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and smooth dependence for nonsmooth
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Abstract. We prove local existence, uniqueness, Holder regularity in space
and time, and smooth dependence in Hoélder spaces for a general class of
quasilinear parabolic initial boundary value problems with nonsmooth data.
As a result the gap between low smoothness of the data, which is typical for
many applications, and high smoothness of the solutions, which is necessary
for the applicability of differential calculus to abstract formulations of the
initial boundary value problems, has been closed. The theory works for any
space dimension, and the nonlinearities are allowed to be nonlocal and to
have any growth. The main tools are new maximal regularity results [19, 20]
in Sobolev—Morrey spaces for linear parabolic initial boundary value problems
with nonsmooth data, linearization techniques and the Implicit Function The-
orem.
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1. Introduction

This paper concerns initial boundary value problems for quasilinear second order
parabolic equations in divergence form with nonsmooth data and for weakly cou-
pled systems of such equations. Here nonsmooth data means that the domain can
be nonsmooth (but has to be a set with Lipschitz boundary), that the coefficients
of the equations and the boundary conditions may be discontinuous with respect to
the space and time variables (but have to be smooth with respect to the unknown
function u), and that the boundary conditions can change type (mixed boundary
conditions, where the Dirichlet and the Neumann boundary parts can touch). The
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coefficients may be local or nonlocal functions of u, they can have any growth with
respect to u, and the space dimension can be arbitrary. Typical applications are
transport processes of charged particles in semiconductor heterostructures, phase
separation processes of nonlocally interacting particles, chemotactic aggregation
in heterogeneous environments as well as optimal control by means of quasilinear
elliptic and parabolic PDEs with nonsmooth data.

Main results: The main results are Theorem 4.1 about regularity and smooth
dependence, Theorem 4.2 about local in time existence, Theorem 4.3 about unique-
ness and Theorem 4.5 about Holder continuity of the first time derivative of the
solution. Here regularity and smooth dependence means that the solutions are
Hoélder continuous in space and time and depend smoothly on the data in para-
bolic Holder space norms over the space-time cylinder. So the door is open to apply
the powerful theorems of differential calculus (principle of linearized stability, an-
alytic bifurcation theory, existence and persistence of smooth invariant manifolds,
enabling a reduction of the study of the long-time dynamics to finite dimensions)
to those initial boundary value problems. In particular, Theorem 4.1 shows how
to apply the classical Newton iteration procedure with quadratic convergence rate
in parabolic Holder space norms.

Remark that here in the introduction we formulate the results in the language
of Hélder spaces, which is satisfactory for most of the applications. But it turns out
that the proofs cannot be done by working in Hélder spaces or in Sobolev spaces
because the linearized diffential operators do not have the maximal regularity
property between such spaces in the case of general nonsmooth data and arbitrary
space dimension.

Main techniques: We work in parabolic Sobolev—Morrey—Campanato spaces.
Those spaces for functions are known (but much less used than Sobolev spaces)
since 40 years, but for functionals almost unknown and not used. Concerning
the delicate questions about embedding theorems, traces on Lipschitz hypersur-
faces and behavior under Lipschitz transformations and pointwise multiplication,
which appear necessarily in the analysis, there existed only a few results, and
those mainly under unrealistic high smoothness assumptions on the data. In [19] a
general theory was developed for parabolic Sobolev—Morrey—Campanato spaces on
domains with Lipschitz boundary and Lipschitz hypersurfaces as well for functions
as for functionals. In [20] it was shown that a general class of linear second order
parabolic differential operators has the maximal regularity property between such
spaces. Now, in the present paper we show that these maximal regularity proper-
ties together with linearization techniques and the Implicit Function Theorem give
local existence, uniqueness, regularity and smooth dependence for a general class
of quasilinear parabolic initial boundary value problems with nonsmooth data.

Remark that the authors together with K. Groger realized the same pro-
gramme for quasilinear elliptic boundary value problems with nonsmooth data:
Applications of differential calculus to nonlinear problems [23] via maximal regu-
larity in Sobolev—Morrey—Campanato spaces for linear problems [18] after investi-
gation of the needed properties of the spaces [17, 22].
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Related work: Let us close this introduction by some remarks concerning
the so far existing literature about quasilinear parabolic initial boundary value
problems.

As far as we know up to now there did not exist any results about smoothness
(at least continuous differentiability) of the data-to-solution-map for quasilinear
parabolic initial boundary value problems with nonsmooth data.

What concerns local existence, uniqueness and continuous dependence for
quasilinear parabolic initial boundary value problems, we learned a lot from H.
Amann’s work [2, 3, 4, 5, 6]. There the main tool is maximal L? regularity of
the corresponding linear operators. The smoothness assumptions on the data are
slightly, but, from the point of view of applications, essentially stronger than ours:
The leading order coefficients of the elliptic differential operator have to be con-
tinuous in space and time, and the Dirichlet and Neumann boundary parts in the
mixed boundary conditions are not allowed to touch. On the other hand, Amann’s
assumptions on the possibly nonlocal coefficient functions are weaker than ours: He
includes time delay, we do not. Remark that [3, Theorem 4.1] gives Gateaux differ-
entialbility of the data-to-solution-map on Fréchet spaces of coefficient functions,
which is a first step to smoothness.

What concerns nonsmoothness of the data, the assumptions in [10, 24, 25]
for local existence and uniqueness for quasilinear parabolic initial boundary value
problems are as weak as ours. In particular, some domains, which are not Lipschitz
domains in the commonly used sense (like two crossing three-dimensional cuboids)
are allowed as well as nonlinear Robin or Neumann boundary conditions. Further,
in [10, 24, 25] as well as in our paper the concept of Groger’s regular sets, see [21],
is used, which enables to handle mixed boundary value problems with touching
Dirichlet and Neumann boundary parts. In [10, 24, 25] the assumptions concerning
the space dimension (they suppose n < 3) and the allowed discontinuities in the
leading order coefficients are slightly more restrictive than ours (we suppose only
L* in space and time), but general enough for most applications.

The idea, to use maximal regularity properties together with linearization
techniques and the Implicit Function Theorem in order to get solution regularity
is known in the case of problems with sufficiently smooth data, see, for instance,
[8, 11, 12]. Also, in the case of problems with sufficiently smooth data there exist
proofs of local existence results for nonlinear parabolic problems using classical
(see [27]) as well as hard (see [26]) Implicit Function Theorems.

What concerns strongly coupled systems with nonsmooth data, it is known
that Holder regularity of the solutions cannot be expected in the case n > 3,
in general. Similarly, it turns out that one cannot expect smooth dependence
in the case of nonsmooth data, in general, if the equations contain terms which
are not affine with respect to the spatial gradient of the solution. Therefore we
consider only equations and boundary conditions, which are affine with respect to
the spatial gradient. For equations, which are nonlinear with respect to the spatial
gradient, even the question of uniqueness is much more difficult, see, for instance,
[1, 14, 15, 16].
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Organization of the paper: In Section 2 we introduce some notation and re-
sults about parabolic Sobolev—Morrey—Campanato spaces, mainly summarizing
results from [19]. Further, we introduce the nonlinear operators which are needed
for the rigorous statement of the abstract quasilinear parabolic problem (2.7).

Section 3 is devoted to the formulation and the proof of a maximal regularity
result for abstract linear parabolic problems with nonsmooth data in Sobolev—
Morrey—Campanato spaces. There we use results from [20] and generalize them
(from scalar equations to weakly coupled systems and from local to nonlocal op-
erators).

In Section 4 we formulate and prove our main results concerning abstract
quasilinear parabolic problems. There we use the maximal regularity result from
Section 3.

Finally, in Section 5 we present classes of nonlinear differential operators,
defined in the domain or on the Neumann boundary part, which lead to abstract
quasilinear parabolic problems of the type considered in Section 4.

2. Notation and setting

Let us introduce some notation. Throughout this text we assume S = (to, 1) to
be a bounded open interval in R. For r > 0 we define the set of subintervals

8, ={Sn(t—r*t):te S}
The symbol | | is used for both the absolute value and the maximum norm in R™.
We denote by

Qr(x) = {¢ €R" ¢ —af <}
the open cube with center z € R™ and radius r > 0. For subsets Y of R" we write
Y°, Y and 9Y for the topological interior, the closure, and the boundary of Y,

respectively. For 7 > 0 and subsets Y C R™ we use the corresponding calligraphic
letter to introduce the set

Y, = {YﬂQT(y) :er}
of intersections. Let A™ be the n-dimensional Lebesgue measure on the o-algebra
of Lebesgue measurable subsets of R™.
2.1. Parabolic Morrey—Campanato spaces

Let X C R™ be some bounded open set. The following definition goes back to
Campanato [7] and Da Prato [9]: For w € [0, n+2] the Morrey space Ly (S; L?(X))
consists of all u € L2(S; L?(X)) such that

[U]QL;(S;H(X)) = sup sup r_“// lu(s)|* d\™ ds
r>0 (I,Y)ES, XX, 1JY

remains finite. The norm of u € LY (S; L?(X)) is defined by

||UH%;(S;L2(X)) = ||u||2L2(S;L2(X)) + [U]QL‘;(S;L%X))'
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Let H}(X) C H C HY(X) be some closed subspace equipped with the usual
scalar product of H'(X). For w € [0, n+2] we introduce the Sobolev—Morrey space

L5(S;H) = {u € L*(S; H) : u € L (S; L*(X)), |Vu| € L§ (S; L*(X)) },
and we define the norm of u € LY (S; H) by

||u||2Lg(s;H) = ||U||%g(s;L2(X)) + |||Vu|||2L;’(S;L2(X))'

Note that the spaces L% (S; L?(X)) are usually denoted by L?*(Sx X). Apart
from these, later on we use further Morrey-type function spaces. Hence, we have
decided to use a different but integrated naming scheme. The set L>°(S x X) of
bounded measurable functions is a space of multipliers for L§ (S; L*(X)).

Analogously, we consider function spaces on Lipschitz hypersurfaces in R™.
Here, a subset M of R™ is called Lipschitz hypersurface in R™ if for each point
x € M there exist a neighborhood U of x and a Lipschitz transformation ® from
U onto the cube Q1(0) such that ®[U N M] = {y € R" : |y| < 1, y, = 0} and
®(x) =0.

Let M be a compact Lipschitz hypersurface in R™ and A\j; the (n — 1)-
dimensional Lebesgue measure on the o-algebra £, of Lebesgue measurable sub-
sets of M, see [13]. For s € [0,n+ 1] and relatively open subsets K of M we define
the Morrey space L% (S; L?(K)) as the set of all u € L?(S; L?(K)) such that

[U]ig(s;p(x)) =sup  sup 7“_”// lu(s)|* d\ns ds
r>0 (I,T1)e8, xK, 1JT

remains finite, and we introduce the norm of u € L¥(S; L?(K)) by

HUHZL;(S;L?(K)) = ||UH%2(5;L2(K)) + [U]QLg(s;L%K)y
The set L>°(S x K) is a space of multipliers for L¥(S; L?(K)).

2.2. Regular sets

For our investigations on global regularity we use a notion of regular sets G C R"”,
which is equivalent to the version introduced by K. Groger, see [21]. Being the nat-
ural generalization of sets with Lipschitz boundary it allows the proper functional
analytic description of elliptic and parabolic problems with mixed boundary con-
ditions in nonsmooth domains. For z € R™ and r > 0 we introduce the halfcubes

Qr (¥) ={EeR": ¢ — x| <7, & — 2 <O,

QF (x) ={€ €R™ : |§ — | <7, & — z < O},

Qf(a:) = {§€Q,T(x) & —xy>00r &, —a, <O}.
A bounded set G C R" is called regular if for each z € 0G we find some neigh-
borhood U of z in R™ and a Lipschitz transformation ® from U onto Q1(0) such
that ®[U N G] € {Q7 (0),Q7(0),QF(0)} and ®(z) = 0.

From now on throughout the paper we fix a regular set G C R™ and we use

its representation as a disjoint union

G=XUT with X =G° and T = G\ X. (2.1)
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2.3. Parabolic Sobolev—Morrey—Campanato spaces of functionals

We define function spaces associated with relatively open subsets Y of the regular
set G C R". By Hé (Y') we denote the closure of
Co(Y) = {ul]Y® :ue C°(R"), supp(u) N (Y \Y) = o}

in the space Hl(Y")7 and we write H~1(Y") for the dual space of H}(Y'). In partic-
ular, H}(G) is the subspace of the classical Sobolev space H*(X) of all functions
which vanish on G \ T in the sense of traces. That is why G \ T and T' usually
are called Dirichlet and Neumann boundary parts of G. Especially, if I' is empty,
that means G = X, then the just introduced notation coincides with the classical
notation Hg(G) of all H!(X)-functions which vanish on G in the sense of traces,
and if ' = G, which means G = X, then H}(G) = H'(X).

Let I C R be an open subinterval of S. If Zg : H(Y) — HE(G) is the zero
extension map, then we define Zg ¢ : L2(I; H}(Y)) — L%(S; H}(G)) by

Zau(s) ifsel,

for u e L*(I; H} (Y)).
0 otherwise, or ( o)

(Zs,cu)(s) = {

Note that Zg ¢ is a linear isometry from L2(I; H}(Y)) into L%(S; Hi (G)).

In the same spirit as the well-established Morrey spaces of functions, in [19] we
have constructed a new scale of Sobolev—Morrey spaces of functionals as subspaces
of L2(S; H-1(Q)).

To localize a functional f € L?(S; H=!(G)) we define the assignment f ~—
Lsaf from L?(S; H1(Q)) into L?(I; H~(Y)) as the adjoint operator to the zero
extension map Zg ¢ : L?(I; Hi (Y)) — L2(S; H (G)):

(Lryfrw) 2oy = (F2s.0w) L2853 (cy)  for w € LP(I; Hy (V).
Here and in what follows we denote, as usual, by ( , ) dual pairings. Using the
isometric property of Zg ¢, we get

HLI,Yf||L2(I;H_1(Y)) S Hf||L2(S;H_1(G)) for all f S LQ(S, Hil(G))

For w € [0,n + 2] we define the Sobolev—Morrey space L% (S; H™1(Q)) as the
set of all elements f € L?(S; H!(G)) for which

hssaan=sp s [y DOy ds
r XSG,

has a finite value. We introduce the norm of f € Ly (S; H1(G)) by

1125 -1y = I1F 12801y + Ui (s.m-1(6)-
The assignment (g, go, gr) — ¥(g, go, gr) defined by

(¥(9:90,90), ) 12 (1,2 () // 5) d\" ds (2.2)

//90 d/\nd5+/s/rgl“(3)@(5)d)\rds
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for ¢ € L?(S; HY(G)), generates a linear continuous operator
U L5(S; L2 (X5 R™)) x Ly ™2(S5 L*(X)) x Ly~ (S5 L*(1)) — Ly (S; HH(G)),
(gagOagF) = \Il(gmg()agl_‘)a (23>

and its norm depends on n and G, only, see [19, Theorem 5.6].

2.4. Parabolic Sobolev—-Morrey—Campanato spaces of functions

Based upon the preceeding definitions, in [19] we have constructed new function
classes suitable for the regularity theory of second order parabolic boundary value
problems with nonsmooth data, see [20]. Here, we present a version being adequate
for systems of equations with m € N unknowns. In particular, for the modelling of
instationary drift-diffusion problems we are interested in dealing with nonsmooth
capacity-like coefficients a', ..., a™ € L°(X), which are supposed to be J-definite
with respect to X and § € (0, 1], that means, we assume that

§ <essinfa®(z), esssupa®(z) <1 forallwe {1,...,m}. (2.4)
zeX zeX
We consider the linear continuous operators E*, ..., E™ from H(X) into H~!(G)

being defined by
(Ew, @) mi(a) :/ a®wpd\"  for ¢ € H}(G), (2.5)
b

the corresponding linear continuous operator E = (E*, ..., E™) from H!'(X;R™)
into H~1(G;R™) and, associated with S and E, the linear continuous map & =
(&Y,..., &™) from L2(S; H(X;R™)) into L?(S; H~1(G;R™)) being defined as

(Eu, @) L2 (5511 (GiRmY) = ZL<EQUQ(S)’¢Q(S)>H5(G) ds (2.6)
a=1

for ¢ € L*(S; H}(G;R™)). For w € [0,n + 2] and a € {1,...,m} we intro-
duce the Sobolev-Morrey space W (S; H'(X)) as the set of all functions v €
LY (S; H' (X)), such that the weak time derivative (E%v)’ of €% € L%(S; H™(Q))
exists and belongs to Ly (S; H(G)). We define the norm of v € W, (S; HY (X))
by

HU”%/VEQ(S;Hl(X)) = \|U||2Lg(s;H1(X)) + ||(8av)/||%g(S;H*1(G))a
and consider the following closed subspaces:
Wga (S;Hy(G)) = {v € Wga (S; HY(X)) : v € L5 (S; Hg(G)) },
Wiga (3 Hy (G)) = {v € Wga(S; Hy(G)) : v(to) = 0}.

In the definition of W (S; H3 (G)) it is used that the spaces W. (S; Hi (G)) are
continuously embedded into C(S; L?(X)). Finally, as a natural generalization, we
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set

WE(S; H (X;R™)) = Wi (S; HH (X)) X -+ x Wg (S; HY (X)),

WE(S; Hy(GiR™)) = Wi (8: Hy(G)) x - x Wi (S5 Hy (G)),

W (S5 Hy (GiR™)) = Wi (S5 Hg (G)) X -+ x Wpn (S Hg (G))
and equip these spaces with the maximum norm of the components, respectively.
For w = 0 we drop superscripted indices.

Note that for w € (n,n + 2] and 8 = (w — n)/4 the space W, (S; H'(X))
is continuously embedded into the space C%4(S; C(X)) N C(S; C*?8 (X)) of func-
tions, which are Holder continuous is space and time, see [19, Theorem 3.4, The-
orem 6.8]. For every parameter 0 < § < (w — n)/4 this embedding is completely
continuous.

From now on throughout the paper the coefficients a® with (2.4) as well as
the corresponding operators E* an F are given and fixed.

2.5. Formulation of the problem

Let U be an open subset in C(S;C(X;R™)), A a Banach space, and V an open
subset in A. We look for solutions

(u,A) = (u',...,u™ \) € (UNWg(S; H' (X;R™))) x V
of weakly coupled systems of quasilinear operator equations
(Eu®) + B(AY(u, \),u®) =F*(u,\), ae{l,...,m}, (2.7)

where A € V plays the role of a control parameter, which includes, for instance,
inhomogeneities of the problem. The linear continuous operator

E=(&..., &™) L*(S; H'(X;R™)) — L*(S; H Y(G;R™))

was already defined in (2.6) via d-definite leading order coefficients a',..., a™ €
L>(X), see (2.4) and (2.5). The bilinear continuous map

B:L®(S x X;R™™) x L?(S; H (X)) — L*(S; H1(G))

is given by
BA Do = [ [ AV Ve ardas (28
for p € L*(S; H}(G)). Concerning the nonlinearities we suppose that
A* € CHU x V; L™(S x X;R™™)), (2.9)
F* e CHU x V; L (S; H™H(Q))), (2.10)
where wg € (n,n + 2] is a common Morrey exponent for all a € {1,...,m}.

Moreover, we suppose that the operators A% and F are Volterra operators
with respect to w, which means that for all t € S = (to,t1) and (u,\), (w, ) €
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U x V it holds
A% (u, A)[((fo, 1) x X) = A%(w, A)[((to, ) x X)),
F(u, A)|(to, t) = F*(w, A)|(to, t),
whenever ul(to,t) = w|(to,t). Here, as usual, u|(to,t) denotes the restriction of the
function u on the subinterval (to,t) of S, A%(u, A)|((to,t) x X) is the restriction
of the function A%(u, \) on (tg,t) x X, and F*(u, \)|(to, t) denotes the restriction
of the functional F*(u, A) on (to,t), which is defined by
(F*(u, N[ (05 1), w) L2((tg,0): 12 (@) = (F* (U, A), Zew) 25,12 (@)

for w € L*((to,t); Hi(G)), where Z; : L?((to,t); HX(G)) — L*(S; H}(G)) is the
zero extension operator. Note, that for all (u,\) € U x V the linear continuous
operators

85‘5 (u, \) : C(S; C(X;R™)) — L™(S x X;R™™™)), (2.11)
97 (u,\) : O(S; C(X;R™)) — Ly (S; H (@), (2.12)

have the Volterra property, too.

2.6. Homogenization of initial and Dirichlet boundary conditions

Let W be an open subset in Wg(S; H'(X;R™)) containing regular inhomo-
geneities we are interested in. Here wy € (n,n + 2] is the Morrey exponent from
assumption (2.10). Further, let U, be a neighborhood of zero in C(S; C(X;R™))
such that the inclusion {up + w : up € Up, w € W} C U holds true. We define
nonlinear Volterra operators

A € CH(Up x W x Vi L=(S x X;R™™)),
Fp e CH (U, x W x V5 LS (S; HH(G)))
by setting
Ar(up, w, ) = A% (up, + w, A),
Fi(up, w, \) = F*(up, +w, \) — BA*(up, + w, \), w*) — (E*w™)’,
for (up,w,\) € U, x W xV and « € {1,...,m}. These have the same mapping

properties as A® and F*, respectively, where the old control parameter A € V' has
to be replaced by the new control parameter (w,\) € W x V. Moreover, if

(up,w,\) € (Uh N WOE(S;H&(G;R’”))) xW xV
is a solution to the system
(E%up) + B(AR (up, w, \),upy) = Fy(up,w,N), «a€{l,...,m},

then the pair (u,\) = (us +w,\) € (U N Wg(S; H(X;R™))) x V solves prob-
lem (2.7). Hence, for given inhomogeneities w € W, we can restrict ourselves to
look for homogeneous solutions (u,\) € (U N Wog(S; H}(G;R™))) x V of prob-
lem (2.7).
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2.7. Linearization

In addition to the nonlinear operator equation (2.7) we also consider solutions
v € Wop(S; Hi (G;R™)) of its linearization

(Eava)l + E(AQ(UO, )\0), ’Ua)
= 803;7 (UOa)‘O)U_‘B(aa‘/La (UOa/\O) Uauoa)a o€ {la-”am}v (213)

at (ug, o) € (U N Wop(S; HY(G;R™))) x V. Further, we investigate the linear
operator equations, determining the sequence of Newton iterations ugy; € U N
Wor(S; HY(G;R™)) for given uy, by
(E%uf 1) + B(A (ur, M)y ui 1) + B(Zh (uk, Xo) (urg1 — ug), uft)
= F*(ug, No) + %(uk, Ao)(ug+1 —ug), a€{l,...,m}. (2.14)

3. Maximal Sobolev—Morrey regularity for abstract linear
parabolic problems

Recall that S = (tg,t1) is the fixed time interval, G C R" is a fixed regular set,
and that we use the notation (2.1).

The following maximal regularity result for linear parabolic boundary value
problems in Sobolev-Morrey spaces will serve as the main tool of our consider-
ations. It generalizes the results [20, Theorem 6.8 and Theorem 7.5] to weakly
coupled systems of linear parabolic equations including nonlocal operators.

Analogously to the notion of d-definiteness with respect to X and § € (0,1]
of scalar coefficient functions a € L*°(X), see (2.4), a matrix valued coefficient
function A € L*(S x X;R"*") is called d-definite with respect to S, X, and
6 €(0,1] if

0&-&< essinf A(s,x)€-&, esssup A(s,z) €< %ff, (3.1)
seS, zeX seS,xeX

holds true for all £ € R™.

Theorem 3.1. Assume that
N*: C(S;C(X;R™)) — L‘;O(S;H_l(G)), a€{l,...,m}, (3.2)

are linear continuous Volterra operators having the Morrey exponent wy € (n,n+2)
in common. Suppose that for all o € {1,...,m} the leading coefficients a® €
L>®(X) and A% € L>®(S x X;R" ™) are §-definite with respect to S, X, and
J € (0,1].

Then there exists © € (n,wq], depending on § and G only, such that for every
w € (n,w) the assignment

v (M) + B(AYL ) + N, (E™M0™) + B(A™, ™) + N™) (3.3)
is a linear isomorphism from W5 (S; HY (G;R™)) onto LY (S; H—1(G; R™)).
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Proof. 1. In view of the maximal regularity result in [20, Theorem 6.8], there exists
some exponent & = @(4, G) € (n,wp] such the linear parabolic operator

v ((EM) +B(AL WY, (E™™) + B(A™,0™))

is an isomorphism from W (S; Hi(G;R™)) onto Ly (S; H'(G;R™)) for every
w € (n,). Due to the completely continuous embedding of W, (S; H} (G;R™))
into C(S; C(X;R™)), see [19, Theorem 6.9], N* maps W, (S; H} (G;R™)) com-
pletely continuous into Ly (S; H=1(G)) for o € {1,...,m}. Hence, the map de-
fined in (3.3) is a Fredholm operator of index zero from W5 (S; H} (G;R™)) into
LY (S; H-1(G;R™)). For the assertion of the theorem, it suffices to prove the in-
jectivity of this map.
2. Suppose that v € Wy (S; H}(G;R™)) is a solution to the system of ho-
mogeneous initial boundary value problems
(%) +B(A*v*)+ N =0, a€e{l,...,m}. (3.4)

For fixed t € S we consider the subinterval (¢g,t) of S and the restrictions
v|(to,t) € Wge((to,t); HY(G;R™)) and (N*v)|(to,t) € LY ((to,t); H*(G)). Due
to [20, Remark 6.2] we get estimates

[01(tos ) lwe, ((to.): 2 (Gimm)) < €1 sup [(N“0)|(tos )l g ((to,t);-1(G))>  (3-5)

where the constant ¢; > 0 may depend on S but not on ¢. To estimate the right
hand side of (3.5) we arbitrarily choose t* € S with t* > ¢ and some cut-off
function ¥ € C*°(R) with

0<9<1, Y(s)=1 foralls<t, UJ(s)=0 forallt>t"

The Volterra property of the maps N : C(S; C(X;R™)) — L4 (S; H1(G)) and
the definition of the norm in L (S; H~}(G)) for all « € {1,...,m} yield that

[(N*V)[(to, )l g ((to.0: -2 (@) = NN (D)) |(t0, )| Ly ((20.0):5-1(G)
< INY(W0) | g (530 (@) (3.6)
< CQHﬂUHC’(?;C(Y;Rm))’
where
Cy = Sup{HNaw‘ng(S;H—l(G)) : ||w||C(§;C(Y;R”")) S 1, [V AS {1, ey m}}

is the maximum of the operator norms of N, ..., N™. In view of the > continuity of
the embedding from W, (S; HE(G; R™)) into the Hélder space C%4(S; C(X; R™))
for = (w—n)/4, for all s € [t,t*] we get

[o(s)lexmmy < lv(s) = v®)llomm) + VOl crm)
<(t" - t)BHU”co,B(?;c(XRm)) + ||U|[t07t]”c([to,t];c(Y;Rm))’

and, hence,

[Pl c@omrm) < ¢ =1 Ivllcos@emmmy + 1Vl e gecmm)
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Together with (3.6), for all a € {1,...,m} this leads to
ION0)| (o, )l i (0,011 () < €2t = )7 I1vll o 5,0 (Fmemy)
+eallolfto, e (oo 0 xmmy)-
Since t* € S, t* > t was arbitrarily fixed at the beginning, we arrive at

sup [(N®)[(o, )l g (0,01 (G)) < c2llvllto tll oo, 0 mmy)- (3:7)

To estimate the left hand side of (3.5) we consider the interval (t +to —t1,t),
which contains (tg,t) and has the same length than S, and we define the zero
extension vy € Wi ((t + to — t1,t); H3 (G; R™)) of v|(to, ) to (t +to — t1,t) by

if s € [to,1),
vo(s) = o(s) l s € lfo. 1)
0 lfSE(t-l-to—tl,to].
Using the continuity of the embedding from W ((t + to — t1,t0); HH(G;R™))
into the Holder space COA([t + tg — t1,t0); C(X;R™)) for = (w — n)/4, and the
definition of the norms in Morrey and Holder spaces, the above construction yields
[v1Tto, thllcous (o, :0mm)) < N0l 0.5 (4101 11,0 iRm)
< esllvollwe, ((t4t0—t1,0): 3 (GiRM))
< asl[ol(to, llwe, ((to.0); 2 (GiRmY)»
where the constant ¢s > 0 may depend on S but not on ¢. Together with (3.5) and
(3.7) this leads to the key estimate
||v|[t0,t]||CO,5([tO’t];C(§;Rm)) < 04Hv|[t0,tH|C([t07t];C(XRm)) forallte S, (3.8)
where the constant ¢4 = cicoc3 > 0 does not depend on t € S.
3. Set
Sk:to-l-%(tl—to) fOka{].,...,g},
where ¢ € N, ¢ > 1 is large enough to satisfy the condition
204(t1 — to)ﬁ < gﬁ. (39)

We prove that for every k € {1,..., ¢} it follows that v(s) = 0 for all ty < s <
Sk, whenever v(s) = 0 holds true for every tp < s < sp_1: Indeed, applying (3.8)
to the case t = s;_1, condition (3.9) ensures that for all s € [s;_1, sx] we obtain

l[v(s) = U(Sk—l)Hc(Y;Rm) <(s— Sk—l)ﬁ||v|[5k—17 Sk}HCU«B([sk_l,sk];C(Y;Rm))
< (s = s1-1)"[v[[to, skl go.s (110 5.0 (Kmm))

< % ||U| [to, Sk] ||C([t0,sk];c(y;Rm)) :

Since v(skg—1) = 0 this leads to v(s) = 0 for every s € [to, Sk]-
Because for k = 1 the initial condition v(¢y) = 0 is satisfied, we inductively
apply the last argument to prove that v vanishes on the whole interval S = (g, t1).

Hence, v = 0 is the unique solution of the homogeneous problem (3.4) in the space
W (S; HY(G;R™)). Due to Step 1 the proof is finished. O
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4. Abstract quasilinear parabolic problems

In this section, again, S = (tg,¢1) is the fixed time interval, G C R" is a fixed
regular set, and we use the notation (2.1). Moreover, we suppose the Volterra
operators A%* and F* with (2.9) and (2.10) to be given and fixed. Recall that
the operators A® and F* are defined on U x V, where U is an open subset of
C(S;C(X;R™)) and V is an open subset in a Banach space A.

4.1. Regularity and smooth dependence

We prove regularity and smooth dependence of solutions to the nonlinear prob-
lem (2.7) nearby a known solution (ug, Ao) € (U N Wog(S; Hy(G;R™))) x V.

Theorem 4.1. Let (ug, o) € (U N Wog(S; Hj(G;R™))) x V be a solution to (2.7)
and suppose that there exists some constant § € (0,1] such that a® € L (X) and
A*(ug, Ag) € L*(S x X;R™™) are §-definite with respect to S and X for all
ac{l,...,m}.

Then we find some w € (n,wp], depending on § and G only, and a neigh-
borhood Uy of ug in C(S;C(X;R™)) with Uy C U such that the following holds
true:

1. There exists a neighborhood Vy of Ao in A with Vo CV and a solution map
€ CH(Vo; Wge(S; HY(G;R™))) such that (u,\) € Uy x Vg is a solution to (2.7)
if and only if w = ®(N). In particular, for each solution (u,\) € Uy x Vi to (2.7)
we get u € Wip(S; HYH(G;R™)).

2. If for all a € {1,...,m} the maps

u€e U 25 (u, o) € Z(C(S; C(X;R™)); L(S x X3 R™™)),
ue U %2 (u, ) € Z(C(S;C(X;R™)); L (S; HH(QA))),

are locally Lipschitz continuous, then for each u; € Uy N W (S; Hy (G;R™)) the
equations (2.14) define a sequence of Newton iterations uy € Uy for k € N, k > 2,
which converges to ug in W§e(S; Hy (G;R™)) for k — oo.

Proof. 1. Let us prove the first assertion. Since the leading coefficients A% (ug, Ao)
are supposed to be J-definite with respect to S and X for all @ € {1,...,m},
the coefficients A% (u, A) are §/2-definite with respect to S and X for all u, which
are close to ug in C(S;C(X;R™)), all A\, which are close to \g in A, and all a €
{1,...,m}. Hence, Theorem 3.1 yields that there exist an exponent w € (n,wo],
depending on ¢ and G only, and neighborhoods Uy of ug in C(S; C(X;R™)) with
Up C U and Vj of A\g in A with Vj C V such that for all solutions (u,\) €
Uo x Vo to (2.7) we get u € W (S; HY(G;R™)), in particular, we obtain ug €
W (S; HY (G; R™)). Hence, close to the solution (ug, o) it is equivalent to look
for solutions (u, A) € (Up N Wi (S; HY (G;R™))) x Vg of problem (2.7). To do so,
we will apply the classical Implicit Function Theorem.

Because of w > n the space W (S; H(G;R™)) is continuously embed-
ded into C(S;C(X;R™)). Therefore, the set Uy N Wgy(S; H (G;R™)) is open
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in Wgi(S; HY (G;R™)). Since

B L™(S x X;R™™) x LY (S; Hy(G)) — Ly (S; HH(G))
is a bilinear continuous map, see (2.2) and (2.3), for every o € {1,...,m} the
operator

(ua )‘) = :Pa(Uﬂ >‘) = (Eaua)l + B(Aa(uv >‘)7 Ua) - gra(u’ )‘)
is a C'-map from (Up "W, (S; HY(G;R™))) x V into Lg (S; H~(G)). Its partial
derivative with respect to u at the solution (ug, Ag) is the linear continuous map
from W (S; HH(G; R™)) into LY (S; H™1(G)) given by
88(]; (w0, Ao) v = (E%v®) +B(A(ug, No), v )‘HB(BAQ (uo, Ao) v, Uo)—ag; (uo, Ao)v

for v € W (S; Hy (G;R™)); it corresponds to the linearization (2.13). Applying
Theorem 3.1, the derivative

V= (%%I(U(),A()),..., dg;” (’U,(),)\())) (41)

is a linear isomorphism from W, (S; Hi(G;R™)) onto Ly (S; H~1(G;R™)), be-
cause the map N¢ defined by
Ny = B(ag}j (w0, Xo) v, uf) — ‘(ﬁ —(ug, Ao) v for v e C(S;C(X;R™)),

is a linear continuous Volterra operator from C(S; C(X;R™)) into Lg (S; H*(G))
for every a € {1,...,m}, see (2.2), (2.3), (2.8), (2.11) and (2.12). Hence, the
Implicit Function Theorem, see [28, Theorem 4.B], works for the first assertion.

2. Finally, we prove the second assertion of the theorem. Remembering (2.14),
the sequence of Newton iterations is defined by

(E%ufr)" + B (A (urs M)y uftyr) + B (5 (un, Ao) g1, ufy) — aai(u’“ o) U1
= B( % (ur, Ao) ur, uft) + T (ur, M) — G- (ur, o) ur, o € {1, ,m}. (4.2)

Starting the iteration with & = 1 and uy; € UNW§,(S; Hy (G;R™)), the right hand
side of (4.2) belongs to Ly (S; H~'(G)). Since we have

9P (u, Ao) v = (E%0*) + B(A™(u, Mo), v*) + B( % (u, Ao) v, u®) — % (u, Ag) v
for all v € W, (S; Hi (G;R™)) and « € {1,...,m}, the derivative
v (382 (U, M0)s -+ -y 20 (u, o)), (4.3)

is close to the isomorphism defined by (4.1) with respect to the operator norm in
the space £ (W (S; Hi (G R™)); Ly (S; H~H(G;R™))) and, therefore, an isomor-
phism from W5 (S; HY (G;R™)) onto Lg (S; H=1(G;R™)), too, whenever u is suf-
ficiently close to ug in W (S; HY (G5 R™)). Hence, if u; is sufficiently close to ug in
W (S; HY(G;R™)), then the new iteration us is uniquely defined by (4.2), belongs
to W (S; Hi (G;R™)) and is close to ug in W (S; Hi (G;R™)). Now, the classi-
cal Newton iteration procedure, see [28, Proposition 5.1], works for problem (2.7),
since the norm of the map (4.3) in 2 (W (S; HY (G R™)); Ly (S; HH(G; R™)))
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depends even Lipschitz continuously on u in a neighborhood of ug in the space
Wip(S; Hy(G;R™)). O
4.2. Local existence
One cannot expect that solutions (u, ) € (UNWog(S; Hi(G;R™))) x V to prob-
lem (2.7) exist on arbitrarily long time intervals S = (¢o,t;) without imposing
further structural or growth conditions on the nonlinear operators A® and F¢.
Setting

Uy ={u|S; :u e U},
our next assertion deals with the fact, that in the case (0,\) € U xV we can always
find a solution (ur,\) € (Ur N Wogp(S-; H}(G;R™))) x V to the problem (2.7)
restricted to the subinterval

S, = (to,to +T)

of S, whenever we choose 7 € (0,t; — to] small enough. This restricted problem is
of the type

(EQu2) + Br (A2 (ur, A),ud) = F(ur, ), ac{l,....,m}, (4.4)

where, for indices a € {1,...,m} and leading order coefficients a® € L>°(X) and
A¥ € L*(S; x X;R™ ™), the linear continuous operator

&= (&L,..., &) : L*(Ss HY(X;R™)) — L*(S,; HY (G5 R™))
associated with S, and E as well as the bilinear continuous map

B, L(S; x X;R™™) x L*(S,; HY(X)) — L*(S.; H (@)
are defined analogously to (2.6) and (2.8). Furthermore, using the Volterra prop-
erty of A% and F“ with respect to u, both the nonlinear operators
A € CHU; x V;L™(5; x X;R™™)),
F* e O (U, x V; LS (S;; HTH(G))),

are uniquely defined by the identities

'A?(U|ST? )‘) = ‘Aa(uv )‘)|(ST X X)’ ??(U|Sﬂ /\) = groé(u’ )‘)|S7'7
for (u,\) €U xV and a € {1,...,m}.
Theorem 4.2. Assume that (0, o) belongs to U XV, and let § € (0,1] be a constant
such that a® € L®(X) and A“(0,Xg) € L®(S x X;R™ ™) are §-definite with
respect to S and X for all « € {1,...,m}.

Then we find a parameter w € (n,wo|, depending on 6 and G only, some

7 € (0,t; — to] and a neighborhood Vi in A of A\g with Vo C V' such that for all
X € Vy there exzists a solution u, € U N Wig(Sy; HY(G;R™)) to (4.4).

Proof. 1. Due to Theorem 4.1 we have to find some w € (n,wp], depending on
d and G only, and some 7 € (0,t; — to] such that there exists a solution u, €
Ur N Wss(Sr; HY(G;R™)) to (4.4) with A = Ag. Hence, from now on A = )¢ is
fixed.
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2. Because F%(0, \o) € L$°(S; H1(G)) holds true for every a € {1,...,m},
Theorem 3.1 implies that there exist some @ = @(4,G) € (n,wp] such that the
solution v € Wog(S; H} (G;R™)) of the linear auxiliary problem

(£20) + B(AY(0, Xo),v®) = F2(0, o), a € {1,...,m}, (4.5)

belongs to W5 (S; H} (G;R™)).

3. We choose two neighborhoods Uy and Wy of zero in C(S; C(X;R™)) such
that the inclusion {u +w : (u,w) € Uy X WO} C U holds true. Now, we look
for solutions (u,w) € (Uy N Wog(S; H (G;R™))) x Wy of the nonlinear auxiliary
problem

(Eu®) + B(A§ (u,w),u®) = F§ (v, w), a€{l,...,m}, (4.6)

where the nonlinear Volterra operators A € C* (Uo X Wo; L (S x X; R"X”)) and
Fo € CH(Uo x Wo; L5 (S; H1(G))) are defined by

Af(u, w) = A%(u + w, A\g), (4.7)
F§ (u,w) = (?a(u + w, Ag) — F(0, )\0))
= B(A*(u+w, Ag) — A%(0, Xg),v*), (4.8)

for (u,w) € Up x Wy and o € {1,...,m}. Since A§(0,0) = A*(0,)) and
F5(0,0) = 0 hold true, the pair (u,w) = (0,0) € Uy x Wy is a solution of (4.6).

In view of Theorem 4.1 we find a parameter w € (n, |, two neighborhoods Uy
and W of zero in C(S; C(X;R™)) satisfying U; x Wy C Uy x Wy and a solution
map ® € CH(Wy; Wi (S; Hi(G;R™))) such that (u,w) € Uy x Wy is a solution
of (4.6) if and only if u = ®(w). In particular, for each solution (u,w) € Uy x Wy
of (4.6) we get u € W (S; HY (G;R™)).

4. Next, we make use of the fact that the solution v € W§,(S; H} (G;R™))
of (4.5) is small in the norm of C(S;; C(X;R™)) on subintervals S; = (to,to + t)
of S, whenever t € (0,t; — tg] is small enough: Indeed, due to the continuous em-
bedding of W&(S; H} (G;R™)) into C%A(S; C(X;R™)) for f = (w —n)/4, see [19,
Theorem 3.4, Theorem 6.8], for all ¢t € (0,¢; — t9] and s € [to, to + t] we get

[o(s) = v(to)lozmmy < (5 = t0)* 0l go.s m.ommy) < at” [vllwe s;micirm)),

where the constant ¢; > 0 does not depend on ¢. Because v(tg) = 0 holds true, we
can find some 7, t € (0,t; — tp] with 7 < t and a cut-off function ¥ € C*°(R) with

0<9<1, V¥s)=1 foralls<ty+7, ¥(s)=0 foralls>ty+t,

such that v € C(S;C(X;R™)) belongs to W;. Hence, choosing w = v in (4.6)
we get that u = ®(w) = ®(Jv) € W (S; HY(G;R™)) solves (4.6) with w = Jv.
Because of (4.5), by (4.7) and (4.8) we arrive at

(E¥(u®* +vY)) + BA*(u + w, X\g), u® +v¥) = F*(u+w,Ng), a€{l,...,m}.

Note, that u, = (u+ w)|S; = (u+v)|S; belongs to W5, (S;; Hi (G; R™)). Hence,
restricting the functionals on both sides of the last identity to the subinterval S,
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the Volterra property of the maps &, A%, B, F* and the definition of their restric-
tions £,, A%, B, F to S; yield that (u,, Ag) is a solution of problem (4.4). O

4.3. Uniqueness

This subsection is to prove the following

Theorem 4.3. Let A € V be fized, let u, v € U N Wor(S; HH(G;R™)) be solutions
to (2.7), and suppose that there exists a constant § € (0, 1] such that a® € L (X)
and A*(u, X), A%(v,\) € L>®(S x X;R"™™) are §-definite with respect to S and X
forallaw € {1,...,m}.

Then we have u = v.

Proof. 1. Because of the continuous embedding of the space Wg(S; Hi (G;R™))
into C(S; L*(X;R™)) and since u(tg) = v(tg) = 0 holds true we can define t* €

S = [to, t1] by
t* =sup{t € S:u(s) =wv(s) for all to < s <t*}.

We have to show that t* = t¢;.

Suppose, to the contrary, that ¢t* < t;. Consider 7 € (t*,¢;) and the cor-
responding subinterval S; = (tg, 7). Obviously, the restrictions u, = u|S; and
vy = v|S; are solutions to the restricted problem (4.4). We are going to show that,
if 7 is sufficiently close to t*, we have u, = v, and, hence, a contradiction to the
definition of ¢*.

2. Since U is open in C(S; C(X;R™)) there exists ¢ > 0 such that

v+w € U for all w € C(S;C(X;R™)) with lwlle@.cmrmy) <€
Because of Theorem 4.1 we find w € (n, n+2] such that u, v € W (S; HY (G;R™)).

Using the continuous embedding from W(S; H} (G;R™)) into C%P(S; C(X;R™))
s s

for 8 = (w—n)/4, see [19, Theorem 3.4, Theorem 6.8], and the fact that u(s) = v(s)
holds true for all tg < s < ¢*, for all s € [t*,t1] we get

lu(s) = v($)llomm) < (s = )7 llu = vl cossocmm)
<ci(s—t%)|lu— Vllwe (s;m8 (Grm))»

where the constant ¢; > 0 does not depend on t* or 7. Hence, we can choose 7,
t € (t*,t1) with 7 < t and a cut-off function ¥ € C*°(R) satisfying

0<9<1, ¥s)=1 foralls<7, I(s)=0 foralls>t,

such that for 9(u — v) € C(S;C(X;R™)) we have |J(u — )lle@omrm) < &
This implies v + o¥(u — v) € U and, consequently,

vy +o(ur —v;) €U ={w|S; : we U} for all o € [0,1].
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Therefore we can use the Mean Value Theorem to write the right hand sides of
the system

T

= (F2(ur, \) = F2 (v, N)) — Br (A2 (ur, A) — A (v, A),08), a€{l,...,m},

VT

(E2(ue = v2)) + B (A2 (ur, A), u —v2)

in the form

1
Q/‘é?;(UUT-+(1—-0ﬁa,A)da(uT__UT)
0

1 6A o
B (o % (e + (1= 0)or Ny dor (i — v),08)

In other words, the difference w, = u, — v, € W(Sr; Hy(G;R™)) solves the
linear system

(Ew?) + B, (A% w®) = N%w,, a€{l,...,m}. (4.9)

Here the coefficient functions AY € L>(S, x X;R"*™) are defined by A? =
A%(ur, A), and the linear continuous Volterra operators

No : O(S7: C(XGR™) — L§ (87 H™Y(G))
are given by

e

1
Niw = /0 883;’ (cur + (1 —0)vs, A)dow

- BT( 01 %(UUT + (1 —0)vsA)do w,vﬁ‘)
for w € C(S;; C(X;R™)). Applying Theorem 3.1 to problem (4.9) we get w, =
u; — v, = 0, which contradicts to the definition of t* and, therefore, to the as-
sumption t* < ¢;. (|

4.4. Additional temporal regularity

In this subsection we formulate assumptions on the nonlinearities (2.9) and (2.10),
which ensure that the time derivatives of the solutions to (2.7) are Holder continu-
ous on I x G for any compact subinterval I C S. To do so, we consider C*®-isotopies
T:¥ xS — S, where ¥ = (—01,01) is an open interval. Introducing the notation

T,(t)=T(o,t) foroce X andte S,

we assume that both the families {7}, }sex and {7, *},ex of monotone diffeomor-
phisms from S onto itself have uniformly bounded derivatives of arbitrary order.
Moreover, we suppose that Ty : S — S is the identity.

In the following, for o € ¥ we consider maps, which assign abstract functions
w: S — H with values in a Hilbert space H to its temporal transformation

te S w(T,(t)) € H.
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As a simple consequence of the change of variables formula and the uniform prop-
erties of the above families, these maps generate linear isomorphisms

79 from L?(S; L*(X)) onto itself, I from L*(S; L3(T)) onto itself,

T, from L?(S; H}(G)) onto itself, M, from L?(S x X;R"*") onto itself,
as well as their adjoint operators,

J¢ from L*(S; L?(X)) onto itself, T from L*(S; L*(T)) onto itself,

J7 from L*(S; H'(G)) onto itself, M7 from L*(S x X;R™ ™) onto itself.
Obviously, T9

e

maps C(S; C(X)) isomorphically onto itself. Moreover, we get

Lemma 4.4. For w € [0,n+ 2], > € [0,n+ 1], and o € 3 the following holds true:

1. T9 and TG map LY (S; L*(X)) isomorphically onto itself.

2. TL and T¢ map L% (S; L*(T)) isomorphically onto itself.

3. T, maps LY (S; HY(G)) isomorphically onto itself.

4. T maps LY (S; H1(G)) isomorphically onto itself.

5. Let B € Z(HY(X); HY(G)), €* € Z(L*(S; H'(X)); L*(S; H1(@Q)))
be defined as in (2.5) and (2.6). Then, T, maps W¥.(S; HY(G)) isomorphically
onto itself, and for all w € W (S; HY (G)) we have the identity

T7(ETow) = (Ew)’". (4.10)

6. My and M map L™(S x X;R™ ™) isomorphically onto itself. Further-

more, we get the transformation rule

T7B(A, Tow) = B(M7 A, w) (4.11)
for all A € L>™(S x X;R™™™) and w € Ly (S; H(G)).
Proof. Suppose that L > 1 is a Lipschitz constant for both the transformations
T, and T; . Since the map T, and its inverse T, ! have the same differential and
topological properties, for the above isomorphism results it is enough to prove the
continuity of the operator under consideration or the continuity of its inverse.

For the proof of the desired results in Morrey spaces we arbitrarily fix some
radius 7 > 0 and corresponding subsets

S.e{Sn(t—r*t):teS}, X, e{XNQ(z):zeX},
FTE{FHQT(JC):J:GF}, GTE{GOQT(Q:):J:EG}.
Setting § = Lr we can always choose suitable intersections
Sse{Sn(t—6t):teS}, Xse{XnNQsx):ze X},
FgG{FﬂQg(:E):xEF}, GgG{GOQg(x):xEG},

with S, C T,[Ss], X, C Xs, I C T'5, and G, C Gs. In the following we only
derive the essential estimates on these intersections. As usual, the final step to
get estimates in Morrey spaces consists of multiplying both sides of the inequality
under consideration with radial weights and of taking the suprema over all these
radii and intersections on both sides of the inequality.
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1. By a change of variables for v € L§(S; L?(X)) and v € L¥(S; L*(T)) we

get
/ / s))| d)\"ds<L/ / (t)|* a\™ dt,
Xs
/ / |lo(T; (s))| d\r ds < L/ lo(t)|? dAr dt,
Sr Pr Sg F5

which yields the continuity of the map (T79)~! from Lg(S; L?(X)) into itself and
of the map (T1)~! from L% (S; L*(T)) into itself.

2. For u € L% (S; L*(X)) and ¢ € L?(S; L?(X)), which satisfy ¢[(S\ S,) =0
and ¢(s)[(X \ X,) =0 for almost all s € S, we obtain

// (Tou) d/\”dS*// (Tgu) s)dA"™ ds
// t)dA" dt

/ / t) dA" dt,
Ss J X5
which leads to the estimate

- 2 n ) ,
/ST /XT‘( Gu)(s)|” A" ds < |75 /55 /Xé u(t)[2 dA™ ds,

where || 72| is the norm of the operator T9 mapping L2(S;L?(X)) into itself.

[ea

Consequently, T¢ is a linear continuous operator from Ly (S; L?(X)) into itself.
For all w € L¥(S;L*(T)) and ¢ € L2(S;L?(I")) satisfying the conditions
©|(S\'S;) =0 and ¢(s)|(I'\ T',) = 0 for almost all s € S, we have

R Y
// ) dAr dt

/ / t) dAr dt,
Ss JTs
which leads to the estimate

| [ Iz aveds < josiE [ [ uop awds
Sr /Ty Ss JTs

where || TL || is the norm of the operator - mapping L?(S; L?(T')) into itself. Hence,
T2 is a linear continuous operator from L% (S; L*(T)) into itself.
3. Due to a change of variables for all u € L§(S; H}(G)) we obtain

// |Vu(T;1(s))|2d)\"ds§L// Vu(t)]? dA™ dt.
S, JG, Ss JGs
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Together with Step 1 this proves the continuity of ;! from Ly (S; Hi(G)) into
itself.

4. For all f € L§(S; H (G)) and v € L(S,; H}(G,)) the properties of the
zero extension map Zg ¢ and the localization operators Rg; g, and Lg, ¢, ensure
that

/ (L. T7 F)(5),0(5)) 11y, s

r

:/<(T"f)(5),(Zs,av)($)>ﬂg<c) ds = /<f(t),(‘Tozs,cv)(t)mg(c) dt
S S

- /S (L5065 F)(1), (Rsy.To25.60) (D) st o)

holds true, which yields the estimate
| 16T D1 s < IR [ 18,6001 0
r S5

where ||T,|| is the norm of the operator T, mapping L?(S; H}(G)) into itself.
Hence, J7 is a linear continuous operator from L§ (S; H~1(G)) into itself.

5. If u = T,w € Wg.(S; H (G)), then w = T, 'u belongs to L§(S; H} (G))
due to Step 3. Furthermore, for all ¥ € C§°(S) and ¢ € Hj(G) we have

[ A ET00, 00T 0))
= [ {00, BT 0)0) ) ot

= _ [5 <(8aw)(s), %(S)(‘D>H§(G) ds.
Hence, Step 4 yields the identity (€“w)" = T°(E*T,w)’ € LY (S; H Y(G)) and,
therefore, w € W, (S; H}(G)) with a corresponding norm estimate. If, in addition
to that, we have u(tg) = 0, this implies w(tp) = 0.
6. Clearly, the operator M, maps L (S x X; R™*") into itself. Using a change
of variables, for matrix functions A € L>(S x X;R"*") and B € C(S x X;R"*")
we obtain the estimate

/S /X A (MyB)d\" dt < | Alloe [|(MoB) |11 < L||Alloo | B

Here we denote by ||A||o and ||B||; the norms of A and B in L*™(S x X;R"*™)
and L'(S x X;R™ "), respectively. A density argument shows that M7 is a linear
continuous operator from L (S x X;R™ ™) into itself.
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7. By definition for all A € L°(S x X;R™*") w € LY (S; HE (GQ)), ¥ € C5(S)
and v € C3°(G) we get the identity

<‘B(A, Tgw), ‘Tg (191))>L2(S;Hé (@) = / / A: MU (VU} X V(ﬁv)) d\" dt
SJX

_ /S/X(M"A) (Vi ® V(90)) dA" ds = (B(MT A, w), 90) 12 5,111 (-
Using a density argument, we see that (4.11) holds true. O

Let W be some neighborhood of u in C(S; C(X;R™)) such that
(U’gwl,...,ﬂ'gwm) €U forallweW and o € X.
The linear isomorphisms introduced above generate transformations
AW x 8 — L®(S x X;R™™),
FE:W x 8 — LY (S; HH(Q))

of our nonlinearities A® and F* by setting

A (w, o) = MIA*(Tow?, ..., Tow™, N), (4.12)

T (w,0) = T°F*(Tow!, ..., T0w™, \) (4.13)
for (w,0) € W x ¥ and a € {1,...,m}. The operators A} and F§ are Volterra
operators with respect to u because A® and FJ* are so. Moreover, A§ and J§
are continuously differentiable with respect to u because of assumptions (2.9)

and (2.10) and Lemma 4.4. In the following theorem we suppose that A$ and
JF§ are continuously differentiable also with respect to o, which means that

AS € CH(W x ;L%2(S x X;R™™)), (4.14)
FE e CH (W x X LS (S; HH(G))). (4.15)

In the following assertion we claim the fact that, under assumptions (4.14)
and (4.15), any solution u to (2.7) has the property that the time derivative of the
map

t— 9Z(0,t)u(t)

belongs to W, (S; HY (G;R™)). Note that, in general, (Eu)’ exists as a weak de-
rivative in L% (S; H1(G;R™)) only and, even worse, that u/ only exists in the
distributional sense as an element of the space £ (C°(S); H} (G;R™)).

Theorem 4.5. Let (u,\) € (UNWog(S; HY(G;R™))) X V be a solution to (2.7)
and assume that there exists a constant § € (0,1] such that a® € L*™(X) and
A%(u, N) € LS x X;R™ ™) are d-definite with respect to S and X for all o €
{1,...,m}. Suppose that A and F§ are continuously differentiable with respect
to o, too.

Then we can find a parameter w € (n,wp|, depending on 6 and G only, such

that the time derivative of the map t — 9L (0,t)u(t) belongs to W (S; HY (G R™)).
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Proof. 1. Because the temporal transformation Ty, is close to identity in the norm
of C(S;C(X;R™)) for small o € ¥, from u € W it follows that there exists a
neighborhood ¥ of zero in R with ¥; C X, such that the temporally transformed
function

we = (T, b, ..., T, ™) belongs to W N Wog(S; Hy (G;R™)) for every o € %y.
If we apply the adjoint operator T¢ to the functionals on both sides of
(Eu®) + B(AY(u, \),u®) = F*(u,\), ae{l,...,m},

then, following Lemma 4.4 and the transformation rules (4.10) and (4.11), for all
o€ and o€ {1,...,m} we get

(E*w3) + B(MIA(Tows, ..., Towl, A), ws)
= T7(Eu®) 4+ T B(A*(u, ), u®) = TF(u,\) = T°F*(Towk, ..., Tow™, \).

Hence, the pair (w,,0) € (W N Wog(S; Hj(G;R™))) x £ solves the transformed
problem

(E*w*) + B(AS(w,0),w*) = FS(w,0), a€{l,...,m}. (4.16)
Note, that the pair (w,,0) = (u,0) is a solution of both the problems (2.7)
and (4.16). In view of (4.14) and (4.15) we apply Theorem 4.1 to find some Mor-
rey exponent w € (n,wp] and a neighborhood Wy of u in C(S;C(X;R™)) with
Wy C W such that the following holds true: There exists a neighborhood ¥ of
zero in R with £y C 1 and a solution map ® € C* (3o; Wi (S; Hi (G5 R™))) such
that (w,0) € Wy x g is a solution to (4.16) if and only if w = ®(0). Because
of the above construction this yields ®(c) = w, = (T, u!,..., T u™) for all
o€ .

2. For every ae € {1,...,m}, 0 € &y and ¥ € C§°(S) we obtain

A [ @) ) ds = [ 0 0) 5 (0T () 5 0,0) e
S S

= [ O T3 0.0 % (0rt) + 9Ty (0) B o.)

and, furthermore,

/ W (84 (T, (£) 2L (0, ) 2L (o, ) dt = / W (T () 2L (0, T () 22 (5) ds.
S S

Specifying o0 = 0, from both identities it follows that

/5(%(0)@)— %(O,t)u(t)) I(t) dt:/u(t)g—f(o,t)%(t) dt

5
for all ¥ € C§°(S). In other words, the map

t 210, hu(t) — L2(0)(2),

which belongs to W5 (S; Hi (G;R™)) due to Step 1, equals to the weak derivative
of the map ¢ — g—:{:((), tyu(t). O
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Note that, because of T(o,tg) = to and T(o,t;) = t¢; holds true for all
o € %, the derivative t — %(07 t) vanishes in the endpoints of the time interval S.
Nevertheless, as the following example shows, there exist functions 7: ¥ x § — R,
for which the derivative ¢ — g—f(o, t) is bounded from below by a positive constant
on every compact subinterval of S.

Example. Let o1 > 0 satisfy the condition 207 (¢; —tp) < 1. Given an open interval
Y = (—o01,01) of parameters, we consider the polynomial 7" : 3 x S — R and the
corresponding family of temporal transformations T, : S — R defined by

T,(t)=T(o,t) =t+o(t—ty)(t1 —t) foroce T andteS. (4.17)
Since we have the uniform estimate

Lot)y=1+0(t1—t)—(t—ty)) € (3,3) foralloceTandte S,

every transformation T, is a monotone diffeomorphism from S onto itself and
all derivatives of the families {T,},ex. and {T, '},ex are uniformly bounded.
Obviously, Ty is the identity, and

L (o,t) = (t—to)(t1 —t) foroc €L andtes.

Corollary 4.6. Let (u,\) € (UNWor(S; Hj(G;R™))) x V be a solution of prob-
lem (2.7). Suppose that the assumptions of Theorem 4.5 are satisfied with respect
to the family {T,}sex given by (4.17).

Then, the weak derivative u' : S — H}(G;R™) exists as a locally integrable
function. Moreover, there exists some w € (n,wy|, depending on § and G only,
such that the map

t— (t—to)(ty — t)u'(t)
is an element of W (S; HY (G R™)). In particular, on every compact subinterval I
of S the restriction of u’ to I belongs to W¥(I; H(G;R™)).
Proof. Due to Theorem 4.5 the function t — (t—t)(t1—t)u(t) has a time derivative
v € W¥(S; H (G;R™)), where w € (n,wp] depends on & and G only. Hence, for
all ¥ € C§°(S) we get the identity

9 9

— [ i ot - [ o
Consequently, the function given by

(t1—t)— (t—t0)
t (tfto)l(tlft) v(t) — (tfto)(tlft(i u(t),

coincides with the weak derivative v’ : S — HJ(G;R™), since it is locally in-
tegrable. Because of u, v € W, (S; Hi(G;R™)), the restriction of «' to every
compact subinterval I C S belongs to W (I; H} (G;R™)). Additionally, the map

te (E—to)(tr — t)u'(t) = v(t) — ((t1 — 1) — (t —to))u(t)
is an element of Wi (S; HY (G;R™)), too. O
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5. Examples of nonlinear operators

In this section we indicate some classes of nonlinear operators, which are candidates
for the leading order coefficient maps A and the right hand sides ¥ occuring in
the operator equations in Sections 2 and 4.

5.1. Leading order coefficients

In place of the maps A and A of Section 4 we consider superposition operators
Alu, A (¢, z) = Atz ult, z), ) for almost all (t,z) € S x X.  (5.1)
Clu, A\, 0)(t,x) = A(To(t), z,u(t,z),A) for almost all (t,z) € Sx X. (5.2)

Here, A : S x X x Q x V — R is the function, generating the superposition
operators, {2 is an open subset in R, and V' is an open subset of the Banach space
A. Introduced in Section 4, we consider the family of diffeomorphisms T, : S — S
with uniform properties with respect to 0 € ¥ = (—01,01). In view of applications
to parabolic systems we will consider vector valued functions u : S x X — R™.
We define U as the subset of all u € C(S; C(X;R™)), for which we can find
a compact set F' C  such that u(t,z) € F for all (¢,2) € S x X. Obviously, U
is open in C(S;C(X;R™)). Next, we state conditions on the function A, which
ensure that A € C1(U x V; L>®(S x X)) and € € C'(U x V x 3;L>=(S x X)):

Theorem 5.1. We formulate the following C-Carathéodory conditions on A:
(C1) (&,X) — A(t,z,&,N) belongs to CH(Q x V) for almost all (t,x) € S x X,
and (t,x) — %(t,x,f, A) and (t,x) — %(t,x,f, A) are measurable for all (£, \) €
QxV.
(C2) For all A € V and compact sets F C 2 there exists a o > 0 such that

2t 2,6 V)| + |95t .6 M) ,- + Al 2,6, 0| <o

for almost all (t,z) € S x X and all { € F.
(C3) For all A € V, compact sets F C Q and € > 0 there exists a § > 0 such

that

%(t;x»&)\) - %(tvxanvﬂﬂ + Hg%(tal',f, /\) - %(t’x’n”u)‘ A*
+ At 2,6, 0) — Aty m, 1)| < e,

for almost all (t,xz) € SxX and all€ € F', (n, ) € FxV with |E—n|+||A—p|la < 0.
(C4) For all X\ € V' and compact sets F' C §) there exists an L > 0 such that

%(tvxa&)‘) - %(@%UQ\” < L|£ - 77|7

for almost all (t,x) € S x X and all{, n € F.
(C5) t — A(t,x, &, N) belongs to C1(S) for almost all x € X and all (§,\) €
QxV, and x — %—?(t,x@, \) is measurable for allt € S and (§,\) € QA x V.
(C6) For all X € V and compact sets F' C Q there exists a o > 0 such that

Ptz &N <o
for almost all x € X, allt € S and € € F.
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(C7) For all X € V, compact sets F C Q and € > 0 there exists a 6 > 0 such
that

(txf)\) (S$UM‘+| (t,z, &, 0) — (s, a0, 1)) .
+ (t:cf)\) (sxnu‘—&-’Atmf)\) (s,:c,n,,u)‘<€

for almost all x € X, all s, t € S and all € € F, (n,u) € F x V, which satisfy the
conditions |s —t| < 0 and | —n| + ||A — plla < 0.

1. If conditions (C1), (C2), and (C3) are satisfied, then the operator A defined
by (5.1) belongs to C*(U x V; L>(S x X)). Moreover, we have

(22(u, ) v) (t,2) = G2 (t, 2, u(t, z), ) v(t, 2), (5.32)
(%8 (u, \) ) (8 ) = 28 (t, @, u(t, 2), \) p, (5.3b)

for almost all (t,x) € Sx X, all (u,\) € U xV, v e C(S;C(X;R™)), and p € A.
2. If, additionally, (C4) holds true, then u B—A( A) is locally Lipschitz
continuous from U into £ (C(S;C(X;R™)); L=(S x X)) for all A€ V.
3. If conditions (C1), (C2), (C3), and (C5) (C6), (CT7) are satisfied, then

the operator € defined by (5.2) belongs to C! (U X V x 3; L*°(S x X)), and we get

(% (u, N\, 0)v)(t,z) = %(Tg(t), x,u(t, ), A) v(t, ), (5.4a)
(%S (u, A, o) p) (t, @) = 2T, (1), @, u(t, ), \) p, (5.4b)
5o (W, X, 0)(t,2) = FH(T,(t), 2, ult,2), \) G5 (0,1), (5.4c)

for almost all (t,x) € S x X and all (u,\,0) €U xV x %, v € C(S;C(X;R™)),
and i € A.

Proof. For the sake of simplicity we denote by || ||¢ the norm in C(S; C(X;R™)).

1. From the definition of the set U and from conditions (C1) and (C2) it
follows that A maps U x V into L*°(S x X).

In order to prove (5.3a) we fix a pair (u,A) € U x V and ¢ > 0. Again,
the definition of U and conditions (C1) and (C2) yield that the operator, which
assigns v to

(t,z) — 85 Atz u(t,z), \) v(t, z),

is a linear continuous map from C(S; C(X;R™)) in to L>(S x X). Since U is an
open subset of C(S;C(X;R™)), we can choose a compact set F' C 2 and some
§ > 0such that for all v € C(S; C(X;R™)) with |Jv]|¢ < § we have both u(t,z) € F
and (u +v)(t,z) € F for almost all (t,z) € S x X. Taking ¢ small enough we can
assume that this ¢ corresponds to A, F' and ¢ with respect to condition (C3).
Hence, for all v € C(S;C(X;R™)) with |[v]|c < & and almost all (t,x) € S x X
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we obtain
}A( L (u +v)( x),\) — A(t, z,u(t, ), \) — E (t x,u(t, ), )\)v(t,x)|
= | fo ( (u+T0)(t,z),\) — %(t,x,u(tx),)\)) dro(t,z)| < ellvlc,

which proves (5.3a) and the differentiability of A in U x V with respect to u.

To show that (5.3b) holds true, we fix a pair (u,A) € U x V and ¢ > 0. From
the definition of the set U and from conditions (C1) and (C2) it follows that the
operator, which assigns p to

(tv :L’) = %(ta z, u(tv 1’), )‘) Hy
is a linear continuous map from A into L*>(S x X). We choose F' C 2 such that
u(t,x) € F for almost all (¢t,x) € S x X. Additionally, we take 6 > 0 small enough
such that A 4+ u € V holds true for all u € A with ||u||a < 0 and we suppose that

this d is suitable for A, F' and ¢ > 0 from condition (C3). Then, for all y € A with
[llla < & and almost all (t,z) € S x X we get

|A(t, @, u(t,z), )x—&-,M) — At z,u(t,z), \) — (t x,u(t, ) /J}
‘fo Atz ult, ), A+ T) — ﬁ(t,x,u(t,x)ﬂ\ ) dr p] < ellplla,

which leads to (5. 3b) and the differentiability of A in U x V with respect to A.

2. In order to prove that 82{ and 24 % are continuous maps, we fix a pair
(u,\) € U x V and some ¢ > 0. Because U is open in C(S;C(X;R™)), we can
find a compact set ' C Q and some § > 0 such that for all v € C(S; C(X;R™))
with |[v|lc < § we have both u(t,x) € F and (v + v)(t,z) € F for almost all
(t,z) € Sx X. Taking 0 small enough we ensure that this é corresponds to A, F' and
¢ with respect to condition (C3) and that A+ p € V holds true for all p € A with
llla < 8. Hence, for all v € C(S;C(X;R™)) and p € A with [[v]|c + [|ulla < 0,
for all ¢ € C(S;C(X;R™)) and x € A and almost all (¢,x) € S x X, condition
(C3) yields

\(%—ﬁ(u—kv,)\—ku)@— %—ﬁ(u A o)t x)|
= [(G2(t, 2, (u+0)(t, ), A+ p) = G2 (t, 2, u(t, ), V) (t, )| <elole,

and

}( (u+ v, )\Jru)xfa—“qu)\x) |

= [(35 (t 2, (u+v)(t,2), A+ 1) = GR(E 2, u(t, ), N) x| < ellx|la,
in other words, %—ﬁ and 24 Fx are continuous on U x V.
OA

3. Next, we show that u — 7 is locally Lipschitz continuous, whenever all
the conditions (C1), (C2), (C3), and (C4) are satisfied. To do so, we fix (u,A) €
U xV, and, again, we choose a compact set F' C () and some § > 0 such that for all
v € C(S;C(X;R™)) with |[v]|c < § we have both u(t,z) € F and (u +v)(t,x) €
F for almost all (t,z) € S x X. Let L > 0 be the Lipschitz constant, which
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corresponds to A and F in condition (C4). Then, for all v € C(S; C(X;R™)) with
|lvllc < 6, for all ¢ € C(S;C(X;R™)) and almost all (¢,z) € S x X, we arrive at

‘(@(u—i-v )\) — M(u,)\)go)(t,x)f
=[(%2 (u+0)(t,2), A) = G2 (t, z,u(t, 2), N)) o(t,2)| < Llv]clele,

which leads to the local Lipschitz continuity of u — %—ﬁl(u, A).

4. Analogously to Step 1, we can use the definition of the set U and conditions
(C1), (C2), (€C3), (C5), (C6), and (CT) to show that € maps U x V x A into
L>(S x X), that C is differentiable with respect to v and A in U x V x 3, and
that (5.4a) and (5.4b) are the corresponding derivatives.

5. To prove the remaining assertions, we make use of the uniform properties of
the family of temporal transformations: We take M > 0 such that |9 (o, ¢)| < M
forallt € S and o € X.

In order to show that 86 and 2¢ Sy are continuous operators, we fix a triple
(u,\,0) e UxVxXande > 0 Since U is an open subset of C(S; C(X;R™)), there
exists a compact set F' C 2 and some § > 0 such that for all v € C(S; C(X;R™))
with [Jv]|c < ¢ we have both u(t,z) € F' and (u + v)(t,z) € F for almost all
(t,z) € S x X. We choose § small enough such that it corresponds to A, F' and ¢
with respect to condition (C7) and that A+ u € V and 0 + s € X hold true
for all p € A with ||ulla < 6 and all k € R with |x| < . Consequently, for all
v € C(S;C(X;R™)), p € A, and k € R with |jv]lc + [|p]la < & and |k < 2, for
all ¢ € C(S;C(X;R™)) and x € A, and almost all (t,7) € S x X, we obtain

(G (Ton(t), 2, (u+ 0)(t,2), X + p) — G (T5(t), 2, ult, x), V) @(t x)! <elello,
A Toan(t), 2, (wtv)(t,2), A+ w) x = G (To(t), 2, u(t, ), A) x| < ellx|la,

which means,

|(%(U+U>>\+H70+H)S@ gS(a O ) y L SEHQOHCH

)|
|(8S (u+ v, A+ 0+ K) x — 8S(u, X, o) x) (t,2)| < ellx]la-

Hence, 2 a— and 2¢ Sx are continuous on U x V.
6. For the proof of (5.4c) we fix a triple (u,\,0) € U x V x ¥ and € > 0.
Because of conditions (C1), (C2), (C5), and (C6) the function

(t,x) — ZH(T,(t), 2, u(t, z),\) Z£ (0, 1),

belongs to L>®(S x X). We choose a compact set F C Q such that u(t,z) € F
for almost all (t,2) € S x X and some bound ¢ > 0 corresponding to A and F
with respect to (C6). Furthermore, we can find some ¢ > 0 such that for all x € R
with |k| < % we have both 0 + k € ¥ and ’Ta-m(t) — T, (t) — ‘Z—Z(a, t)/-@| < glk|.
Simultaneously, we take ¢ small enough such it corresponds to A\, F and ¢ from

condition (C7). For all § € F' and x € R with |x| < £ and almost all (t,z) € Sx X
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this leads to

ATy (t),2,6,0) = A(To (), 2,6, X) — ZA(To (1), 2,6, M) - (0, t)k
= [ 24 ((1 = )Ty (t) + TTrsn(t), 2, €, )\) A7 (Tyy () — Ty (t) — 2L (0, 1))
+f0 (ds ( 1—1)T,(t) +7'T0+,<,(t),m,§,)\) — g(Tﬂ(t),x,f,)\)) dr g%(o’,t)fi,

which yields

}G(u,)\,cf + k)(t,x) — Clu, N\, 0)(t,z) — %(To(t),x,u(t,w),)\) Sc (0 t) /<;|
< (o+ M)els| for all k € R with |k < & and almost all (t,z) € S x X.

This proves (5.4c) and the differentiability of € in U x V' x ¥ with respect to o.

7. Finally, we show that ae is continuous: We fix a triple (u, A\,0) € UXV x X
and some ¢ > 0. Because U is open in C(S;C(X;R™)), we can find a compact
set ' C Q and some § > 0 such that for all v € C(S;C(X;R™)) with [jv|c < §
we have u(t,z) € F and (u + v)(t,z) € F for almost all (¢t,z) € S x X. In view
of (C6) we take some bound ¢ > 0 depending on A and F', and we choose ¢ small
enough such that it corresponds to A\, F' and ¢ With respect to condition (CT7),
that A\+p € V,o0+k € X and ’8 O’-"-H t) — (0t)| < € hold true for all
w € A with ||plla < 6 all kK € R with |/-£| < 2, and all t € S. Consequently, for all
v e C(S;C(X;R™)), p€ A, and k € R with |[v]lc + ||ufla < J and |k < <, and
almost all (¢t,z) € S x X, we get

}(da u+ v, )\+u,a+m) ge(u A 0))(t,2)|
§|( Torn(t),z, (u+v)(t, ), A+ pn) — 8A(T(t x,u(t, z), )6—T0+mt|
E(Tg(t),x,u(t,x),)\)(aT(a—|—/£ t) ‘ < (M + p)e
which finishes the proof. O

5.2. Right hand sides

In this subsection we consider operators F € C1(U x V; L§(S; H~'(G))), which
are candidates for the right hand sides ¢ of problem (2.7). Please, remember that
the notation G = X UT indicates the decomposition of the regular set G C R"
into its interior X C R™ and its Neumann boundary part I' C dG, as introduced
n (2.1).

Theorem 5.2. If w € [0,n + 2] and
§' e C'(U x V; LY (S; L*(X))),
g% e CY(U x V; LY 2(S; L*(X))),
§" e CY(U x V; Lg~1(S; L*(T))),

are Volterra operators for £ € {1,...,n}, then the following statements hold true:
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1. The map F, defined by

(T, 2),0) sy = //XZS (1, A)() 52 (s) dA™ ds

(=1

//9 (1w, A)( >dA"d8+//9FuA)<> (s)dArds (5.5)

Jor (u,\) € U x V and ¢ € L*(S; H}(G)), belongs to C* (U x V;L§(S; H-1(G)))
and admits the Volterra property.
2. If, for certain A € V and oll £ € {1,...,n} the maps

uelUm— %(u A) € Z(C(S;C(X;R™)); Ly (S5 L2 (X)), (5.6a)
ue U % (u,\) e Z(C(S; C(X;R™); Ly ~2(S; L*(X))), (5.6b)
welU— % (u,\) € Z(C(5;C(X;R™); Ly~1(S; LA(T))), (5.6¢)

are locally Lipschitz continuous, then the operator
uelUwr— —( ) € Z(C(S;0(X; Rm));Lg’(S;Hfl(G))), (5.7)
is also locally Lipschitz continuous.
3. Let W be an open set in C(S; C(X;R™)) such that (Tow',..., T0w™) € U
holds true for every w € W and o € 3, and assume that for some A € V and all
¢e{l,...,n} the assignments

(w,0) — ngf(jgwl, . ,‘Tgwm, A), (5.8a)
(w, o) — TEG(Tow?, ..., TOw™, \), (5.8b)
(w,a) HTFSF(TSw17~'~7‘ngm7)\)7 (586)

generate continuously differentiable operators
Gh e CT*(W x ;L5 (S; L*(X))),
S8 € CH(W x 5 Ly 3(S; L* (X)),
Gh € CH(W x S Ly~ 1(S; LA(D))),

respectively. Then the map (w,o) — TF(TOw!, ..., Tow™ N) defines a Volterra
operator Fy € CH(W x %; L (S; H~(Q))).

Proof. 1. Due to (2.2), (2.3) the assignment (g, go, gr) — ¥(g, go, gr), defined by

(¥(9:90:90), ) 125,13 (c)) // s) d\" ds (5.9)

//go d)\"ds—l—//gr s)dAr ds

for ¢ € L?(S; H}(G)), generates a linear continuous operator

U Ly (S; L (X;R™)) x Ly ~2(S; L*(X)) x Ly~ (S, L (1)) — Ly (S; H (@),
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and its norm depends on n and G, only. Since (5.5) holds true, we obtain
F(u, A) = T(G (u, A), ..., §"(u, A), §%(u, A), G" (u, A))  for all (u,\) €U x V.

Hence, as a superposition of continuously differentiable operators, the map F
belongs to C'(U x V;L§(S; H-'(G))). Moreover, for all (u,\) € U x V and
v e C(S;C(X;R™)) we get the identity

95 (y, N) v = U (25 (u, A) v, - ., %55 (u, A) v, §°(u, A), T (u, )
(S (A, o, G (s N), 25 (1, A) v, G (u, N)
(G (s A), -, G A), G0, A, 25 (u, ) ). (5.10)
2. For ¢ € {1,...,n} the maps u — %—éf(u,)\), U — %?i)(u,)\), and u +—

BG—%F(UQ\) are locally Lipschitz continuous in the sense of (5.6) by assumption.
Applying the Mean Value Theorem, the maps u +— G*(u,\), u — G%(u, ), and
u +— G (u, \) are locally Lipschitz continuous in the sense of (5.6), too. Now, it
is an easy consequence of (5.10) that the operator u — 22 (u, \) given by (5.7) is
locally Lipschitz continuous.

3. Because of (5.8) and (5.9) for all (w,0) € W x ¥ we obtain

Fi(w,0) = \11(9}\(10,0), o SN (w, o), 99\(111, o), SE(w, o)).

As a superposition of continuously differentiable maps, the operator F belongs to

C'(W x 5, Ly (S; H1(Q))). O
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