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A QUANTUM TRANSMITTING SCHRODINGER-POISSON SYSTEM 1
Abstract
We consider a stationary Schrédinger-Poisson system on a bounded interval of
the real axis. The Schrédinger operator is defined on the bounded domain with
transparent boundary conditions. This allows to model a non-zero current flow
trough the boundary of the interval. We prove that the system always admits a
solution and give explicit a priori estimates for the solutions.
2000 Mathematics Subject Classification: 34B24, 341.40, 47B44, 81U20, 82D37.
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Key words and phrases: Quantum phenomena, current carrying state, inflow bound-
ary condition, dissipative operators, open quantum systems, carrier and current
densities, density matrices, quantum transmitting boundary method.
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2 M. BAro, H.-CHR. KAISER, H. NEIDHARDT, J. REHBERG

1 Introduction

The nonlinear interactions between an electric field and charged carriers, electrons and
holes within a semiconductor device, are commonly modeled by a nonlinear Poisson equa-
tion, see [G] and references cited there. In the 1D case, which we consider here, the
Poisson equation reads

(o) () = g (C(a) + Nal@)(@) ~ No(@)@) . z€ (b, (L1)

where (a,b) C R is the bounded spatial domain occupied by the semiconductor device, ¢
denotes the magnitude of the elementary charge, C' is the density of ionized dopants in
the semiconductor device, € > 0 denotes the dielectric permittivity function and ¢ the
electrostatic potential. Nyi(p) are the (in general nonlinear) operators which associate a
density of positive and negative charge (holes and electrons) to an electrostatic potential.
Therefore Ny(p) are called the carrier density operators. The boundary conditions for
(1.1) are usually of mixed type, see [G], allowing for Ohmic (metal) contacts on some
parts of the boundary while other parts of the boundary of the device are insulated.

Depending on the underlying physical model, the operators Ni(y) are set up in different
ways. In this article we are interested in the case, where the carrier density operators are
determined by Schrédinger-type operators of the form

+

H*(v) = TS demads + v, (1.2)
on the interval (a,b); h is the reduced Planck constant, and my > 0 are the position
dependent effective masses of electron and holes, respectively. The operators H*(v) are
usually regarded with homogeneous, selfadjoint boundary conditions, including mixed
ones, on the boundary of the device domain. Let us denote the operator H*(v) with some
selfadjoint boundary conditions by HZ(v). If fi are equilibrium distribution functions
such that the operators

ox(v) = [(H5(v)),
are selfadjoint, non-negative, and of trace class, i.e. density matrices, for all admissible

potentials v, then the densities N{(¢) are given by the Radon-Nikodym derivative of the
absolutely continuous measures (with respect to the Lebesgue measure)

[ 4 N2 ()0 = By i= a0 M),

where M(x, ) denotes the multiplication operator by the indicator function y, of a set
w C (a,b), and vy are given by
vy = wy £ qp,
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A QUANTUM TRANSMITTING SCHRODINGER-POISSON SYSTEM 3

with prescribed potentials wy. Schrédinger-Poisson systems on bounded spatial domains
in which the carrier density operators are described in the above form, have been inten-

sively studied, see [CZF, N2, KR).

The selfadjointness of the operators HZ (v) reflects that the corresponding quantum sys-
tems of positively and negatively charged carriers are closed. Hence, there is no flow
of carriers through the boundary of the device. However, the operation of semiconduc-
tor devices is characterized by the flow of electrons and holes. Therefore one passes to
open quantum systems. One way to do so is to regard the Schrédinger operator with
certain non-selfadjoint boundary conditions thus, allowing a flow through the boundary,
see [F2, KL, BDM, KR, KNR3]. Since the current is constituted by scattering states,
on has to find boundary conditions for the operators H*(v) which allow a particle to
scatter through the device domain. Such boundary conditions are called transparent
boundary conditions, see [F2, KL, BDM]. They make the operators H*(v) essentially
non-selfadjoint. Thus, it is not clear how to determine the carrier and current densities,
which are well defined only for closed quantum systems, see [LL].

In [KNRI1] the following dissipative boundary conditions have been suggested

h . h .

Sm(a) f'(a) = —ia? f(a) and W(b)fl(b) =ia; f(b),

where a,, a5 € R, oy, > 0. Let us denote the operator with these boundary conditions
by H;ES(U). The operators Hﬁs(v) with the above boundary conditions are essentially non-
selfadjoint. But these operators are maximal dissipative, which allows an embedding of
the open quantum system described by the non-selfadjoint operators HZ_(v) into a larger
closed quantum system described by the selfadjoint dilation operator, denoted by K% (v),
which exists for every maximal dissipative operator [FN]. Using the selfadjoint dilations
K;;s(v) the carrier density operators can be defined in a similar way as described above
for HE(v) (see [KNR1, KNR2, BN] for details), which leads to the so-called dissipative
Schrodinger-Poisson system. This system has been investigated in [BKNR].

Another ansatz to introduce carrier and current densities for an open quantum system
on an interval was made by Ben Abdallah, Degond, and Markowich, see [BDM]. Their
approach is to extend the effective masses m* and the potential v4+ to the whole real line
by setting them constant outside the interval (a,b). This leads to selfadjoint operators
K% on K := L*(R) called Buslaev-Fomin operators. The boundary conditions for the
non-selfadjoint Schrodinger operator on the bounded spatial domain (a,b) are obtained
by a projection onto (a,b), see also [F2, F1, KL]. The carrier and current densities for the
open system are defined in terms of the generalized eigenfunctions corresponding to the
Buslaev-Fomin operators Kyii, see [BDM] for details. The existence of a solution for a very
special case of this model, more precisely N~ =0, C =0, e =1 and my = 1, was proved
in [BDM]. But the mathematical techniques used there to prove the existence do not apply
in the general case which we consider here. In this paper we will show that the model used
by Ben Abdallah, Degond and Markowich in [BDM] also allows an interpretation in terms
of a family of dissipative operators the so-called quantum transmitting boundary operator
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4 M. BAro, H.-CHR. KAISER, H. NEIDHARDT, J. REHBERG

family, or QTB family, which leads to the quantum transmitting Schrodinger-Poisson
system. We will show that this Schrodinger-Poisson system always admits a solution and
give some a priorl estimates for this solution. The quantum transmitting Schrédinger-
Poisson system is closely related to the dissipative Schrédinger-Poisson system considered
in [BKNR]. We will point out the relation between the two systems throughout this paper.
In particular we show that the dissipative Schrédinger-Poisson system and the quantum
transmitting Schrodinger-Poisson system coincide, modulo a unitary transformation, for
fixed energy.

The paper is organized as follows: In Section 2 we define the Buslaev-Fomin opera-
tor, derive the QTB family and show the relation between the QTB family and the
Buslaev-Fomin operator. In Section 3 we calculate the generalized eigenfunctions of the
Buslaev-Fomin operator, define the corresponding Fourier transform and show that the
eigenfunctions can be expressed in terms of the QTB family. Section 4 is devoted to the
scattering matrix of the Buslaev-Fomin operator. In Section 5 we define the carrier and
current density for the open quantum system related to the QTB family and show that
these densities are completely characterized by the QTB family. Section 6 is devoted
to the carrier density operator of the QTB family and its properties. In Section 7 we
investigate the Schrodinger-Poisson system with the carrier density operator of the QTB
family.

2 Buslaev-Fomin operator and QTB family

Let us first introduce some notation which will be used throughout this paper: N, R
and C denote the natural, the real and the complex numbers, respectively; Cy := {z €
C|Im(z) > 0}, C_ :={z € C|Iin(z) < 0}; if z € C, then Z denotes the complex conjugate
number. LP(Q, X,v), 1 < p < oo is the space of v-measurable, p-integrable functions
with values in the Banach space X; L™(€, X,v) is the corresponding space of essentially
bounded functions. If @ C R is a domain, v the Lebesgue measure, and X = C, then
we write short L?(Q), 1 < p < oo. Furthermore we denote by W'?(£2) the usual Sobolev
space of complex-valued functions on €, by C(Q2) the space of continuous complex-valued
functions on Q and by C?(f) the space of continuous bounded complex-valued functions
on Q equipped with the supremum norm. If Q = (a,b) we will abbreviate L?, W2 .. for

LP(Q), W"2(Q), ...; moreover, we introduce K := L*(R) and H := L* = L*(a,b). The
real part of a function space will be indexed by R, i.e. the real part of L?, W2, .. will
be denoted by Lg, WHIQ’Q, .... For Banach spaces X and Y, we denote by B(X,Y) the

space of all linear, continuous operators from X into V; if X =Y we write 8(X) and
Iy € B(X) for the identity operator. If X, Y are Hilbert spaces, then B;(X,Y) denotes
the space of trace class operators and By(X,Y) denotes the space of Hilbert Schmidt
operators; if X =Y we abbreviate ®B;(X) := B;(X, X) and B,(X) := B,(X, X). For a
densely defined linear operator A : X — Y we denote by A* the adjoint operator and by
|A| the absolute value, if A is closed. If A is a selfadjoint operator in a Hilbert space we
denote by o(A), 0,(A), 6,.(A) the spectrum of A, its point spectrum, and its absolutely
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A QUANTUM TRANSMITTING SCHRODINGER-POISSON SYSTEM 5

continuous spectrum, respectively.
Let and v,, vy, € R, v, > vy, be given. We define the operator F : Ly — LF(R) by
Va, —x < S a,

(Ev)(z):= ¢ v(z), € (a,b), v E€D(E) =Ly =LY (a,b). (2.1)
Up, b<z< oo,

Moreover, we assume that m € Ly’ and m,,m; € R are given, with m,,m; > 0, m > 0
and 1/m € L. We set

My, —oo <z < a,
m(z):=< m(z), z€ (a,b), (2.2)
mp, b <z < oo,

and define the operator K, by

[(Uf = lu(f), f € D(IX”U) = {f € leQ(R> | %fl € WI’Q(R>}, (23>

where
W) =~y e () + (B0 (0),

K, is selfadjoint on K = L*(R). We call K, the Buslaev-Fomin operator (see [BF] or [W,
chapter 17]). We set

Z — Uq Z = Up
qa(2) = 5 and  q(z) =4/ S z € C, (2.4)

where the cut of the square root is taken along [0, 00). We note that in this case we have
Im(y/z) > 0 for z € C\ [0,00) and y/z > 0 for z € (0,00). To construct the resolvent of

K, we proceed as in [W, chapter17] and introduce the functions

gi(z,z) = exp (i%2q(2)z), =z € (b,00),
hi(z,z) = exp (—i%g“qa(z)x) , T € (—00,a),

for z € C. Furthermore let gy(v)(z, z) be the solution of the integral equation

B(v)(@,2) = e1(2) — %CQ(Z)/I dt m(t)+%l dt m(t)[ ds ((Ev)(s) — 2)ga(v)(s, 2),
z € (—00,b), z € C, where

2m

e1(2) = exp (szqb(z)b> L ea(2) = ige(2) exp (i?q;{z)b) .

Similarly we introduce hy(v)(z, z) as the solution of

ha(v)(z, 2) = di () + %d2(z) / d #(t) + %/ dt #(t) [ ds ((Ev)(s) — 2)ha(v)(s, 2),

a
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6 M. BAro, H.-CHR. KAISER, H. NEIDHARDT, J. REHBERG

z € (a,0), z € C, with

2my,

bz e (-2 a)a) ) = =il e (<2 ).

Then we define

Folo)(a )= { B0 Tx<r b e (2.5
and . -
roea={ ) TSI sec oo

The f1(v) obey the equations

lv(f+(v>($7z)):Zf+(v)(x72>7 lv(f_(v)(:z:,z)):zf_(v)(x,z), z €C,

for almost every z € R. We note that fi(v)(z,-) are holomorphic on C\ [0,00) and
continuous on C.

If 41,105 € W ?(R), then we define the Wronskian by

loc
w 1= G "y 2.7
(1(2), () = ¢1($)m1/)2($) - ¢2(l‘)m 1(2). (2.7)
We define the restrictions of fi(v) to the cut complex plane:

ki(v)(z,2) := fy(v)(z,2), z€C\ (vp,00),

and
Ba0)(r,2) = o (0)(,2), = € C\ (1n,00).
z € R. In the sequel the Wronskian W (k;(v)(z,2), ko(v)(z, 2)) for z € C\ (vp, 00) is of

interest to us, for short we write W, (z). Indeed, this Wronskian does not depend on z.

Lemma 2.1. The resolvent (K, — z)~" of the Buslaev-Fomin operator (2.3) admils the
representalion

(5, =27 ) = 22 [y o) 021510

rW,(z) o
% / dy by (v)(y. 2) [ (), (2.8)

for all f € K and all z from the resolvent set of K.

Proof. For convenience we will not indicate the dependence on v throughout the proof.
Setting

0)i= i (o) [ kst + k(o) [Tkt

o0
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A QUANTUM TRANSMITTING SCHRODINGER-POISSON SYSTEM 7

for f € K, we get

o 390 = s ((E00) = 9h(e2) [ vyt

— 00

?%fﬁ(m) dx

+(B0)a) = 2 hale2) [ dybi(y,2) ) = B ()S(2)).

Hence,

ie. g€ D(K) and (K —z)g = f. O

The spectrum of K, is given by o(K,) = 0,.(K,)Uo,(K,), where the absolutely continuous
part is 04.(K,) = [v5, 00) and the point spectrum o,(K,) consists of finitely many simple
eigenvalues A\;j(v), j =1,--- , N(v), with A;(v) < vp. 04c(K,) is simple on [vp, v,) and has
multiplicity two on [v,, 00), see [BF]| or [W, Theorem 17.C.1].

With respect to (2.4) we define

Ka(2) 1= 1q4(2), ro(2) = igp(2), z e Cs,. (2.9)

Definition 2.2. (see [KL]) The quantum transmitting boundary operator family, short
QTB family, {H,(2)}.ec, is the family of maximal dissipative operators on H = L* given
by
%fl c \/\/1,27
D(H,(2)) :={ [ e W | gomy/'(a) = —ka(2)f(a), },
Zm},i(b)f,(b> = ry(2) [ (D)

and
Hy(2)f == ——f+vf,  [eD(H,(2)),

for all z € Cs..

Since Re(q;(z)) > 0 for z € C;, we have Im(x;(2)) > 0, j = a,b. Thus the operator H,(z)
is dissipative for each fixed z, i.e. Im(H,(z)f, f) <0 for all f € D(H,(z)). Furthermore,
for each z € C+ the spectrum of H,(z) is contained in the lower half plain C_ and H,(z)
is maximal dissipative and completely non-selfadjoint, see [KNR1, Theorems 4.6 and 5.2].

Proposition 2.3. Let P denote the projection operator from K onto H. Then

Pf([x”y — )7 = (Hy(2) = 2)™" for all z € Cy, (2.10)

H

W= (H,(z)* — 2)™! for all z € C_. (2.11)

Py (K, —2)7!

Preprint 814, Weierstraf3—Institut fiir Angewandte Analysis und Stochastik, Berlin 2003



8 M. BAro, H.-CHR. KAISER, H. NEIDHARDT, J. REHBERG

Proof. We will again omit the subscript v within the proof. Tt suffices to show that
g := P(K — 2)7'f satisfies the boundary condition for every f € H and z € C,. We
will only prove that the boundary condition at b is satisfied; the corresponding statement
at a is proven similarly. By equation (2.5) we get ki(x, z) = exp(i2mpqs(2)z), for = > b.
Thus,

Fa (b, 2) = exp (i%qb(z)b) and Wh(b)k’(b 2) = igy(2)ka (b, 2).

Using the expression (2.8) for the resolvent of K we get

i (00 [ bt +1:0.2) [yt 27

_ ki b,z b
- (Z)/ yk? Y,z )7

since f(y) =0 for y € (b, 00). Similarly we obtain

L ~—

an(b)g'(b)
= ey (002 02) [t )00+ 55402 [ vk 2w

— o)) [ kel ) 10) = m2o0),

Now (2.11) follows from (2.10) by passing to the adjoints. O

Remark 2.4. The QTB family {H,(z)}.ec, describes an open quantum system on H.
The expression (2.10) is interpreted as the embedding of this open system into the larger
quantum system described by the Buslaev-Fomin operator K.

Remark 2.5. The relation (2.10) looks similar to a relation between maximal dissipative
operators and their dilations, see [FN]. More precisely: Let v € Ly and Ay € R with
Ao > vp be given. We set Hyis(v) := H,(Ao). Hais(v) is maximal dissipative and completely
non-selfadjoint. By the dilation theory we get the existence of a larger Hilbert space K 4
with H C Ky and the existence of a selfadjoint operator Kyis(v) on Ky, such that

Pgd“([\’dis(v) —2)7! W (Hyis(v) — 2)7" for all z € Cy, (2.12)
where Pgd” denotes the projection from K4s onto H, see [FN]. The operator Ky(v)
is called the dilation corresponding to Hys(v). Note that the equation (2.12) differs
from the expression (2.10), since Hy;s(v) is independent of z € C;. The Hilbert space
K4is and the operator Ky have been explicitly calculated in [KNR2]. We remark that
the Hilbert space K4, differs from the space K. Furthermore, the operator K (v)
is not bounded from below and its spectrum is completely absolutely continuous, i.e.

0(K4is(v)) = 04:(Kais(v)) = R (see [KNR2] for details).
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A QUANTUM TRANSMITTING SCHRODINGER-POISSON SYSTEM 9

Proposition 2.6. If v € LY and K, is the operator (2.3), then (K, —i)™' Py is trace
class and its trace norm can be estimated by

L b
1Ky = i) PE v <3 + (8 + 4/l

D) VTl

For the proof we need the subsequent lemma. We set
re := Re(kq(2)), 1 :=Re(ky(1)), a,:=1Im(k,(2)), o= Im(ks(7)).

We note that r,, 7 < 0 and a,, ap > 0. Furthermore we abbreviate H, := H,(7). Following
[KNR2] we introduce the (unclosed) operator a : H — C* by

SN g
f_<_@f(a)>, D(a) = W'2, (2.13)

and the operator U,(z) : H — C* given by
UJz)=a(H,—2)"", D(U,(z))=H
for z from the resolvent set of the operator H,.

Lemma 2.7. For every v € Ly we have the estimales

Iy =) s, ¢ <3+4VHWHL°°

\/1 + ||v]|L, (2.14)

and

[0 ()]l e,y < 81T+ [[v]|Le. (2.15)
2m(b) m&a)

Proof. We define the selfadjoint operator Hy by
@ =0},
Hof =—————f+[, f¢&D(H).
rm dx

Note that Hy > I. Similar to the operator a we define the operator r : H — C* by

The operators V,,(u), V.(p) : H — C* are given by

Va(p) = o(Ho+p)™2 Vilp) = r(Ho+ )72, p>0.

h h
D)= {rewss | Ly ews, gy = 5

Furthermore we introduce the operator B,(p) : H — H by

By(p) = (Ho + )™ (0 = 1)(Ho + 1) ™% 4 Vi) Vi () = iVa ()" Va (),
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for g > 0, see [BKNR]. There is

_ _ 1+ [|offie
I(Ho + 1) (v — 1)(Ho + p1)™"*||ssz) < T
Hence,
1
o+ 1007200 = 1o )V < 5 for 2 14 2o
We set

Ro(p) := (Ho+ p)™ (0 = 1)(Ho + )™ + V() Vi (),
for p > 142||v|jLe. Ry(p) is selfadjoint and there is 1+ R, (p) > 3. Hence, (14 Ry ()72

exists and its norm does not exceed v/2. Now a straightforward calculation shows that
(14 By(p) ™" = (14 Ry())™*x
. - . /2y 1 _
X (1= i1+ Ry () A Va(p) Va () (14 Ro() ™)™ (14 R ()72,

Hence,

11+ Bu(p) ™ Nlwy <2, for > 1+ 2o (2.16)
By Lemma 2.3 from [BKNR] we have the representation

(H, + )™ = (o4 )™ (L4 B, ()™ (Ho + )™, (2.17)

for large, positive p. Because both sides depend on p analytically, this operator equality
extends to all real p for which (14 B, ()™ € B(H). This is true for any g > 142||v||L~;
hence, (2.17) extends to all these p. Using the first resolvent equation we obtain

(H, =)™ = (Hy +p) 7" (14 (n+ ) (H, = )7")
and we get by (2.17) that
ICE — ) sy < (24 I+ 1) ) < 224 1) Fl 4 )™ s (219

According to the proof of Proposition 2.4 in [BKNR] we have

1CHo + )21, 00y <

1
VIl hf\/—

=15, s
Thus, from (2.18) we obtain for p =1+ QHT)HLcoZ

ICH =)™ s, (o <3+4\/\mHLw \/1+HUHL°°

i.e. the first assertion (2.14) of the lemma. To prove the second assertion we estimate for
pz 14 2o

100 () |y (2e,c2y < 201U () |32y < 202 4 )| U (1) s, 2y - (2.19)
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A QUANTUM TRANSMITTING SCHRODINGER-POISSON SYSTEM 11

Using the definition of U,(u) and the representation (2.17) for the resolvent of H, we get

Uy(p) = Va(u)(1 4 By(p) ™ (Ho + 1) 7Y% = Vi () (1 + Ry(p)) ™%
) (1= i(1 4 Ry(0)) ™3 Va () Va () (1 + Ry (1)) ™%) ™ %
X (14 Ry ()™ 2 (Ho + )2,

Because the operator norm of

Vi) (L4 Ro(u)) ™ (1= i1+ Ry(u)) ™ Vi) V() (1 + Rofp) /%)™

is not bigger than one, we get

_ 2
U (p)llsm(r,c2) < V2||(Ho + 1) 1/21\%(}{) < \/%

) 24
U, (i <2 < 4V24/1 + 4.
1020y < 2V < 4B T

Setting pr = 1 4 2||v|[L~ we finally obtain the inequality (2.15). O

and with (2.19):

Proof of Proposition 2.6. Using Proposition 2.3 we get
(037 PR = PR 40—
1
= 5P (Ko )™ = (K —4)7™") Py
J
1

=5 (H;+40)"' = (H,—i)™").

By Lemma 3.2 from [KNR2] we get
(K, — )7 PE|" = U, U, (1) + (H; + i)~ (H, — )~
Therefore we find
1K = 87" Prglls, ey = IH1(Kw = 8) ™" Pagl sy i)
< N0y ey + N (Hw = )7y 20)-
Now using Lemma 2.7 the proof is finished. O

Proposition 2.8. Assume that v € Ly and let K, be given by (2.3). The number of
eigenvalues N(v) of K, is estimated by

Ny <14 Y2ml=(b=a)

mh

Preprint 814, Weierstraf3—Institut fiir Angewandte Analysis und Stochastik, Berlin 2003



12 M. BAro, H.-CHR. KAISER, H. NEIDHARDT, J. REHBERG

Proof. We define the operator K7 by

i d? 2|lm || (||v]|Le + |v i
K= [l (thh | b|)X(a,b)7 D(K,) = W2(R),

where x (44 € Lg(R) is the indicator function of the set (a,b). The number of eigenvalues
of K7, which we will denote by N(K;), can be estimated, see [W, p. 274]:

N(Ey) < 14 YAl ) e

mh
Therefore it suffices to show that N(v) < N(Kj). A straightforward calculation shows
that s———K; < K,. By the min-max principle, see e.g. [RS2, Theorem XIII.2|, this
2[mlreo ||
implies N(v) < N(K7). O

3 Eigenfunction expansion

In this section we investigate the generalized eigenfunctions of the Buslaev-Fomin operator
K, see (2.3). These eigenfunctions will be important for the definition of the carrier and
current densities, which we will introduce in Section 5. Furthermore we will introduce the
Fourier transform corresponding to K, and show that the eigenfunctions of the Buslaev-
Fomin operator can be expressed in terms of the QTB family. The first part of this section
slightly generalizes results of Buslaev and Fomin [BF], see also [W, chapter 17].

We define
fi(v)(z, A) == fr(v)(z, ), for A€ (»,00), z€R,
and
fa(v)(z, A) := fo(v)(z, A), for A€ (vp,0), x€R.
In the following investigations Wronskians—as defined in (2.7)—will repeatedly appear.
First, a straightforward calculation shows that

W(fl(v)(xv A)vfl(v>(x7 A)) = Qiqb()‘)v A€ (Ubv OO), (3'1)

W (f2(v)(z,X), fo(v)(z, X)) = —2iq.(N), A € (v,,00). (3.2)
Furthermore we define the coefficients

Culo)N) 1= g WA L) M) A € (1, 00),

Cr2(v)(X) := 2@(]:(/\) W(f2(v)(z,A), fi(v)(z, X)), X E (vp,00),

Cul0)) 1= g W), A0, X € (on,00),

Cal)) = 5ol LTI, A € ().
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Thus,
Si(0)(@;A) = Caa(0)(N) fo(0) (2, X) + Can(0)(A) fo(v) (2, A), A€ (vay00), (3.3
F0)(5,2) = Cal0) A A) + Colo) VAN, A€ (o). (34
There are the following equations:
3(A)Cr2(v)(X) = ¢u(A)Can(0)(X), ) € (0, 00), (3.5
@A) C1(0)(A) = =¢a(A)Ca2(v)(A),
and
qb()‘) 2 qb(/\) v 2 qa(/\) v 2
qa()\)ww(v)()‘ﬂ =1+ qa()\)wn( JAF =1+ Py |Caa(v)(A)] (3.6)
for A € (v,,00). Moreover, we have
C11(v)(X) = Cra(v)(X), X € (v, vy). (3.7)
The scattering coefficients S;;(v)(A) are given by
_ iy Ca)) L
Spa(v)(N) Cn o))’ Saa(v)(A) = Cn(0)0)’ A € (Va, 0), (3.8)
(A = En®)) DA = o, 00
Sbb( )(/\) 012(7)>()\)’ Sab( )()\) : 012(7)>()\)’ A€ ( ) ) (39>
Using (3.5) and (3.6) we obtain the following relations for A € (v,, c0):
Ga(X)Sap(v)(A) = 5(A)Sha(0)(X), (3.10)
@A) (0)(A)Str(v)(A) = =Ga(A)Saa(v)(A)Sas(v)(A) '
and
a(A) 2 2 (M) v 2 v 2 _
w0 195 (0) (A" + [Saa(v) ()] = ey [Sap(0) (M7 + [Sw(0)(A) ] = 1. (3.11)
Equation (3.10) implies
|Saa(v)(N)] < 1, and |Sw(v)(A)] < 1, for A € (v,, 00). (3.12)
Furthermore, we get from (3.7)
|Ses(v)(A)] =1, for X € (v, vy). (3.13)

The boundary values of S;;()), 1,7 = a,b, are given by

lim Sg(v)(A) = lim Spe(v)(A) =0,  lim S,u(v)(A) = lim Spp(v)(A) =

A—rvg A=y A—rvg A=y

—1.
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14 M. BAro, H.-CHR. KAISER, H. NEIDHARDT, J. REHBERG

Now we define

Ya(0) (2, A) 1= Spa(v) (M) fi(0) (2, ), A€ (va,00), (3.14)
Gu(0)(2, ) = S ()N o), Ny A € (0, 00). '
By (3.3) and (3.4) we get
Ya(0)(2,A) = F2(0) (2, A) + Saa(0)(A) fa() (2, A) for A € (va, 20),
Py(v)(z, A) = f1(1)>(7' A) 4 Sep(v)(A) fi(v)(z, X) for XA € (vp, 00).
Thus, outside the interval (a,b) the functions 9,(v) and 1;(v) are given by
exp (i%524a(N)7) + Saa(v)(N) exp (—i%F2q.(\)z) , @ € (=00, 4),
Pa(v)(2,A) = , 3.15
e {Sba(v)( A)exp (i552q(N)) | z € (b, 00) )
for A € (vy,00) and
Sap(v)(X) exp( 1222q,(N)z ) z € (—00,a),
Up(v)(x, A) = 3.16
()= 2) {exp (=122 qy(N)x) + Sy (v)(A) exp (iIZ22qy(N)x), 2 € (b, 0) (3.16)

for A € (vp, 00), respectively.

Remark 3.1. Formulae (3.15) and (3.16) have the following physical interpretation: The
(A)z) coming from —oo is scattered at the potential v. During the scat-

wave exp(i%}?“
tering the wave is partially reflected and partially transmitted by v. The reflection and
the transmission part is given by

2m 2m

Saa(v)(/\) exp(—iTaqa(A)x) and Sba(v)()\) exp(szqb()\);v),

respectively. Similarly, the wave exp(—i27q;(A)z) which comes from +oc, splits up during
the scattering into the reflection and transmission part

2my, 2my,

Sbb(v)(/\)exp(iTqb(/\)x) and Sap(v)(A) exp(—i - “—q.(\)z),

respectively.

Lemma 3.2. There are the following identities for the functions (3.14):
/ de . (v)(z, M), (v)(z, 1) = Amhq,(X)6(X — p), for A p € (v,,00), (3.17)
R
/ dxy(v)(z, Nhy(v)(z, 1) = dmhgy(N)(X — ), Jor A pn € (vp, 00), (3.18)
R

and

[Rd:ﬁ Ba(0) (@, VB @) = 0, for M1 € (v, 00). (3.19)
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Proof. For the sake of simplicity we will omit the index v within the proof. Assume

A, ft € (vg,00). Then

[ arstenmtmm = ([ wnen g D)
o D o )

(W N ) TV 0) = W (=N ) Tl Vo))

e m
For N > b we get by (3.15)

W (a (N, A), a(N, 1)) = =iSa(N)Sha (1) (a6(N) + an(p1) exp (1752 (an(N) — %(H))]\g %)
Hence, we get by observing 5( L(go(A) — qo(p))) = 2hq(A)0(X — ), see [GS, Chapte.r 11
82 eq. H]

i W (V). BTV) = SO 0) ~ )
= 2mh|51a(N) P @ (NS — p). (3:21)
For N < a one obtains, analogously to (3.20):
oo TR — exp (—Z'm;;“(%(/\) _Qa(:“))N)
T W WalN ), Gu(Nop)) = — if %m%&)—%W» |
. exp (1282 (qa(A) + qalp))N
e ) T )+ 4u()
exp —iQ’;Z“ (qa(A) + qa(ﬂ))N)
_ thaa</\) Qma(qa( ) + qa(:”)) )
exp 227;‘1 (qa(A) = qa(p)) N
F i) 50007 ) = ()
Therefore

lim < W (N, ), Tl N )

N—=—co — U
2m,

= 7N (14 50 (050 () (720 () - ()
(5] = S2a) ST (0 + (1))

Since q,(X') > 0 for all X € (v,,00) we get 5(2m“( q.(A) + qu(p))) = 0. Thus,

lim W (V) B (Vo) = — 2 () (14 [Su(0)) 60— ). (3.22)

N—>—oo)\—lu

Preprint 814, Weierstraf3—Institut fiir Angewandte Analysis und Stochastik, Berlin 2003



16 M. BAro, H.-CHR. KAISER, H. NEIDHARDT, J. REHBERG

Putting (3.21) and (3.22) together yields

[l T de = 20 (SN + () + aaD IS W) 500 = )
By (3.11) we get
[ e Nl de = g, ()30 - )
which proves (3.17). An_aigously we obtain (3.18) and (3.19). 0

The generalized eigenfunctions of the Buslaev-Fomin operator K, see (2.3), are given by

o(v)(z,A) = \/ﬁmd)b(v)(:p,/\), A € (vp,00),

' S ] (3.23)
Ga(v)(z,A) = \/mg/)a(v)(x,/\), A € (vg,00);
the orthonormal eigenfunctions corresponding to the eigenvalues Ay (v), ..., Ay(y)(v) are

denoted by ¢,(v)(z, Aj(v)), 7 =1, ..., N(v).
Corollary 3.3. The functions
{a(v)(s M) Pre(varce) U {5(0) (5 M) Faewinee) U {p(v) (5 A) haeop(a)
constitute a complete system of orthonormal generalized eigenfunctions, i.e.
(@7(0)(5,A), @ (0) (5 X)) = 708X = X), 77" € {a, b, p},

where X and X are from a part of o(K,) which corresponds to T and 7', respectively.

We now introduce the Hilbert space
K, = L*(a(K,),h(N),v),

see [BW, chapter 4], where
C, M€ oK) =UY{0))

hA) =4 C, X € (vp,va), (3.24)
C*, X € (va,00).
The measure v(-) decomposes
v(-) = () + vac(') (3.25)
into an atomic measure v,({A;(v)}) =1, 5 =1,..., N(v), supported on o,(K,), and an

absolutely continuous measure dv,.(A) = X(u,,00)(A)dA supported on (vy, 00). With respect
to the decomposition (3.24) we define

bp(v)(x, A), X € o,(K,),
Gula,)) = ¢b<;>(<$;(§?,A) A€ (vn,02), -
<¢a<v><wiA> ) A€ (v, )
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A QUANTUM TRANSMITTING SCHRODINGER-POISSON SYSTEM 17

By means of the functions q_é‘y(,r, A) we now define the Fourier transform with respect to
K, as the unitary operator ¢, : K — K,, see [W, Theorem 17.C.2]:

(®,£)(\) :/dl- F(@)bo(z,)), € a(K,). (3.27)

R

The inverse Fourier transform &7 : K, — K is given by

(I);h;v:/ dv( ) A/\,_',U;v,)\ , x€R, AEEU,
@9 = [ wO) (605 0) g

We note that
CDUKU(I);l =M,

where M is the multiplication operator

(Mg)(A) := Ag(}) for g € D(M) := {g € K\ | \g(A) € Ko} -

In the following we will give a description of the eigenfunctions of the Buslaev-Fomin
operator K, see (2.3), on the interval (a,b) in terms of the QTB family. To that end we
consider the QTB family { H,(A)} ecr on the real axis. By the definition of H,(\) we have

to distinguish two cases:

A € (—oo,vy) : The coefficients r,(A) and ky(A) are real and negative. Therefore the
operator family {Hy,(A)}re(=co,v,) 18 & family of selfadjoint operators.

A € (vp,00) : The imaginary part of k() is strictly positive, Im(k;(X)) > 0. Hence, the
operator family { H,(A)}re(u,,00) 18 a family of dissipative operators.

Let us first show that the generalized eigenfunctions of K, are closely related to the family
{qu()\>}/\e(1/b,oo)- To that end we introduce the operators a(X) : H — h(A), X € (v;, 00),
see also (2.13):

\/5\/ ar(A) f(b), A € (vp,v4),

a(X)f = . VN f(b) . f€D(a(N) =W"*  (3.28)
A ) e

Moreover, we define the vectors e;()), e,(A) € h(A), A € (vp,00), by

], A € (vp,v4), |0, A € (b, v4),
eb()\) T { (1,0)T, Py (Ua,OO), ed(A) T { (O,])T, Py (7)a,oo),

where T' denotes the transposed of a vector. Furthermore we define the operators 7,(\) :

H — bh(A), A € (vp,00), by
T,(N)f = aN)(H,N*=X)""f, [eH. (3.29)

Note that the definition makes sense, since the spectrum of H,(\) does not intersect the

real line, see [KNR1, Theorem 5.2].
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18 M. BAro, H.-CHR. KAISER, H. NEIDHARDT, J. REHBERG

Lemma 3.4. For x € (a,b) there is the following representations of the eigenfunctions of
the Buslaev-Fomin operator K, :

Ga(v)(z,A) = i\/gexp <i2%qa()\)a> (T (M) ea(N))(2), A€ (vg,00).  (3.31)

Proof. Using Lemma 2.1 and Proposition 2.3 we get for every f € H and z € (a,b)

((H, ()" = N7 )(=)

Ty / Ay Fo ) M) + TS / dy F1(0) (g N ()-

V() Fi(0) (6,8 [ dy F2(0)(y, M) f (y), X € (v,4),

T,(A\)f = \/Qb fi(v b,,\)f:dyfg(v)( ;A (y) ) Vg, 0O
) ( ~/4a(A) f2(v aaA)ffdymf(y) et

Since
2m

Fi(0)(b, ) = exp (z’qub(/\)b) and  fo(v)(a, ) = exp (-ﬁ%‘aqa(x)a) ,

we obtain for all = € (a,b):

(T (V) (z) = Y28 EW2< ; exp (i%qb(x)b) , ) € (v, 00),
(Ty(0) ea(N))(z) = — Y24 BWJ?W M) exp (—i%;—“qa()\)a> L NE (va,00).

By the definition (2.7) of the Wronskians W, () we have

Wo(A) = =2iqa(X)Can (0)(A) = =2igs(A) Cra(0)(A)
or in terms of the scattering coefficients (3.8) and (3.9)

! i
W, (X) 2%(/\) Sha(v)(A) = Sap(v)(A).

Thus,
Oy = 2T
_ i exp ( qb()\)b)
Nemh)
_ i exp (iﬂh”qb()\)b) ,
Vh
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which proves (3.31); similarly we get (3.30). O

By means of

(Tu(A)"es(N)) (), A € (vp, va),
or(v)(z,A) == (T,(A)*en(N))(z)
( (T (A ea(N)(2) ) A€ (v, 00)
and
—iexp (=122 q,(M)b) , X € (vs,04),
Q(A) = —iexp (—iZg,(A)b) 0 o o (3.32)
( 0 L exp (ich;“qa(/\)a) ) , A€ ( @ )’

we can write the functions (3.26)

—

: h 7
d(v)(z,A) = %Q()\)@T(’U)(l‘, A), A€ (vy,0), z € (a,b).
Thus, we get the following

Corollary 3.5. For [ € H we gel

@) ()= o QW TN N (00)

Remark 3.6. Let v € Ly and Ay € R, with Ay > v}, be given. We set Hy;s(v) := H, (o)
and denote by Ky;s(v) the selfadjoint dilation corresponding to Hy;s(v), see Remark 2.5.
In [KNR2] it was shown, that the generalized eigenfunctions ¢g;sp(v), Guis,a(v) of Kyis(v)
on the interval (a,b) are given by

baisp(v)(x,€) = \/%(Tdis<v§§>*eb()\0>>($>a £ER, x€(a,b)
baso(0)0:8) = =T3P eslo))(o).  EER, w e (ah)

where Tyis(v;€) : H — C? is defined by
Tuis(v; &) 1= a(XNo)(Hayis(v)* = )71, e C_,
see [KNR2, Theorem 5.1.]. Therefore we get by Lemma 3.4 (h scaled to 1)

(S ) —eom (geima ). e

i.e. the generalized eigenfunctions of K, and Ky;s(v) coincide, modulo a unitary transfor-
mation, for any fized energy Ao > vj.
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20 M. BAro, H.-CHR. KAISER, H. NEIDHARDT, J. REHBERG

We are now going to show that the eigenfunctions and eigenvalues of the operator family
{HU()\)},\E(_OO,%) determine the eigenfunctions and eigenvalues of K, in a unique way. Let
us first define what we mean by the eigenvalues and eigenfunction of an operator family.

Definition 3.7. An element f € H is called an eigenvector of the operator family
{HU()\)}AE(_OO’%), it Hy(p(v))f = p(v)f for some p(v) € (—oo,vp); p(v) is called the

corresponding eigenvalue. The set of all these eigenvalues—the spectrum of {H,(\)}—is
denoted by o({H,())}) and the normalized eigenfunctions of { H,()) }xe(=co,v,) cOrrespond-
ing to the eigenvalue p(v) are denoted by n(v)(-, p(v)).

For every p(v) € o({H,(A)}) we set

~ exp (= (1(0)) 2 = ) n(0) (o). 2 € (=o0a],
S(v)(a,1u(v)) = { n(w)(.pu(v). v € (a,b)
exp (ma(p(0)) 222 (2 — ) (o) (b (v), € [b,0c).

Note that k,(A),ks(A) < 0 for all A € (—oo,vs). Hence, qg(v)(-,,u(v)) € K for every
p(v) € o({H,(N)}). Since n(v)(-,u(v)) € D(H,(u(v))), see Definition 2.2, it satisfies the

quantum transmitting boundary condition and a straightforward calculation shows that

(3)Co (), 80) E(0))) =0, for (o). £(v) € T({HND), (o) £ E(0). (333)

The following Lemma states the relation between the eigenvalues and eigenfunctions of
the family {HU()\)}/\E(_OOM) and the eigenvalues and eigenfunctions of the Buslaev-Fomin
operator K.

Lemma 3.8. Assume that v € Ly .

(i) If p(v) € o({Hy(N)}), then

) ()
S0)sp(0) = S LS (3.34)

is an eigenfunction of K, corresponding to the eigenvalue p(v). Furthermore, these
eigenfunctions are mutually orthonormal for different eigenvalues p(v).

(it) If A\j(v) € o,(K,), then the function

Gp(v) (2, 4i(v))
166 (0) (5 A5 (V)X @l

is a normalized eigenfunction of the family { H,(X)}re(-coy)-

n(v)(; Aj(v)) = z € (a,b),

111) The point spectrum of K, and the spectrum of the operator family { H,(\)} coincide
(i) p p f K, p . p family {H, ,

ap(Ky) = o({Ho(N)}).

1.€.
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Proof. Let us first prove (i). Assume that p(v) € o({H,(A)}). Using the boundary
conditions of n(v)(-, u(v)) one verifies that ¢(v)(-, u(v)) € D(K,). Since

there is i i
Kop(v)(+, p(v)) = p(v)d(v) (-, p(v)).

By means of (3.33) and (3.34) one now obtains that the ¢,(v)(+, #(v)) are indeed mutually
orthogonal eigenfunctions of K, for different eigenvalues of the family {H,())}re(oo,u)-
Moreover, the ¢,(v)(+, u(v)) have norm one in K.

Assume now A;(v) € o,(K,). In order to prove (ii) it suffices to show that the functions
&p(v)(+, Aj(v)) satisfy the boundary condition at a and b imposed on functions from the
domain of the QTB family {HU()\)}AG(_OOM), see Definition 2.2. We set

€xp (_’ia()‘j(v))QmTa(x - a)) ¢p(v)(a7 Aj(”))? T € (—OO, a],
9 E (a7b)7
(V)55 (2 = b)) dy(v) (b, Nj(v)),  x € [boo).

There is ;/;( )(-,A;(v)) € D(K,) and KUL/;( ) A5 (v) = Aj(v)Y(v)(-, A;(v)). Since the

J
eigenvalues of K, are simple, there exists a constant C'(A;(v)) € C such that

D(v)(a, 2i(v)) =4 dp(v)(2,

We have

") A(0) = 5 () 40)) = e () e ),

Mg

[N
~—

ie. ¢()(
P(w)(, A0
¢

statemen

A;j(v)) satisfies the boundary condition at a. In the same way one gets that
)) satisfies the boundary condition at b. Thus, (ii) has been proven. The
iii) follows directly from the statements (i) and ( i). O

(
4 Scattering matrix

In this section we investigate the scattering matrix corresponding to the Buslaev-Fomin
operator (2.3). As we will see later, the scattering matrix plays an important role for
the current. Furthermore, we will show that the scattering matrix can be completely
expressed in terms of the QTB family. The scattering matrix S,(}) is defined by

_ ) ow()(A), A€ (vs,va),
Su(A) == {g(@(,\), 3 € (0. 00). (4.1)
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where

g(A)
ooy | SO /s
ZZ(/\) San(v)(A) Saa(A)
and S;;(v)(X), 1,7 = a,b are the scattering coefficients (3.8), (3.9). By (3.10), (3.11) and
(3.13) we get that S,(X)S,(A)* = S;(A)Su(A) = Iy, A € (vp,00), i.e. S,(A) is unitary.

—~

We define K. := L*((vs, 00), h(N),dX). By S, we denote the—unitary—multiplication
operator Sy : Ky — Ky induced by S, (A):

(Sef)A) = SuMF(N), [ E€D(S,) i=Kae. (4.2)
Since
(K, —i) ' =(Ky—i)"' = (K, —i) Y(Fv—Ew)(K,—1)™" = (K,—i) " (v—w) PR (K, —i)}
is trace class for all v,w € L the wave operators

Wi(Ky, Ky) = s-lim exp(it K,) exp(—it Ky) Py (Ky),

t—too

exist and are asymptotically complete, where P,.(K,,) denotes the projection onto the
absolutely continuous subspace of K, see [RS1, Theorem XI.9].

Lemma 4.1. (For the case v, = v, = 0 and m = 1 see also [W, 17.¢].) For every v,
w € Ly the wave operators obey

O, Wi (K, K,)0, =5,58,, ®W.(K,K,)0, =1

where @, is the Fourier transform with respect to K,, see (3.27), and @: is the multipli-
cation operator (4.2) induced by the scattering matriz.

Proof. We will only prove the first equation, the second one can be proven similarly. Let

us define the projections Py(v) : K — K and Py(v) : K — K by
Pi(v) := @3 X (vp,00) P Py (v) := O X (va,00) P vELy.
There is
Wi (Ky, Ky) = Pi(v)Wi(Ky, Ky)Pi(w) + Po(0)Wi(K,, Ky)Pa(w).

Hence, it suffices to show:

(<I>UW+(KU, K,)®% f) () = SN Su(w) f(N), € L(op,0.), (4.3)

(@4 (K, Ku)®3f) (0) = SO S@)NFO), f el ((0a,00),C). (4.4)
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We will only prove (4.3); the proof of (4.4) is similar. Since x (45 (Ky +1)7" is compact,
in fact it is even trace class, we get by [BW, Proposition 6.70] that

s-lim X (a,5)(Kw + i) exp(—it Ky) Pae( Ky) = 0.

t—4o00

Applying this to all vectors of the form (K, + i) f we obtain

i—_l>1+rgox(Q7b) exp(—it Ky) Pie(Ky) = 0. (4.5)
Therefore
O, Wy (K, K05 [ = O, W, (K,, K05 [ + &, Wy (K, K,)®% f (4.6)

for f € L*(vp, v,), where
Wo(K,, Ky,) = s-lim exp(it[x”y)x(_oo@) exp(—it Ky) Pie( Ky),

t—400
Wiy(K,, K,) = i_h-{n exp (1t Ky) X (5,00) €XP(—11 Kyy) Pac (Ko ).
—+00
For every g € L*(vp,v,) there is
(N ®39)(2) = Ximala) [ A dal)(a ).
v

Since qq,(A) is purely imaginary for A € (vy,v,), we obtain by (3.16) that x(_cq.)®, is a
compact operator from L?(vj,v,) into K. This yields

lim X (—co,a) exp(—itKw)(I)ij =0 for all f € L2(vp, V).

t—4o00

Therefore ) )
oW, (K, K,)®,f=0 for all f € L*(vp,v4). (4.7)

For every f € C5°(vp, vy) we have
(CDUW;)(KU, K,)®7, f) (\)
N Va ~
= tip i [ e [ a3 = )BT T ) 45)

Using (3.16) we find for z € (b, o)

() N)e(00) s 1) = (b (2200 = )2

1
Arha/q(X)ge(1)
+ S (v)(N) exp (=152 (a5(A) + a(p))z)

+ Spp(w) (1) exp (iﬁhb(%(/\) + (1)) (4.9)

+ ST Sn(0) ) exp (122200 — ) )
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We have
Yo g e @) —w)e)
/b da / e p (it — ) f()
[ N | SXP (122 (g(N) — @p(p)))
_/ b Slw)e /b ! ahr/aNa(p)

There is in the sense of distributions

h exp (zﬂ(qb()\) — qb(,u))N) 2y, N N
— oy — (1)) — 4 (T(qb()\) - qb(,u))> as N — oo.  (4.10)

Hence,
e /N o e ((F (@) — a(w)e)
N=rtoo [y Aha/q(N)gs(p)
9 (5 (M) — o M) (@(N) + as(p))

m)) exp (4 (a(3) — ¢
)

- (
AR/ qs(A) o (1 dim/q(N)as(p2) A—p
= 55(/\ —p) =

exp (122 (qgs(N) — @5(1))b) (gn(N) + w(H)

dim/a5(A) b (1) A—p

Further we get

lim dx/ exp z— qb )\> _ qb(,u)).r) f(#)

N—=+oo drha/ qs(A)gs(fe)
_ Lyt p P LA —p) _ (gp(A) + as(p))
=05 [ Fn TR e (5 ) — ) T2,
Since in the sense of distributions
iexp(it()\—,u)) — (A —p) as 1 — oo (4.11)

i A—p

we finally obtain

tkinoo/ d;v/ il ;i\;%ﬂ))x) exp (it(A — p)) f(,u) = 0. (4.12)

Furthermore we have

Sbb

W ), dx/ ., 4w75W <P (-
= Spp(v)(A )/ d,uf( >eXp(Lt</\_H))/mdr exp (—i2me (g, (/\)+qb(,u)):v).

v drhr/qu(N)gs (1)

P27 (g (N) + qu(n))x) exp (it(A — 1) f (1)
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Since

/oo 2oexp (Zi5 (0 (N) + gr()x) _ exp (=% (@ (N) + a(1)8) (V) — ar(p)

Arhin/as(A)as (1) - Amin/as(N)as (1) A—p
one gets
°° " Sen(0)(A) 2, - SO F
[ i e (i) + a)e) e 10— ) 1
= Sw(v)(A) /vb d/ﬁf(/l)exi?;zt)\(i Iu;t)) exp (—i%(%(z\) + Qb(ﬂ))b) (Zb():])b(;)(z((ﬁ;)))

which yields

. Sbb - 2my, . A

lim d.r A exp (1t(A — =0.
Jim [ e [ 2 (0 + a0)e) e i u))f(u)(4 §
Similarly we prove .

; St (w ; 2me z)exp (1t(\ — f =
fim [ de [ e (252(00) + )] exp 40 m)f(m(m
We have .

A)Sw(w)(p)

lim d;v / Sbb
N—=+oo v 4Wh\/ a(N)ag(p)

—i2my () — ab(12)) ) x

x exp (it(A — p)) f(p)

= [ anf exp e SR [ enp (i ) — )).

4mha/qs(N)gp (1)
Since
lim /NdTeXp( 1222 (gy(N) — (1))
vt ), /a0 a )
_ (V) — a(w) N exp (=772 (g(A) — @(1))b) (g(N) + s(1))
4/ (N as(p) dim /(M) g (1) A=p
1 exp (=222 (gn(A) — @ (1)) (g6(A) + @s(n))
= A T e e X—u
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we obtain

m x Sbb Sbb(w)W)ex —i 2 (g, — )X
tl)+oo d / 47T b A)q()(ﬂ) p( k ((] (/\> q (/u)) )

x exp (it(A — p)) f(p)
= S (0)(N)Sa(w) (W) F(A). (4.15)
Thus, we get by (4.8), (4.9), (4.12), (4.13), (4.14), and (4.15) that

(@ W3(Ko, Ka)@LT) () = S(0) NS 0) 1)) (1.16)
for f € C&¥(vp,v,) and A € (vp,vs). Now (4.16), (4.7) and (4.6) imply the assertion
(4.4). O

In the following we set vy € Lg’, vo = vp. Lemma 4.1 implies
Corollary 4.2. If vo(z) = vy, for all x € R, then
O, = O W_(K,, Kuy)* = Sy Soy®0 Wi (Ko, Kop)*
S = S @i Wi (Ko, Ko W (Ko, Ko )O3, = 50, ®0, S(Ko, Koy )P,
for all v € Ly, where S(K,, K,,) is the scaltering operator

S(Ky, Koy) o= Wi (Ko, Koy W (K, Koy ).

The scattering matrix S,(A) can be completely described by the QTB family:

Lemma 4.3. Let a(X), T,(A), and Q(X) be given by (3.28), (3.29), and (3.32), respec-
tively. The scattering matriz (4.1) obeys

S.0) = QW) Loy + eV Q). A€ (omoo).  (417)
Proof. Using the definitions of a()) and T, () one gets

qb( )( ( ) €p (b) A€ (Ubvvﬂ)v

)
o(NT,(N) = V2 ( ST e)(b)  VaI(T () ) ) \e (on,00).
V@MW (TN es)(a) =/ qa(A\)(To(N)ea)(a) ) )

Taking into account (3.30) and (3.31) we obtain

)‘) V Qb()\)gbb(b, )‘)7 A€ (Ub7va)7

a(MNT,(A) = 7\/% < pb()\)\/m o(b, \) _pa()\>\/m¢a(b, \) ) o
MV @M ds(a,N)  paN) /(N dala, X)) 7 as ),
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where
po(A) == exp (iﬂﬁ”qb()\)b) and  p,(A) :=exp (—iZTg“qa(A)a) .
By equations (3.15), (3.16), and (3.23) one has

a(A)To(A)" = STy

h
Sbb(v)()\)pb()\)Z, A€ (vp,vy),
5 Sin(v) (NN VB SNPNR ) | e
— /28 San (o) (Vp(Mpa (V) Saa(0)(Vpa(N)? ’ |
which yields (4.17). O

Remark 4.4. Rewriting (4.17) formally as
Su(3) = Q) (T + iha(N) (L, (3) = N7 a(A)) QY
one suspects, that the resonances of K, are given by
{z € C_|z is eigenvalue of H,(z)},

see also Definition 3.7.

Remark 4.5. et v € Ly and Ay € R with Ay > v, be given. As in Remarks 2.5
and 3.6 we set Hy(v) := H,(XAg). The adjoint of the so-called characteristic function
Op,.n(2) : C — C, z € Cy, corresponding to the dissipative operator Hgs(v) (see
[FN]) is given by

G)Hdis(v)(z)* = ]I@ + ia(/\O)Tdis(U;E)*a z € @7

where Ty;5(v; z) is defined as in Remark 3.6, and £ is scaled to 1, see [KNR2, Lemma 3.3].
Therefore we get by Lemma 4.3

Su(A) = Q(A0)Om,,. () (A0) " @(Xo),

i.e. for any fired energy Ag the characteristic function is equal to the scattering matrix
Su(Ao), modulo the transformation Q(Ao).

5 Carrier and current densities

In this section we introduce the carrier density and the current density corresponding to

the QTB family {H,(2)}.cc, from Definition 2.2.
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5.1 Carrier densities

We now assume that p is a function
P =pp®pac with p, € CR(—00, 1), pac € L((vp,00), B(H(N)), Vac), (5.1)

where v, is given as in (3.25). Note that v,. does not depend on the potential v while
vp in (3.25) does. We have p(-) € L*(o(K,),B(h(AN)),v) for all v € Ly. Furthermore we

assume
Pac(N) = pac(N),  pac(A) >0 forae. X€E (vp,00), and p, > 0. (5.2)
By means of a function (5.1) we define the multiplication operator 7 on K, by
(P9)(N) = p(Ng(N), g €D(B) = LK), h(A). ) (5.3)
and finally the steady state p(v): K — K by
o(v) = D70, (5.4)
Obviously o(v) is a bounded, non-negative, selfadjoint operator which commutes with K,.

Remark 5.1. There is a one-to-one correspondence between bounded, non-negative, self-
adjoint operators which commute with K, and multiplication operators of the form (5.3),
ie. if p(v) : K — K is a bounded, non-negative, selfadjoint operator, which commutes
with K, then there exists exactly one function p € L*(o(K,),B(h(})),r) such that o(v)
has the representation given by (5.4), see [BW, Proposition 4.18].

Remark 5.2. Using Corollary 4.2 we can rewrite equation (5.4) in the form

0(v) = 0p(v) + ac(v), (5.5)

where

0ac(v) = W_ (K, Ky )o(vo)W_(K,, Ky,)*, 0(vg) = O Pac Py, (5.6)

and K, is the operator (2.3) and ®,, the corresponding Fourier transform with respect
to the constant potential vy = vs, see also Corollary 4.2. The operator g,(v) admits the
representation, see also [N1],

N(v)
op(v) = Z pp(Xi(0)) P(Aj(v)), (5.7)

where P();(v)) are the orthogonal projections of K, onto the eigenspaces corresponding
to the eigenvalues \;(v), 7 =1,...,N(v) , i.e.

POGES = (8.6 2(0) B N(0),  TEK.
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In the following we assume

Cye := esssup HPGC()‘)H%(U(A)) M4l <o (5.8)
AE (vpy00)
and we define
Cp:= sup  pp(A). (5.9)
AE(—o00,up)
(5.4) and (5.8) imply
| 0ac(v)(Ky —7)||3(x) = Cac < 0. (5.10)

For every h € Ly’ we define the multiplication operator M(h) : K — K by

h(z)f(z), = € (a,b),

0, ceR\ (a,5), € D(M(h)) = K; (5.11)

note ran(M(h)) C H. For any Borel set w C (a,b) we consider the observable U(w) :=
M(xw) : K — K. Now we define the expectation value of U(w) with respect to p(v) for
any Borel set w C (a,b) by

By () = tr(0(0)U ().

The definition is justified since
ltr(o(v)U(w))] < CoN(v) + Cacll(Ky — i)™ Py [l ) < o0,

where (5.10) comes to bear. There is

tr(o(0)U(w)) = (70, U(w /ﬁr/h Aty (P D) (2, V), (5.12)
where
60z N N e ay(K,),
60(0)(, A) A€ (v5,00),

|[pn(v) (2, A)[? ba(v)(z, Ndo(v)(z, X) o
( o(0) (2, \)da(v) (2, X) |a(v) (2, A)|? > A € (04, 20).

Hence, E,,)(-) defines a measure which is absolutely continuous with respect to the
Lebesgue measure.

Definition 5.3. The Radon-Nikodym derivative of Ey,)(:) is called the carrier den-
sity, with respect to p(v), of the open quantum system described by the QTB family
{H,(2)}.ec, and will be denoted by u,,). Note the assumptions (5.1), (5.2), and (5.8).

(5.12) directly implies

ug(y)(.r) = /(I’ )dl/(/\) ug(v)(x, /\), T € (a,b), (513)
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with

UQ(ij)(xy )\) = (p()\)Tﬁg‘U($7 )\)7 qu(év, A)) 5O\ s A E U([X’U), S (d, b), (514)

where p(A)7 denotes the transposed matrix. Since p > 0 the carrier density is positive,
Le. uyw)(z) > 0 for a.e. x € (a,b). Note that in (5.14) enter only the values of the
eigenfunctions for arguments « € (a,b). These can be expressed by the QTB family, see
Lemma 3.4 and Lemma 3.8.

Remark 5.4. As in Remarks 2.5, 3.6, and 4.5 we fix a A\g > v; and define

pais(Ao) 1= Q(Aa)"p(A0)Q(Ao), (5.15)
where (o) is given by (3.32). Remark 3.6 and the results from [KNR2, Section 3] imply
Udis 'u(-L /\0> = Up(v )(.L /\)

where wug;s,(2,€), € € R, is defined as in [KNR2, Section 3] with the density matrix
pdis(Xo) given by (5.15). Thus, we get that the carrier density of the dissipative system
and the carrier density of the QTB system coincide for fixed energy Ay, if the density
matrix for the dissipative system is transformed by (5.15).

Example 5.5. Let f € C&(R) be positive and

esssup f(A)VA2 + 1 < oco.
AE(vp,00)

For o(v) = f(K,) we obtain

w () = | )]

Example 5.6. Assume that f is given as in the previous example. Furthermore, let

oz, N

, x € (a,b).
h(A) (a,b)

€qs €, €, € R be given constants. If
fA = &), A € (—oo, vy,
f()\_ﬁb), A S (Ub7va)7

p(A) =
f(/\ — 65) 0
( 0 f(A—ea)>’ hE o),

then

Z fOA )| dp(0)(, As(0)

o0

¥ / SOl P+ [ SO — @b e (),

vy Va

The function f can be interpreted as a distribution function and the constants ¢,, ¢, as
the Fermi level of the reservoir at a, b, respectively, see [F1, MKS]; the constant e, is
the Fermi level of the bounded states. If ¢, = ¢ = ¢,, then one is in the situation of
Example 5.5.
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Lemma 5.7. The carrier density u,w) from Definition 5.3 obeys

b
/ dx gy (2)h(z) = tr(o(v)M(h)), for all h € Ly, (5.16)
M(h) being the multiplication operator (5.11). In particular there is
lug@ller < CoN(v) + Cacll (Ko — )7 Py lls, (x-

Proof. For any Borel set w C (a,b) there is

o) M) = By(w) = [ dr (0D o),

i.e. (5.16) for all A = y,. By linearity (5.16) also holds for step functions on (a,b). Since
Upg(yy is in Ly and oM (x(ap)) is a trace class operator (5.16) extends by density of the step
functions in L§" and continuity to all A € L. Because M(x(ap) = Py there is

gyl = tr(e(v) Py) < CoN(0) + Cacl| (Ko — i)™ Py, x).

O
5.2 Current densities
For z € (a,b), A € o(K,) the current density j, () is defined by, see [LL],
k@)= | o (),
(5.17)

h a b b d
.j v (I7)\> = Im (p()‘)T _¢U(T3A>7¢U(T3A)> :
olv) m(z) 0z b
Direct calculation shows that h%jg(y)(x, A) =0, i.e. o) is constant jy)(2) = 7,0

Remark 5.8. The point spectrum and the simple spectrum do not contribute to the
current:

jg(y)()\) =0, A€ o(Ky)\ (vg,00).
Indeed, as Im(ig,(A)) = 0 for X € (vy,v,) we get by (3.16)

) = i (=220, IS Pesp (—T20(0a) ) 0. X (on0),

Now let us regard a y € o,(K,). By Lemma 3.8 we have that g € o({H,(X)}). Since
{Hy (M)} re(=oo,) are selfadjoint operators, we get

ép(v)(ayp) = n(v)(a,p) and  glosdr(a, p) = —ka(p)n(v)(a, p),
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where n(v)(-, ) is the eigenfunction of the family {H,(A)}rg(=o0,,) corresponding to the
eigenvalue p. Therefore

jQ(U)(,u) = Im (—ma(u)|n(v)(a,u)|2> =0, forall u€o,(K,).

A straightforward calculation shows that

Jew)(A) = tre (p(A)C(0)(A)), A € (va, ), (5.18)
with
v :l W(qbb(U)('x?)‘)qub(xv)‘)) W(%(“)(%)\)a%(%)‘))
0= (WG ) WERE et ) 61

Lemma 5.9. The operator C(v)(X) is selfadjoint and admits the representalion

g5(A) 2
v — 1 _qa(A)|Sba(”>()‘)| Sab (0)(X)Sps(v ( )
C)(A) = 5= ( 282 S (0)(A) Saa(0) (V) () . (5:20)
There is
Clo)A) = 2rh (PaSu(A)" Py = By (A)"Pa) Su(A) Jor X € (v,,00), (5.21)

where Py := (-, e4)z €a and Py := (-, e5)cz ey with e, := (1,0)7, ¢, := (0,1)T € C.

Proof. By (3.23) and (3.16) for < a we have

W BT, 1 ) = = W AT (e, 0) = =55 2 IS (0) )

Using (3.23) as well as (3.15) and (3.16) for = > b we get

W BTN . 3) = 57| SISl )
Similarly we obtain
- _ 7 qa()\>7
W B, 6n( ) = o LIS 0}
and C a()
T ! 2
W BT e 0) = 55 2N S 0)
Using (5.19) and (3.10) we verify (5.20). The relation (5.21) immediately follows from
(5.20). The selfadjointness of C'(v)(A) follows from (3.10) and the identity (5.20). O
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Note that the current depends only on the density matrix p(-) and the scattering matrix
Su(A). As has been shown in Lemma 4.3 the scattering matrix is completely described by
the QTB family. Thus, the same is true for the current.

Remark 5.10. As in Remark 5.4 we assume that Ag > vy is fixed. Let pgis(Ao) be given by
(5.15) and let jg;,, denote the current density of the dissipative system corresponding to
the density matrix g4, as defined in [KNR2, Section 4]. By Lemma 5.9 and [BN, Theorem
7.1.] we get jaisw(Ao) = Jo)(Ho), i-e. the current density of the dissipative system and of
the QTB system coincide for fixed energy ).

Example 5.11. For the density matrix p from Example 5.6 we get the current

Joy(A) = T(0)A) (J(A —ca) = f(A=e))s A€ (va;00),

where
-

is the so-called transmission coefficient. Note that if ¢, = ¢, then jQ(U)()\) = 0, 1.e. In

|Sha (M) =

| San(A)]?

particular for any density matrix as in Example 5.5 the current is zero.
Proposition 5.12. If
| ara (o)) < o,

then the total current is bounded and the bound does not depend on v:

. 1 ~
e < 37 [ Mt (p(0)

Proof. Since ||(PySu(A)* Py — PySy(A)*Pa)Su(M)lpry < 1 for X € (v,,00) we immediately
get from (5.18) and Lemma 5.9

o0

. 1
el < 5 [ Xtz (p(V)).

6 Carrier density operator

In this section we define the nonlinear carrier density operator which associates the poten-
tial seen by particles to their density and prove that the density depends continuously on
the potential. Following [BKNR] the carrier density operator N; : Ly — L, is defined
by

No0) = gy, v € D) = LE, (6.1

where u,(,) is the carrier density from Definition 5.3,
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Remark 6.1. If we assume instead of (5.8) the slightly stronger condition

esssup || pac(A) |l (1 + A%) < o0,
AE(vp,00)

then one can prove that the particle density operator N3(-) is not only well defined as an
operator from LY into Lk, but takes its values in Wy

By means of Proposition 2.6, Proposition 2.8, and Lemma 5.7 one obtains

Lemma 6.2. Ifv € Ly, then

\/2 0 b—(J,
| NVa(0)||e < G, <1 + Hml‘;h( )\/ ol + |’l)b|)
+ Cac<3 + (8 + 44/ ||m || (b ; a)) 1+ HUHLOO)

We are now going to prove that the particle density operator is continuous. For doing
this we need some technical lemmata.

Lemma 6.3. Assume (v,)neny C Ly and v € LY. If v, v asn — 00, then

fim [|(K, = 2)7" = (Ky = 2)™ w00 = 0,

n—oo

for all z in the resolvent set of K.

Proof. By [K, Theorem IV.1.16] K,, — z is boundedly invertible for z in the resolvent set
of Ky, if ||v — v,]|Le < (H(Ky — z)_lﬂ%(,@)_l. Hence, z is also in the resolvent set of K,
for sufficiently large n. Furthermore, there is

) . (K, = 2)™" ey
(Ko — 2) gy < 2 .
E =T on — vl [(Ky — 2)"lsney

Since PQ(KU — z)_l is trace class one gets
(Ko — 2)™" = (Ky = 2) 7l 00) < (Ko = 2) ™ lsmoy lon — olles || P (K — 2) ™ |8, )
which completes the proof. O

Lemma 6.4. Assume v € Ly, (vn)neny C Ly, Let Ai(v), ..., /\N(U)(U> and A (v,), ..

AN (un)(Un) be the eigenvalues of Ky and K., , respectively. If v, v asn — 00, then we
have N(v) = N(v,) for sufficiently large n and

lim Ap(va) = Ax(v),  lim [[P(Aj(va)) = P(i(0))[lwcy = 0, k=1,---, N(v),

n—oo

°)

where P(A,(v,,)), P(Ax(v)), denote the projection onto the eigenspaces of K,,,, K, corre-
sponding to the eigenvalue Ai(v,), Ap(v), k =1,-, N(v), respectively.
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The proof follows immediately from Lemma 6.3 and [K, Theorem 1V.3.16].

Lemma 6.5. If v € LY, (v,)nen C Ly with v, i v, then

s-lim Wi (K,,, K,y) = Wi(K,, Ky,),

o - - (6.2)
s-lim WI(K,,, K,) = Wi(K,, K,),

n—oo

where K, is the operator (2.3) referring to the constant potential v = vy, see also Corol-

lary 4.2.
Proof. Lemma 6.3 and [K, Theorem X.4.15] provide

s-lim W (Ko, 4 )7 (Koo + )7 = W (Ko + )7 (Ko +1)7)

n—oo

for a sufficiently large p € R. Taking into account the invariance principle, see for example
[BW], we obtain the first assertion, the second one follows in the same manner. O

Theorem 6.6. Assume v € Ly’ and (v,)nen C L§°. If v, i v, then
N5(v,) L N3(v)  and  Jow,) — Jo(v) as n — 0o,

i.e. the carrier densily operator is a continuous operator from LY to Ly, and the current
densily operator is conlinuous from Ly to R.

Proof. According to Lemma 5.7 there is

/a dz (Np(vn)) (@) — (Np(v))(2)) h(z) = tr((e(vn) — e(v)) M(R)), (6.3)

for every real-valued h € L*. Using the decomposition (5.5) for the steady states o(v,)
and p(v) we get

tr((o(vn) — o(v))M(h)) = tr((ep(vn) = ep(v))M(h)) + tr((2ac(va) = ac(v))M(R)), (6.4)

where 04.(v), uc(vn) and g,(v), op(v,) are given by (5.6) and (5.7), respectively. We will
first show that the first addend in (6.4) tends to zero as n — co. By Lemma 6.4 we have
that dim(ran(g,(v,))) = dim(ran(g,(v))) =1 N < oo, for sufficiently large n. Hence, it
suffices to show that |[o,(vs) — 0,(v)|[sxy — 0 as n — oo. We have by the deﬁnltlon of

0p(vy) and p,(v), see (5.7),
llep(vn) — op(v)[ls(x)
<3 (1005600 = D]+ AN TP 0n)) = PO lmce)- (6

i=1
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Since p, € CB(—o0,vy), see (5.1), we get by Lemma 6.4 and (6.5) that g,(v,) converges
in the norm of B(K) to g,(v) as n — oco. Hence,

lim sup [tr((ep(vn) = €p(v))M(R))] < N lim [lop(vn) = ep(v)[lmx) = 0. (6.6)

ntad P25

To prove that the second addend in (6.4) tends to zero as n — oo, we set
W:=W_(K,,K,) and W, :=W_(K,,, Ky).
By (5.6) we obtain
0ac(Vn) = 2ac(v) = (Wi = W)0ac(vo) W + Woae(vo) (W — W),
Since WK,, = K,W, W,K,, = K,,W,, and ||gac(v0)(Ky, £ 1)|| < Cae < 00, see (5.10),

we get
[tr((Qac(vn) = Qac(v)) M (R))|
< [t (Ko + )7 W = (Ko )7 W) 0e(00) (K + )W M (R)))
+ ‘tr (W(I&’UO — 1) 0ac(v0) (W;(Kvn — i)t = WX (K, — z')_l) M(h))‘ .
We estimate the terms on the right hand side separately:
(o +0)7 W = (o +8)7 W) 2aclv0) (Ko + 1) WM (R) |
< Coe | (W, — i)™ = WKL = )7) MR,

|t (W ( Ky, — 1) 0ac(vo) (Wi ( Ky, — 1) = WKy, — i) )M(h))]

< Coe (Wi (Ko = i) = W (Ko, = i)7) M(B)|gy,

< Coc||[(Ky, =) = (K, —

i)_l}‘%l(;c) Hh“LOo

+ Cac [|[(Wyr = W) Koy — 1) P | g, ) Il 2~

and finally obtain

tr((2ae(on) — acl)MD] < 2l ([|(Ko = 7" = (Ko = 17 gy
0V = W0 =) Py )
By Lemma 6.3, Lemma 6.5 and the fact that (K,, — i)' PY is trace class one gets

lim sup  [tr((ac(vn) — 0ac(v))M ()| = 0. (6.7)

O |Al| pee <1
Now (6.3), (6.4), (6.6) and (6.7) imply the assertion.

Lemma 6.5 implies by Corollary 4.2 the strong convergence 5':,; = :SAY; Using the expres-
sion (5.21) for C'(v)()) one sees that j,,) — Jy() as n — oo. O
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7 Quantum transmitting Schrédinger-Poisson system

Let us now consider the quantum transmitting Schrédinger-Poisson system, i.e. the non-
linear Poisson equation (1.1) with the carrier density operator from Section 6:

—%6%@ =q (O + N/;; (vg) — N{_(“—)) in (a,b) (7.1)

and the mixed boundary conditions

p=¢r onl, — — 6%9@ = k(p —¢r) on{a,b}\T, (7.2)
where T' C {a,b} is the Dirichlet part of the boundary and the function ¢r, defined
on [a,b], represents the Dirichlet boundary values given on I' and the inhomogeneous
boundary conditions of third kind on {a,b} \ I'; the function & > 0 is defined on {a,b}
and can be seen as the capacity of the boundary; in particular k£ is zero at an insulating
interface, see [G]. We recall from Section 1 that ¢ is the dielectric permittivity function,
q 1s the elementary charge, C' is the concentration of ionized dopants. Each of the carrier
density operators Ni(”i) is determined by a Buslaev-Fomin operators in,
electrons (with index —) and for holes (with index —I—). The potential for the electrons

one for

and holes is given by
vy = wE £ g,

* are given real-valued potentials—the band edge offsets. The thus specified non-

where w
linear Poisson equation (7.1), (7.2) will be called the quantum transmitting Schrodinger-
Poisson system. In order to define the notion of solutions to this system precisely we in-
troduce the following function spaces: With respect to the (possibly empty) set I' C {a, b}

of Dirichlet points in the boundary conditions on Poisson’s equation we define

W2 i= Wg? 0 {3 | ¢(T) C {0}}.

The dual space of WIL’Q is denoted by W;]’Q and by (-,-) we denote the dual pairing
between WIIJQ and WEI’Q. The embedding constants from Wlég into Ly is denoted €., and

the embedding constant from L}, into W;LQ is denoted by €.

7.1 Assumptions

Throughout this section we make the following assumptions on the data of the problem:

+

A1. The effective masses m4 are positive and obey my, ml—i € Lg. The constants mj,

mbi € R are positive.
A2. The real constants v, v obey vE > vi.

A3. The external potentials w* belong to L.
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A4. The functions py(-) = pf(-) @ pE. (), with
Py () € Co(—oo,v7) and  pi() € L((vj, 00), B(h(N)), vac),

see (5.1), where h1()) are given by (3.24) with vy, v, replaced by v, vE. Further-
more, the py(-) satisfy (5.2) and (5.8).

A5. The doping profile C', see (7.1), belongs to the function space WELQ.

A6. The dielectric permittivity function e is positive and obeys e, % € Lg. We set
¢ := max{1, || ||}

AT. The set T' C {a,b} is not empty or at least one of the numbers k(z), z € {a,b} \ T,
is strictly positive.

A8. The function ¢r is from the space Wg?.

To each Buslaev-Fomin operator K7, see (2.3), we associate a QTB family {[—]3::&(,7;)}26'@+

according to Definition 2.2. The functions py(-) define by (5.4) steady states o4 (v), i.e.
non-negative selfadjoint operators which commute with Kvii. The carrier densities u,, (.
for the electrons and holes are determined by Definition 5.3. The corresponding carrier
density operators (6.1) are denoted by N%(U)-

7.2 Definition of solutions
The linear Poisson operator P : W;Rf — W;]’Q is defined by
b
(Pos) = [ de o))+ 3 Kapuleks(e)
a z€{a,b}\T
for all ¢ € W%, v € D(P) = W™,

The restriction of P to Wr? will be denoted by Py. We note that the inverse of Py exists;
its norm does not exceed €(1 4 ~;), see [BKNR], where

112
Yk =  sup
0£YEWR? M)IH@ + er{a,b}\rk(x)W(x)P

which is finite since the case of purely homogeneous Neumann boundary conditions is
excluded by assumption A7. We denote by ¢r the bounded linear form

v — A dz e(z)ph(z)v'(2), v € D(gr) = Wp2
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Definition 7.1. If u* € L}, then ¢ € Wﬂlé2 is a solution of Poisson’s equation

d d
e = + oy i
e q(C—I—u u ) in (a,b)

with the boundary conditions (7.2) iff ¢ — pr € Wp? satisfies
Pole —er) =D +q Fuut —qgFu™, (7.3)
where D := qC — ¢r and E; denotes the embedding operator from L' into W;]’Q.

Definition 7.2. (p,ut,u”) € Wﬂlgz X L x Lg is a solution of the quantum transmitting
Schrédinger-Poisson system if o satisfies Poisson’s equation in the sense of Definition 7.1

with

+ and u” =u_

_ .t
=u 0— (W™ —qEBoo )’

u
o+ (wt+9Ex0 @)

where F,, denotes the embedding operator from Wy into Lg.

7.3 Existence of solutions

Following [KR] we define a mapping whose fixed points determine the solutions of the
quantum transmitting Schrodinger-Poisson system. To that end we first introduce the
mapping J : L x Ly — W]IR’2 which assigns to a couple of densities (ut,u™) € Ly x Lg
the solution of Poisson’s equation:

j(11,+,71,_) :770_1 (D—I—qu(u"' —u,_)) + pr. (7.4)
Obviously, the map J is continuous. Now we define ¥ : Lg° — W]lg’2 by
U:ov— (Npi: (w+ + qv),Nﬁ__(w_ — qv)) > j(]\fpl: (w+ + qv),/\/ﬁ__(w_ — qv)).

Since the carrier density operators N’pi are continuous, see Theorem 6.6, we get that ¥
is continuous. Finally we define ¥, : Lg¥ — L§® by

U = FE V.

: 1,2 . . .
As both U and the embedding operator F., from Wg* into Lg® are continuous so is U,
Moreover, the map U, is compact because F., is compact.

Lemma 7.3. An element v € Ly is a fixed point of V., if and only if the triple
(U(v),ut,u”) = (¥(v),u’

U
o+(wt+qv)’ 9—(w‘—qv))

is a solution of the quantum transmilting Schrédinger-Poisson system.

The proof follows directly from the definitions.
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Definition 7.4. With respect to the data of the problem we define

2+Vﬁ+
Tg 1= o
0 9 4 29

as the (unique) positive root of the polynomial p : z — 2% — 012 — 03, where

o1 = encré(1 +v1)q(of + 07), (7.5)
o2 = oolprfwiz 4 €col(1 +71) {1 Dllw-12 + ger(0F +03)},

and

ot =\/qC% <8 +4 HmiHLmL);a)) + 4Gy ( QHmil%M(b_ a)) ; (7.7)
7 =Ca <3 ! (8 + 43/l i “’;“)) VIt Hw*Ht”")
vk (1 o Vel Tws s+ Toli(b - a)) | 78

mh

with C£ and Cpi according to (5.8) and (5.9), respectively

Theorem 7.5. The map U, : Ly’ — LY has a fized point. For any fized point v of U,
there is

ol < a5, (7.9)

where xg is according to Definition 7.4.
Proof. By the definition (7.4) of the operator J we have
17 g < ol + 0+ 2D + aFa(a® — ) fyyera (7.10)
< lprlhwye + 20+ 30) (I Dl + g (s + o))
Since ut = N,i(”i) with vy = w* £ gv we get from Lemma 6.2:
s <ot /Tollis + o (7.11)
where o*it and o*;t are given by (7.7) and (7.8). Thus, (7.10), (7.5), and (7.6) provide
- 1/2
Voo ()i < €| TNF, (@), N5 (0)lwrz < o] + 0. (7.12)
If 2o is the unique positive root of the polynomial p : x + 2? — 012 — 03 and ||v|L~ < 3,

then
Voo (v)|lLee < 0120 + 00 = 22
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Hence, U, maps the ball {v € L |||v|lL~ < x5} continuously into itself. Since W, is
compact, the image of this ball is precompact in Lg’. Therefore Schauder’s fixed point
theorem assures the existence of a fixed point.

Let us now assume the second assertion were false, i.e. we assume that there exists a fixed
point v satisfying ||v||L~ > 2. By (7.12) we get
1/2 1/2
(IoI%) = llelles = o)l < orllolli + oo
This is a contradiction to p(z) > 0 for > . O

Theorem 7.6. Under the assumplions A1-A8 the quantum transmitting Schrodinger-
Poisson system always admits a solution in the sense of Definilion 7.2 and any solution
(p,ut,u™) of the quantum transmitting Schridinger-Poisson system salisfies the a priori
estimate

lolle <2, llutlo < Chra + s, (7.13)

where xq is given by Definition 7.4 and

3t <8+4¢m<b;“>) (Vo + T+ ¥ Tim)
VAR (T Tl + o)

mh

sy =1+

Proof. The first assertion follows from Lemma 7.3 and Theorem 7.5. The first inequal-
ity (7.13) is obtained by (7.9); The second inequality is implied by the first one and
Lemma 6.2. O

7.4 Concluding remarks

Open quantum systems like the quantum transmitting Schréodinger-Poisson system were
treated in a very general framework by F. Nier in [N1]. In [N1] the density matrix o(v)
was assumed to be of the form p(v) = f(K,), for some smooth function f with compact
support. This leads to a zero current, see example 5.11. We have demonstrated that
for density matrices of a more general form the QTB family allows to model a non zero
current flow through the boundary of the device. This allows a current coupling of a QTB
family with a classical drift diffusion model or a kinetic model. However, in coupling
the QTB family with an external model for the potential to be seen by Schrodinger’s
operator one cannot assume anymore that the potential outside the interval (a,b), i.e. v,,
vy is fixed. Hence, the operator F defined by (2.1) has to be replaced by the operator

E: Cg([a,b]) — CB(R) given by

_ v(a), —oo<z<a, N
(Ev) (z) == { o(z), =€ (a,b), v € D(F) = C([a,b)).
v(b), b< < oo,
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The Buslaev-Fomin operators are then defined by

Note that in this case the absolutely continuous spectrum depends on the potential v, i.e.
0ac(K,) = [min{v(a),v(b)}, o). Furthermore, in general the wave operators

We(K,, K,) = s-lim exp(it K,,) exp(—=it K,) Poe(K,),  v,w € Cg([a,b])
t—too
do not exist and therefore we do not have a representation as given in Remark 5.2. Thus,
the techniques used in this paper to prove the continuity of the particle density operator,
see Theorem 6.6 do not apply in this case.

There is a close relation between the dissipative Schrodinger-Poisson system treated in
[BKNR] and the quantum transmitting Schrédinger-Poisson system we have investigated
in this paper: As already noted in Remark 5.4 and Remark 5.10 the carrier and current
densities of the dissipative and the quantum transmitting Schrodinger-Poisson system
coincide for fixed energy Ao > vy, provided the density matrix of the dissipative system is
transformed according to (5.15). Therefore the dissipative Schrédinger-Poisson system can
be regarded as a single energy approximation of the quantum transmitting Schrédinger-
Poisson system.

We have demonstrated that the quantum transmitting Schrodinger-Poisson system always
admits a solution, if the assumptions A1-A8 are satisfied. Moreover, there are a priori
estimates for any solution ¢ and the corresponding carrier densities uy. However, unique-
ness of solutions has not been settled. We have shown that the QTB family contains all the
information, which is needed to determine the carrier and the current density, see Lemma
3.4 and the expression (5.13) for the carrier density and Lemmata 4.3 and 5.9 for the
current density. Since the QTB family lives on a bounded domain, an efficient numerical
algorithm can be developed to implement the quantum transmitting Schrédinger-Poisson
system.
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