
k+1 j=1
Obviously, the map
(@,a,l}, f, u) ER x A x L¥((0,1);M,) x W x W s A (J),&,B, f, u) € L(L=((0,1);R™); W1

is C*°-smooth. Hence, (6.20)-(6.23), Lemma 6.4 and the chain rule imply that the data-to-solution map
@ is C%-smooth, and one gets corresponding formulae for the second partial derivatives by differentiating
the identities (6.20)—(6.23). For example, it holds

050w (@,a,5, 1) (£,8) = bt (@,,b, F) b= ~a (@,a,5,B (@ (@,a,5, ) b))
070, (J;,&,B,f (F,@) = ail (@,&,B, f) i=—10 (@,&,5,/\(@,&,5, f.a (@,a,l}, f)) a) ,
0,0t (w a, b, f) F=a,0 (w a,b, f) - —4 (w i, b, 9, (w a,b, f))

@
— 9 (w a,b, 0,a (a b, f)) 0:0,,4 (w i, b, Oy (w a,b, f)) — @ (w a,b, 0% (w i

o
s
N—
~—

If v > 4, then those formulae and the chain rule imply that all second partial derivatives of 4 are
C'-smooth etc. O
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