On Malliavin’s differentiability of BSDE
with time delayed generators driven by
Brownian motions and Poisson random

measures

Fukasz Delong, Peter Imkeller

Institute of Econometrics, Division of Probabilistic Methods
Warsaw School of Economics

Al. Niepodleglosci 162, 02-554 Warsaw, Poland

Institut fiir Mathematik
Humboldt-Universitit zu Berlin

Unter den Linden 6, 10099 Berlin, Germany



Abstract

We investigate solutions of backward stochastic differential equations (BSDE)
with time delayed generators driven by Brownian motions and Poisson ran-
dom measures, that constitute the two components of a Lévy process. In this
new type of equations, the generator can depend on the past values of a solu-
tion, by feeding them back into the dynamics with a time lag. For such time
delayed BSDE, we prove existence and uniqueness of solutions provided we
restrict on a sufficiently small time horizon or the generator possesses a sulffi-
ciently small Lipschitz constant. We study differentiability in the variational
or Malliavin sense and derive equations that are satisfied by the Malliavin
gradient processes. On the chosen stochastic basis this addresses smoothness
both with respect to the continuous part of our Lévy process in terms of the
classical Malliavin derivative for Hilbert space valued random variables, as well
as with respect to the pure jump component for which it takes the form of an
increment quotient operator related to the Picard difference operator.

Keywords: backward stochastic differential equation, time delayed generator,
Poisson random measure, Malliavin’s calculus, canonical Lévy space, Picard

difference operator.



1 Introduction

Introduced in [18|, backward stochastic differential equations have been thoroughly
studied in the literature during the last decade, see [11] or [13] and references therein.
Viewed from the perspective of Peng who interprets their key structural feature as
a nonlinear conditional expectation, the close link to the stochastic calculus of vari-
ations or Malliavin’s calculus becomes apparent. In fact, in a Clark-Ocone type
formula, the control component of the solution pair of a BSDE with a classical glob-
ally Lipschitz generator without time delay on a Gaussian basis turns out to be the
Malliavin trace of the other component, see Proposition 5.3 in [11] or Theorem 3.3.1
in [13]. Not only this observation attributes an important role to Malliavin’s calculus
in the context of stochastic control theory and BSDE. As the simplest example, let
us recall that hedging strategies in complete market models corresponds to Malliavin
derivatives of wealth processes, see [15]. The fine structure and sensitivity proper-
ties of solutions of BSDE or systems of forward and backward stochastic differential
equations have been approached by means of the stochastic calculus of variations
(see [2] and [1]). Let us mention that Malliavin’s calculus has been applied to prove
regularity of trajectories and thus to provide a first numerical scheme for BSDE
with generators of quadratic growth, see for instance [14]. More generally, it has
been established as a key tool in the numerics of control theory and mathematical
finance, for instance to enhance the convergence speed of discretization schemes for
solutions of BSDE, see [9], [16]. BSDE have proved to be an efficient and powerful
tool in a variety of applications in stochastic control and mathematical finance. In
all of these applications, variational smoothness of their solutions is fundamental for
describing their properties.

In this spirit, and with the aim of clarifying smoothness in the sense of the
stochastic calculus of variations and related properties of BSDE in a more general

setting, in this paper we study the equations with dynamics given for ¢ € [0, 7] by

Y(t):£+/t f(s,YS,ZS,US)ds—/t Z(s)dW(s)—/t Uls,z)M(ds, dz).

An equation of this type will be called BSDE with time delayed generator. It is
driven by a Lévy process, the components of which are given by a Brownian mo-
tion and a Poisson random measure. In this new type of equations, a generator
f at time s depends in some measurable way on the past values of a solution
(Ys, Z5,Us) = (Y(s+u), Z(s +u),U(s + u,.))—r<u<o. Very recently, time delayed
BSDE driven by Brownian motion and with Lipschitz continuous generators have
been investigated for the the first time in |7], and in more depth in [8]. We would like
to refer the interested reader to the accompanying paper (8], where existence and

uniqueness questions are treated, and examples given in which multiple solutions



or no solutions at all exist. Further, several solution properties are investigated,
including the comparison principle, measure solutions, the inheritance property of
boundedness from terminal condition to solution, as well as the BMO martingale
property for the control component. We would like to point out that all results from
|8] can be extended and proved in the setting of this paper.

Our main findings are the following. First, we prove that a unique solution ex-
ists, provided that the Lipschitz constant of the generator is sufficiently small, or the
equation is considered on a sufficiently small time horizon. This is the extension of
Theorem 2.1 from [8] to be expected. Secondly, we establish Malliavin’s differentia-
bility of the solution of a time delayed BSDE, both with respect to the continuous
component of the Lévy process, which coincides with the classical Malliavin deriva-
tive for Hilbert-valued random variables, as well as with respect to the pure jump
part, in terms of an increment quotient operator related to Picard’s difference op-
erator. We prove that the well-known connection between (Z,U) and the Malliavin
trace of Y still holds in the case of time delayed generators.

BSDE without time delays and driven by Poisson random measures have already
been thoroughly investigated in the literature, see [4], [5] or [21]. But contrary to the
case with a Gaussian basis, smoothness results in the sense of Malliavin’s calculus
have not been established yet in a systematic way. To the best of our knowledge,
only in [6], variational differentiability of a solution of a forward-backward SDE with
jumps with respect to the Brownian component is considered while differentiability
with respect to the jump component is neglected.

This paper is structured as follows. Section 2 deals with the existence and unique-
ness problem. In Section 3 we survey concepts of the canonical Lévy space and
variational differentiation, and prove some technical lemmas. The main theorem
concerning Malliavin smoothness of a solution, and the interpretation of the latter

in terms of a Malliavin trace is proved in Section 4.

2 Existence and uniqueness of a solution

We consider a probability space (Q,F,P) with a filtration F = (F})o<i<r, where
T < oo is a finite time horizon. We assume that the filtration F is the natural
filtration generated by a Lévy process L := (L(t),0 <t < T') and that Fy contains
all sets of P-measure zero, so that the usual conditions are fulfilled. As usual, by
B(X) we denote the Borel sets of a topological space X, while A stands for Lebesgue

measure.



It is well-known that a Lévy process satisfies the Lévy-Ito decomposition

L(t) = at + oW (t) + /0 t / N 2N (ds, dz) + /0 t /0 <‘Z|<IZ(N(ds,dz) — u(dz)ds),

for 0 <t < T, with a € Rjog > 0. Here W := (W(t),0 < t < T) denotes a
Brownian motion and N a random measure on [0,7] X (R — {0}), so that W and N

are independent. The random measure N
N(t,A)=t{0<s<t;AL(s) € A}, 0<t<T,AeBR-{0}),

counts the number of jumps of a given size. It is called Poisson random measure
since, for t € [0,7] and a Borel set A such that its closure does not contain zero,
N(t, A) is a Poisson distributed random variable. The o-finite measure v, defined
on B(R — {0}), appears in the compensator A ® v of the random measure N. The
compensated Poisson random measure (or martingale-valued measure) is denoted
by N(t,A) = N(t, A) —tv(A), t € [0,T], A € B(R—{0}). In this paper we deal with

the random measure

M(t,A) = /Ot/AzN(ds,dz)
_ /Ot/AzN(ds,dz)—/Ot/Azu(dz)ds, 0<t<T AcBR—{0}).

It can be considered as a compensated compound Poisson random measure as, for
a fixed t € [0,7] and a Borel set A the closure of which does not contain zero,
fg J4#N(ds,dz) is a compound Poisson distributed random variable. Finally, we

introduce the o-finite measure
m(A) = / 2v(dz), A€ B(R-{0}).
A

For details concerning Lévy processes, Poisson random measures and integration
with respect to martingale-valued random measures we refer the reader to Chapter
2 and Chapter 4 of [3].

Let us now turn to the main subject of this paper. We study solutions (Y, Z,U) :=
(Y(t), Z(t),U(t, 2))o<t<T-e@®—fop) of a BSDE with time delayed generator, the dy-

namics of which is given by
T
V() = ¢+ [ sV ZuUds
t

_/tT Z(s)dW (s) — /tT /R—{O} U(s,z2)M(ds,dz), 0<t<T. (2.1)

The generator f depends on the past values of the solution, fed back into the system
with a time delay, denoted by Ys := (Y (s 4+ v))-r<v<0, Zs := (Z(s + v))_r<p<o and
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Us := (U(s +v,.))-1<p<0,0 < s < T. We always set Z(t) = U(t,.) = 0 and
Y (t) = Y (0) for t < 0. Note that the measure M, not N, is taken to drive the jump
noise. The reason for this is that we adopt the concepts of Malliavin calculus on the
canonical Lévy space from [22], which is formulated in terms of multiple stochastic
integrals with respect to M.

We shall work with the function spaces of the following definition.

Definition 2.1. 1. Let L?,(R) denote the space of measurable functions z :
[—T,0] — R satisfying

/0 12(t)[2dt < oo,

=T

2. Let L%Tym(R) denote the space of product measurable functions u : [T, 0] x
(R —{0}) — R satisfying

0
/ / lu(t, 2)|*m(dz)dt < oo.
-1 JR—{0}

3. Let L= (R) denote the space of bounded, measurable functionsy : [—T,0] — R
such that
S, Ol < oo
4. Let L*(R) denote the space of Fr-measurable random variables & : Q — R
which fulfill
E[‘fﬁ < 00.

5. Let HZ(R) denote the space of predictable processes Z : Q x [0,T] — R such
that

E[/O |Z(t)[*dt] < oo

6. Let H7 , (R) denote the space of predictable processes U : Q x [0,T] x (R —
{0}) — R satisfying

E[/OT /R{O} U(t, 2)|'m(d=)dt] < oo.

7. Finally, let S2(R) denote the space of F-adapted, product measurable processes
Y :Q x[0,T] = R satisfying

E[ sup |Y(t)|2] < 0.
t€[0,T7]



The spaces H7(R),H7,,,(R) and SH(R) are endowed with the norms
2 T 2
|2l = ([ ez

T
HUHIZH12 = E[/ / eﬁt‘U(t,z)}Qm(dz)dt},
m 0o Jr—{0}

IVl = E[ sup ey @],

T t€[0,T
with some 3 > 0.

Predictability of Z means measurability with respect to the predictable o-algebra,
which we denote by P, while predictability of U means measurability with respect to
the product PQB(R—{0}). In the sequel let us simply write S*(R) x H?*(R) x H2, (R)
instead of S} (R) x Hj(R) x HF,,(R).

We start with establishing existence and uniqueness of a solution of (2.1) under
the following hypotheses:

(A1) the terminal value £ € L*(R),
(A2) m is a finite measure, i.e. [p . 2%v(dz) < oo,

(A3) the generator f : Q x [0,T] x L>%(R) x L? ,(R) x L2, (R) — R is prod-
uct measurable, F-adapted and Lipschitz continuous in the sense that for a
probability measure « on ([—T7,0], B([—T,0])) and with a constant K > 0

|f<w7ta Yty %t ut) - f(wa t,gt, Eta at)|2
0

< K(/ ly(t +v) — Gt +v)[Pa(dv) + / |z(t +v) — Z(t +v)Pa(dv)

w [ ) =it o) Pasja(a)),

holds for P® A-a.e. (w,t) € Qx[0,T], for any (v, 2, ut), (G, 2, Ur) € L%(R) x
L2 (R) x L2, (R),

(A4) E[ [ |£(t,0,0,0)|%dt] < oo,
(A5) f(w,t,.,.,.)=0forwe Qt<0.

For convenience, in the notation of f the dependence on w is omitted and we write
f(t,.,.,.) for f(w,t,.,.,.) etc. We remark that f(¢,0,0,0) in (A4) should be under-
stood as the value of the generator f(¢, v, 2z, u) at v, = 2z = u;, = 0. We would
like to point out that assumption (A5) in fact allows us to take Y () = Y (0) and
Z(t) =U(t,.) =0 for t <0 as a solution of (2.1). Finally, let us recall that under



(A2) and for an integrand U € H2 (R), the stochastic integral with respect to the
martingale-valued measure M

t
/ / U(s,z)M(ds,dz), 0<t<T,
0 JrR—{0}

is well-defined in the It6 sense, see Chapter 4.1 in [3].
First let us notice that for (Y, Z,U) € S*(R) x H?*(R) x HZ (R) the generator is

well-defined and integrable as a consequence of

/T]f(th,Zt,Ut)\ dt<2/ i (tOOO|dt+2K// Yt + 0)[2al(dv)dt

/ / Z(t + v)Pa(dv) dt+/ / /R{O} (t + v, 2)Pm(d=)a(dv)dt)
_ / |f(t000|dt+2K/ /Tﬂ ) [2dwa(dv)
12K / / 20 Pdwo(dv)
LK / ) / o /]R 0w 2Pz

T
2/ | f(£,0,0,0)]*dt + 2K (T sup |Y(w)]?
0

wel[0,T]

VAN

+/OT]Z(w)]2dw+/OT/R_{O}|U(w,z)|2m(dz)dw) <00, Pas, (2.2)

where we apply (A3), Fubini’s theorem, use the assumption that Z(t) = U(t,.) =0
and Y (t) = Y(0) for t < 0 and the fact that the measure « is a probability measure.

The main theorem of this section is an extension of Theorem 2.1 from [8]. Al-
though the extension is quite natural, the proof is given for completeness and con-

venience of the reader. The key result follows from the following a priori estimates.

Lemma 2.1. Let (Y, Z,U), (Y, Z,U) € S*(R) x H3(R) x H2,(R) denote solutions of
(2.1) with corresponding parameters (&, f) and (é, f) which satisfy the assumptions
(A1)-(A5). Then the following inequalities hold

1Z = Z|lf + 11U = Ullge,

T
S GBTE[‘g - 5‘2} + %E[/ 66t|f(tay;fa Zta Ut) - f(tvi/ta Zta Ut)|2dt]v (23)
0

Iy - Y2 (2.4)

T
< 8TE[|e — €] +8TIE[/ [ (t, Yy, 2y, Uy) = f(t, Y, Zo, Uy) Pdt].
0



Proof:

The inequality (2.3) follows by a straightforward extension of Lemma 3.2.1 from
[13], by only adding an additional stochastic integral with respect to M. In order to
prove the second inequality, first notice that for t € [0, T

V) - V@ =Bl &+ [ (630 2,0~ J(6. 220 D)6l
and
ey () - V(1)
< "E[|¢- 7] + E[/OT e f(5,Ys 20, U) = f(5, Vs 2,0, ds| 7],
hold P-a.s.. Doob’s martingale inequality and Cauchy-Schwarz’ inequality yield the

second estimate. The reader may also consult Proposition 2.2 in [4] or Proposition

3.3 in [5], where similar estimates for BSDE with jumps are derived. O

Theorem 2.1. Assume that (A1)-(A5) hold. For a sufficiently small time horizon
T or for a sufficiently small Lipschitz constant K of the generator f, more precisely
if for some 3 >0

MNT, K, B,a) :== (8T + = K/ a(dv)max{1,T} < 1,

the backward stochastic differential equation (2.1) has a unique solution (Y, Z,U) €
S?(R) x H(R) x H2, (R).

Proof:
We follow the classical Picard type iteration scheme (see Theorem 2.1 in [11] or

Theorem 3.2.1 in [13]) to prove existence and uniqueness of a solution.
Let YO(t) = Z°(t) = U°(t,2) = 0, (t,2) € [0,T] x (R — {0}).
Step 1) We show that the recursive definition

T
Y () =€+ / (5.7, 20 Um)ds
t

_/TZnH( )dW (s) / /R o U™ (s,2)M(ds,dz), 0<t<T, (2.5)

t

makes sense. More precisely, we show that given (Y, 2", U") € $*(R) x H*(R) x
H2,(R), equation (2.5) has a unique solution (Y"1 Zn+1 1) € S?(R) x H?(R) x



Applying inequality (2.2), we can conclude that

T T
E[ / Y 20 U] < 2K / F(£0,0,0)dt]
0 0
2K (TIY 52+ 127 + U™ ) < oo.

As in the case of BSDE without time delays, the martingale representation, see The-
orem 13.49 in [12], provides a unique process Z"*! € H?(R) and a unique predictable

process U™t satisfying

T
E[ / / T (¢, ) [Pu(d=)de] < oo,
o Jr_{0}
so that
T T
£+ / F(EYR, 20 Ut = E[¢ + / F(EY 20 UP ]
0 0

T T
—|—/ Z"H () dW (t) +/ / U™t, 2)N(dt,dz), P —a.s.
0 0 JR—{0}

For (t,2) € [0,T] x (R — {0}) we get U"1(t,2) = L2 ¢ 2 (R), and have the

z

required representation

T T
€+ / (Y 20, Ut = E[E + / F(6 Y, 20, U]
0

0

+/0T Z"“(t)dW(t)Jr/oT /R{O} U™t 2)(t)M (dt,dz), P —a.s..

Finally, we take Y"*! as a progressively measurable, cadlag modification of
T
Y™ (1) (w) = E[é —|—/ f(s, Y, 22 Uf))ds\]ﬂ, weQtelo,T)].
t

Similarly as in Lemma 2.1, Doob’s martingale inequality, Cauchy-Schwarz’ inequal-
ity and the estimates (2.2) yield that Y"™! € S*(R).

Step 2) We prove the convergence of the sequence (Y™, Z™ U") in S*(R) x H*(R) x
The estimates (2.3) and (2.4) provide the inequality

et =Yl + (127 = 27| + U = U,

1 T
< (8T+B)E[/ N F Y ZP U — f(L YN 20 Ut (246)
0
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By applying the Lipschitz condition (A3), Fubini’s theorem, changing variables and
using the assumption Vn > 0 Y"(s) = Y(0) and Z"(s) = U"(s,.) = 0 for s < 0, we

can derive

T
E| / MY 20 UP) = f Y Zp T up ) Pt
0
T 0
< KE[[ e [ 0 -y Paaar
0 -
T 0
+/ eﬂt/ 127t + v) — 277Nt + v)Paldv)dt
0 -T
T 0
+ / e’ / / U™ (t + v, 2) = Ut + v, 2) 'm(dz)a(dv)dt]
0 —1 JrR-{0}
0 T
= K]E[/ e_ﬂ”/ P YN (t ) — YUt + ) Pdta(dv)
T 0
0 T
+ / e / PN ZM(t 4 v) — 27Nt + v)|dta(dv)
- 0
0 T
+/ e—ﬁv/ / eﬂ(t+v)|Un(t+U,Z)_U"—l(t+v,z)|2m(dz)dta(dv)}
- 0o Jr—{0}
0 T+v
= K]E[/ e_ﬂ”/ Y (w) — Y (w) P dwa(dv)
-T v
0 T+v
+/ eb’v/ e 2™ (w) — 2" (w)|Pdwa(dv)
=T v
0 T+v
of e / [ 0, 2) = 0w ) Paz)dwaa)]
R—{0}

K [ e atan(riy -y ok |20 27 o - 0 )

IN

(2.7)
From (2.6) and (2.7), we obtain

AR N P Al A IS
50K 8, 0) ([ =Y+ (27— 2+ o - 0 ) 29

with
T, K,(B,a) = (8T + — K/ a(dv) max{1,T}.

For 8 = 7 we have
T, K,B,a) <9TKemax{1,T}.

For sufficiently small 7" or sufficiently small K, the inequality (2.8) provides a unique
limit (Y, Z,U) € S*(R) xH?*(R) xH2,(R) of the converging sequence (Y™, Z", U™),en,
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which satisfies the fixed point equation
T
Y (t) = E[§ —|—/ f(s,Ys, Zs, Us)d3|.7-"t}, P—as,0<t<T.
t

Step 3) We define the solution component Y of (4.1) as a progressively measurable,
cadlag modification of

T
7 () (w) :]E[§+/t f(5,Ys, Zo, U)ds|F], wete0,T],

where (Y, Z,U) is the limit constructed in Step 2). O

We point out that in general under the assumptions (A1)-(A5), existence and
uniqueness may fail to hold for bigger time horizon T' or bigger Lipschitz constant
K. See [8] for examples. However, for some special classes of generators existence
and uniqueness may be proved for an arbitrary time horizon and for arbitrary global
Lipschitz constants. These include generators independent of y with a delay measure
a supported on [—v, 0] with a sufficiently small time delay ~, following Theorem 2.2
in [8], or generators considered in [7] consisting of separate components in z and wu,
following Theorem 1 in [7].

3 Malliavin’s calculus for canonical Lévy processes

There are various ways to develop Malliavin’s calculus for Lévy processes. In this
paper we adopt the approach from [22] based on a chaos decomposition in terms of
multiple stochastic integrals with respect to the random measure M. In this setting,
we will construct a suitable canonical space, on which a variational derivative with
respect to the pure jump part of a Lévy process can be computed in a pathwise
sense.

In this section we give an overview of the approach of Malliavin’s calculus on
canonical Lévy space according to [22] (see [22] for details). We then prove some
technical results concerning the commutation of integration and variational differ-
entiation, which are needed in the next section.

We assume that the probability space (2, F,P) is the product of two canonical
spaces (Qw X Qn, Fi X Fn, Pw xPy), and the filtration F = (F;)icpo,7) the canonical
filtration completed for P. The space (Qw, Fw, Py ) is the usual canonical space for a
one-dimensional Brownian motion, with the space of continuous functions on [0, 77,
the o-algebra generated by the topology of uniform convergence and Wiener mea-
sure. The canonical representation for a pure jump Lévy process (Qn, Fn,Pxn) we
use is based on a fixed partition (Sk)g>1 of R —{0} such that 0 < v(Sk) < o0, k > 1.

12



Accordingly, it is given by the product space @,-,(Q%, Fx,Pk) of spaces of com-
pound Poisson processes on [0, 7] with intensities v(Sy) and jump size distribu-
tions supported on Si,k > 1. Since trajectories of compound Poisson processes
can be described by finite families ((¢1,21), ..., (tn, 2n)), where (ti,...,t,) denotes
the jump times and (zi,...,%,) the corresponding sizes of jumps, one can take
QX = Upnzo([0, 7] x (R — {0}))", with ([0, 7] x (R — {0})° representing an empty
sequence, the o-algebra Fr = \/ ., B(([0,T] x (R —{0}))"), and the measure P%
defined in such a way that for B ;Unzan, B, € B(([0,7] x (R —{0}))™), we have

(dt ® Vl{Sk]’)@n(Bn)

Pk(B) = e~ SkTZ '()

Now consider the finite measure ¢ defined on [0, 7] x R by

:/ dt+/ 2v(dz)dt, E € B([0,T] x R),
E(0) /

where E(0) = {t € [0,T];(¢,0) € E} and E' = F — E(0), and the random measure
Qon [0,7] xR

Q(E) = /E SO+ [ Ndz), B e B(0.T)x®)

For n € N and a simple function h, = 1g . «g,, With pairwise disjoints sets
Ei,...,E, € B([0,T] x R), a multiple two-parameter integral with respect to the

random measure ()
Lo(h) = / B((ts 21), (s 2Ot d22) - o - Qdtn, d)
([0,T]xR)™

can be defined as

In<hn) = Q(El)Q(En)

The integral can be extended to the space L%, (R) of product measurable, deter-

T,qn
ministic functions A : ([0,7] x R)" — R satisfying

112 :/([OT] . (b1, 20)s s (£ 20)) 2t d2) - .. - q(dt, ) < 0.
>< n

T,q,n

The chaotic decomposition property yields that any F-measurable square integrable

random variable H on the canonical space has a unique representation

H=> I(h,), P-as., (3.1)
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with functions h, € L7, (R) that are symmetric in the n pairs (t;, z), 1 <1 < n.
Moreover,

H?] = Z”!”h””%%,q,n‘ (3.2)
n=0

In this setting it is possible to study two-parameter annihilation operators (Malliavin
derivatives) and creation operators (Skorokhod integrals).

Definition 3.1. 1. Let DY*(R) denote the space of F-measurable random vari-
ables H € L*(R) with the representation H = - I,,(hy,) satisfying

oo

2
Z nn!”h””L%,q,n < 00.
n=1

2. The Malliavin derivative DH : Q x [0,T] x R — R of a random wvariable
H € D'*(R) is a stochastic process defined by

D,.H = Zn[n,l(hn((t, 2),-), valid for ¢ —a.e.(t,z) € [0,T] x R,P — a.s..

n=1

3. Let LY*(R) denote the space of product measurable and F-adapted processes
G:Qx[0,7T] x R — R satisfying

]E[fOT]x]R’G(SyP (ds dy]
G(s,y) € DY3(R), for q —a.e.(s,y) € [O T]X]R

E[I([O,T]xR)2 ’Dt,z (S,y)|2q(ds,dy)q(dt,dz)] < 00.

In terms of the components of the representation of G(s,y) = Y "o In(ga((s,v), .),

for g-a.e. (s,y) € [0, T] X R, the above conditions are equivalent to

[e.9]

> D+ Dgallzs < oo,

n=1

where G, denotes the symmetrization of g, with respect to all n + 1 pairs of
variables.

The space LY2(R) is a Hilbert space endowed with the norm
G =L [ [G(s.) Patds.dy)]
[0,T]xR

E] / ID,..G(s.y)Pa(ds, dy)q(dr, d2)).
([0 T]XR)2
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4. The Skorokhod integral with respect to the random measure () of a process
G:Qx[0,T] xR — R with the representation G(s,y) =Y .~ In(9.((s,v),.),
for ¢ —a.e.(s,y) € [0,T] x R, satisfying

o0

St Dl < oo,

n=0

18 defined as

/ G(s,y)Q(ds, dy) = Z Livi(Gny1), P —a.s.
[0,T]xR

The following practical rules of differentiation hold. Consider a random variable
H defined on Qy x Q. The derivative D, oH is with respect to the Brownian motion
component of the Lévy process, and we can apply classical Malliavin’s calculus for
Hilbert space-valued random variables. If for PV-a.e. wy € Qy the random variable
H(.,wy) is differentiable in the sense of classical Malliavin’s calculus, then we have

the relation
DioH(ww,wy) = DiH (., wy)(ww), A —aete[0,T,PY xPY —a.s., (3.3)

where D, denotes the classical Malliavin derivative on the canonical Brownian space,
see Proposition 3.5 in [22]. In order to define D, ,F' for z # 0, which is a derivative
with respect to the pure jump part of the Lévy process, consider the following

increment quotient operator

H(ww,w%) — H(wy,w
U, H(ww, wy) = (ww N)Z (ww N), (3.4)

where w}:\’f transforms a family wy = ((t1, 21), (t2, 22),...)) € Qn into a new family

Wi = ((L, 2), (t1, 21), (t2, 22), ...)) € Qu, by adding a jump of size z at time ¢ into the

trajectory. According to Propositions 5.4 and 5.5 in 22|, for H € L*(R) such that
[fo Jo ) ‘\I/tzH| (dz) dt} < 0o we have the relation

D, .H =Y, .H, for \@m —a.e.(t,z) € [0,T] x (R—-{0}),P— a.s.. (3.5)

The operator (3.4) is closely related to Picard’s difference operator, introduced
in [19], which is just the numerator of (3.4). It is possible to define Malliavin’s
derivative for pure jump processes in such a way that it coincides with Picard’s
difference operator, see [10]. We point out once again that we adopt the approach of
[22], and define multiple two-parameter integrals with respect to the random measure
M and not with respect to N, to obtain differentiation rules (3.3) and (3.5).

We now discuss some technical problems arising in the next section in the context
of the main theorem of this paper. The subsequent lemmas are extensions of classical

Malliavin differentiation rules to the setting of the canonical Lévy space.
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Lemma 3.1. Assume that H € DY*(R). Then, for 0 < s < T, E[H|F,] € D**(R)

and

D,.E[H|F,] =E[D,.H|F,|1{t < s}, for ¢ —a.e.(t,z) € [0,T] x R,P — a.s..

Proof:
The proof is a straightforward extension of the proof of Proposition 1.2.8 from [17].
Details are left to the reader. 0

We next provide a proof of the commutation of Lebesgue’s integration and vari-

ational differentiability, which is commonly used.

Lemma 3.2. Let G : Q x [0,T] x R — R be a product measurable and F-adapted

process, n on [0,T] x R a finite measure, so that the conditions

[f[OT]xR'G(S y)I’n(ds dy]
G(s,y) € DVY4(R), forn — a.c.(s,y) € [0 T]XR (3.6)

E[f([O,T]XR)Q |Dt,z (S,y)|277(d87dy)Q(dt,dZﬂ < Q.

are satisfied. Then [ 1,5 G(s,y)n(ds,dy) € D2(R) and the differentiation rule

Dt,z/ G(Say)n(dsady) = / Dt,zG(s7y)n(d87dy)
[0,7] [0,T]xR

holds for q-a.e. (t,2) € [0,T] x R, P-a.s..

Proof:
As for n-a.e. (s,y) € [0,7] x R the random variable G(s,y) is Fs-measurable and
square integrable, the chaotic decomposition property on the canonical space (3.1)

provides a unique representation
59) =3 In(on((s,9),)), n—aels,y) €0.T] xR, P—as.

By part 3 of definition 3.1, the assumptions (3.6) yield

o0

[ a0, ), nldsvdy) < o (.7
[0,T]xR o

For N € N let G be a measurable version of the partial sum of the first N + 1

components given by
GN(SJ y) = Z In(gn((su y)? ))7 n-— a'e'(s7y) € [OvT] X Ra P—a.s.
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We first prove that f[O,T]XR GV (s,y)n(ds,dy) € D¥*(R) and the claimed differentia-
tion rule holds.

By canonical extension arguments, a Fubini type property holds for any single chaos
component, and therefore

/ G (s, y)n(ds, dy)
[0,T]xR

N

= / Z/ gn((say)>(tlyzl)a-'w(tnvzn))
[0,TTxR [, —g < ([0,T]xR)™
Q(dt17 le)Q(dtnv dZn)TI(dS, dy)

N
N Z/ / gn((s’y>’(t1’21)7"'7(tn72n>)
n—=0 ¥ ([0,TTxR)™ J[0,T]xR

n(ds, dy)Q(dty, dz)...Q(dt, dz,) = I (hn) == HY,  (3.8)

n=0
with
(b 22) s (20 = [ (5,0, (20 s 20, )
[0,T]xR
for (t1,21), ..., (tn, zn) € ([0, 7] x (R\ {0}))"™. Notice that by Cauchy-Schwarz’ in-

equality, finiteness of 7, the assumption (3.7) and Fubini’s theorem we obtain

anuhny@%M < 0. (3.9)
n=1

For any N € N, moreover, H" € D'?(R), hence Jorixr G (s,y)n(ds,dy) € D¥?(R),
and, by linearity and definition

Dt,ZHN = DM/ G" (s,y)n(ds, dy)

[0,T]xR

— Z /OT] R v), (t, 2), (t2, 22, )e.., (tny 20))0(ds, dy)Q(dt, dz3)...Q(dt,,, dzy,)

_ /[OT ann (5,9), (£, 2), (t2, 22, oo (s 20)) QL d22)..Q(dt, d2)n(ds, dy)

- / Dy.GN(s,y)n(ds,dy), q—a.e(t,z) € [0,T] x R.
[0,7]

The differentiation rule is proved for G*.
Finally, by (3.9) we have

E[|HY — HM ] + / E[|D:.HY — D, .H"|*]q(dt, dz)

[0,T]xR
M
< > nn!||hn||%2an —0, N,M — .
n=N+1



By closeability of the operator D we conclude that the unique limit H is Malliavin
differentiable. The convergences GV — G P®n-a.e. and DGV — DG P®n® g-a.e.
together with Lebesgue’s dominated convergence theorem, justified by the first and

third assumption in (3.6), give

E[ GV (s, y)n(ds, dy) — / G(s, y)(ds, dy) ]
[0,T]xR [0,T]xR

+/ E“ D, .G (s,y)n(ds, dy) — / D, .G(s,y)n(ds, dy)|2]q(dt, dz) — 0.
0,T]xR 0,T]xR (0,T]xR

This implies the claimed equation. U

We finally discuss the commutation relation of the Skorokhod stochastic integral

with the variational derivative.

Lemma 3.3. Assume that G : Q x [0,T] x R — R is a predictable process and
E[f[o,T]xR |G(3,y)|2Q(dSady)} < 00 holds. Then

G € L'Y*(R) if and only if [, 11,5 G(s,y)Q(ds, dy) € D¥*(R).
Moreover, if f[o e G (8, 9)Q(ds, dy) € DY2(R) then, for q-a.e (t,2) € [0,T] x R,

Dt,z/ G(s,y)Q(ds,dy) = G(t, 2) +/ D, .G(s,y)Q(ds,dy), P —a.s.,
[0,T]xR [0,T]xR

and f[

Proof:
By square integrability of G, for ¢-a.e (s,y) € [0,7] x R, the chaotic decomposi-

0.T]xR D, .G(s,y)Q(ds,dy) is a stochastic integral in Ité sense.

tion property yields the unique representation G(s,y) = Y " In(92((5,v),.), gn €
L2T7q7n 41,1 > 0. Square integrability and predictability of G implies that the stochas-
tic integral f[O,T]XR G(s,y)Q(ds, dy) is well-defined in the Tt sense and the Skorokhod
integral, which coincides under the given assumptions with the Ito integral (see The-
orem 6.1 in [22]) can be defined by the series expansion f[O,T]xR G(s,y)Q(ds,dy) =
Y v o Int1(gn) according to Definition 3.1.4. The Skorokhod integral is Malliavin
differentiable if and only if >~ (n + 1)(n + 1)![gn]l7, < 00, see Definition
T,q,n+1

3.1.2. This series converges if and only if G € LY?(R), by Definition 3.1.3.

Following Section 6 in [22], we can conclude that the required differentiation rule
holds. To prove that the integral f[O,T]xR D, .G(s,y)Q(ds,dy) is well-defined in the
Ito sense, it is sufficient to show that the integrand (w,s,y) — D;.G(s,y)(w) is a
predictable mapping on € x [0, 7] x R, as square integrability is already satisfied by
G € LY2(R). For g-a.e. (s,y) € [0,T] x R, predictability of G implies that

G(s,y) = an(gn((s,y% )= Z L(ga((s,9), )1y (1), P —aus.,
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and applying Definition 3.1.2 of the Malliavin derivative yields

Dt,zG<S7 y) = Z nIn—l(gn((sv y), (t7 Z)? )1%2)((757 Z)? ))7

n=0

for ¢ ® q — a.e.((t,2),(s,y)) € ([0,T] x R)*>,P — a.s.,

from which the required predictability of the integrand follows. As a by-product, let
us note that (w,s,y,t,2) — D, .G(s,y)(w) is jointly measurable. O

4 Variational differentiability of a solution

The main goal of this paper is to investigate Malliavin’s differentiability of a solution
of a backward stochastic differential equation with a time delayed generator. In this
section, additionally to (A1)-(A5), we assume that

(A6) the generator f is of the following form

f(t7yta Zt) ut)
0
= (ot [ yle+vlaldo),

-T

/OT 2(t+ v)a(dv) /_OT /R_{O} ult +v, z)m(dz)@(dv)),

with a product measurable function f: Q x [0,7] x R x R x R — R, which is
Lipschitz continuous in the last three variables for P® A-a.e. (w,t) € Qx [0,T7,

more precisely the generator satisfies (A3) with the same constant K,

(A7) the terminal value is Malliavin differentiable, i.e. £ € DV#(R), and
E[ / ID,..£Pg(ds, d2)] < oo,
[0,T]xR

T

limE[/ / | Ds .¢|*m(dz)ds] = 0,

€l0 0 |z|<e

(A8) for P ® Mae. (w,t) € Q x [0,7], the mapping (y,z,u) — f(w,t,y,z,u)
is continuously differentiable in (y, z,u), with uniformly bounded and con-
tinuous partial derivatives f, f., fu; we set f,(w,t,.,.,.) = f.(w,t,.,.,.) =
fulw,t,.,.,.)=0forw e Qt <0;
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(A9) for (t,y,2,u) €[0,T] x R x R x R we have f(-,¢,y,2,u) € D"*(R) and

T
B[ [ Dt ,0,0,0)Pdtatds.dy)] < o
[0,T]xR J0
’DS,Zf(wv t7 ?J> 27 a) - |DS,Zf(w7 t7 ga 27 a) ‘

< L(lg—gl+ 12 — 2+ |a —al),

(s,2) € [0,T] xR, (9,2,0) ERxR xR, (7,2,2) € Rx R xR, for P® Ma.e.
(w,t) € Qx1[0,T].

The assumptions (A7)-(A9) are classical when dealing with Malliavin’s differentia-
bility, see Proposition 5.3 in [11| and Theorem 3.3.1 in [13] in the case of BSDEs
driven by Brownian motions. We also remark that the generator in (A6) depends
on fi)T fR—{O} u(t + v, z)m(dz)a(dv), which corresponds to a standard form of de-
pendence appearing in BSDE without delays and with jumps, see Proposition 2.6
and Remark 2.7 in [4].

We can state our main theorem.

Theorem 4.1. Assume that (A1)-(A9) hold and that time horizon T' and Lipschitz
constant K of the generator f are sufficiently small, such that for some 3 > 0

0:=0(T,K,B,a) = (8T + — K/ a(dv) max{1,T} < 1.

1. There exists a unique solution (Y,Z,U) € S*(R) x H?(R) x H2 (R) of the time
delayed BSDE

V() =¢ O
) f(””"’ /TY(T+v)a(dv),
/(; Z(r +v)a(dv), /OT /R{o} Ulr+wv, Z)m(dz)oé(dv)>dr

—/t Z(r)dW(r)—/t /]R_{O}U(r,y)M(dr,dy), 0<t<T.  (4.1)

2. There exists a unique solution (Y0, Z%% U*Y) € S*(R) x H*(R) x H2,(R) of the
time delayed BSDE

YOt) = so§+/ G )dr—/TZS’O(T)dW(T)

// Usory M(dr,dy), 0<s<t<T, (4.2)
R—{0}
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with the generator

f20(r)
0

= Dt70f(w,r,/ Y (r 4+ v)a(dv),
T

)
/OT Z(r + v)a(dv), /T /R{O} U(r + v, y)m(dy)oz(dv))

+ e [ Y+ vat@),
/ OT Z(r + v)a(dv), / OT /R i U + v, y)m(dy)a(dv) )
/ OTYS’O(rva)oz(dv)
+ ffor /OTY(rJrv)a(dv),
/ OT Z(r -+ v)aldo), [ OT / | U gm(doda)
/ ()TZS’O(r+v)a(dv)
- fu<w,r,/_0TY(r—l—v)a(dv)
/O Z(r + v)a(d) / [, v v omidga)
/ /R o U v ymidg)o() (4.3)

There erists a unique solution (Y% Z%* U**) € S*(R) x H*(R) x H? (R) of the
time delayed BSDE

) = poer [ a2

// U*(r,y) M drdy) 0<s<t<T,z#0, (4.4)
R—{0}
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with the generator

f5(r)
_ {f(ws’z,r,z/o Y5 (r + v)o(dv) +/0 Y (r + v)a(dv),

-T -T

. /OT 25 (r + v)a(dv) + /OT Z(r + v)a(dv),

. / °T /R . US*(r + v, y)m(dy)a(dv) + / OT /R » U(r + v, x)m(dy)a(dv))
—f(w, r, /OT Y (r + v)a(dv),
/ " 20+ v)aldv), / OT /R PRI yym(dy)a(dr)) } /) (4.5)

-T

where we set
Y92(t) = Z°%(t) = U*(t,y) =0, (y,2) € (R—{0}) xR,P—a.s,t <s<T(4.6)

Then (Y, Z,U) € LY*(R) x LY3(R) x L*(R) and
(Y52(t), Z5%(t), U*(t, ¥) )o<s,i<T.(y.2)e(R—{0})xR 1S @ version of
(DS,ZY(t)a DS,ZZ(t)v DSJU(t’ y))OSS»tST:(yJ)G(R*{O})XR'

We recall that Dy of(r, ., ., .,.) appearing as the first term in (4.3) is the Malliavin
derivative of f with respect to w, whereas w** appearing in (4.5) is defined in (3.4).
Proof:

We follow the idea of the proofs of Proposition 5.3 in [11], or Theorem 3.3.1 in [13].
Let us denote by C' a finite constant which may change from line to line.

Step 1) Given 8 > 0, we prove existence of unique solutions of the equations
(4.1), (4.2) and (4.4) for a time horizon T and a Lipschitz constant K fulfilling
NT, K, (B,a) < 1.

The existence of a unique solution (Y, Z,U) € S*(R) x H*(R) x HZ (R) of (4.1)
follows from Theorem 2.1, since the assumptions (A1)-(A5) are satisfied. Under
the additional assumptions (A7)-(A9), the time delayed BSDE (4.2) and (4.4),
with the generators (4.3) resp. (4.5), fulfill the conditions of Theorem 2.1. In par-
ticular the corresponding generators are Lipschitz continuous with the same Lip-
schitz constant K that the generator f possesses. It is easy to see that the gen-
erators (4.3) and (4.5) have the same Lipschitz constant K in the sense of (A3).
Hence, §(T, K, 5, ) < 1 holds simultaneously for all BSDEs (4.1), (4.2) and (4.4)
and we conclude that for g-a.e. (s,2) € [0,7] x R there exists a unique solution
(Y2, 757 U**) € S*(R) x H?(R) x HZ (R) of (4.2) or (4.4) satisfying (4.6).
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Step 2) Consider a sequence (Y™, Z™, U"),en which converges to (Y, Z,U). We shall
deduce from (Y™, 2", U") € LY2(R) x LY*(R) x L'2(R) that (Y™, 20+, Untl) e
LY(R) x LY*(R) x LY(R), and that E[f[o,T} supyepo 71 | Ds, Y " (1) [Pq(ds, dz)] < oo

implies E[f[O,T]X]R supyero 7y | Ds, Y " (1)2q(ds, dz)] < oo.

For that purpose, we study the Picard iterations
T
vy =g+ [ i
T t T R
- / Z"H(r)dW (r) — / / U™ (r )M (dr,dy), 0<t<T, (4.7)
t t JR-{0}
where we denote

fr(r)
. / " Yo 4 v)a(dv), / " 20+ v)aldy), /_ (; /R L U m(dad@)

-T -T

We first establish Malliavin’s differentiability of ft f™(r)dr by applying Lemma 3.2.
Notice that Y"(t) € DV2(R), for M-a.e. t € [T, T)]. Similarly to (2.2), we can derive

/OTE[/OT|Y”(T+ o)Pa //|Y”r+v|dra(dv)]

:]E[/_T/U +U\Y"(w)|2dwa(dv)} < TE[ sup |V"(w)P)] < 00

we[0,T

together with

/ /OT]XR/ | Dy Y (r +v)[Pa(dv)q(ds, dz)] dr
< [/ sup | D,.Y"(w)[*q(ds, dz)] < oo.

[0,T]xR we[0,T]

This provides the assumptions of Lemma 3.2, and for M-a.e. » € [0,7] we have
fBT Y"(r + v)a(dv) € DY(R), and furthermore
0 0
D, Y™ (r +v)a(dv) = / D,.Y"(r +v)a(dv), P-—a.s.,
-T =T

for ¢ ® Aa.e. (s,2z,7) € [0,7] x R x [0,7]. In an analogous way we derive

0
D . Z"(r—i—v) (dv) / D, . Z"(r +v)a(dv),

DSZ/ / "(r + v, y)m(dy)a(dv) / / D U"(r +v,y)m(dy)a(dv),
R—{0} R-{0}
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holds P-a.s. for ¢ ® M-a.e. (s,z,7) € [0,T] x R x [0,T]. We claim that for \-a.e.
r € [0, T] the random variable f"(r) € D»?(R) and for ¢ ® M-a.e. (s, z,7) € [0,T] X
R x [0,T] we have

Dsof"(r)
0

= Diof ',7“,/ Y™ (r 4+ v)a(dv),
-7

(
/OT Z"(r +v)a(dv), /_OT /R_{O} U(r+o, y)m(dy)a(dv))

+ fy( Y™ (r +v)a(dv),

/_(]T_Zn(r +v)a(dv), /_OT /R_{O} U"(r+ v,y)m(dy)a(dv))
Lo
b (o [yttt

/_T Z”(r+v)a(dv),/_(; /R_{O} Un(T+U,y)m(dy)a(dv))

[ Dozt vatan

5,0Y " (r +v)a(dv)

¥ ﬁ(»ﬂ[iY%r+mauw,

0

/ 2+ v)ald), / OT /R PR y)midy)a(dr) )
- /_ OT /R Dol ey, (4.8)
and for = # 0
Ds.f"(r)
_ {f( s Z/O D,.Y"(r +v)a (dv)—l—/_OTY"(r—l—v)a(dv),

/ Dy, Z"(r + v)a(dv) + / 2(r + v)aldv),

/ / Dy U”T—i—vy dy dv / / T‘—i—vx dy dv))
R—{0} R—{0}

‘fﬂﬂxﬂTY%r+m o(dv),

/_(; Z"(r + v)a(dv), /_OT /R_{O} U™(r +v, y)m(dy)a(du)) } /z. (4.9)
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(4.8) follows from the chain rule for the operator Dy, as for Theorem 2 in [20],

whereas (4.9) follows from Proposition 5.5 in [22] provided that
T
B[ [ 170 < o
0

E[ /0 ' /0 ! /R o D 0P mdz)asn] < e,

hold. The finiteness of the first integral is obvious. The second integral can be shown
to be finite by applying the Lipschitz continuity of the generator (A3), the Lipschitz
continuity of the derivative of the function f with respect to w and its square inte-
grability (A9), as well as the assumption (Y, Z" U") € L*(R) x L1?(R) x L12(R).

Moreover,

T T
n 2
E[/O /0 |Dsof"(r)|?drds] < oo,

and by Lemma 3.2 again we derive that for 0 < ¢t < T we have £ + ftT fr(r)dr €
DM?(R) with Malliavin derivative

T
D, ¢ —{—/ D, f"(r)dr, q—a.e.(s,z)€[0,T] xR, (4.10)

where D, . f" is defined in (4.8) and (4.9). If we combine this result with Lemma

3.1, we can conclude
T
Y™ (t) = E[¢ +/ f*(r)dr|F] e D"*(R), 0<t<T,
t
and from the equation(4.7) we derive
T
/ Z"N () dW (r) e D*(R), 0<t<T, (4.11)

t

and

T

[ [ vty ept®), o<i<T (4.12)

t Jr—{0}
Therefore Lemma 3.3 yields (2", U™!) € LM?(R) x L'#(R).
This allows us to differentiate the recursive equation (4.7) and obtain for g-a.e.(s, z) €
0, 7] xR
T T
D, Y™™ () = D,.&+ / D, f"(r)dr — / D, . 2" (r)dW (r)
t t

T
—/ / D, U Y (ry)M(dr,dy), s<t<T, (4.13)
¢ Jr—{0}

25



and
D, Y"1 (t) = D, 2"t (t) = D, .U (t,y) =0, t<s,ye€ (R—{0}). (4.14)

Note that the time delayed BSDE (4.13) with generator (4.8) or (4.9) fulfills the as-
sumptions of Theorem 2.1 with zero corresponding Lipschitz constant. We conclude
that for g-a.e.(s, z) € [0, T]xR there exists a unique solution (D, Y™, D, 2"t D, . U") €
S? x H2 x H2, of (4.13) satisfying (4.14). By applying Lemma 2.1, with £ = 0 and
f = f, together with the estimate (2.7), with 6 = 0(T, K, ,a) < 1 we derive the

inequality
195" Ige + 10522 [ + 102U g
< OIE]D 6] + (DY 4 [1D0n2 | + Dty (413
This in turn yields E[I[O’T}XR supcjo 7y | Ds Y (1) [P (ds, dz)] < oo, and in partic-

ular, Y™t e LY3(R).

Step 3) We establish the integrability of the solution Y**(t), Z%*(t), U>*(t,y) with
respect to the product measure ¢ on ([0,7] x R)2.

Take (s,z) € [0,T] x R. Consider the unique solution (Y*? Z%* U%*) € S*(R) x
H2(R) x H2,(R) of the equation (4.2) or (4.4). Lemma 2.1, with € = 0 and f = f
together with the estimates (2.7) and (2.8) yield the inequality
1ol + 1125 g + 10> 1z
< 9TE[|D. ] + 6 ([Y*[lge + (125 + 1015,
so that under § = §(T, K, 5, ) < 1 we obtain for g-a.e. (s,2) € [0,T] x R
[Vl + 1122 g + U725, < CE[ID:6P], (4.16)

and we arrive at

B[ [ e oPaldr dyads. )] < o,
([0, T]xR)?

B[ [ |z (0 aldr. dy)a(ds, 42)] < o
([0,7]xR)?

Bl [ et Patdt dg)a(ds, d2)] < o
([0,T]xR)?

Step 4) We show convergence of (Y™, Z", U"),en in LM2(R) x LM?(R) x LM*(R).
From Theorem 2.1 we already know that (Y, Z" U"),cy converges in S?(R) x
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H?(R) x HZ (R). We have to prove that the corresponding Malliavin derivatives
converge. The convergence

lim (|y** = Do Y™,

=09 J0,T]xR

+| 2% = D,. 2" 5 + U = DU, alds, dz) = 0,

for z = 0 can be proved in the similar way as in the case of a BSDE without delay
driven by a Brownian motion, see for example Theorem 3.3.1 in [13]. We only prove
the convergence for z # 0.

Lemma 2.1, applied to the time delayed BSDE (4.4), and (4.13) with (4.14), yield
the inequality

s DwY"“H;2 +||z°* - DS,ZZ”“H;F +||U** - DSvZUn—HH;I?n

1 ’ T| £8,2 . n(y 2 r
< (ST + B[ / e () — Do ()P, (4.17)

S

for g-a.e. (s,2) € [0,T] x R.

First, by the Lipschitz continuity condition (A3) for the generator f and the Lips-
chitz continuity condition (A9) for the derivative of the function f with respect to
w we obtain for A\@ m ® M-a.e. (s,z,7) € [0,T] x (R—{0}) x [0, T] the following two

estimates

|f25(r) = Dy f"(r)?
< C’( /T V5% (r + v)|2a(dv) + /_T |Z5%(r + v)[Pa(dv)

0
s [ vy Prddyata)
-1 JR—{0}
0 0

/ D, Y (r + v)Pa(dv) + / 1Dy, 2" (r + v)aldv)

0
s [ [ ptne s vy Pmdg)ald)
-1 JR—{0}

—l—/ Y™ (r +v) = Y (r+v)|%a(dv) + / |Z™(r +v) — Z(r +v)|*a(dv)

=T =T

—i—/_T /R_{O} U™ (r +v,y) — U(T+U,y)|2m(dy)oz(dv))7 (4.18)

27



and for any A > 0

|f55(r) — DS,zfn(T)F

< (0 K( [ e o) = DY 0Pty

0
+ [ 1204 0) = D2+ wPa(a)

-T

0
s [  e) = Dt v Pmldya(an)
R—{0}

+(1+X)(2+ %)K(/_T Y (r +v) = Y"(r 4+ v)|*a(dv)

+/ Z(r + ) — Z°(r + v)Pa(dv)

-T

—i—/ /]R—{O} |U(r +v,y) = U"(r +v, y)’QTTL(dy)Oé(dv))/zQ, (4.19)

Note that

/ (Hys,z . Dmynﬂ H;
[0,7]x (R—{0})

|2 = Do o2 [ + U = DU, a(ds, d2)

— 1 _ +1
n 16%1/ Ll% Y= =D,y HHz

+|1 2% = Dy 2| + U = DU |5, Ym(dz)ds. (4.20)

We prove that this convergence is uniform in n.
Choose ¢ > 0 sufficiently small. By assumption (A7) we can find € such that

T
m(dz)d
E[/O /|ZS6|D&Z§| m(dz) s} <e
/ m(dz) < e
|z|<€

and
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Take arbitrary 0 < ¢; < € < €. By applying the inequality (4.17), the estimate
(4.18) and by similar calculations as in (2.7) we can derive

S,2 n+1
/ / HY B SZY HSQ
e1<|z|<ea

_|_HZSZ o Ds,zZn+1“H2 + HUsz DszUn+1||H2 dZ)d
T T
¢ / / E[ / [ (r) = Dy f" (r)[Pdr]m(dz)ds
0 e1<|z|<ea s
T
O[] et 1+ 0 i
0 e1<]z|<ea
T
U Dz 0 i
0 Jea<|zl<e m

T
[ YR = 2 o U iz
0 e1<|z|<e2

(4.21)

IN

IN

To estimate the first term on the right hand side of (4.21), notice that the inequality
(4.16) yields

T
J I R e o e
0 e1<]z|<e2

T
< C’E[/ / |D; .¢|*m(dz)ds] < Ce. (4.22)
0 e1<|z|<e2

Recalling 6 = 6(T, K, 3,) < 1 and applying the inequality (4.15) we estimate the
second term in (4.21) by

T
/0 / |2|< (HDS’ZYTL”;Z * HDS’ZZnH;Iz + HDs,ZU”H;En)m(dz)ds
e1<|z|<€2

T
< 96’8TE[/ / " |D; .¢|*m(dz)ds]
0 e1<|z|<es

T
+5/ / | | (HDs,zYn—ngz + HDS’ZZn_lH;IQ + HDS,ZUn_lHiﬂgn)m(dz)ds
e1<|z|<e2

9¢PTe
)

T
+0" / / ([ Do Y02 + || Dss 20|50 + || DU |50 ym(dz)ds. (4.23)
0 e1<]z|<ez =

The estimate of the third term follows from the contraction inequality (2.8)
T
L Y12 = 2+ o7 = Ul iy
€1<|z|<ea
< T - VI 20— 2 00 - U)o (20
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Choosing Y = Z% = U° = 0 and combining (4.22)-(4.24) gives the uniform conver-
gence of (4.20).

Next, by applying the inequality (4.17), the estimate (4.19) and similar calculations
as in (2.7) and (2.8) we can derive

T
/ /|z v = pay

_DSZZnH”;I2 + ||Usz DszUnJrlHHz) dz)d

8T—|— — / / / 5’” |52 (r )—Ds,zf"(r)| drim(dz)ds
|z|>€ s
{0+3) / | (v =pel
0 |z|>€

+|2%* = Dy 2" + [|U™* = D, U™l Jmid2)ds

1N @+ DIV =Y+ 12 - 2| + o -Vl [

|z|>€

IA

IN

v(dz) },

and we choose X sufficiently large such that 6 := (5(1 + %)2 < 1.
Due to the convergence of (Y, Z" U"),en, for a sufficiently small € > 0 we can find
N sufficiently large such that for all n > N

() @+ D" =Yl + 127 = 2l + | Ul [ wta) <

We derive the recursion for n > N

T
/ / (||Ys,z . Dmynﬂ ”;2
0 |z|>€

2 = Doz 0 DU Y

5 T
<[y pa
0 |z|>¢€

|2 = Dy 27 + U = DoU”

T
<o [

7 = D2+ U - DU ym(ae)

m(dz)ds} + de

and finally we conclude that

T
i [ (b p
n=ee Jo |z|>€

+]|12* = Dy 2| + U = DU |5, Ym(d2)ds = 0.
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The equation

im (v = Doy
7 J10,Tx (R—{0})

|2 = Do o2 [ + U = DU, a(ds, d2) = 0

now follows by interchanging the limits in n and ¢ in (4.20).

Step 4) Since the space L'%(R) is a Hilbert space and the Malliavin derivative is
a closed operator, see Theorem 12.6 in [10], the claim that (Y, Z,U) € L**(R) x
LY*(R) x LY*(R) and (Y5%(t), Z**(t), U*(t,y) )o<st<T,(y,»)c(R—{o}r s a version of
the derivative (D;.Y (1), D,.Z(t), Dy .U(t,y))o<s1<7,(y,2)cm—{opr follows, and fin-
ishes the proof. 0

The following Corollary shows that the interpretation of the solution component
(Z,U) in terms of the Malliavin trace of Y still holds for BSDE with time delayed

generators.

Corollary 4.1. Under the assumptions of Theorem 4.1, we have

((DtvOY)P(t))ogth is a version of (Z<t))0§t§T’
((Dt,zY)P(t))ogth,ze(R—{O}) is a version of (U(t’z))ogth,ze(R—{O})’

where ()7 denotes the predictable projection of a process.

Proof:

The solution of (4.1) satisfies

Y (0)
/f / (r + v)a(dv),

/ (r + v)a(dv) / /R{O} (r +v,y)m (dy)dv)d
/Z //R{O} (r,y)M(dr,dy), 0<s<T. (4.25)

By differentiating (4.25) we obtain according to Lemma 3.3 for g-a.e. (u, z) € [0, 7] x
R

D.oY(s) = Z(u)— /s Dy f(r)dr+ /S Dy oZ(r)dW (r)

—|—/ / D, oU(r, y)M(dr, dy), 0<u<s<T,
R—{0}
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and for z # 0
Du.Y(s) = Ulu,z)— / Du f(r)dr + / Du. Z(r)dW (r)
+/ / Dy U(r,y)M(dr,dy), 0<u<s<T,
u JR—{0}

where the derivative operators D, ., are defined by(4.3) and (4.5). Since the mappings
s — [*D,.f(r)dr,s — [’D,.Z(r)dW(r) are P-a.s. continuous and the mapping
s— [ fR—{O} D..U(r,y)M(dr,dy) is P-a.s. cadlag (see Theorems 4.2.12 and 4.2.14
in [3]), taking the limit s | u yields

D,oY(u) = Z(u), for A —a.euw € [0,T],P — a.s.,
D,.Y(u) = U(u,z) for \@m —a.e.(u,2) € [0,T] x (R—{0}),P — a.s..

AsY € S*(R) has P — a.s. cadlag F-adapted trajectories, for 0 < u < T we have the

representation
Y(u) =Y Liga((1,0),) =Y Li(gn((u,0), DG ())s gn € L7 g1, > 0,
n=0 n=0

with cadlag mappings u — g,((u,0),.). By Definition 3.1.2 of the Malliavin deriva-

tive we arrive at

D, .Y (u) = Zn[n,l(gn((u, 0), (u, z), .)1%7’;]((1;, 2),.)), for ¢ —a.e.(u,z) € [0,T] x R.
n=0
For 0y x m-a.e. z € R, we conclude that the mapping (u,w) — D,.Y (u)(w) is
F-adapted and measurable and has a progressively measurable (optional) modifi-
cation. Moreover, notice that the optional process u — D, .Y (u) and its unique
predictable projection u +— (D, .Y )" (u) are modifications of each other, see Theo-
rem 5.5 in [12]. Finally, we remark that there exists a P x B(R) measurable version
of (w,u, ) — (D, .Y)?(u)(w), see Lemma 2.2 in [1]. This completes the proof. [
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