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Abstract

In this paper we consider a class of BSDE with drivers of quadratic growth, on a
stochastic basis generated by continuous local martingales. We first derive the Markov
property of a forward-backward system (FBSDE) if the generating martingale is a strong
Markov process. Then we establish the differentiability of a FBSDE with respect to
the initial value of its forward component. This enables us to obtain the main result
of this article which from the perspective of a utility optimization interpretation of
the underlying control problem on a financial market takes the following form. The
control process of the BSDE steers the system into a random liability depending on
a market external uncertainty and this way describes the optimal derivative hedge of
the liability by investment in a capital market the dynamics of which is described by
the forward component. This delta hedge is described in a key formula in terms of a
derivative functional of the solution process and the correlation structure of the internal
uncertainty captured by the forward process and the external uncertainty responsible
for the market incompleteness. The formula largely extends the scope of validity of the
results obtained by several authors in the Brownian setting, designed to give a genuinely
stochastic representation of the optimal delta hedge in the context of cross hedging
insurance derivatives generalizing the derivative hedge in the Black-Scholes model. Of
course, Malliavin’s calculus needed in the Brownian setting is not available in the general
local martingale framework. We replace it by new tools based on stochastic calculus
techniques.
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1 Introduction

In recent years Backward Stochastic Differential Equations (BSDE for short) with drivers
of quadratic growth have emerged in several fields of application such as in the study of
properties of PDEs (see e.g. [14, 4]). Closer to the subject of this work, they were employed
for providing a genuinely stochastic approach to describe optimal investment strategies in
a financial market in problems of hedging derivatives or liabilities of a small trader whose
business depends on market external risk such as the one created by weather or energy
demand. The latter scenario was addressed for instance in [8, 2, 3, 13]. A small trader
such as an energy retailer has a natural source of income deriving from his usual business.
For instance, he may have a random position of revenues from heating oil sales at the
end of a heating season. To (cross) hedge his risk arising from the partly market external
uncertainty present in the temperature process during the heating season, for example via
derivatives written on temperature, he decides to invest in the capital market the inherent
uncertainty of which is only correlated with this index process. If the agent values his total
income at terminal time by exponential utility, or his risk by the entropic risk measure, he
may be interested in finding an optimal investment strategy that maximizes his terminal
utility resp. minimizes his total risk. The description of such strategies, even under convex
constraints for the set of admissible ones, is classical and may be achieved by convex duality
methods, and formulated in terms of the analytic Hamilton-Jacobi-Bellman equation. In a
genuinely stochastic approach, [8] interpreted the martingale optimality principle by means
of BSDE with drivers of quadratic growth, to come up with a solution of this optimal
investment problem even under constraints that are not necessarily convex, just closed.
The optimal investment strategy is described by the control process in the solution pair
of such a BSDE with an explicitly known driver. Using this approach the authors of [3]
investigate utility indifference prices and delta hedges for derivatives or liabilities written
on non-tradable underlyings such as temperature in incomplete financial market models. A
sensitivity analysis of the dependence of the optimal investment strategies on the initial
state of the Markovian forward process modeling the external risk process provides an
explicit delta hedging formula from the representation of indifference prices in terms of
forward-backward systems of stochastic differential equations (FBSDE). In the framework
of a Brownian basis, this analysis requires to account for parametric as well as variational
differentiability of the solutions of the BSDE part in the sense of Malliavin’s calculus (see
[2, 3, 4]). Related optimal investment problems have been investigated in situations in which
the Gaussian basis is replaced by the one of a continuous martingale ([12] and [13], see also
9)).

In this paper we intend to present the utility indifference based explicit description of a
delta hedge extending the one of the Black-Scholes formula just sketched by a sensitivity
analysis of related systems of FBSDE on such a more general stochastic basis created by
a continuous local martingale. As the backward component of our system, we consider a
BSDE of the form (1.1) driven by a continuous local martingale M with

T T T T
Yt:B—/ stMs+/ f(s,Y;,Zs)dCs—/ dLs+/ d(L,L)s, tel0,T], (1.1)
t t t t

where the generator f is assumed to be quadratic in z, the terminal condition B is bounded,



C' is an increasing process and L is a martingale orthogonal to M. A solution of (1.1) is
given by the triplet (Y, Z, L). The forward component of our system will be of the form

XS::B+/ cr(r,XT,MT)dMTjL/ b(r, X, M,)dCr, s € [0,T). (1.2)
0 0

We first prove in Theorem 3.4 that the solution processes Y and Z satisfy the Markov
property, provided the terminal condition B is a smooth function of the terminal value
of the forward process (1.2), and that the local martingale M is a strong Markov process.
There is a subtlety in this setting which goes beyond causing a purely technical complication.
In fact, only the pair (X, M) is a Markov process (as proved for example in [16, 5, 17]).
Just if M has independent increments, it is a stand-alone Markov process. We next show
in Theorem 4.6 that the process Y is differentiable with respect to the initial value of the
forward component (1.2) and that the derivatives of Y and Z again satisfy a BSDE. The two
properties thus proved will combine to allow us to state and prove the main contribution
of this paper to the delta hedge representation problem (Theorem 5.2) generalizing the
formula obtained in the Gaussian setting and for quadratic generators in [3, Theorem 6.7]
and in [10, Corollary 4.1] for the Lipschitz case. More precisely we show that there exists a
deterministic function u such that

Zs = Oou(s, Xs, Ms)o (s, Xs, Ms) + O3u(s, Xs, Ms), (1.3)

where Yy = u(s, X, My), s € [0,T], and 0; denotes the partial derivative with respect to the
i-th variable (see Theorem 5.2). In addition we show that if M has independent increments
and the coefficients of the forward process do not depend on M, then Yy = u(s, X) and
equality (1.3) becomes Zs = dau(s, Xs)o(s, Xs) which coincides with the formula known for
the case in which M is the Brownian motion. To the best of our knowledge relation (1.3)
was known only in the Brownian setting and the proof used in the literature relies on the
representation of the stochastic process Z as the trace of the Malliavin derivative D (i.e.
Zs = DsYs, s € [0,T]) relative to the underlying Brownian motion. Since Malliavin’s calculus
is not available for general continuous local martingales, we propose a new approach based
on stochastic calculus techniques, in which directional variational derivatives of Malliavin’s
calculus are replaced by absolute continuity properties of mixed variation processes of local
martingales. Our main result will provide an extension of the probabilistic representation
of the optimal delta hedge of [3], obtained there in the Brownian setting, to more general
scenarios in which pricing rules are based on general continuous local martingales. Before
entering into the technical details leading to a derivation of our main result, let us sketch in
some more details this important application of our results in the chosen general setting.

Indeed, using the exponential utility based indifference price approach for pricing and
hedging derivatives in incomplete markets sketched above, we interpret relation (1.3) as a
delta hedge formula. It is shown in [3] that it can be expressed by the gradient of the
indifference price and the correlation. Let us explain, how this structure translates into our
local martingale framework, with the more complex Markovian properties. More precisely
consider an n-dimensional process describing non-tradable risk

S S
RErm =+ [ otu Ry M adt, + [ b, BT MG, s € (1T
t t
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where o and b are measurable functions. Now an agent aims to price and hedge a derivative
of the form F (Rf_,’f’m), with F' being a bounded and measurable function. The hedging
instrument is a financial market consisting of k risky assets in units of the numeraire that
evolve according to the following SDE

dSs = Ss(B(s, RY™™, ML"™)dM; + a(s, RY™™, MY™)dCs), s € [t,T),

where o € R¥*! and 8 € R**? are measurable processes. Note that the price processes of
tradable assets S are linked to the risk process via the martingale M, its quadratic variation,
B and 0. We assume k < d in order to exclude arbitrage opportunities. The preferences
of the agent are represented through the exponential utility function with risk aversion
coefficient £ > 0, i.e.

U(x)=—-e " zeR.

The agent wants to maximize his expected utility from trading in the market. His value
function is given by

k T dsgz) .
U+ /t A=+ F(RE™) |
=1

VE(z,t,r,m) =supE 5
p\ Sy’

where 2 is his initial capital and A#) denotes the momentary value of his portfolio fraction
invested in the i-th asset. The problem of optimization of this value function can be reduced
to solving a quadratic BSDE whose generator has been given in [8] for the Brownian case and
then extended to our setting in [13]. A way to price and hedge the derivative F (R;:t’m) is to
consider the indifference price p(t,r,m) given by V¥ (z — p(t,r,m),t,r,m) = VO (x,t,r,m).
According to [3] the indifference price can be expressed as p(t,r,m) = YI:trm _ yOtrm
where (Y Ftrm zEtrm [Ftrm) s the solution of the BSDE

T T
}/SF,t,r,m :F(Rt,r,m) _ / ZuF,t,r,mdMu + / f(u, Rz;,r,m7 ]\4’3,m7 Z,f’t’T’m)dCu
s s

T T
— / drbtrm 4 / d(LBerm phtrmy ot e 0,7, (1.4)
S S

where the generator f is explicitly obtained through the martingale optimal principle in
[8, 13]. To implement utility indifference, we next have to describe the optimal strategies
A and A2, In [8] it is shown that AT 3(-, Rb™™, M%™) (and A°B(-, Rb"™, M'™)) are given by
a projection of a linear function of Z**"¢* (and respectively Z%%"¢*) on the constraint set.
Since R*™™ is not tradable directly 3 plays the role of a filter for trading in the market. Due
to [3] the optimal strategy to hedge F (R%T’m) can be decomposed into a pure trading part
A9 and the optimal hedge A, which is the part of the strategy that replicates the derivative
F (R;fm) Using the Markov property given in Theorem 3.4, we see that there exists a
deterministic function u" such that Y54 = o' (-, Rt™™ M%™). Moreover, the projection
mentioned above can be explicitly expressed and following [3, proof of Theorems 4.2 and
4.4] we have

A =M = (Z50rm = 28 g 31 (5677 Bls, RV ME™), s € [t T,
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This leads to
A(t,r,m) = (A= A087(887) 7 (t,r,m) = (2007 = Z)0) g 34(B57) 7 (¢, v, m).
Using formula (1.3) we derive
A(t,r,m) = [Oap(t,r,m)a (t,r,m) + Dsp(t, r,m)] g} 5*(B6*) " (t,r,m). (1.5)

We emphasize that, as a consequence of the particular form of the driver f in (1.4), relation
(1.5) is replaced by (1.6), if M has independent increments and if the coefficients o, b,
and « do not depend on M (see Remarks 5.3 ii) and ii1)); with

A(t,r) = [Oap(t,r)o(t, )] ¢f B*(BB") 7 (t.7). (1.6)

Finally, note that for technical reasons presented later we obtain formulae (1.3) and (1.5)
under condition (MRP) (see Section 4.2). However we believe that this condition is not
necessary for deriving (1.5) (we refer to the concluding remarks).

We believe that our techniques are not restricted to the setting of continuous local mar-
tingales. We will investigate in a forthcoming paper how to obtain a relation of the type
(1.3) for BSDE driven by a mixture of continuous and Poisson processes. We finally em-
phasize that the local martingale M considered in this paper is not assumed to satisfy the
martingale representation property.

To present our results, we proceed as follows. In Section 2 we state the main notations
and assumptions used in the paper. We discuss the Markov property of an FBSDE in Section
3. Then in Section 4 we give sufficient conditions on the FBSDE to be differentiable in the
initial values of its forward component. The final Section 5 is devoted to the representation
formula (1.3).

2 Preliminaries

Notations

Let (M¢);ejo, 1] be a continuous, square-integrable, d-dimensional local martingale with My =
0 which is defined on a probability basis (22, F, (Ft)iec[o,7], ) where T'is a fixed positive real
number. We assume that the filtration (F),c(o,7) is continuous and complete and thus every
square integrable P-martingale is of the form Z-M+ L, where Z is a predictable d-dimensional
process and L a R-valued martingale strongly orthogonal to M. From the Kunita-Watanabe
inequality it follows that there exists a continuous, (F;)-adapted, bounded and increasing
real-valued process (Ct)icpo,7] and a R4*4_valued predictable process (t)iejo,r) such that the
quadratic variation process (M, M) can be written as

t
(M, M), :/ qrqrdC,, te€0,T].
0

By P we denote the predictable o-field of Q x [0,T]. Given an arbitrary non-negative and
progressively measurable real-valued process (at).ejo,r) We define A by A; := f(f a?dCy,0 <
t <T. Forany 3> 0 and p € [1,00) we set



o S :={X| X:Qx[0,7] — R, bounded and continuous},

o SP .= {X] X :Qx[0,T] — R, predictable and E [supte[o’ﬂ \Xt\p] < oo},
p
o LP(d(M, M)®dP) := {Z\ Z:Q % [0,T] — R™4, predictable and E [(fOT yqszg|2dcs) 2} < oo}.

o M?:= {X| X :Qx[0,T] — R, martingale and E UOT |XS\2dC'S} < oo}
o LV :={{&:Q— R, Fr —measurable and E [|{[F] < oo},

o IL,% = {¢] £: Q — R, Fr — measurable and E [eﬁAT]Bﬂ < oo},

o L :={¢ &:Q— R, Fr — measurable and bounded},

o H3(RY) := {cp] @ : Q2 x[0,T] — R, predictable, [|o[|3 = E [fOT eﬂAt]gotldet} < oo},

o S := {<p| @ :Qx[0,T] — R¥™! continuous, ||<p||% =E [SUPte[o,T] eﬁAt|g0t|2} < oo}.

Throughout this paper we will make use of the notation (M"“™),cp ) (t < T, m € Rx1)
which refers to the martingale

MP™:=m+ M — M,

defined with respect to the filtration (F{)sep ) with Ff == o({My — My, t < u < s}).
Obviously, all the preceding definitions can be introduced with M%™ in place of M and will
inherit the superscript *. For convenience, we write M™ := M%™. Furthermore M®,
i=1,...,d, denotes the entries of the vector M. The euclidean norm is denoted by |- | and
with & we refer to the stochastic exponential.

FBSDE driven by continuous martingales

In this subsection we present the main hypotheses needed in this paper.
Let us fix £ € R™! and m € R™!. First we consider the process X := (X;"™)1c(0.1]
which is defined as a solution of the following stochastic differential equation (SDE)

t t
Xf’m:x+/ a(s,X;fvm,M;”)dMer/ b(s, XT™ M™MdCs, te|0,T), (2.1)
0 0

where the coefficients o : [0,T] x R™*! x R¥*! — R™"*4 and b : [0,7] x R™* x R —
R™*! are Borel-measurable functions. By [6, Theorem 1] and [16, Theorem 3.1], where
independently the same result is proved, this SDE has a unique solution if it satisfies the
following hypothesis:

(HSDE) The functions o and b are continuous in (s,z,m) and there exists a K > 0 such that
for all 1,25 € R™! and m e R¥*!

|cr(s,a:1,m) - O'(S,.Z’Q,’I?’L)| + |b(57x17m) - b(57$2>m)| < K|.%’1 - 33‘2|, ES [OaT]



Next we give properties of BSDE which depend on the forward process X*™. More precisely
we consider BSDE of the form

T T T
ver =P = [ zemant,+ [ gtz g vem, zengac, - [z

K T
+3 / d(L®™, Lom),. (2.2)
t

where F : R™! — R and f : Q x [0,7] x R™! x R¥*! x R x R'*? — R are B(R"™!)-
respectively P ® B(R™1) @ B(R¥!) @ B(R) ® B(R'*?)-measurable functions. A solution of
the BSDE with terminal condition F(X7™), a constant k and generator f is defined to be
a triple of processes (Y*™, Z=m [&m) € 8 x [?(d{M, M) ®dP) x M? satisfying (2.2) and
such that (L*™ M%) =0, i=1,...,d, and P-as. [] |f(r, X}, M, Y2, Z5"q2)|dCy <
00.

Let S := R™! x R x R x R™*? and assume that (HSDE) holds. Under the following

conditions existence and uniqueness of a solution of the backward equation (2.2) was recently
discussed in [13, Theorem 2.5]:

(H1) The function F' is bounded.

(H2) The generator f is continuous in (y,z) and there exists a nonnegative predictable
process 7 such that fOT 1nsdCs < a, where a is a positive constant. Furthermore there
exist positive numbers b and -y, such that dCs ® dP-a.s.

|f(s,x,m,y,z)\ §778+b778|y|+%‘z|2’ Wlth’}/z ’K"v VZba (‘T7m7yvz) ES‘

An additional assumption is needed to obtain uniqueness (see [13, Theorem 2.6]):

(H3) For every 3 > 1 we have fOT\f(s,O,O)]dCS € LA(P). In addition, there exist two

constants p and v, a nonnegative predictable process 6 satisfying fOT 1qs0s|?dCs < co
(co € R), such that dCs ® dP-a.s.

(yl—yz)(f(s,m,m,yl,z)—f(s,m,m,yg,z)) < M|y1_y2|27 (LL',m, yiaz) € S,Z = 1727 and
|f(s,x,m,y,zl)—f(s,x,m,y, ZQ)’ < V(|q898|+|zl|+|22|)|Zl_22|a ($7m7y7 ZZ') € SaZ =1,2.

In this paper we will deal with martingales of bounded mean oscillation, briefly called BMO-
martingales. We refer the reader to [11] for a survey. Furthermore we need the following
hypothesis:

(H4) There exist a R-valued predictable process A bounded below by one and a R4 yalued
predictable process B such that Alg, - M and B - M are BMO martingales satisfying
dCs ® dP-a.s.

(yl_y2)(f(sax7m7y17z)_f(sax7m7y2az)) < |QSA81Rd||y1_y2|2> (.ﬁU,m, yi>z) € SaZ = 1727 and

|f(s,x,m, Y, Zl) - f(s,m,m,y,22)| < |qSB:||Z1 - 22|7 (x,m,y, Zi) c Svl = 172



Throughout this paper we also consider another type of BSDE. Again this BSDE is associ-
ated to the forward process X*™ solving (2.1), i.e.

T T T
vpm = PO = [ vEman s [ gz g s vengdc,+ [ an,
t t t
(2.3)
t € [0,T]. This type of BSDE has been studied by El Karoui and Huang in [9]. Existence

and uniqueness results are derived under the following assumptions on terminal condition
F(X7™) and generator f:

(L1) The function F satisfies F o X" € ]L%.

(L2) The generator f satisfies dCs ® dP-a.s.
|f(37 T, M, Y1, 21)—f(8, L, M, Y2, z2)’ < 7“3|y1—y2|+95]z1—22\, (.TU, m, Yi, Zi) €S8,i=12,

where r and 6 are two non-negative predictable processes. Let a? = 7, + 2. We

assume dCs ® dP-a.s. that a? > 0 and 1000) ¢ ]HI%

«

We conclude this section by presenting assumptions which will be useful in Section 4, where
we find sufficient conditions for a FBSDE to be differentiable in its initial values (x,m) €
R™*1 x R4*1 To simplify the notation we introduce for each pair (o, b) of forward coefficients
the second order differential operator £ =37 b;(-)0; + 3 > i iz1l(ea)(ea)*]i; (1) 0y

(D1) The coefficients o and b have locally Lipschitz partial derivatives.

(D2) The function F' is twice differentiable and such that VF - o and LF have locally
Lipschitz partial derivatives.

(D3) The generator f is differentiable in x, m,y and z and there exist a constant C' > 0 and
a nonnegative predictable process 6 satisfying f(;[ |gs0s)2dCs < cg (co € R), such that
the partial derivatives satisfy dCs ® dIP-a.s.

laif(s,:c,m,y,zﬂ S C(’qSGS’ + |ZD7 (x,m, Y, Z) € 87 Z = 27 e 75'

(D4) The generator f is differentiable in x,m,y and z and there exist a constant C' > 0
and a nonnegative predictable process 6 satisfying fOT lqs0s?dCs < cp (cy € R), such
that the partial derivative 05 f is Lipschitz in (z,m,y, z) and for all i = 2,...,4 the
following inequality holds dCs ® dP-a.s.

|8if(87x17m17y17 Zl) - 8if(57332)m25 Y2, ZQ)‘
< Clgsbs| + |z1| + [22]) (w1 — @2| + [ma1 — ma| + [y1 — y2| + 21 — 22]),

for all (zj,mj,y;5,2;) € S,j=1,2.



3 The Markov property of FBSDE

For a fixed initial time ¢ € [0,7") and initial values z € R™! and m € R?*! we consider a
SDE of the form

S S
X =t [ ot Xorm MM+ [ b, X M AC, s € T) (3.1)
t t

where M is a local martingale as in Section 2 with values in R¥™1 o : [0, T] x R?*! x R4¥1 —
R™ 4 and b : [0, 7] x R™*! x R&*1 — R™*!, Throughout this chapter the coefficients o and
b satisfy (HSDE) and hence (3.1) has a unique solution X%®™. Before stating and proving
the main results of this section we recall the following proposition whose first point is
presented in [5, Theorem (8.11)] (see also [17, V.Theorem 35]) and the second part is a
direct application of [15, Theorem 5.3].

Proposition 3.1. i) If M is a strong Markov process then (Mﬁ’m,Xﬁ’x’m)se[tyT} is a
strong Markov process.

i1) If M is a strong Markov process with independent increments and if the coefficients o
and b do not depend on M, that is if X satisfies

X —at [CotwXiaM, + [ b, xi)dC,
t t

in place of (3.1) then the process (XE’I)Se[tﬂT] itself is a strong Markov process.

Note that in [2, 3, 10] the martingale considered was a standard Brownian motion which
is the paradigm of situation ii) of the Proposition above. In fact this case presents at least
two major advantages. Firstly, the process X is a Markov process itself and secondly, the
quadratic variation of M is deterministic.

This section is organized as follows. We first prove in Proposition 3.2 that the solution of
a Lipschitz BSDE associated to a forward SDE of the form (3.1) is already determined by
the solution X“%™ of (3.1) and the Markov process M%™. In Theorem 3.4 we then extend
this result to quadratic BSDE.

Consider a BSDE of the form
T T
U;E,:):,m :F(X%Lm) _ / ‘/Tt,x,mdMT 4 / f(ﬁ Xﬁ,x,m, Mf,m7 Uﬁ,z,m’ ‘/Tt,x,mqj)dcr
. s s
— / dANE5™ s € [t, T (3.2)

We suppose that the driver does not depend on 2 and hence is a deterministic Borel measur-
able function f : [0, T] x R xR x RxR'*¢ — R. If F and f satisfy hypotheses (L1) and
(L2) then the BSDE (3.2) admits a unique solution (U™ Vt&m Ntzm) ¢ S% X H% x M?
(see [9, Theorem 6.1]). By B.(R™*! x R9*1) we denote the o-algebra generated by the family
of functions (z,m) — E [ftT B(s, X0™™ ME™)AC, |, where ¢ : Qx [0, T] x R™ x R&*1 — R

is predictable, continuous and bounded.



Proposition 3.2. Assume that M is a strong Markov process and that (L1) and (L2) are
in force. Then there exist deterministic functions u : [0,T] x R™ x R™>*! R B([0,T]) ®
Be(R™1 x RV -measurable and v : [0,T] x R™*1 x R>*1 — R1X4 B([0, T]) @ Bo(R™*! x
RV -measurable such that

Ub™m = (s, XL5m ME™), VES™ = (s, X05™ ME™) s € [t, T). (3.3)

Remark 3.3. Before turning to the proof of Proposition 3.2 we stress the following point.
Assume M and X are as in Proposition 3.1 i) and that the driver f in (3.2) does not
depend on M, then Proposition 3.2 boils down to: there exist deterministic functions u :
[0, T]xR™ — R, B([0, T]) @B (R™*1)-measurable and v : [0, T] x R™*1 — R4 B([0, T])®
B.(R™ V) -measurable such that

Ub* = u(s, Xb*), VI =wv(s,XL%), selt,T).

Proof of Proposition 3.2. Consider the following sequence (URt&m yhtem ntamy . of
BSDE

UO,t,LI: :Vo,t,x —_ 0,

T
UkHLbe — (XL 4 / Flr, Xpom, MEm, glbem, yRbem g dc,
S
T T
_/ V;k+1’t’x’mer—/ dN;f,z,m. (3.4)
s S

We recall an estimate obtained in [9, p. 35]. Let 5 > 0 and let « be as in Section 2. Then

Ha(UkJrl,t,a:,m . Uk,t,:t:,m)H%3 + Hq(VkJrl,t,:c,m _ Vk,t,a:,m)*”%
< 5||O[(Uk,t,m,m o Uk—l,t,x,m)n% + ||q(vk,t,m,m - Vk—l,t,:c,m)*”%’
where ¢ is a constant depending on § which can be chosen such that e < 1. Applying the
result recursively we obtain
Ha(UkJrl,t,x,m o Uk,t,z,m)H% + Hq(vk+1,t,m,m . Vk,t,x,m)*n%
< 5k (Ha(Ul,t,x,m _ UO,t,a:,m)H% + ”q(Vl,t,w,m _ VO,t,;t,m)*H%) )

Since Y 32, a(UFFLEEm Uk”m)H% + [|g(VEFLtem Vk”m)*H% < oo the sequence
(Uktzm yhtzm Ntzm) - converges dCs ® dP-almost surely to (U™, VE&m NELEMY ag k
tends to infinity.

We show by induction on k£ > 1 the following property (Py):

(Py) there exist deterministic functions ®F : [0, T] x R™*! x Rt — R, B([0, T]) ® Be(R™*! x
R®1)-measurable and " : [0,7] x R™1 x R — R4 B([0, T]) @ Be (R x RI*1)-
measurable such that UXH%™ = ®F (s, XL ME™) and yhtem _ Wk (s, XT™™ ME™),
fort<s<T,keN.
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Proof of (P;): From the definition of U*®™ and since N%®™ is a martingale we have for
s€et,T]

T
Ughem =B [U;0""|F] = E [F(X%‘”’% - / G X;f“vm,Mf’m,o,och!fﬁ] - (35)
S
The Markov property and Doob-Dynkin’s Lemma give
T
vitem — & [P [ e g, 0,010, 7]
S
T
= [F(X;x’m) - / flr, XEm ME™,0,0)dCy [(XE5™, Mgvm)}
S
— @1(S7X£,x,m7Mst,m)
where ®! : [0, 7] x R™*! x R — R. Now let
S
RyMm = Ut 4 / Fr, XP5m, ME™,0,0)dCy — NO™™ + NP™™, s € [t 7).
t

Then for s € [t, T
R;,t,a:,m :/ ‘/Tl,t,m,mer (36)
t

and hence RLH®™ is a strongly additive (in the sense of [5, p. 169]) square integrable
martingale. By [5, Theorem (6.27)] there exists a function W' : [0, 7] x R"*1 x RX1 — R1xd
such that

S
<R1’t’x’m,R1’t’x’m>s _ / ‘111(7“, Xﬁ,x,ijﬁ,m)d<M7 M)T\III(T, ‘X';E,ac,m’]\47215,m)*7 (3.7)
t

and from the definition of R1H*™ we know

<R1,t,;v,m’R1,t,:v,m>s — /t Vrl’t’m’md<M, M>T(Vrl,t,a:,m)*7 s € [t,T]. (3.8)

But (3.7) and (3.8) imply

Ve =l (s, XP5™ ME™), dCs ® dP — a.e.
Let k > 1. We prove (Py) = (Pi+1): We have for s € [t, T
Usk—i-l,t,w,m - E _U;C-S-l,t,m,m‘f;}

r T
- E F(X;:mm) - / f(T‘, )(ﬁ,:pﬁn7 ]\4714€,m7 Uf,t,:v,m’ Wk,t,m,mq:)dcrlfz
L s

r T
= E|F(X;™™) - / o, XE5m ME™, OF (r, X L5, ME™), WF (r, X105, ME™)gr)dC, | FL
L S

r T
= E|F(XLm) - / F4(r, XEPm Mt ac, | F
L S

11



where fE(r,y,2) == f(r,y, ®%(r,y, 2), ¥*(r,y, 2)¢*). Using the same argument as in step
k =1 we deduce that there exists a function ®*+1: [0, T x R™*! x R¥*! — R such that

k+1,t,eom _ Fk+1 t,x,m t,m
U, = Q" (s, XM M.

For s € [t,T] let
s
Rlsc—&—l,t,x,m _ Usk—l—l,t,x,m +/ fk(T, Xﬁ’x’m,Mﬁ’m)dCr _ N;f,a;,m + Nf,x,m.
t

Following the same procedure as in step £ = 1, and omitting the details, we deduce that
there exists a function WF*+!: [0, 7] x R™*1 x R4*t — R4 guch that

k+1,t,eom _ g k+1 t,x,m t,m
V, = U (s, XP™ MO™).

Let
u(r,y, z) := limsup ®*(r,y, 2), v(r,y, z) := limsup ¥¥(r,y, 2).

k—o0 k—o0
Since the sequence (URH®, VELE NEZMY, - converges dCs@dP-almost surely to (UH%m, Vbam  Nbzm)
as k tends to infinity we have for s € [t, T

u(s, XM ML™) =(lim sup @k)(s,Xg’x’m, ME™) = lim sup(q)k(s, Xbom prhmy)
k—o0 k—oo
=limsup Usk’t’x’m = Ué’x’m.

k—o0

Similarly we obtain
U(S7X§,x,m,M£,m) — Vst,a:,m.

(]

We conclude this section by extending Proposition 3.2 to a quadratic FBSDE. More precisely
we consider the following BSDE

T T
viem =P () - [ zgmant,+ [ g Xt v, zgm e,
S S

T
- / AL 4 Zd(L L, s € [t T, (3.9)

where the forward process X“®™ is a solution of (3.1). Again we suppose that the driver
f does not depend on €2 and hence is a deterministic Borel measurable function f : [0, 7] x
R 5 RIXL xR x R4 — R, If F satisfies (H1) and f hypotheses (H2) and (H3) then the
BSDE (3.9) admits a unique solution (Y™, Zt@m [hem) ¢ §% x [2(d(M, M)®dP) x M?
(see [13, Theorem 2.5]).

Theorem 3.4. For t € [0,T] we assume that M is a strong Markov process and that
(H1)-(H3) hold. Then there exist deterministic functions u : [0,T] x R™! x Rt — R,
B([0,T]) ® Be(R™! x R™>*1)-measurable and v : [0,T] x R™*1 x Rt — R4 B([0,T]) @
Be (R x RN -measurable such that

VIO = (s, XPO™ ME™), Z05M = (s, XPTT ME™) s € [t, T). (3.10)

12



Remark 3.5. As mentioned in Remark 3.3, in the framework of Proposition 3.1 ii) and if
the driver f in (3.9) does not depend on M, Theorem 3.4 simplifies to: there exist determin-
istic functions u : [0, T|xR™1 — R, B([0, T]) @B (R™*})-measurable and v : [0, T]x R"*1 —
R4 B([0,T]) @ Be(R™)-measurable such that

Vi = u(s, XI9), 7% = (s, XI%), s € [1,T]

Proof of Theorem 3.4. Existence and uniqueness of the solution of (3.9) under hypotheses
(H1)-(H3) have been obtained in [13, Theorems 2.5 and 2.6]. More precisely it is shown in
the proof of [13, Theorem 2.5] that the solution of a quadratic BSDE can be derived as the
limit of solutions of a sequence of BSDE with Lipschitz generators. We follow this proof
and begin by relaxing condition (H2). Indeed consider the following assumption (H2’).

(H2’) The generator f is continuous in (y, z) and there exists a predictable process 1 such
that n > 0 and fOT nsdCs < a, where qa is a positive constant. Furthermore there exists
a constant v > 0 such that dCs ® dP-a.s.

F(s,@,m,y,2) Smo+ e withy 2|6l (@,m,y,2) €S,

Assume that one can prove existence of a solution of (3.9) if f satisfies (H2’) instead of
(H2). Let fx be the generator f truncated in Y at a well-chosen level K (according to [13,
Lemma 3.1]). More precisely, set fx(s,z,m,y,z) := f(s,z,m, p(y) K, z) with

_K,  ify<-K
K, ity > K.

It is shown in [13, proof of Theorem 2.5, Step 1] that fx satisfies (H2’). Hence by hypothesis
there exists a triple of stochastic processes (V"™ Zi5™ L¥*™) which solves (3.9) with
generator fx. Due to a comparison argument and since fx and f coincide along the sample
paths of the solution (Y;?x’m, Zﬁ’{x’m,LtI’(x’m), it also solves (3.9) with f satisfying (H2). As
a consequence our proof is finished if we show that (3.10) holds for a generator f satisfying
(H2).

The next step is to consider a BSDE which is equivalent to the BSDE (3.9) and is obtained
via an exponential coordinate change. We only give a brief survey and refer to [13, proof of
Theorem 2.5, Step 2] for a complete treatment. Setting U4 := """ transforms (3.9)
into the following BSDE

T T
Ul =X / Vi M, + / g, X5 ME™ U™, V2T 1) dC,
S S
T
—/cmwm,semﬂ. (3.11)
S

We refer to a solution of this BSDE as (U™ Vt@m N&ZM)  The new generator

Inu v 1, 5
g(s,x,m,u,v) = </€Uf (S>$am7 H)) - %|U| > 1]0,00[(”)7
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(x,m,u,v) € S, satisfies (H2’) and the triple (YH®m™, ZH&m LMY with

t,x,m t,x,m
log(U s Ly ) _ V 3Ly tam — 1 )
K ) : /{Ut,x,m’ : rUtTm

Yt,m,m = Zt,z,m -

NEEm (3.12)
is well defined and is solution to (3.9) with generator f satisfying (H2).

To derive the existence of a solution of (3.11) an approximating sequence of BSDE with
Lipschitz generator gP and terminal condition e(**" (X7"™) is introduced in such a way that
gP converges dCs ® dP-almost surely to g as p tends to infinity. We do not specify the explicit
expression for ¢P, since it does not matter for our purposes, and besides the aforementioned
properties we only need that the sequence is increasing in y, implying the same property for
the solution component (UP%*™),cy. For more details we refer to [13, proof of Theorem
2.5, step 3.

Let p > 1. We consider the BSDE (3.11) with generator gP and terminal condition
eWF(XE"™) | Since gP is Lipschitz continuous we know from [9, Theorem 6.1] that a unique
solution (UP:LEm pbzm NpLEM) exists. Now we can apply Proposition 3.2 which provides
deterministic functions a? and bP such that

U4 = P (5, XU ME™) and VISE = (s, X2 ME), s € (1T,

A subsequence, for convenience again denoted by (UP:L®m VPtam N p’t"”’m)peN, converges
almost surely (with respect to dCs ® dP) to the solution (UH*™ Vhem NLEM) of (3.11),
Letting
a(s,y,m) := liminf a?(s,y,m), b(s,y,m) := liminf b*(s,y, m),
p—00 p—00
(s,y,m) € [0,T] x R¥*1 x R™ we conclude that U™ = a(s, Xo™™, MY™) and VH™ =
b(s, Xo©™ M™), s € [t, T]. Since (UPH®™) oy is increasing, we may set
__Ina b

Ui=—, vi=—.
K Ka

Hence the result follows by (3.12). O

4 Differentiability of FBSDE

In this section we derive differentiability of the FBSDE of (2.1)-(2.2) with respect to the
initial data  and m. The presence of the quantity (L, L) in the equation, where we recall
that L is part of the solution of (2.2), prevents us from extending directly the usual tech-
niques presented for example in [2, 3, 4]. Under an additional assumption (MRP) defined
in Section 4.2 we deduce the differentiability of (2.2) from the one of the auxiliary BSDE
(4.1).

4.1 Differentiability of an auxiliary FBSDE

As mentioned above we first prove the differentiability of an auxiliary BSDE which will
allow us to deduce the result for (2.2) in Section 4.2.
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For every (x,m) € R+ d)x1 Jet us consider the following forward backward system of equa-
tions

t t
e —ae [ ot xpm M, + [ b Xem MdC;,
0 0
T T
Ve = G = [ zemant+ [ X MY 25 e, ()
t t

where M is a continuous local martingale in R4*! satisfying the martingale representation
property and C,q,0,b, F, f are as described in Section 2. A solution of this system is given
by the triple (X®™, Y*™m Z%m) € SPx S*® x L?(d{M, M)®dP) of stochastic processes. Note
that the system (4.1) has a unique solution if the coefficients o and b of the forward com-
ponent satisfy (HSDE) and the terminal condition F' and the generator f of the backward
part satisfy (H1)-(H3).

In this section we will give sufficient conditions for the system (4.1) to be differentiable
in (x,m) € R td)x1 Before turning to the backward SDE of the system we provide some
material about the differentiability of the forward component obtained in [17, V.7].

Proposition 4.1. Assume that o and b satisfy (D1). Then for almost all w € Q) there exists
a solution X*™(w) of (4.1) which is continuously differentiable in x and m. In addition
the deriatives Dy = %X(i)z’m, i,k = 1,...n, and D}} = %X(i)xvm, i =1,...n,
k=1,...d, satisfy the following SDE fort € [0, T

d n t
D, =+ 3% /0 Onsjials, X2 M) DE, AMLE)
a=1 j=1

n t
+) / 01450 (s, X2, MI™) D%, dCs, (4.2)
j=170

d n t n t
m=3"%" /0 Or 0105, X2, M) DT M + 3 /0 Or ;b0 (5, X M) DI dC,
=1

a=1 j=1
d t t

+>° / O ninTia(s, XM M™)dM® + / A1narb® (s, X2 MM dC,  (4.3)
a=1"0 0

and aimkj\l(j)m = 0kj, k,j = 1,...,d. Furthermore for all p > 1 there exists a positive
constant C such that the following estimate holds

z,m z';m’ |2
sup | X7 — X
t€[0,T]

E <Oz — 22 4 |m — m/ )P, (4.4)

Proof. Let (Xf m) o be the stochastic process with values in RUtTd*1 defined as
telo,



This process is the solution of the SDE
dXP™ = 6(XP™)dMy, X§™ = (0,2,m)

with
) 1 ~0 ~0 3 t
GXy™) =1 0 o(Xy"™) bXS™) |, Me= | M,
0 1, 0 CY

According to [17, Theorem V.39] the derivatives D*, D™ and %M(j)m, k,j=1,...,d
exist and are continuous in z and m. In addition, formula [17, (D) p. 312] leads to (4.2
and (4.3). The estimate (4.4) follows immediately from [17, (x * *), p. 309].

O

We now focus on the BSDE of system (4.1). Let & := (z,m) € RO+tDx1 and ¢;, i =
1,...,n + d, the unit vectors in RO*tH*x1 For all #, h # 0 and i € {1,...,n + d} let
gt = %(F(X%J“hei) —F(X%)). The following Lemma will be needed later in order to prove
the differentiability of the backward component. To simplify the notation we suppress the
superscript ¢ from now on.

Lemma 4.2. Let (D1) and (D2) be satisfied. Then for every p > 1 there exists a constant
C > 0, such that for all #,7' € Rt p p/ £

B[l — %] < (& - &P + |h - W) (4.5)
Proof. We know from It6’s formula

~ ~ t ~ ~
F(XP) =F(X?) + / VF(XF)o(s, X7, MT)dM,
0
t n
0 \i=1

1 ¢ ; . ;
+5 2 0F(XD(09) - (00) )ij (s, X3, M) | dCs.
ij=1
Hence F(X7) is a SDE with coefficients 6(s,z,m) = VF(z)o(s,z,m) and b(s,z,m)
S O F (z)bi(s,z,m) + 5 > i j=10iF(z)[(0q) - (¢q)"]ij(s,2,m). By (D2) the coefficients &
and b have locally Lipschitz partial derivatives and thus with (4.4) the estimate (4.5) follows.
]

>l

The next Lemma shows that we can choose the family (Y#) to be continuous in & € R(?+d)x1,

Lemma 4.3. Let (H1)-(H3) and (D1)-(D3) be satisfied. Then for all p > 1 there ezists a
constant C > 0, such that for all &, € R+d)x1

T ) 3 P
< /0 (2P — 27 >*|2dct>

Furthermore for almost all w € Q there exists a solution Y*(w) of (4.1) which is continuous
in & € RIv+d)x1,

E| sup [Y7 YT ?

te[0,7)

+E <C|z — 7). (4.6)
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Proof. Let 8Y :=Y* —Y% §2:= 2% — Z¥ §M := M™ — M™ and 6X := X* — X%, We
also set for s € [0, 7]

1
AZ = [0 X M YE ZE )+ ((2E - 28 e
0
1
AY = / Ouf(r, X2, M Y 4+ (Y —YF), 27 t)dC
0
1
A = [T ougr XE M 4 - M. Y 2 e
0
1
AX = [ ouf(r XE 4 (T - XE) MY 2 ),
0
Considering the difference 0Y of the backward component in (4.1) we see that for ¢ € [0, T
~ ~/ T
Vi =F(XF) - F(XF) - [ 6z,aM,
t
T ~ ~ ~ ~1 !/ ~! ~/
b [ U XM 2 0 XE M Y 2 glac
t

B . T T
=F(X%) - F(X%) - / 6 Z,dM, + / (6Z,qr AZ 4 6V, AY + M AM 15X AX) dC,
t t

:ZQ(T7(5Y7- 75Z7qi)

holds. Note that (0Y,dZ) can be seen as a BSDE whose generator g satisfies (H4) and whose
terminal condition F(X%) — F(X%) is bounded (see (H1)). More precisely we derive with
(D3) and [13, Lemma 3.1]the existence of a constant C' such that for all y,y;,y2 € R and
2,21, 29 € RY¥4 4O, @ dP-a.s.

lg(r,y, z1) — g(r,y, 22)| <|AZ||z1 — 22

<C(lgebr| + 127 | + (27 = ZT)g;|)|z1 — 22| and
l9(r,y1,2) = g(r,y2, 2)| <|AM [y — va

<C(la:0:] + 127 g2 )lyr — wal-

Hence we can apply the apriori estimates of Lemma A.1 and hence we know that for every
p > 1 there exist constants ¢ > 1 and C > 0 such that

T p
E | sup |6Y;/?| +E (/ \qtéZ;‘]QdCt) (4.7)
t€[0,T) 0
~ B T 2pq %
< CE ||F(X%) — F(XZ)%1 4 </ |6M:A£4+5X:A§|d0r)
0

By condition (D3) and Hoélder’s inequality we get
T 2pq
( / SMEAM 45X AX \dC’T> ]
0
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1 1
2 2

<CE E

T 2pq T , 2pq
([ apact) ([ a0+ 122 pPacs

0 0

T 2pq T , 2pq
([ xipac,) ([ a0 +12 g1ac)

0 0

T 9 2pq| | T\ i 12 2pq
Note that E (fo |q-0r| dCT) is bounded by (D3). Furthermore E (fo | Z g dCr)

is bounded, as is seen by applying Lemma A.1. Hence

T 2pq
E [(/ oM AM 4 5X,’5Ai<|dCr>
0

1 1
2 2
+ CE E

2pq | 2
<C|m — m/‘qu + CE (ts[%pT} |5Xt|QC’T>
S El

<C (jm —m/|*P? + |z — &'|*P7) ,

where the last inequality is due to (4.4). Combining (4.7), condition (D2) and the last

inequality we obtain
T P
([ 1az:)
0

Now Kolmogorov’s Lemma (see Theorem 73, Chapter IV in [17]) implies that there exists a
version of (Y?) which is continuous in Z for almost all w € €. O

E [ sup |0V | +E < Clz — 7.

te[0,T

For all h # 0,% € ROHX1 ¢ ¢ [o T)let UP" = Ly Fthe _yiy vl = L(zithe _ 7z,
ABR Lxjthe — X7, w Z, h LMt — MF) (where it is implicit that M® depends
only on the component m of = (:U, m)), and &% h 1 (F(Xx+he’) — F(XE%)). We define §U
by U = U%h — UT"1" and the processes 8V, §A, dw, and §¢ in an analogous way. We give
estimates on the differences of difference quotients of the family (Y*).

Lemma 4.4. Let (H1)-(H3) and (D1)-(D3) be satisfied. Then for each p > 1 there exists a
constant C' > 0 such that for any &, # € ROTDXL gnd h b £ 0

sup |UP" — UF PP < 01— &2+ |h— P (4.8)
t€[0,T]

E

Proof. This proof is similar to the one of Lemma 4.3. By definition of U%" and of U/
we have

- . T
Utxyh :ffb,h _ / V}x’her (49)
t
T q i i o ) -
+/t E [f(r, Xf+hei,Mf+hei,}/;r+heZ, Zf—i_heiq:) _ f(T, Xf,Mf,Yf, qu:)} dc.,.
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As in the proof of Lemma 4.3 we decompose the integrand in the last term of the RHS of
the equality above by writing

1 T ; T ; T ] T ik T T T T %
E(f(rv Xf+hez7 Mg—i_h&v Kx+hez, Z;c—&—hequ) - f(’l“, erv M:a Y;m’ Zer))
—VPRG(AD)ER L UPM A )P o (AM)ER 4 AT (AT,

where A%, AY, AM  AX are defined as in the proof of Lemma 4.3, for instance
1
(AZE = [ s XEFHe M Y 257 4 0(ZE - 25)a7)d.
0

Taking the difference of two equations of the form (4.9) we obtain that (§U, §V') satisfies the
BSDE

T T
Uy =6¢ —/ oVrdM; +/ OVrgr (AZ) P 4 UL (A )P+ | gr (AR — (A7) My
0 t
(4.10)
U (VYR = (AT o T (AN TR o B (AN
+ Azi,h*(AX)f,h _ A:i’,h’*(AX)f’,h/] dC,.
The generator of this BSDE satisfies condition (H4) due to assumption (D3) (details are

similar to those of the proof of Lemma 4.3 and are left to the reader). By Lemma A.1 for
every p > 1 there exist constants ¢ > 1 and C' > 0 such that

T p
E | sup \6Ut|2p+(/ qsav:chs)
0

t€[0,T]

T
< 1867+ ([ 16z (AP = (ADE PV 4 JUFH (A = (A0
5 h* Mn%.h 5 B * My# R 5 h* X\%.h 3 B * X5 R 2pq l/q
HER AV AN AR ()R AT ()7 )|

We estimate separately each part of the right hand side of the inequality presented. First,
by Cauchy-Schwarz’ inequality we have

T -~ ~/ ! ~/ ! 2pq
E ( |l = any v |dcv)
0

1/2
E

1/2
<E

T 2pq
() weereac:)
0

(/OT g ((A7)Bh — (Az)fl’h/)\QdCT> 2pq

</0T a7 (A7) = (Az)f/’h/)\qu) 2pq]

1/2
< CE
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. T 1, & h' |2 2pa| _
since E ( Jo Vo dCr> is bounded by Lemma A.1. Then hypothesis (D4) and a

combination of Lemma 4.3 and (4.4) lead to the following estimate, in which the constant
C may change from line to line

T ~ ~! !/ ~! !/ 2pq
E [( |l = v \dcr)
0

T
< CB| ([ lax(zE - 220 13 - XE R | paEthe g e
0

::i—l—he;—rf’—h’ei
I~ =4 / 5 = / 2}7(] 1/2
Y YA Ry gz e - Z T e")|2d07"> ]
<C(jg -7+ h-H2)M.

Similarly we derive the estimate

T 2pq
E [(/ U |(AY ) — (AY>$"h'!dCr) <C(F =P+ h=nP)"M.
0

We next estimate, with constants C' allowed to change from line to line

T 5 1k ~ ~1 3% ~/ 1/ 2P
B | ([ Itz i ac )
0
- T 2pq . 2pq
< CE / it~ [(AM)ERac, | |+ CE / | [|(AMYER — (AMYEH | dC,
L = =e;

T ~ ~! 1/ qu
< CE (/ (AM)PR — (AM)T rdcr> ]
0

1/2 T
([ g - xze

T z T 7/ 5 ~/ - I 2 1/2
HY? =Y |+ |(ZF = ZF) gt | + |ME — MP | + |MFHhe — 07 H”i!)QdC’T) pq] |

i T ) , 2pq
< CE ( / <\qrm+erq:\+\qu:|>2dor)
0

where the last inequality is due to hypotheses (D4) and Hélder’s inequality. An application of

- ~ 2pq
the a priori estimates from Lemma A.1 implies that E [(fOT(]qTOA + | ZEqr| + | Z7 q:‘)2dCr> }
is bounded. Then with the estimates (4.4) and (4.6) we obtain

T ~ 7% = ~1 1k ~1 37 2P
E ( [ Iy - \dcr)
0

T
= K/O e e R R G (2 T
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= =/ ~ AR 2pq 1/2
HIME = M e - paF )|

<C(|z = &)+ |h— W|?)P.

We now consider the last term whose treatment is quite similar to the one of the term just
discussed. We therefore give the main computations without providing detailed arguments.
We have, with constants C' the value of which may change from line to line

2pq

T
B ([ 1 )zt - AT a7 ac,
0

T o 2pq 1/2 T ) 2pq
([ 148t - arpac, ) ([ 14, )
0 0

E
T ~/ ! ~ ~/ ! 2pq
([ 1871z - i, )
0

1/2
< CE

+CE

- 2
Using (D3) and Lemma A.1 we deduce that E {(fOT [(AX 2" 2dC'T) pq} is bounded. Using

hypothesis (D4) and estimate (4.4) again we obtain

T PR AR ~ ~1 1% ~1 1/ 2pg
E ( / TR (AX)BR AT <AX>$vh\dcr)
0

T o 2pq
( / AP — AT y%zcr)
0

T
O |( [ (1t + 127 a2 +1226:1) (1XF = X1 X4 = XE 5 |oaF - MaF)
0

1/2
< CE

HYE =¥+ 128 - 28 dc,) )
<C(|z =&+ |h — KW[*)Pu.
We derive the estimate
E [|66]71] < C(|& = &' + [h — I [*)P
immediately from (4.5). This completes the proof of (4.8). O
Proposition 4.5. Let (H1)-(H3) and (D1)-(D4) be satisfied. Then there exists a solu-

tion (X%, Y%, Z%) of (4.1), such that X*(w) and Y*(w) are continuously differentiable in
& e ROTDXL for almost all w € Q. Furthermore there exist processes %Z”C’m 2 zzm o

L > Om
L2(d({M, M)®dP) such that the derivatives (UL, Vl%) = (%chvm, %Z(l)’xm), i=1,...,d,
k=1,...,n, and (U, V) = (%Yi’f’m, %Z(’)’z’m), i,k =1,...,d, solve the following
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BSDE fort € [0,T)]
Uf, = zaF X3 D z / Vi d M)
+Z/ 81+jf XCC’I’)’L Mm Yxm me ) ]ksdc
— Ji
T
b [ Ouaa fs, XI MY ZEM U AC,
t

n T o '
+ Z / 81+n+d+1+jf(37 X3 MY, Z§7mq:)87%qjksz(])7x7md057
— Jt

Ukt Zan—HF mm ]kT Z/ V;ledM
+ Z/t al+jf(Sasz7maM;anvs$’maZsz’m) jk’SdC

T
* / al+n+kf(87X;E’m7M£n7Yrsx’m7st’mq:)dcs
t
T
+ / al—&—n-l—d—l—lf(S)X;j’mvM;n7}/;m7m7Zg’qu)UIZSLdCS
t

noo.r
+ Z/ Ontdri+i f (8, X3 M Y™ Z57q5) ks VigsdCs.
— Ji

Proof. From 4.4 and Kolmogorov’s Lemma (see Theorem 73, Chapter IV in [17]) we deduce
that there exists a family of solutions (Y?) of (4.1) which is continuously differentiable in &
for almost all w € Q. Finally from equation (4.10) taking » — 0 the BSDE follows. O

4.2 Differentiability of FBSDE

Now we come back to the initial FBSDE (2.1)-(2.2). In order to obtain the differentiability
of this system we require the following additional assumption:

(MRP) There exists a continuous L*-martingale N := (N;);e[o,r) on (2, F, P) strongly orthog-
onal to M ((M* N) =0, i=1,...,d) such that the pair (M, N) has the martingale
representation property.

The presence of the additional bracket (L, L) in the BSDE prevents us from applying the
usual techniques for differentiability as for example in [2, 3, 4]. More precisely, under (MRP)
we can show that the BSDE in (2.2) can be written as

T T T
Y = F(X5™)— / Z3"dM, — / US™dN, + / h(r, X2™, M, Y5, Z8m g U2™)dC,,
t t t
(4.11)
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t € [0,T), where C and h are defined as in section A.1. Due to hypotheses (MRP) and the
orthogonality of the martingales L and M, the representation of L as L = U - N where U is a
predictable square integrable stochastic process is obtained. So the solution (Y, Z, L) of the
backward part (2.2) becomes (Y, Z,U) in (4.11). The bracket (L, L) is then a component
of the new generator h, which is quadratic in U. We refer to the beginning of Section A.1,
where a discussion of the technical aspects of this claim is given. Now we can write the
system (2.1)-(2.2) as

t t
xom :m—f—/ 5(3,X§vl‘vm,M§vm)dMs+/ b(s, X5, M{")dCs,
0 0

T T
Yo" = F(X7™) — / Z7™Md M, —|—/ h(s, XZ™ M, Y™ Z7"q5)dCs,
t t

t € [0,T], where M, §, Z, are defined as in Section A.1 and & := (a 0), b := b x
d i Afi 2 - ~ .
L MY+ NND)” )y lation (X@m, yom, Zem) ¢ §px §% x L2(d(M, M) @ dP) of
(5 (M M) )
this system exists for o, b satisfying (HSDE) and F, h satisfying (H1)-(H3). Therefore we
obtain the following result.

Theorem 4.6. Let (H1)-(H3) and (D1)-(D4) be satisfied. Then there exists a solution
(XT YT Z%) of (2.1)-(2.2), such that X*(w) and Y*(w) are continuously differentiable in
& e ROTDXL for almost all w € Q.

Proof. The Theorem follows from Proposition 4.5. (I

5 Representation formula

In this Section we provide the representation formula (1.3) which generalizes the one ob-
tained in [2, 3], where M is a Brownian motion. We recall that in the Gaussian setting the
proof of this formula is based on the representation of the stochastic process Z as the trace
of the Malliavin derivative of Y. In the general martingale setting of this paper, however,
Malliavin’s calculus is not available. Therefore we propose a new proof based on stochastic
calculus techniques. We also stress that the last term in formula (1.3) vanishes if we assume
that M has independent increments, o and b do not depend on M in (2.1) and that the
driver f in (2.2) is free of M.

Proposition 5.1. Let u be as in (3.10), that is, Yy — u(s,Xﬁ’Z’m,Mst’m), s € [t,T).
Under the hypotheses of Theorem 3.4 and Theorem 4.6 we have

i) x— u(t,z,m) € €L R™1), (t,m) € [0,T] x RX1,
i) m v u(t,z,m) € €* (R, (t,x) € [0,T] x R,
Proof.

i) Fix (t,m) in [0, T]xR?*!. As already mentioned, ;""" is deterministic and u(t, z,m) =
Y;"™™ . By differentiability of Y% with respect to  (Theorem 4.6), we obtain that
x + u(t,z,m) belongs to €1 (R™*1).
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ii) The proof is similar to ).

0

We present the main result of this paper. We introduce the following assumption (ACL)
which will be used in the proof of Theorem 5.2.

(ACL) For every t € [0,T] and h > 0 the law of the vector (M, Xy, My, — My, Xoon — Xt)

has an absolutely continuous law with respect to the Lebesgue measure on R4 x
R7X1 « RXm < RX1

Theorem 5.2. Let the assumptions of Theorem 3.4 and Theorem 4.6 be in force. Assume
in addition that hypothesis (ACL) is satisfied. Then for all s € [t,T] we have dCs® dP — a.e

Z55M = Gou(s, XHT™ ME™)o (s, XL ME™) + Ozu(s, Xo5™ ME™), (5.1)

where 62u(s,X£’x’m,M§’m) = (81+ju(s,X§’z’m,M§’m)) and 83u(s,X§’$’m,M§’m) =

1<j<n

(8”"““(5’ X" Mg’m)) 1<j<d’

Remark 5.3. i) The technique used in the following proof is independent on the as-
sumptions made in Section 3 and 4. More precisely only the validity of Proposition
5.1 is required to prove Theorem 5.2.

it) An interesting particular case of Theorem 5.2 is given when X and M are like in
Proposition 3.1 i) and when f in (3.9) does not depend on M. In this situation
equation (5.1) becomes:

21 = Bgu(s, X1")o(s, XE7),  dCy @ dP — a.e

which coincides with the representation formula derived in [2, 3] when M is a standard
Brownian motion.

i11) In contradistinction, one can be interested in knowing when u in Theorem 5.2 does not
depend trivially on M in other words when the third term in (5.1) does not vanish.
This is related to the Markov property given for Y and we exhibit in Section A.3 an
explicit example where u depends non-trivially on M.

iv) We think that the assumption (ACL) is not necessary but we use it in order to avoid
some technicalities and to keep the length of the present paper within limit.

Proof of Theorem 5.2. Fix s in [t,T]. For simplicity of notations we will drop the superscript
(t,z,m). Assume for a moment that the following equality holds

<u(~,XA,M.),M4>S:/ts[agu(r,XT,MT)U(T,XT,MT)+83u(T,XT,Mr)]d(M,M>T, (5.2)
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and denote by (u(-, X, M), M.), the vector ((u(-,X., M.),M.(l))s, coy (u(s, X, M), M.(d)>5>.
Then since (Y, Z) is solution of (3.9) we have that

(¥, MY, — /t Zod(M, M)y, s€ [T (5.3)

The conclusion of the theorem then follows from the fact that Yy = u(s, X5, Ms), s € [t, T,
and from relations (5.2) and (5.3). The rest of the proof is therefore devoted to show relation
(5.2).

Let 7 > 1 and 7(") := {t] , j=1,...,7 4+ 1} be a deterministic subdivision of [t, s] whose
mesh |7(")| tends to zero as r goes to mﬁmty with té ") — ¢ and t£ 421 = s. For simplicity of
notation the superscript (r) will be abandoned. In addition we denote the increments of the
stochastic process M on [tj,t;41] as A;M. Let i € {1,...,d}. We have that

L X, M), MY
(u, X, M), M),

.
P . ;
- rlEIolo Z (“(tjv‘lv Xty M) — ulty, ththj)) AJ'M(U

T—00

lim {Z (w(tjpr, Xeyoqs Me, ) — ulty, Xoypy My, ) A M9
j=0

+ Z t]7Xt]+17Mt]+1) - u(tj,Xt].’ Mtj)) AJM(Z)

. lim [sﬁf{ +s;g]. (5.4)

r—00

We treat the two previous parts separately. Assume for sake of clarity that the second term
converges and more precisely that the relation (5.5) below holds:

hm S( = ri)ngoz (tj, Xty Meyyy) — u(tijtijtj)) AJM(i)

(i)
£ </t [82u(r,Xr,Mr)U(7“,Xr,Mr)+33u(7“,XT,MT)]d<M,M>r> : (5.5)

Then if the convergence (5.5) holds it follows by relations (5.3) and (5.4) that the limit

T

lim S(? TILIgOZ (u(th,thH,Mth) - u(tj,thH, J+1)) Aj M®

r—oo
j=0

exists in probability and is equal to ( fts H.d{M,M )r)(i) where H is defined as

H, :=Z, — 0ou(r, X, M, )o(r, X,, M) + Osu(r, X,, M), r € [t,s].
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(1)
Considering (f It H,.d(M, M), ) for j and r as above, we have that

J

d
(ultjr, Xe, 0y M) — ulty, X,y My, ) A MO = A MO N BV A M 4R, (5.6)
k=1

where R, is a remaining such that lim, . Z;:o Rj, = 0. From the representation of
) _

Z obtained in Theorem 3.4, there exists a deterministic function a*) such that Ht(]k

alF) (t;, Xi;, My;). Let us consider the part of the left hand side of equality (5.6) which actu-
ally contributes to the density H. That is there exists a deterministic function 3 continuous
in its two last variables such that

d
Bty tips X,y My, )AMD = A MO oWty X, My ) A M P (5.7)
k=1

and
(u(tj+17th+17Mtj+1) - u(tj7th+17Mtj+1) - /B(tj7tj+17th+1v J+1)) A M( )= Rj,r'

Since for fixed j and r the random vector (M;;, A;M, X;,, A;X) has absolutely continuous
law with respect to the Lebesgue measure (by assumption (ACL)), relation (5.7) shows that

d
Bt tjr1,x +&,m+ &) = Za k) (tj, z,m)& ék) (5.8)
k=1

for almost all (x,m, £1, &) in R x RIXx R x RIXL. Let (€2,,),>1 be a sequence in R4*!
such that lim, . &, = 0. Replacing & by (€2,p)p>1 in (5.8) shows that the deterministic
functions o and 3 vanish. As a consequence, Hy; in equation (5.6) is equal to zero and

It remains to show that relation (5.5) holds.
Proof of (5.5):

lim S(g E lim Z (u(t]) th+17Mtj+1) - u(tj7 tha Mt]‘)) A]M(l)
j=0
0

= rhjgo [Z ulty, Xej iy, Me;) — “(tj’th?Mtj)) AjM(i)
J=
+ Z tj’ Xt Jj+17 ]+1) - (tj7 Xt j+10 tj)) AJM(Z) . (59)

In addition we can write

U(t], Xt]'+1 ) Mt]') - u(tjv th ) Mtj)
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n

k— n — n
_ (u(tj,ijl),..., XED X X M) —alt, xO X 1),X§f)7...,X§]jl,Mt])).

i1 tj+1’ tj
k=1

Each term of this sum can be written as

1 k—1 k k—1 k
uty, XpV L xEY xX M) =, XY XY XX )

= (Bqu)(A; XD A X M)y (5.10)

ti+1 07" tit1’

where dyu = (81+ku(tj, XV XD X X X )>1<k<n and X" is

a suitable random point in the interval [X B A x P Xy )y X, (k) "] Similarly we obtain

tit1?

w(ty, Xey s Myyy) — ulty, Xoyyy, My,) = (93u) (A MY, A MDY (5.11)

. — 1 k—1 —r(k k d
with 3u = (al+n+ku(tj,xtj+l,M§j>,...,Mt(j VAR PR Vi +)1)>1<k<d' Com-
bining relations (5.9), (5.10) and (5.11) we conclude

lim 5% £ lim Z [(Bou)(A; XD A XYV AMD 4 (95u)(A;MD, . A MDY A MO

r—00 ’ r—00

7=0

r rlggoz [Baulty, Xiy, My (A, XD, A XA, M0
7=0

+ Dsulty, Xe;, My ) (A MWD, A MDY A MO 4 R(ijr) | (5.12)
where R(i,7,7) is defined as
R(i,j,7) = ((8au) — dau(ty, Xe;, My,)) (A; XD, A X M) A MO
+ ((95u) — gulty, Xoy, My,)) (A MWD AMDYy A MO,
Since

Tlg&z [Dou(ty, Xy, My, ) (A X W, A XY A MO 4 (93u) (A MW, A MDY A M O]
7=0

p s (@)

= </ [82u(r, Xr, M)o(r, X, M) + Osu(r, th,Mtj)] d(M, M>T> (5.13)
t

relation (5.2) follows from equations (5.12) and (5.13) provided the following equation (5.14)
holds:

lim | R(i,j,7)| = 0. (5.14)
§=0

We conclude the proof by showing relation (5.14). Let

A1) = sup {|O14pu(z, Xo, M) — O11xu(z, Xp, M,)|}  and
2€[t,s],la=b|< |7 ()| k=1,....n
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B(T) = sup {‘81+n+ku(zvXC’Ma) - 81+n+ku(zde7Mb)|}‘
2€[t,s],|a—b|<|m (M|, |e—d|< | (M) ] k=1...,d

For 1 <i<d, r € N we have

> IRG, 4 7)
=0

T

romn d
< CADN S A XPAMD |+ BN Y TN 1A MBI A M)
k=1

=0 k=1 =0
ron r d

_C, . c,

< S Al (18, X2 4 |a; D2 4 > [14,M 2 4 a2
j=0 k=1 j=0 k=1

<% - - i r - i

< CA0 3 | Y018, xR + 3 12,02 + T >Z 3 1A MO+ Y A, MO
k=1 [j1=1 J2=1 =1 [51=1 jo=1

According to Proposition 5.1 we have that

lim A = lim B™ =0, P-—a.s.

r—00 r—00

On the other hand

lim, oo 3o |2, X012 £ (X ) X W)
litny oo Y7o [A; MW £ (M ®), X0

which concludes the proof. O

Concluding remarks

In this paper we prove the representation formula (1.3) for the control process of a quadratic
growth BSDE driven by a continuous local martingale. This can be used for giving an explicit
representation of the delta hedge in utility indifference based hedging of insurance derivatives
with exponential preferences. We also provide the Markov property and differentiability of
the FBSDE (2.1)-(2.2) in the initial state parameter of its forward part. This last property is
obtained under an additional assumption (MRP). As explained at the beginning of Section
4, this hypothesis allows us to deduce the differentiability of (2.2) from the one of the BSDE
(4.1) which differs from the former by the absence of the quantity (L, L) that prevents us
from employing existing proofs of differentiability. However, we think that differentiability
should hold without this assumption, and that different techniques have to be developed for
achieving this goal.

Additionally, as already mentioned in this paper Malliavin’s calculus has been used by
several authors to recover formula (5.1) in the Brownian framework. Our alternative method
is valid in this setting and it seems to us that it could present advantages in some practical
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situations. Actually, Malliavin’s calculus is known for its efficiency in several topics however
it also requires usually more regularity than the problems requires intrinsically. In [1] the
authors study the quadratic hedging problem of contingent claims with basis risk when the
hedging instrument and the underlying of the contingent are related via a random correlation
process. As exposed in [1] the hedging strategy is described via a representation formula of
the form (5.1) for the control process of the backward part of a FBSDE driven by a Brownian
motion. In their case the coefficient of the forward process depends on a correlation process
p which is itself solution of a Brownian SDE. As explained in a comment in [1, Section 3.4]
the use of Malliavin’s calculus imposes to assume that the derivatives of the coefficients of
the SDE defining p have bounded derivatives. This additional regularity is not necessary in
our approach and this would allow one to consider other examples of correlation processes
with only locally Lipschitz bounded derivatives.
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A Appendix

In the first section of this appendix we provide the transformation of a BSDE of the form
(2.2) which is needed in section 4, and give a priori estimates on the solution of the trans-
formed BSDE with respect to its terminal condition and its generator. Then in Section A.3
we present an explicit example of situation described in Proposition 3.1 ).

A.1 Transformation of the BSDE (2.2) under (MRP)
We start giving a justification that under (MRP) the BSDE of the form

T T T v [T
Y,=B —/ ZsdM, —|—/ f(s,Ys, Zsqs)dCs —/ dLs + 2/ d(L, L) (A.1)
t t t t
can be transformed into a BSDE of the form
T T R ~
Y, =B —/ ZsdM, +/ h(s,Ys, Zsqs)dCs, (A.2)
t t
where for all s € [0, 7]
M gs 0 d
Y s ~ ._ [U4s N @ s
M, := <N8>, Gs := <O 1), Cs :=arctan (Z_;(M .M >S+<N,N>S> ,
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ZS = (Zs US). The precise definition of h will follow from the subsequent calculations.

Recall that ' '
Sy d(M©O, M),

dCs = .
1+ (S, (MO, M), )

We have for t € [0, 7]
T K T
| tevazanac.+ 5 [ aw.n.
¢ ¢

T K T
= [ evizapac,+ § [ vz,
>y M, M),
1+ (S, (MO, MO), + (N.N),)”
d(N,N)s

T
U,
+/t 100 + (S (MO, M), + (N, N),)

T ~
_ / (8, Ya, Zs0)
t

29
where for s € [t,T]

. . 2
L (010,00, + 0910

1+ <Z?:1<M(i), M(i)>s>2

f<'737Yt97 ZSQZ) = f('737}/;97 qu;k) X

and
d

2
_ B E (@) (@)
NIAE U 1+ M\Y M + (N, N
g(, s) o s (2 1< ) >s < ) >S>

Hence
T w [T
/ f(s,Ys, Zsqk)dCy + 2/ d(L, L)
t t
S MO, MO), + d(N, N),
, ] 2
1+ (Zf:1<M(l), M®), 4 (N, N>s)

T
:/t (f(s,Y;,qu;“)w(S)+9(US)‘P2(S)>

T
:/t (f(s,Y;,ZSq:)apl(S)+g(Us)<P2(5)) dCs,

¢ MDD M@Y £d(N,N).

h d t dictable, with t to th d
where ) and 9 are two predictable, with respect to the random measure 1+(Ef:1<M(i>,M(i)).+(N,N)4)2

square integrable functions obtained from Riesz’s representation theorem (see e.g. [T,
p. 176]). As a consequence, letting h(-, s, Yy, Zsq%, Us) := f(+,8,Ys, Zsq2)p1(s)+9(-, Us)p2(s)
we obtain that (A.1) can be written as

T T T ~
Y, =B —/ Z.dM, —/ U,dN; +/ (s, Yy, Zsq, Us)dCs
t t t

and the generator h will satisfy hypotheses (H4). In particular h preserves the growth in
the variables y, z, u. Hence we arrive at BSDE (A.2).
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A.2 Apriori estimates

Now we assume that M itself satisfies the martingale representation theorem. We consider
the following BSDE

T T
Y;=B— / Zsd M +/ f(s,Ys, Zsqk)dCs, (A.3)
t t

where M, q,C are defined as in Section 2. Suppose that the terminal condition B is a
bounded real-valued random variable and the generator f satisfies assumption (H4). The
following a priori inequality is crucial for our differentiability and representation results.

Lemma A.1. We assume that for every 8 > 1 we have fOT\f(s,O,O)]dCS € LA(P). Let
p > 1. Then there exist constants ¢ > 1, C > 0 depending only on T, p and on the
BMO-norm of H - M (H being defined below) such that

T P
B | sw Wi |+ | ([ azPac, )
te[0,T] 0
T 2pq %
< CE |B|2pq+< / If(s,O,O)IdCs)
0

Proof. In the following, constants appearing in inequalities will be denoted by C' and may
change from line to line. We follow [4, Lemmata 7-8 and Corollary 9] (see also [3, Lemma
6.1]) which have been designed for the Brownian setting. However, as we will show below
their arguments can be extended to the case of continuous local martingales. We proceed
in two steps.

In Step 1, we provide the estimate on Y. Let

Js _ {f(57Y57Z5q§)f(sv[):ZSq:)’ lf 1{3 # 0,

Yy

0, otherwise, and

‘QSZ;P

H B f(5707ZSQ:)_f(t7010) ZS7 lf |qu:|2 # 07
° 0, otherwise.

Then BSDE (A.3) has the form

T T
Yi=B - / ZsdMs + / (JsYs + (gsHZ)(gsZ5)" + f(5,0,0))dCs, t€[0,T]. (Ad)
t t

Due to (H4) we have |¢H*| < |¢B*| and it follows that H - M is a BMO(PP) martingale. By
[11, Theorem 2.3] the measure Q defined by dQ = E(H - M )7dP is a probability measure.
Girsanov’s theorem implies that

K=z M- / (a5 H?) (g5 27)*dCs
0

is a local Q-martingale. This means that there exists an increasing sequence of stopping

JsdC

times (7")nen such that K., is a Q-martingale for any n € N. Letting e = elo 7505 e
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have with It6’s formula for ¢ € [0, 7"]

n n

eY, = erB - / exdF, + / e (5,0,0)dCs.
t t

Taking the conditional expectation on both sides gives

n

etY; = EQ |:6TB —|—/ esf(s,0,0)dCs]ft} .
t

By [11, Theorem 3.1] there exists a r > 1 such that E(H - M) € Lﬁ(IP)) and the reverse
Holder inequality holds, i.e. there exists a constant C' (depending on r) such that

r—1
T

E(H - M);'E [£(H - M)flyft} <C.

Since Js; < Ag and hence eg/e; < fOT |qr Ap1ga|?dC, for all s > t, these two facts lead to
1 [ er T €s
il < E(H - M) 'E £ - M)2(SEIBl+ [ 217(5,0.0)d0)17
L 0
- T T
<t w8 e 2 [ lacddgaPac, (1814 [ 1f(s.0.0)lac. ) 1]
L 0 0

r—1
s

M)A T E

T
</ ’qSAS]-Rd|2dCS>
0

Let p > 1. Then

<EH-M)['E

1

151+ | ' If(s,0,0)|d05>r m] N

r

<CE

2p

(yB| + /OT |f(s,0,0)|d03>r m] ) o

T

sup |Y;|* < C' sup (E
te[0,T] (0,77

T
( / \qus1Rd\2dcs)
0

Now apply Doob’s LP-inequality to obtain

2p

T r T r r
( / quisdeos) (!BH / \f(s,o,ondcs) fTD
0 0

i T 2p T 2p
< CE (/ |qu81Rd|2dos> <|B|+ / |f<s,o,o>|dcs) |
0 0

As above there exists a ¢ > 1 such that E(Alga - M) € Lq%l(IP)) and Holder inequality

entails
T 2pq %
(|B\+ / If(s,O,O)\dCs) ] |
0
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E [ sup ||| < CE (E

te(0,7

E | sup [Vi[*

te(0,7)

<CE

T T T T r
( / |qu31Rd|2dcs) (\B|+ / !f(s,0,0)|d05> m]
0 0
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In Step 2, we give an estimate on Z. Assumption (H4) and Young’s inequality imply for
s€[0,T],y € R,z € RI*d

. 1
2y f(s,y,qs2%) < 2|yl f(s,0,0) + 2|qs As1galy® + 2|qs BiPly|* + 5!%2’*!2-

Let us define the following sequence of stopping times
t
= inf{t € [0,T] : / lgs Z2|?dCs > 7}y AT, reN.
0
Now we apply Ito’s formula to Y2 with the result

[Yol? <|Yrr|? — 2/ Y, Zsd M,
0

T 1 "
b [ @YIA60,0) 4 2 gl + 20 BV + Sla.ZiP)C. - [ laZiPac.
0 0

Since 7" < T, we deduce

1 [ 9 9 "
[ wzpac, <y
0 0

T
4 / 21V, ]1£(5,0,0)] + 2/, ALl [Y 2 + 2lqs B P|Y; [2)dC
0

< sup [V[? +2’
te[0,7

T
+2wpﬂﬂ/ smmu@+asw\mﬁ/(@Agwﬁ+q¢m%ag
te[0,7] te(0,7 0

Then the inequalities of Burkholder-Davis-Gundy and Young give for p > 1

T P
( / |qsz:|2dc;>
0

<c(e

E

sup |V | +E

te[0,T

+E

T p/2 T 2p
(/ Yf\qu;‘FdCs) </ !f(s,0,0)|d05)

0 0

T p

sup |Yt|2p{1+ </ (quisd!2+qu;‘\2)dCs> H)
te[0,T 0
1 T ) p
oo ([ lwziac)
c).

+E

sup |V | +E

te[0,7)

( / "I (s.0, 0>|dcs)2p

SCOC+DE

+E sup ||

te[0,T

+E
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In the last inequality we have applied the inequalities of Young and Holder and used that
Alpa - M and B - M are BMO-martingales. Now Fatou’s Lemma gives

T p T 2p
(/ \qsz:Pdcs) gC(E (/ If(s,O,O)IdCs>
0 0

1/q
<CE

E sup |Y;|*

te[0,7)
T 2pq
(181+ [ 1sts0.01ac. )
0

where we have also used Hélder’s inequality to state

< / ' |f<s,0,0>|dcs>2p <E [( / ' |f<s,o,0>|dos>2pq

+E

1/q
E

A.3 Additional material on Markov processes

We provide an example where the function u in Theorem 3.4 does not depend trivially on
M.

Let M := (Mi);c[o,7] be a continuous martingale with non-independent increments which is
a Markov process with respect to a filtration (F¢).ejo,77- Let X := (X¢)epo0,7] be the solution
of the SDE

t
dX; = / o(a,Xq)dM,, t€[0,T]and Xo=0,
0
with

1+z, ifa>
7@ =1 ifa <

0ol ol

Note that the coefficient o is Lipschitz in = for every a and that it is right continuous with
left limits in a for every x; as a consequence X admits an unique solution by [17, V. Theorem
35]. Consider a simple BSDE of the form (3.9) with f =0, kK = 0 and F(z) := log(1 + x).
Note that F'is not bounded but in this special case the existence of a solution to the BSDE
is assured. Our aim is to show that E[F(X7)|F;] is not a trivial function of M for ¢t € [0, 7.
By It6’s formula we have

F(XT) = log(l + Xt) + /T(l + Xs)ildXs - %((Mv M>T - <M7 M>t)7
and hence
E[F(Xr) 7] =log(1 + X1) — yBI(M, M)z — (M, My| ]

1
=log(1 + X;) — 5IE[M% — M3 F]
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1
=log(1+ X;) — §E[M% — MZ|My]

since M is a Markov process. Choose 0 < t < % By definition of X, the last term on the
right hand side above cannot be expressed as a non-trivial deterministic function of (¢, X3)
since M, cannot be deduced from X, for s < % However this term is deterministic and
only depends on t if M has independent increments. This gives an example of a situation
where the function u in Theorem 3.4 does not depend trivially on M.
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