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Abstract

We present a thermodynamically consistent model to describe the
austenite-ferrite phase transition in steel. We consider the influence of
the mechanical displacement field due to eigenstrains caused by volu-
metric expansions. The model equations are derived in a systematical
framework. They are based on the conservation laws for mass and
momentum and the second law of thermodynamics. By means of nu-
merical computations for a simplified interface-controlled model, we
examine the influence of the mechanical contributions to the transfor-
mation kinetics and the equilibrium states.
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1 Introduction

Steel is one of the most widely used materials. By alloying, heat- and ther-
momechanical treatment a broad spectrum of properties can be obtained.
The microstructure and the distribution of different phases such as ferrite,
austenite, martensite or pearlite are of great importance, due to the fact that
they each possess different hardnesses and other mechanical properties, see
e.g. [12].

In this study, we examine the phase transition from austenite (y-iron) to
ferrite (a-iron) as a preliminary stage to the modelling of the formation of
pearlite, which is a lamellar mixture of ferrite and cementite — a metastable
compound FezC.

The phases austenite and ferrite are characterised by different crystal
structures. Important for their constitution is the so called sublattice model.
The iron atoms form a host lattice, which has a body centred cubic (bcc)
structure in the a-phase and a face centred cubic (fcc) unit cell in the -
phase. The carbon atoms are interstitially dissolved on a sublattice, which
is formed by the octahedral sites. The number of sublattice sites is different
in ferrite and austenite. In a-iron, there are three times as many sublattice
sites as iron atoms, whereas in y-iron both lattices have an equal number
of lattice sites. Empty sublattice sites are a carrier of energy and entropy
and have to be considered. These vacancies are introduced in the model as
a massless constituent.

Two processes that determine the v/a-phase transition are the diffusion
of carbon through the austenite and the lattice transformation of the iron. If
one of these processes dominates the other, special cases can be considered.
The transformation behaviour is called diffusion-controlled, if the carbon dif-
fusion is dominating. If the second process determines the growth rate of the
new phase, then one refers to the interface-controlled mode and a homoge-
neous carbon distribution can be assumed. Furthermore, mechanical stresses
and strains affect the phase transition. Because of the different crystal struc-
ture, ferrite has a larger molar volume than austenite. In addition, the carbon
atoms have a larger diameter than the sublattice sites offer in space. There-
fore, dissolved carbon causes an expansion of the iron lattice. The changes of
the volume during the 7/a-phase transition due to these effects cause eigen-
strains, which accelerate or decelerate the growth of the ferrite phase. The
model presented here accounts for the local mechanical fields caused by the
volumetric expansions.

Probably one of the earliest studies considering the diffusion-controlled
case has been done by Zener [13] as early as 1949. In a work by Wits et al. [11]
the influence of the overall carbon concentration to the mode of the phase



transition is investigated. Simulations are done for a mixed-mode model,
i.e. the lattice transformation and the carbon diffusion are included in the
calculations. The character of the transformation is identified by evaluating
the carbon concentration at the interface. The influence of mechanical effects,
especially eigenstrains caused by the different densities of the two phases, is
not considered there.

Dreyer and Duderstadt [3]| present a model for phase transitions in gallium
arsenide wafers, where effects due to mechanical stresses and strains are
included. A similar approach is adopted in this work. The model presented
here is not restricted to steel. In fact, the basic ideas are applicable to a wide
range of problems, for example the modelling of charging and discharging
processes in lithium batteries [4]. Similar to the case of steel, a sublattice
model is used there to describe the constitution of the phases. In a work by
Bohme et al. [1], a thermodynamical model for a general mixture of multiple
components is given, where the mechanical displacement field is included.
The model is derived in a systematical framework, taking into account the
conservation laws for mass, momentum and energy as well as the second law
of thermodynamics.

We describe the derivation of a sharp interface model, based on the
afore mentioned physical principles. We concentrate on the modelling of
one austenite grain as a typical part of the microstructure and neglect effects
like grain coarsening or grain boundary diffusion. We restrict ourselves to the
isothermal case, since on the scale of one iron grain heat conductivity is sup-
posed to be fast compared to the diffusion of carbon and the migration of the
interface. By means of numerical simulations for the interface-controlled case
the influence of the misfit strains on the kinetics of the phase transformation
is investigated.

The paper is organised as follows: in Section 2, the thermodynamical
model based on the conservation laws for mass and momentum is described.
We derive constitutive functions that are in accordance with the second law
of thermodynamics. The mechanical displacement field is investigated in
Section 3. Since the free energy is important for the description of phase
transitions, Section 4 is devoted to the determination of this quantity. The
underlying idea is a decomposition into a chemical part and a mechanical
part, which accounts for the effects of the misfit strains. In Section 5, a special
case is treated, i.e. we consider a spherical-symmetric iron grain and assume
an interface-controlled transformation behaviour. In doing so, a system of
equations is derived to compute the temporal evolution of the homogeneous
carbon concentrations in austenite and ferrite. The section is concluded with
the presentation of numerical results.



2 Thermodynamic description of the Fe-C sys-
tem

In this section, we derive the thermodynamical model that describes the
phase transition from austenite to ferrite in steel. Throughout this paper an
upper index is used for denoting vectors. Furthermore, we make use of the
sum convention, i.e. one has to sum if superscripts occur twice.

We consider a domain Q := Q, U Q, C R? which is occupied by the
two phases ferrite and austenite, denoted by the open domains 2, and €,
respectively, with €, N Q, = (. The phases are separated by an interface
I :=Q,N1Q,. The state of the system at a given absolute temperature T is
described by the following variables

na(t,2’), a € {Fe,C,V}, the mole densities of iron, carbon
and vacancies, (1)
u'(t, x) the displacement field,

which can depend on time ¢ and position z = (2!, 22, 2%) € Q.

2.1 The balances of the partial mole densities

The model is based on the following conservation laws of the partial mole
densities

Onpe  Onpevk onc  Ongvk ony  Onyok
e—(, ¢ —0 and Y =0, (2
o o &t ar and -t e =0 )
where v*, a € {Fe,C,V}, are the partial velocities of iron, carbon and va-

cancies. Due to the sublattice model there is a restriction on the three mole
densities. In austenite the number of host and sublattice sites is equal, that
is nge = nc + nv, whereas in ferrite the number of sublattice sites is three
times the number of host lattice sites: 3np. = nc + ny. This side condition
can be written as

3 in €,
1 in Q,,

(3)

NNpe = Ng + Ny with n = {

where 7 is called the site ratio. The three mole densities are not independent
and therefore one of the balance laws (2) must be the consequence of the two
others. To guarantee this we define

k k k
N NpeVpe = NCVG + Ny Uy (4)
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and in the following we can restrict ourselves to the balances (2), and (2),.
To describe the state of the system, the mass density p and the barycentric
velocity v¥ of the mixture need to be defined. These quantities are given by

P = Pre + pPc and ka = /)Fevllge + Pcvéa (5)

where ppe := mpenpe and pc := mcnc are the partial mass densities of iron
and carbon, mg, and m¢ denote the corresponding molecular weights. Since
vacancies have no mass, they do not contribute to the mass density and the
barycentric velocity.

Next, the diffusion fluxes with respect to v* are defined for each con-
stituent

Jke = 1pe(Vi, — v%), j& = ne(ve — %) and g = ny(vy —oh). (6)

Expressions (4) and (5) lead to the identities
Nite =Jo+Jv  and  mp, +mejé = 0. (7)

These relations can be used to eliminate j§, and j%, such that only the
diffusion flux of carbon has to be considered. In the following this flux
is denoted by j* := jE. Introducing the diffusion fluxes into the balance
equations (2) one obtains together with (7), the following partial differential
equations

Onre n onpe®  me 05% B

ot or%  mpe OxF 0 QO (8)
onc n Oncvk n 5" _0 .
ot Oxk ork

This is a system of diffusion equations for the mole densities of iron and
carbon. The diffusion flux j* is related to the variables introduced in (1) by
a general version of Fick’s law

. 0 m
j* = —MP — (u—n Cuv) (9)

Oxk Mre

with g := puc — pyv and M® > 0 denoting the mobility of the carbon atoms.
The quantities uc and py represent the chemical potentials of carbon and
vacancies, which can be expressed in dependence on the mole densities and
the mechanical displacement. For a detailed derivation of the relation (9),
by evaluating the second law of thermodynamics, we refer to Appendix A.1.
The chemical potentials will be introduced in Section 4.



On the outer boundary 92 with the outward unit normal vector v*, Neu-
mann boundary conditions are imposed on the diffusion flux

PP =0 on 0S).

On the interface I the mole densities are discontinuous. These discon-
tinuities can be expressed by jump conditions. Similar to the conservation
laws (2) in the bulk, one can define conservation laws on /. The material
mole flux across the interface is conserved, which can be written as

[neevrel] = [[nre]Jw” =0 and  [[ncvc]] = [[nc]lw” =0 on I, (10)

where v* and w” := w'v/’ denote the unit normal vector pointing from Q.
to 2, and the normal interfacial velocity. The double bracket indicates the
jump of a quantity across the interface: [[¢)]] = ¢* — 7. As an abbreviation
the interfacial mole fluxes are defined as

Nre := npe(vh, — w") and  Ng :=nc(vé —w"). (11)
We conclude by (10) that they are continuous across the interface
& =N, and &=NJ onl. (12)

In analogy to the constitutive function (9) for the diffusion flux j* one can
derive the following relations for the interfacial mole fluxes defined in (11)

Now = =M [l = =20 and - Ne = —Mg[[u— =0 ui])
p P

(13)
The quantities M{, > 0 and ML > 0 are the interface mobilities of iron
and carbon. The newly introduced expression ‘) denotes the trace-free
or deviatoric part of the Cauchy stress tensor o/, see Section 2.2, which is
obtained by the decomposition 0% = 10" §%+5%). The kinematic conditions
(13) specify the interface migration in terms of the interface velocity w".
They can be derived by evaluating the second law of thermodynamics on the
interface, see Appendix A.2.

Instead of the mole density nc, the carbon content is often expressed in
terms of the site fraction of carbon, ¥, defined as the ratio of sublattice sites
occupied by carbon and overall density of sublattice sites, i. e.

nc nc

Y= = . 14
nc+nyv  NNpe (14)




2.2 The quasistatic balance of momentum

In order to determine the deformation of the iron lattice in terms of the
displacement field u’, the balance of momentum is examined. Since mechan-
ical equilibrium is attained much faster than chemical equilibrium, one can
consider the quasistatic case, which reads

0o

oxd

=0 inQ. (15)

The quantity 0% denotes the Cauchy stress tensor, which is related to the
displacement field u’ by a constitutive law. A detailed description of the
stress, strain and the displacement, including the constitutive relation, is
given in the next section.

As boundary conditions we impose

oI = —pyi’ on 09, (16)

where pg is a constant outer pressure. This boundary condition refers to
the pressure-controlled case. Due to the fact that the pressure is fixed, the
volume of the body can change. Another possibility is the volume-controlled
case, where a prescribed volume Vj of the body is considered, i.e. one would
impose Dirichlet boundary conditions on the displacement u’.

The interfacial condition for o is the following

[0V = —2vkpt/ on I. (17)

The quantities v > 0 and kj; denote the isotropic surface tension and the
mean curvature of the interface. For the derivation of this jump condition
see e. g. [2].

3 Description of the motion, stress and strain

In this section we describe the deformation of a body and we relate the
displacement field to the stresses and strains. For that purpose, a reference
state is introduced, where the body occupies the domain Q. The position
of a material point in the reference state is given by the coordinates X =
(X1, X2 X3) € QF. At time ¢ the body is deformed and covers the domain
Q(t). The position of a point in this configuration is given by the coordinates
x € Q(t). There exists a bijective mapping

= Xi@v Xj)v (18)



which maps QF onto Q(t). This mapping is called motion or deformation.
With the help of this function, the displacement field @' and the barycentric
velocity 9° are defined as

Ox'(t, X7) _ 0d'(t, X7)

a'(t, X7) == x'(t, X7) — X' and 0'(t, X) = i 5

(19)
Furthermore, we introduce the displacement gradient and the deformation
gradient
HY = . and .= -
0XJ X
The quantities above are expressed with respect to the reference configura-
tion. This description is called the Lagrangian or material description. The
positivity of J guarantees invertibility of x’(¢, X7) and one can write

with J :=det F > 0. (20)

X = (). (21)

The inverse of the motion is used to give a representation of the displacement
and the barycentric velocity with respect to the configuration at time ¢, which
is known as the Eulerian or spatial description,

u'(t, 7)== a'(t, x 1 (t, 27)) and Vit ) = 0Nt TN L, 7). (22)

Analogously to (20) one defines the displacement- and deformation gradient
in Eulerian coordinates as

h' = 5 and (FH7 .= i (23)

Measures for the strains caused by the deformation are e. g. the right Cauchy-
Green tensor O% and its unimodular part ¢/, defined as

Cl = Fr ki and ¢ = 750, (24)

Note that there holds det(c”) = 1, thus, C¥ is split into a part J~2/3, which
describes pure changes of the volume, whereas ¢¥ indicates changes of the
shape of a body.

To describe the stress-strain relation, we take into consideration that
deformations of the iron lattice result from two independent effects. The first
one are inelastic deformations, which are caused by changes of the volume due
to variations of the carbon fraction y and the lower density of the developing
ferrite phase. The second effect are elastic deformations caused for example
by external loadings.



One can account for these effects by introducing three states that are
characterised by y and F/, compare also to Bohme et al. [1]. The first one is
an undeformed reference state S at reference pressure p with the coordinates
(X1, X2 X3). It consists of a single phase and is characterised by the carbon

fraction 7 = 0 and the deformation gradient F~ = §%.

The second state, denoted by S* with the coordinates (X}, X2, X32), is
reached from the reference state at constant reference pressure p by raising
the carbon fraction to y* = y. Furthermore, we allow for a massive phase
transition in this state. The corresponding deformation gradient is given by
F. The transition from S to S* describes the inelastic deformation.

The third state S is the actual state with the coordinates (z', 2% z*) and
the deformation gradient F'¥ (with respect to the reference configuration).
It is reached from the state S* by a purely elastic deformation F¥ with no
further change in y.

For the states S, S* and S we introduce the iron mole densities Tig,, 7,
and nge, the mass densities

P = MpeNTe, p* = m<y)n;e and P = m(y>nFe7 (25)

where m(y) = mpe + mcny denotes the mean molecular weight, and the
determinants

*

. J=det(F7) =L and J, = det(FV) = %. (26)

P
* p

J, = det(F7) =
p
For the deformation gradients holds F'¥/ = F* %, This is a consequence of
the chain rule applied to

w' = X't X7) = XLt xE(t, X7)). (27)

The deformation gradient F7 for the state S* is established as follows.
The reference state S is known. The deformation from the state S to S* is
a pure change of the volume. Therefore, it holds

n Vi

e _ Vily) (28)

Tpe vV
where V is the volume of the reference state and V(y) is the volume of the
body at the state S*. This volume is obtained by measurements of the lattice
constant in dependence on the carbon fraction y, see for example [9]. With
(25), (26) and a linear interpolation of the data given in [9] there results

F = J()367 with J(y) = — = Z2(1+6") inQy, (=a,7, (29)




where V* and 6°, ¢ = a,~, denote the molar volume and the linear expansion
coefficient for the respective phase.

The constitutive equation relating the stress to the strain is given in terms
of the St. Venant-Kirchhoff law, which is formulated for the second Piola-
Kirchhoff stress tensor. We denote this tensor with respect to the state S by
t¥ and with respect to the state S* by 2% . The Cauchy stress tensor o is
the same for both descriptions and it holds

o = JAFF IR and oY = JTEREIM, (30)
Elimination of 0¥ together with F'¥ = F* % ]eads to
t9 = JF R ETIM, (31)

Now, the constitutive relation is formulated in terms of the St. Venant-
Kirchhoff law for 2% as a purely elastic deformation

. I
2 = PO+ SKIM(CE - 6. (32)

The tensor K" denotes the stiffness tensor. The data for a- and ~-iron are
given e.g. by Inal et al. [8]. There is only a small difference in the elastic
coefficients given in literature for different kinds of steel (with different carbon
content) and pure iron. Therefore, we assume that Kk ig independent of
the carbon fraction y.

To calculate the chemical potentials, as it is described in Section 4, a
formulation for ¢V is necessary. Applying the transformation rule (31), we
obtain the following constitutive law for the 2nd Piola-Kirchhoff tensor

B = ICT LK) - O (), (33)
where
Kijkl(y) — J*F*—imF*—jnF*—koF*—lmenop = J, (y)—%Kijkl (34)

is a modified stiffness tensor and C* = F™k F™ describes the misfit strain.

4 Determination of the free energy

In order to study the v/a-phase transition in steel, knowledge of the free
energy density pi is necessary to obtain explicit expressions for the chem-
ical potentials. The determination of these quantities is the subject of this
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section. For that purpose, we assume that the function v has the following
representations

¥ = (T, ne,nv, ¢?) = P(T,y, p,c7) = (T, y,C). (35)

The different functions represent the dependence of the free energy on differ-
ent sets of variables, which can be converted by the relations (5), (14), (24)
and (26). The strategy to determine 1 is the following. Starting from the
equation .
_ oy
P@,
which is a consequence of the second law of thermodynamics, see Appendix
A.1 or [1], we determine the function ¢(T’, y, C*/) by integration of (33). This
yields

9 =

(36)

~ . 9] 1 - - .

O(T,y,CY) = _%HS_p (CY = C(y)) KM (CH = C(y)) +K(T, y), (37)
where K(T,y) is an integration constant. This constant is obtained by a
decomposition of the free energy into a mechanical part (T y, C) and
a chemical part ¢"*®(Ty), which does not depend on the deformation of
the body, see also [3],

O(T,y,C7) = gP™(T, y) + (T, y, CY). (38)

Such a decomposition is motivated by the fact that the chemical and the me-
chanical part of the free energy are determined in different ways. The com-
putation of the mechanical part is based on a constitutive relation, whereas
the chemical part is obtained by thermodynamical measurements.

We define that at the state S* the mechanical part of the free energy
gmech (T, C9) vanishes, so that (T, y, C9) = )™ (T, y). Hence, the inte-
gration constant is given by K(T',y) = @Z)Chem(T, y)+J.(y)p/p and one obtains

PP (T C1) = <J7 - 1) + % (C7 = C(y)) K7(y) (CM = C(y))

(39)
with J = det(F7) = det(C%7)!/2,
The determination of the chemical part of the free energy is based on
thermodynamical measurements. The evaluation of the iron-carbon system
can be found for example in [6] or [10]. There, pyy™°™ is given as

prhem(Ta ng, nV) = Nre GFeC(T)y + GFeV(T)(l - y) - L(T)y(l - y)

+nRT(ylny + (1 —y)In(1 —y)) + G (T)| = nref(y) (40)

11



with R denoting the universal gas constant. The quantities ng. and y are
related to ne and ny by (3) and (14). The coefficients Grec, Grev and L are
temperature dependent functions. The part G, is a magnetic contribution
which only occurs in the a-phase. These parameters are taken from [6]. The
function f is introduced as an abbreviation for the term in brackets, which
only depends on y when the temperature 7T is fixed.

Now, we can calculate the chemical potentials, defined as

He ‘= 8pw(T’ TLc,TLV’Cij) and = ap’QZ)(T, nCanV7Cij).
8?’1,0 3nv

(41)

Carrying (38), (39) and (40) into (41) one finally obtains

pe = =(f(y) + 1 —y)f'(v)

I |

L e+ ) (PG~ G0 + CHMEM)(EY - €

+ §||H
~ —

L=y (PI) + 5O = CHE ()€ - )
- Je TR - ey |

and for the chemical potential of the vacancies

py = %(f(y) —yf'())
1 _ L1 ij ijkl ki ki
+ Ll (1)~ (5O + CHGDEP)(CH - X))

—ymly) (PI) + 5O~ CHUE M) - €y
- R - ) |, )

where the prime denotes differentiation with respect to the site fraction y.

5 A simplified model with spherical symmetry
Performing numerical simulations for the presented free boundary problem

is quite complex. It involves suitable algorithms to calculate the position of
the free boundary. In order to obtain numerical results for the simulation

12



of the austenite-ferrite phase transition, we make some assumptions to get a
simplified model. First of all, we consider a spherical-symmetric geometry.
The iron grain is modelled as a sphere with radius ry. The ~-phase forms the
inner core with time dependent radius r; and the a-phase is an outer shell,
i.e. Q, = (0,77) and Q, = (r7,70). This is motivated by the fact that ferrite
usually nucleates at grain boundaries and grows into the austenite matrix.
The radius rq is time dependent, too. The two phases have different densities
and due to the fixed outer pressure the overall volume changes.

Furthermore, we restrict ourselves to the interface-controlled case, i.e.
the bulk mobility of carbon M? is infinitely large compared to the interface
mobilities M{, and M{. Since the diffusion flux must be finite, we get from
equation (9) that the gradient of the chemical potentials must be equal to
zero and therefore the mole densities ng, and nc are homogeneous in regular
points. For a low mean carbon concentration this is a well accepted assump-
tion. If the overall carbon concentration is higher, a diffusion-controlled
transformation behaviour, where the diffusion of carbon in the bulk becomes
the rate determining process, is a more realistic description, see e.g. [11].
Nevertheless, we consider the interface-controlled case in this study.

Concerning the mechanical equations we make the following simplifica-
tions. To be in accordance with the spherical symmetry, we neglect the
cubical anisotropy of the iron lattice and consider an isotropic stiffness ten-
sor with Lamé constants A and p, which are obtained from the coefficients
given in [8| by taking an average. Moreover, we assume that the deformations
are small so that we can replace the constitutive law (33), relating the stress
tensor to the displacement, by its linearisation in the displacement gradient
h'7.

The variables for this simplified interface-controlled model are the homo-
geneous carbon fractions and iron mole densities y®, 37, ng, and ng,, which
do not depend on the space variable r, but differ in the two phases, and the
radii r; and ry. In the following a set of equations to compute the temporal
evolution of these variables is derived and numerical results are presented.

5.1 The balances of the mole densities

The balance laws for the mole densities in the spherical-symmetric case are
the following

Onre 1 Or’*npevre 0 q onc . 1 Or’neve
ot r2  or ot r2  Or
On the interface I, which is given by the radius r;, we have by (10)

= 0. (44)

Nge(Vie — 71) = N (Vg —71)  and g (vg —71) = nd(vl — 7). (45)
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Derivatives with respect to time ¢ are denoted by a dot. The boundary
conditions for the partial velocities of iron and carbon are

111%7’2@(1 =0 and ve =Ty atr=ry, ac {Fe, C}. (46)
Since the mole densities are homogeneous in €2, and €., the partial velocities
can be explicitly determined using the conservation laws (44). One obtains
for the domain 2, by applying the boundary condition (46), for both con-
stituents .
. € {Fe,C) (47)
v = — T a e
a 3nz Y Y Y

whereas in Q, we have with (46),

o_ Mg riorg 7o
a = T 2 Ty
3ny r r

v

a € {Fe,C}. (48)

In the homogeneous case the jump conditions (45) together with the equa-
tions for the partial velocities can be integrated with respect to time. One
obtains global conservation laws for the mole densities of iron and carbon

ngr] g (ry — 7)) =1 and Y Ingry + 3y ng () —r7) = c2,  (49)
where the site fractions y, defined in (14), are used instead of nc. The
constants ¢; and ¢y can be determined by the initial data at time ¢5. Under
consideration of (49),, equation (49), can be simplified as follows

(7 = 3y*)nfri + 3y°c1 = ca. (50)

Regarding the kinematic conditions (13), a further simplification is in-
troduced. We assume that the motion of the interface is only determined
by the transformation of the iron lattice from the fcc to the bee structure.
The rearrangement of carbon atoms at the interface is supposed to occur
instantaneously, i.e. M{ > M{,. Thus, we set M{, = oco. Since the flux of
carbon atoms through the interface N is finite, the second factor in (13),
must be zero. The kinematic conditions reduce to

gty = M= =0 and (== o] =0, (1)
i.e. the chemical potential y is always in equilibrium and the interface mi-
gration is solely determined by (51),.

Since there is no diffusion of iron atoms, the mole density ng, is directly
related to the mechanical displacement field. The computation of the dis-
placement for the simplified model is considered in the next section.

14



5.2 The linearised mechanical subproblem in spherical
coordinates

Before we analyse the balance of momentum in spherical coordinates, the
stress-strain relation is linearised with respect to the displacement gradient
h¥. Tt is assumed that the deformations are small such that higher order
terms in the displacement gradient can be neglected. By equations (19), (22)
and (23) there holds

(F~)4 = 51 — s and (CY =% — i — Pt 4 hEipkT (52)
The inverse matrices up to linear order are given by
F9 =89 4hi+O(|h7|°)  and  CF = 694 hi W+ O(||n||*). (53)

For the Jacobian we have J=! =1 — h** 4 O(||h?||*). Furthermore, for the
intermediate state S* a function h*(y), which is supposed to be of the same
order as the deformation gradient, is introduced such that

(F,H9 =1 —h%6% and  J7'=(1-h")> (54)

*

Now we obtain from

o = JTtEmEpingm and 9 = —pJ(CY)Y EK”M(C’“ — O™y (55)
the following representation for the stress tensor within the linear order of
approximation

. 1~
0¥ = —p+ KM 1 ' — 2. (56)

This can be interpreted in the sense of the classical Hooke law with a misfit
strain, represented by h*(y). Neglecting the cubical anisotropy of the iron

lattice, the stiffness tensor K“* is given by
Kijkl _ Aéijakl + M(ézké]l + 52‘15]%)’ (57)

where A and p are the Lamé constants. Then, the stress tensor can be written
as
0% = —p + MRS 4 (b BT — (3N 4 2u)h* 6. (58)
Now we rewrite the balance of momentum in spherical coordinates (r, ¢, 6).
Due to the assumed spherical symmetry, the displacement field can be sim-
plified to (u", u®,u’) = (u(r),0,0) and for the displacement gradient we have
ou

R =—, h*=hn"= Y and K7 =0 otherwise. (59)
or r
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From (58) one obtains that 0%¢ = ¢% and 07 = 6" = 0%’ = 0. The nonzero
components of the stress tensor are

0" = =P+ MR 4 2h99) + 2uh™ — (3X 4 2u) R,

60
0% = =P+ AR+ 2h°%) + 2uh®® — (3X + 2p)h". o

The balance of momentum (15) reduces to the following equation, see
e.g. [5],

a rr rr __ ~¢p
gr 427 TU —0 forreQ (61)
with the jump and boundary conditions
rr 2/y rr
[[e" (r)]] = - and o' (ro) = —po. (62)
I

Furthermore, we impose the following conditions on the displacement u(r)
(regularity at » = 0 and continuity at the interface)

lir% u(r)=0  and [[u(ry)]] = 0. (63)

Inserting the representation for the stress tensor (60) into equation (61),

one obtains with 2" = 4/(r) and h% = u(r)/r an ordinary differential equa-
tion for the displacement u(r) that is given by

2
u = (u' - 9) —0. (64)
r r
Note that due to the assumed homogeneity of the carbon fractions y® and
y” the function h* does not depend on r. With the conditions (63) on u(r),
the solution to this ODE is the following

3 (65)
ar +b%t  for r € [rr,ro).

r)= {(aer)r for € [0, 77)

The constants a and b, which can depend on rj,rg as well as on the homo-

geneous carbon fractions y® and g7, are defined via the boundary conditions

(62). One obtains explicitly
P — Do

— h* (0
“= 3K + 1 (y*) +

b= it (2 =3 0 0%) — 1200) + P )

Appa 77 ;
3K, 13

(66)
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As an abbreviation we introduced the bulk moduli K, = \y+2/3u, £ = a7,
for the respective phases, kK = 1 — K.,/ K, and ¢y = 3K, + 41, (1 — £(rr/r0)?).
Finally, we have an explicit representation for the displacement in depen-
dence on y“, y7,r; and rq. To relate the displacement to the mole density of
iron, recall relation (26),. Within the linear order of approximation holds

Jl=1—p*  where Jl= % _ mly)ree (67)

Mpe ﬁFe

such that we obtain
Nye o MEe

e m(y)
The chemical potentials (41) and (42) can be written within the same
order of approximation as

(1 — h*h). (68)

fic = %(f +(1=y)f)+ n—lp [(nmc +mpe) (pJ, — K (™ —30"))
(= ). (p— KO = 3m) | (69

and
1 / 1 _ kk *
,uvzﬁ(f—yf)jt%{mpe (pJ. — K(h** = 3n7))
~ym)L (- K = 3) | (0

For the spherical symmetric problem presented here, we obtain for the trace
of the displacement gradient h** and for the component o{"") of the deviatoric
stress, which is needed in (51),

hkk — 3((1 + b) %Il Q’Y and O_(rr) _ 0 %Il Q’Y (71)
3a in ), —4pa b in €,

with the constants a,b defined in (66) and p, denoting the shear modulus
of a-iron. Thus, the mole densities of iron, ng, and n},, and the chemical
potentials can be expressed as functions depending on y“,y”,r; and ry. To-
gether with (49),, (50) and (51) we have derived a system of equations to
determine the temporal evolution of these variables.
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5.3 A numerical example

In this section, simulation results for the simplified interface-controlled model
are presented. For the numerical treatment dimensionless quantities are in-
troduced, which are given by the following relations

R t T n —D n
ti=—, Toi= —, NFe 1= ﬂ, ]5 = g and ,& = @,U- (72)
p p

T TO NFe

The time scale is chosen as 7 = 35, for the length scale we use a typical
austenite grain size of 7o = 25 um. As reference state we choose a system
consisting of pure ~-iron, containing no carbon. Therefore, we set g, =
(V)1 where V7 is the molar volume of austenite. The values for the
physical quantities used in the simulation are given in Table 1.

ferrite (a-iron) | austenite (vy-iron) | unit

bulk modulus K 168.9 148.8 10° Pa
shear modulus U 83.9 75.3 10° Pa
molar volume Vin 7.31 7.24 1075 m3mol~?
expansion coefficient | § 2.637 0.588
molar masses Mpe 55.847 gmol~?

me 12.011 gmol 1
surface tension v 0.5 Nm-?
pressures Po, D 109 Pa
gas constant R 8.3144 Jmol 1K1

Table 1: Physical parameters used for the simulations

Data for the interface mobility M, can be found e.g. in [7]. There, the
authors review different values for the mobility of a-v interfaces in Fe-C
alloys. We take the following value, which, according to the authors, is used
successfully in other studies

140 kd mol=*\ m mol

Myy = 0.058 — . 73

i o ( RT ) Js (73)

To match the interface mobility M{E, to the model used in [7], we choose

M, = nipeMpun. Introducing the scales (72), one obtains a nondimensional
interface mobility given by

vt = T2 6 (74)

= 5=
/n/FeTO
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The results presented in this section are obtained using the software
package Mathematica. The simulations are done for a fixed temperature
of T'= 1050 K. The initial conditions for the carbon fractions y® and y” are
chosen such that a mean carbon concentration of 0.2 mass-% results. As the
initial condition for the nondimensional outer radius we use ro = 1. Since
nucleation of a new phase is not considered, we have to start with a positive
ferrite fraction and therefore the initial interfacial radius is set to r; = 0.99.

Figure 1 shows the evolution of the site fractions of carbon scaled with
the site ratio, ny, in the 7- and a-phase. The interfacial radius is depicted

0. 00022
0. 0002
0.00018
0. 00016
™ 0. 00014
0. 00012

0. 0001

0. 00008

Figure 1: Site fraction ny in austenite (left) and ferrite (right).

in Figure 2.

Figure 2: Interfacial radius r;.

The dashed lines refer to the case where mechanical effects are neglected.
One can see a difference in the equilibrium states, which results from the
additional mechanical contributions to the chemical potentials puc and py.
Furthermore, one recognises an influence on the temporal evolution.

In the case where mechanical effects are neglected, the equilibrium con-
centrations are independent of the geometry of the grain and the overall car-
bon content. In contrast to that, the attained equilibria depicted in Figure
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1 and 2 depend on the mean carbon concentration and the geometric as-
sumptions for the iron grain made in this section. These properties strongly
influence the displacement field, that the chemical potentials depend on and
therefore affect the equilibrium states.

The evolution of the outer radius 7y and of the mass densities p® and
p? is shown in Figure 3. The evolution of these variables results from the
eigenstrains caused by the volumetric expansions. In the model neglecting
mechanical effects the volume and therefore the radius r( is constant.

1.00175 0.996
1.0015
0.995
1. 00125
1. 001 0.994
To I
1. 00075 0.993
1. 0005 0.992 p"f
1. 00025
0.991 (e
1 p
0 0.2 0.4 0.6 0.8 1 ) 0.2 0.4 0.6 0.8 1

Figure 3: Radius of the grain ry and mass densities in ferrite p® and austenite
Pl

A Evaluation of the 2nd law of thermodynam-
ics
A.1 The entropy principle in the bulk

The second law of thermodynamics is a basic physical principle. In this work
it is used to derive constitutive functions. It states the existence of a pair
of quantities: the entropy density ps and the entropy flux ¢*. They have to
satisfy the following balance equation

Wy Dt =6 and €20 (75)
where ¢ is called the entropy production. The non-negativity of £ represents
the second law of thermodynamics and must hold for every thermodynamic
process described by the governing PDE system. The equilibrium is defined
by & = 0. A detailed description of the entropy principle can be found e. g.
in [1] or [2]. From [1] we take the following representation for the entropy
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production

k
¢ 1 | LOuc/T . ouy/T

§= ok <¢k -7t T(Jéﬂc +J(€/Mv)) - (J(k: O + 7% Ok
T ot
Oxk oxk T

km 2/3 ( rrmi kg ki ppmg
ot — JER(ETRR - PRE) S )

45 (—pw + ncpc + nypy + gJ”’C”%) ] >0,
3 Oct

where ¢* denotes the heat flux. The remaining quantities are as introduced in
the previous sections. The constitutive functions, relating e. g. the diffusion
flux to the variables, need to be constructed in such a way that the 2nd law
of thermodynamics in terms of the inequality (76) holds for any solution of
the PDE system.

The entropy flux in the case of a multi component mixture is defined as

¢ 1, "
— —(jépe + jypv) (77)

k1
¢ T T

and therefore the first term vanishes. The whole bracket in the last term of
(76) must vanish, too. Otherwise it is possible to violate the inequality. This
gives the relations

O

% and Y = 2p80ij.

ap

1 kk
30'

pY +p =ncpc + nvpy, pi= = p’ (78)
Equation (78), is known as the Gibbs-Duhem equation. Again, we refer
to [1] for a derivation of (78). The remaining terms in (76) have the form
flux x driving force. To ensure that the entropy production is nonnegative

one can use the following ansatz for the diffusion flux

‘ 0 mc + Mre
j&=-M <Mc — 77C7Fuv) : (79)

B —_
Oxk Mpe

where the identities (7) are used. The constant M® > 0 denotes the bulk
mobility of carbon. Since we restrict ourselves to the isothermal case, the
temperature gradients in (76) vanish and the inequality £ > 0 holds for every
thermodynamic process.
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A.2 The entropy principle on the interface

The entropy inequality must be satisfied on the interface I, too. The inter-
facial entropy production s is given for example in [2] as

T&s = —p(v” —w")[[¥ + %(U —w)?)]+ ([0 (v = w")]]v? — [[ucié + pvivl] = 0.

(80)
The term (v — w)?/2 refers to the kinetic energy of the interface, which is
supposed to be small and can be neglected. We use the inequality (80) to
formulate constitutive relations for the material mole fluxes Npe and Nc
similar to (79) for the diffusion flux. To this end, we apply the Gibbs-Duhem
equation (78),, introduce the decomposition 0% = () — p§, the definition
of the diffusion fluxes (6) and of the material mole fluxes (11), the side
condition (3) and the relation mreNge + meNe = p(v¥ — w"), which is a
consequence of (5) and (11), and obtain

. MFe (i i 4 . m P
— Nre[[npv — 7F0'< D] = Nellpe — pv — 700'< D) > 0. (81)

Similar to the entropy principle in the bulk, this inequality has the form of a
sum of terms, which can be identified by fluxz x driving force. The inequality
can be satisfied if we set

Niee = =M [y — 2007 and - Ne = —ME[[p — Z20 ]
p p

(82)
with positive interface mobilities MZ,, M for iron and carbon and the chem-
ical potential p = puc — py.

Acknowledgements. The authors are grateful for helpful discussions with
Frank Duderstadt. The research was supported by the DFG through the
Research Training Group 1128 “Analysis, Numerics, and Optimization of
Multiphase Problems”.

References

[1] BOEME, T., W. DREYER, F. DUDERSTADT and W. H. MULLER: A
higher gradient theory of mixtures for multi-component materials with
numerical examples for binary alloys. WIAS Preprint 1286, 2007.

[2] DREYER, W.: On Jump Conditions at Phase Boundaries for Ordered
and Disordered Phases. WIAS Preprint No. 869, 2003.

22



3]

[4]

[5]

(6]

7]

8]

9]

[10]

[11]

[12]

[13]

DREYER, W. and F. DUDERSTADT: On the modelling of semi-
insulating GaAs including surface tension and bulk stresses. WIAS
Preprint No. 995, 2008. to appear in Proc. R. Soc. A.

DREYER, W., M. GABERSCEK and J. JAMNIK: Phase transitions and
hysteresis in a rechargeable lithium battery. WIAS Preprint 1284, 2007.

GURTIN, M. E.: The Linear Theory of FElasticity. Encyclopedia of
physics, vol. VIa/2, Springer Verlag, Berlin, 1972.

GUSTAFSON, P.: A Thermodynamic Evaluation of the Fe-C' System.
Scandinavian Journal of Metallurgy, 14:259-267, 1985.

HILLERT, M. and L. HOGLUND: Mobility of a/y phase interfaces in Fe
alloys. Scripta Materialia, 54(7):1259-1263, 2006.

InaAL, K., R. PEsct, J. LEBRUN, O. DIARD and R. MASSON: Grain and
phase stress criteria for behaviour and cleavage in duplex and bainitic

steels. Fatigue & Fracture of Engineering Materials & Structures,
29:685-696, 2006.

KunNzg, J.: Nitrogen and Carbon in Iron and Steel. Thermodynamics.
Akademie Verlag, Berlin, 1990.

LEEUWEN, Y. VAN: Mowing Interfaces in Low-Carbon Steel. A Phase
Transformation Model. PhD thesis, Technische Universiteit Delft, 2000.

LEEUWEN, Y. VAN, J. SIETSMA and S. VAN DER ZWAAG: The Influ-
ence of Carbon Diffusion on the Character of the v-a Phase Transfor-
mation in Steel. ISIJ International, 43(5):767-773, 2003.

PORTER, D. A. and K. E. EASTERLING: Phase Transformations in
Metals and Alloys, 2nd edition. Taylor & Francis, 1992.

ZENER, C.: Theory of Growth of Spherical Precipitates from Solid So-
lution. Journal of Applied Physics, 20:950-953, 1949.

23



	Introduction
	Thermodynamic description of the Fe-C system
	The balances of the partial mole densities
	The quasistatic balance of momentum

	Description of the motion, stress and strain
	Determination of the free energy
	A simplified model with spherical symmetry
	The balances of the mole densities
	The linearised mechanical subproblem in spherical coordinates
	A numerical example

	Evaluation of the 2nd law of thermodynamics
	The entropy principle in the bulk
	The entropy principle on the interface


