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Abstract

In this paper we develop several regression algorithms for solving general
stochastic optimal control problems via Monte Carlo. This type of algorithms
is particularly useful for problems with a high-dimensional state space and
complex dependence structure of the underlying Markov process with respect
to some control. The main idea behind the algorithms is to simulate a set of
trajectories under some reference measure and to use the Bellman principle
combined with fast methods for approximating conditional expectations and
functional optimization. Theoretical properties of the presented algorithms
are investigated and the convergence to the optimal solution is proved under
some assumptions. Finally, the presented methods are applied in a numer-
ical example of a high-dimensional controlled Bermudan basket option in a
financial market with a large investor.

1 Introduction

Modeling of optimal control is one of the most challenging areas in applied stochas-
tics, particularly in finance. As typical real-world control problems, for example
dynamic optimization problems in finance, are too complex to be treated analyti-
cally, effective generic computational algorithms are called for. Since the appearance
of the ground-breaking articles Carriere (1996), Longstaff and Schwartz (2001), and
Tsitsiklis and Van Roy (1999), regression based Monte Carlo methods emerged as
an indispensable tool for solving high-dimensional stopping problems in the context
of American style derivatives. From a mathematical point of view any optimal stop-
ping problem can be seen as a particular case of a more general stochastic control
problem. Optimal stochastic control problems appear in a natural way in many
application areas. For instance in mathematical finance, problems such as port-
folio optimization under market imperfections, optimal portfolio liquidation, super
hedging, etc., do all come down to problems of stochastic optimal control. In fact,
an active interplay between stochastic control and financial mathematics has been
emerged in the last decades: While stochastic control has been a powerful tool for
studying problems in finance on the one hand side, financial applications have been
stimulating the development of new methods for optimal stopping and optimal con-
trol on the other hand, see, for example, besides the works mentioned above, Rogers
(2002), Broadie and Glasserman (2004), Haugh and Kogan (2004), Ibanez (2004),
Meinshausen and Hambly (2004), Belomestny et al. (2006), Bender and Schoen-
makers (2006), Belomestny et al. (2007), Kolodko and Schoenmakers (2006), Rogers
(2007), and Carmona and Touzi (2008), and many others.
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As a canonical general approach for solving an optimal control problem one may
consider all possible future evolutions of the process at each time that a control
choice is to be made. This method is well developed and may be effective in some
special cases, but for more general problems such as optimal control of a diffusion
in high dimensions, this approach is impractical. Other recently developed methods
for control problems include the Markov chain approximation method of Monoyios
(2004), a maturity randomization approach of Bouchard, Karoui and Touzi (2005)
and a Malliavin based Monte-Carlo approach of Hansen (2005) (see also Bouchard,
Ekeland and Touzi (2004)). However, all these methods are tailored to some spe-
cific problems and it is not clear how to generalize them. In this paper we propose
a generic Monte Carlo approach combined with fast approximation methods and
methods of functional optimization which is applicable to any discrete-time con-
trolled Markov processes. The main idea is to simulate a set of trajectories under
some reference measure and then apply a dynamic programming formulation (Bell-
man principle) to compute recursively estimates for the optimal control process and
the optimal stopping rule, where the fast approximation methods allow for comput-
ing conditional expectations without nested simulations. In particular we propose
several regression procedures and prove for these procedures convergence of the value
function estimations under some additional assumptions. Moreover, we present an
example of a high-dimensional Bermudan basket option where the dynamics of the
underlying are influenced by a large investor, and illustrate the numerical perfor-
mance of the regression algorithms at this example.

The outline of the paper is as follows. In Section 2 the basic stochastic setup is
presented, some notations are introduced and the main problem is formulated. In
Section 3 we introduce two kinds of regression methods for stochastic control prob-
lems: local regression methods and global regression methods, which are discussed
in Sections 3.1 and 3.1 respectively. The convergence analysis of the regression al-
gorithms is done in Section 4. A method of constructing upper bounds is discussed
in Section 5. Finally, the numerical example is studied in Section 6.

2 Basic setup

For our framework we adopt the discrete time setup as in Rogers (2007). On a
filtered measurable probability space (€2, F), with F := (F,),_o, ., T € Ny, we
consider an adapted control process a : 2 x {0,....,T — 1} — A, control for short,
where (A, B) is a measurable state space. We assume a given set of admissible
controls which is denoted by A. Given a control a = (ag,as,...,ar_1) € A, we
consider a controlled Markov process X valued in some measurable space (S,S) and
defined on a probability space (2, F,P?) with X, = x¢ a.s. and transition kernel of
the following type,

Pa<XT+1€dy|szx)zpar($,dy), 0<r<T.



So, it is assumed that the distribution of X, ; conditional on F, is governed by a
(one-step) transition kernel P (X,,dy) which is in turn controlled by a,. In this
setting we may consider the general optimal control problem

T-1
Y, :=supE® [Z fr(Xr,ar)] , (2.1)
r=0

acA

for given functions f., r = 0,...,7 — 1. The optimization problem (2.1) contains
the standard optimal stopping problem

Yy = sup E[g-(X7)],

as a special case. Indeed, take P? independent of a, f.(z,a) = g.(z)a, and A =
Astor — {a = (1{720}, el l{T:T})} with 7 being F-stopping time taking values
in the set {0,...,7'}. Multiple stopping problems may be considered in a similar
way by choosing a suitable A. In this article, however, we choose A to be the set
of all adapted controls (as in Rogers (2007)), while keeping the standard optimal
stopping problem as a special case. This leads to our central goal of solving the
optimal control problem

T—1
Yy= sup E? [Z fr(Xe ar) + g-.(X5) (2.2)
acA, €% —0

for a given set of measurable functions f, : S x A — R, g, : S — R. For technical
reasons f, and g are assumed to be bounded from below. To exclude trivialities we
further assume that

T—1
sup E* [ ]fr(XT,ar)\] < oo, supE?|g:/(X;)|] <0, i=0,...,T.
acA —0 acA

The supremum in (2.2) is taken over a € A and all F-stopping times with values in
a subset T C {0,...,T}.

The optimal control problem (2.2) with € ={0,...,7'} will be the main object of
our study. Consider the process

T—1
Y= sup E° [Z f(Xs, 05) + g-(X)

acA,, 7€%,

ﬂ] . 0<r<T, (2.3)

s=r

with T, ;= {r,..., T} and A, being the set of all adapted controls a : Qx{r,..., T —
1} — A. Then there exists a vector h* = (h{, ..., h¥) of measurable functions on S,
such that Y;* = h3(X;) and h* satisfies

hy(x) = max [g-(x), (Lh"), (x)], 0<r<T,
hi(z) = gr(z), (2.4)



where £ : h — Lh is a Bellman-type operator defined by

(Lh), (x) = sup [fr(z, a) + Phyia (7))

acA

and
Pohy o (2) = / Pz, dy)rn ().

We now assume that there exists a reference measure P* equivalent to P?, such that
Pz, dy) = p(z,y,a)P*(z,dy), a€ A,

with P*(z,dy) == P*(X,11 € dy | X, = ) and the function ¢(z,y,a) satisfying
¢ > 0and [ P*(x,dy)¢(x,y,a) = 1. Then for any nonnegative measurable function
G : ST+ — R, it holds

EYG(X)|F)] = ET[G(X)A;r(a, X)|F], (2:5)

where
r—1

Ajﬂ“<a7y) = H@(ybyl—i-l?al)v T:j+17"'7T7 Yy e ST+1'
I=j
If G depends on Xy, ..., X, only, we have for 0 < j <,

EYG(X)|F;] = EF[G(X)A,(a, X)|F;].
In particular, if G’ depends only on X, it holds

EG(X540)|F5) = BTG (X10)9 (X5, X, a5) [ F5). (2.6)

3 Regression methods for control problems

The solution Y of the optimal control problem (2.2) can in principle be computed
backwardly via the dynamic programming principle (2.4). However, if the space S
is high-dimensional, an analytic computation of the conditional expectation

OT(ZL’, CL) = Ea[hr(Xr+1)|XT - CL’] =K [QO(XMXT-‘,-D a)hr—i—l(XT—i—l) | X, = JZ] )

where henceforth for notational convenience h := h*, is usually difficult, even if h,
is explicitly known. On the other hand, a straightforward backward construction of
h using (2.4), by Monte Carlo simulation (under P*) would lead to nested simula-
tions where the degree of nesting increases with the number of exercise dates. In
the context of optimal stopping problems, much research was focused on the devel-
opment of fast methods to approximate C,.. We will show that these methods can
be extended to a more general setting of optimal control problems.



From now on we assume that S C R? for some d > 0. Suppose that h, is estimated
by h,.1 and that we want to approximate h, via (2.4) and (2.5). Define

o) =m0, sup [ 1) 4 P ()|

a€A

= max (o). 5up {1,(2.0) + B o060 Xosns s ) | X, =]}

acA

Let
1 M
<(X7§1)7 X7E+)1> Yyt (X( ) X7§+1)))

be a Monte Carlo sample from the joint distribution of (X, X,;1) under P* and
suppose that, based on this Monte Carlo sample and the approximation A, of
hy41, an estimate C,. (2, a) of the conditional expectation C,(x,a) is constructed
for all z € S and a € A. In this paper we consider a class of estimation methods
with C; ys being of the form
M

Croa(w,a) = wanr (2, X0, X3 @) yn (X)), (3.1)

m=1
where

Wy, M (x, X,M) = WM (a:,Xﬁl), . ,XﬁM))

are some coefficients which are to be specified by the method under consideration.
It turns out that this class of approximation methods is very general and contains
local and global regression methods. We discuss these two types of method in the
next sections.

3.1 Algorithms based on local estimators

By introducing

dr(z,a) = /S<P(w7y, a)hr 1 (Y)pr(z,y) dy,  pr(z) = /Spr(x,y)d%
with p,(x,y) being the joint density of (X,, X, 1) under P*, we may write
Cr(x,a) = d.(a,x)/p(x).

So it is natural to estimate C) as a ratio of estimates for p,. and d,, respectively.
With this goal in mind we consider, for a given Borel measurable kernel function
(2, y) on R? x RY the following estimators

M
prou(@) = MY " @y, XM,

m=1

M
v (2, a) = M Z D (z, Xﬁm))@(]; Xr-i-la a)hyi1 (XrTb

m=1



where z € R? and a € A. Then we estimate C, by

= C/Z\r M(l’, CL)
Cras(,a) i= 0
(T, a) D (@)

= w2, XM p(, X1 )i (X))

(3.2)

with weight coefficients defined by

@M(I,ym>
wm7 r,y): = wm, xZ, y yoss) = .
) v > et Par (2, Yo

If p,ar = 0 we set @«M = 0. It is important to note that wy, 5y sum up to one. The
name “local” comes from the fact that in most cases the function ®;(z,y) converges
(in some sense) to a delta function §(z —y) as M — oo. The class of local estimators
is rather large and contains well known examples such as the Nadaraya-Watson and
the k-nearest neighbors regression estimators. In recent years, local estimators have
become popular in applied financial mathematics, mainly in the context of hedging
and Greek estimation (see, e.g. Elie, Fermanian and Touzi (2009)).

Example 3.1. Let K be a measurable function on RY. Take
Qur(w,y) = 637 K ((x — y)/0u),

where {0ar} s a sequence of positive numbers tending to zero. Then (3.2) yields the
well-known Nadaraya- Watson regression estimator

Gy — Lot K (G = X [Bar)olr, X[ ) (X2)
v S K (= X0 /o)

Example 3.2. We can modify the estimator in Example 3.1 by specifying an increas-
ing sequence (knr) of natural numbers with ky < M and by reducing the number
of summands in (3.3) to kyr in the following way. Consider the first ky nearest

(3.3)

neighbors of x, say X,(,ml), ceey Xr(mkM) in the Monte Carlo sample Xﬁl), e ,XT(M),
and define Ry = Hx — Xy(amkM) to obtain the kyr-nearest neighbors regression es-
2
timator
A Sty (e, X1 )b QG K (2 — X))/ Rar)
Cr,M(x> (I) = = L (m ) . (34)
Doty K((x = X") [ Ru)
Finally, after estimating C,.(z, a) by @,M(x, a), we construct
ar () := argsup|f.(z,a) + énM(:v, a)l, z €S, (3.5)

acA

and estimate h, by
ET,M(SC) = max{g.(z), fr(x, @ pm(x)) + @,M(x,ar,M(x))}. (3.6)

Starting with Tm v (z) = gr(x) and working backwardly, we so obtain estimates for
all A, 7 =0,...,T — 1.



Remark 3.3. Local estimators have in some respects nice theoretical properties, for
example, almost sure convergence to C,. under rather weak smoothness assumptions.
Basically only local smoothness is required for this. A disadvantage of local estima-
tors is their numerical complexity in general. For instance, if we want to compute
the Nadaraya-Watson estimator C..y(z,a) at M points in R?, it will require M?
operations. In the case of the kj;-nearest neighbors estimator this number can be
reduced to M log M using fast search algorithms.

3.2 Global regression estimators

As an alternative to local regression methods we now consider algorithms based
on global regression. From a practical point of view global regression estimators
are easier to implement in an efficient way than local estimators. The convergence
analysis of global estimators is, however, more delicate and usually requires rather
strong assumptions on C,. and the underlying Markov process X,. For the standard
Bermudan stopping problem (f, = 0, ¢ = 1) we refer to Clément, Lamberton and
Protter (2002), Egloff (2005) and Egloff, Kohler and Todorovic (2007). The global
regression procedures in the next two sections are in some sense a generalization of
the methods of Tsitsiklis and Van Roy (1999) and Longstaff and Schwartz (2001),
respectively, to optimal control problems.

3.2.1 Algorithms based on continuation functions

For a given Monte Carlo sample (Xr(l), e ,X,EM)), r=0,..., L, under the measure
P* and a system of basis functions v := [11,...,%x|" we consider for each a € A
the minimization problem

M

Bi(a) = argmin > (¢7(X™)5 — Y™ (a))?, (3.7)

BERK m=1

where
Y™ (a) = (XM, X\, a)her (X1T)

and an estimate /f;rﬂ of h,.;1 is assumed to be already constructed. The solution of
(3.7) is explicitly given by

By(a) = (FTF) ' FTY(a) = F'Y(a), (3.8)

where F' = (Fx) = (wk()(,ﬁm))) is a M x K design matrix and Y (a) := (Y™ (a))m=1...a
Note that the design matrix F' does not depend on a. We next consider

Gy () = argmax{ f.(z,a) + @M(:p, a)}, (3.9)

a€A



where

Crnt(w,a) =" (2)5,(a) = ¥ (2)FTY (a) (3.10)
M
= Zwm,M(l',X?M)SO(bT Xﬁ+%» )ﬁrJrl,M(X;:-n%)
m=1

with coefficients w,, ys given by
Wt (2, X3 = 97 (@) (FTF)(XO)) ™ p(X™), (3.11)

In order to solve (3.9) one may, for instance, construct an approximation procedure
for finding the a roots of the stationary point equation

(z,a +Z¢k FTa Y (a) = 0.

We proceed with a second regression problem
M

o= angmin 3 (X0, Goan (KD (K12 - 0T (R1)3)
based on a new set of paths
(XM XS m=1,.. M
under P* to end up with
Tor () = max [g(2), fi(@, Gr(@) + 07 (25 (3.12)
The second regression is needed to avoid the multiple vector-matrix multiplication

in (3.8) when computing hrM(X(m)), =1,...,M.

3.2.2 Algorithms based on backward construction of stopping time and
control

In this section we present an algorithm where, instead of regressing continuation
functions, the control and stopping times are backwardly constructed on a set of
simulated trajectories. This method relies on the following consistency theorem
proved in Appendix.

Theorem 3.4. The optimal stopping time 7*(r) and the optimal control a*(r) solv-
ing the problem
ﬁ] ,

T(r)>r=1(r)=7(r+1) and aj(r) = a;(r +1)

Yis sup BT fi(Xoas) 4 g (X)

aG.Ar, TGTT

satisfy the following consistency relations

for all j such that r +1 < j < 7(r +1).



Note that a}(r) is only defined for r < j < 7%(r), i.e. the control a*(r) is not defined
if 7*(r) = r. Given a sample (Xém),...,Xém)), m = 1,..., M, we construct esti-
mates 7™ (r) and ag-m)(r), r < j < 70(r) for stopping times and control processes
respectively in the following way. At the terminal time we set

T M(TY=T, m=1,.., M.

Let 70 (r 4+ 1), agm)(r +1), 7+ 1<j<7(r+1) be constructed for m=1,..., M,
at time r +1, 0 <r < T. Let ¥ := [1)1, ..., ¥k]" be a system of basis functions.
For any a € A consider the least squares regression problem

M

B(a) := arg min Z (T (X3 — Y(m)(a))2 : (3.13)
ﬁERK m=1
where
Y (a) = (X, X1, a) 201
with
T("L)(r—i—l)
20 = > @+ 1), X A, o™ (1))
l=r+1
+A (@™ (r 4 1), X™g(x ) .
r+1,7(m) (r41) ) 7(m) (r+1)

The solution of (3.13) is given by (3.8) and we can define an estimate ar,M(.CE, a) =

wT(x)B(a) and then @, p(z) as a solution of (3.9). Now simulate a new set of

trajectories B B
(XM XSy m=1,. M,

under P* and define

~ M 2

By = argminz (QZJT( "B — p(X™ Xﬁﬁ,arM()?(m)))ZﬁTf) :

BERK
Put ér,M(w) = ¢T<£L‘)§r. By setting for m =1,..., M,

Ty =7, i (X, G (X)) + Coar (X)) < g(X ™),
and

T(m) (7") = T(m) (T + 1), a(m) (T) == aT,M(Xﬁm)%

r

a () =a(r+1), 1< <M 41),

otherwise, we so end up with a sequence of estimates

K
= Buthilx), r=0,....T—1, (3.14)
k=1



and a sequence of functions @, 5, 7 =0,...,7 —1. Based on (3.14) one may use the
(generally suboptimal) stopping rule

™ ‘= 1nf{0 <r<T: g(Xr> > fT(Xra/dr,M(XT‘>> + Cr M(Xr)} (315)

)

and the (generally suboptimal) control process
aM(X) = (/a\()’M(XO),al’M(Xl), e ,6T,1,M(XT,1)) (316)

to construct a lower approximation for Y via a next Monte Carlo simulation.

4 Convergence analysis of regression methods

The issues of convergence for regression algorithms in the context of pricing Bermu-
dan options have been already studied in several papers. Clément, Lamberton and
Protter (2002) were first who proved the convergence of the Longstaff-Schwartz al-
gorithm. Glasserman and Yu (2005) have shown that the number of Monte Carlo
paths has to be exponential in the number of basis functions used for regression in
order to ensure the consistency of the price estimate. Recently, Egloff, Kohler and
Todorovic (2007) have derived rates of convergence for continuation values estimates
by the so called dynamic look-ahead algorithm (see also Egloff (2005)) that “inter-
polates” between Longstaff-Schwartz and Tsitsiklis-Roy algorithms. In the case of
general control problems the issue of convergence is more delicate because along with
the convergence of regression estimates C,.(z,a) we also need the convergence of
control estimates a, ps. The latter convergence can be ensured only if the first one is
uniform on the set of all possible controls. This type of convergence can be proved
only under some additional assumptions.

Generally, a convergence analysis can be divided into two parts. In the first part
one considers local convergence, that is the convergence of the one step estimate

o () = max [gm:x sup U1, + G (.0

based on the “pseudo” estimator
M
Crnr(w,a) = > wo e (2, XM )p(w, X1, a) e yr (X)), (4.1)
m=1

i.e. (3.1) with ETH replaced by the exact solution h,, ;. It turns out that the local
convergence relies exclusively on the sort of regression estimate under consideration
and can be established via standard results from the theory of empirical processes
and regression analysis as we will see. The second part deals with the global conver-
gence. In practice, one starts from r = 7" and proceeds backwardly where at each
step the previously constructed estimate h,.; is used instead of h,,1. The aim of the

10



global convergence analysis is to prove the convergence of ﬁr, v to h, in a suitable
sense, taking into account all errors from the previous steps. The next theorem
provides conditions for the global convergence, assuming that C, s is known to con-
verge to C,. in a certain sense. In fact, the prove of Theorem 4.2 is quite generic as
it involves only general properties of the weights in (3.1).

Theorem 4.1. Suppose that starting with /};T,M = hk.(x) = gr(z), at each backward

step hyar is constructed from h,iqa via (3.6) or (3.12) using a new independent
sample of M trajectories. Suppose further that the function ¢ is uniformly bounded,
that is |¢| < A, for some constant A,. If

E{ R 1Crna (@, ) = Col, )% pr () d:c}l/q

~5{[ [wicutra-ceo) nwal”

ac€A

=0(ey), r=0,....,T—1, M—oo (4.2)

with some ¢ > 1 and some sequence )y tending to 0, then it holds

~

B [[foras = B — 0 (\'yem), 0<r<T,
Lq (p'r') ’
with
M
MMiﬁ%;NWW“”mM%m- (43)

Corollary 4.2. If g =1 and all weights Wy, in (3.1) are nonnegative and sum up
to 1 (e.g. in the case (3.2) if ®pp > 0), then Ay <1 and

~

MMM—M

20(6]\/]), OSTST
Li(pr)

Thus, in the case of nonnegative weights and ¢ = 1 the “global” convergence rates
coincide with the rates of a particular regression estimator.

4.1 Convergence of local regression estimators

In this section we analyze the convergence of local regression estimators of the form
(3.2). Define two sets of functions

Fu = {®uy(z,): xR},
Forr = {p(z,,a)®Ppy(z,): 2 €RY a € A}

Assume that for some constant A, > 0,

P(h (X)) <A) =1 r=0,...T, (4.4)

11



and that the function ¢ is uniformly bounded, i.e. there exists a constant A, such
that

sup  sup p(z,y,a) < A,. (4.5)
(2,y)€R4xRY a€A

Theorem 4.3. Let Fyr and F, v be measurable uniformly bounded Vapnik- Cervonenkis
(VC) classes of functions (see Appendiz), such that (7.11) is fulfilled for some v > 0
and A > 0, simultaneously for all M. Furthermore, let oy and Uyy be two sequences
of positive real numbers such that

Uz sup  |Dy(z,y)], (4.6)
(z,y)ERIx R4
o2y = sup E[@7,(z, X, )], (4.7)
zEeR4

and the following relations hold as M — oo,

(1) 0<opm <Un/2,

(i) (Unt/0va0)\/Tog(Uni/0rar) < VM,

(i) 31 1= M0, /T8O Tomr) — o(1),
(iv) logyam = O(log (001 /Unr)),

(v) llpr — EpT,MHRd — 0,

(vi) lldy —Edarllgay 4 — 0

Let D be a fixed bounded domain such that

Pmin = pmin(D) = min 1n2f)pr($) > 0.
r oz

Define a truncated version of Cya (depending on D) as

CT,M(ma CL), ‘pr,M($)| > pmjn/2 and © € D,

0, otherwise.

CEM(x, a) = {

Then it holds

CmaX
E|Coy — Crllpxa < == (Lovm + 1pr — Eprallga + ldv — E drar|a)

min

with Crnax := Max(Crax(D), 1), where Conax (D) = max, SUD (4, 0)epx 4 Cr (T, @), Prin =
2min(pmin, 1), and with Ly depending only on the VC characteristics of the classes
Fu and Fyor.

12



The proof of Theorem 4.3 is given in the Appendix. This result can be used to prove
the condition (4.2) needed for the global convergence. Let us fix some R > 0 and
consider the ball Bg := B(z, R) := {x : |z — 19| < R} with some fixed 7, € R%
For a fixed ¢ > 1 we then have

1/q
Eucfﬁ—crnmm{ / ||cr<x,->uf’4pr<x>dx} .

NBr

So, if R), is an increasing sequence of positive numbers such that both

5max (BRM )

— (Lovar + |lpr — Eproasra
pmin(BRM) ®

517M =
+ ”dT - EdT’,M”RdXA) — 0,

and

1/q
Eaonm = / |Cr(, )% pr(z)dz — 0, M — oo,
RN\Br,,

then by Theorem 4.3 it holds

"L

Kernel type estimators. Let us consider the application of Theorem 4.3 to a
kernel type regression estimator (3.3). Let K be a bounded square integrable func-
tion on R% In Dudley (1999) sufficient conditions are given that ensure that the
set

q

1/q
CEi () = Gl o) e} < it a0

]—“:{K(%):xeﬂ%d,éeﬂ%\{o}} (4.8)

is a uniformly bounded VC class, i.e. it satisfies (7.11) with some A and v and all
probability measures P. In particular it is shown that (4.8) is a bounded VC class
if K(x) = f(p(x)) for some polynomial p and a bounded real function f of bounded
variation. Obviously, the standard Gaussian kernel falls into this category. Another
example is the case where K is a pyramid, or K" = 1;_; yj¢. For constituting new VC
classes from given ones the following lemma may be useful.

Lemma 4.4. If F is a uniformly bounded VC class, then for any bounded measurable
function h the class of functions hF := {h-f : f € F} is again a uniformly bounded
VC class. In particular, if h is a constant then the VC characteristics of hF are
equal to the VC characteristics of F. Moreover, if F and G are uniformly bounded
VC classes then the function classes F £ G :={f+g: feF, g€ G} and F - G
={f-g: f€F, ge G} are uniformly bounded VC classes.

13



As can be easily seen from the above lemma the class

F, = {(p(x,-,a)K (”37) L2 eRY S ER\ {0}, a € A}

is a uniformly bounded VC class, provided that the function classes (4.8) and
{o(x,-,a) : v €R? a € A}
are uniformly bounded VC classes. In this case the classes Fy; and F, s with

ZL‘—-

@M(x,-)zaglf(( ) reRY, M=12,...

Om
satisfy the conditions of Theorem 4.3. With regard to (4.6) and (4.7), we may take
Unr = 63| K| 0o and
o7y = sup 0y [ K (w)p,(x — udar) du < 837 | K13 [prlloc
zeR R4

respectively. Note that under this choice of o, ) and Uy the relation (i) of Theo-
rem 4.3 is satisfied. In order to make the conditions (ii)-(iv) hold we additionally
suppose that the bandwidths d,; satisfy for M — oo,
Mé¢ Mé4,

oy — 0, —M—>o~o7 log ———
M Tog 0] ® Tlog o]

= O(log énr). (4.9)

Turn now to the conditions (v)-(vi). It can be easily shown that if functions d,(x, a)
and p,(x) have continuous derivatives in x of order s and these derivatives are
uniformly bounded on R? x A and R? respectively, then

|pr — Eprallre = O(6),  [ldr — Edrarllgaxa = O(83), M — oo,
provided that

s l —
/Rd ||z||° K (z) de < oo and /qu:jK(x)dx—O

fory=1,...,d,l=1,...,s — 1. Hence, according to Theorem 4.3

5max
ECPy — Crllpxa < =2 (DO\/| log 8ar| /M54, + D15;4) . M — oo,

min

where Dy and D; are positive constants independent of the region D.
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4.2 Convergence of global regression estimators

Fix some r > 0 and consider the one step regression problem

Bla) = argmin Y ($(X™)8 — Y™ (a))?,

BERK m=1

where
Y (a) := o(X, X ) (X)), m=1,.., M,

r

and P (7) == [t (2),...,¥r(x)]" with {¢;(z) : i = 1,2,..} being a set of basis
functions. Consider the matrix I'*** with elements

M
1
MK  _ - (m) (m)
It = Mmgwl (XY gy (X)), 1<k <K, (4.10)
and the matrix 'K = (F{f,{)lgl,kSK with elements

Ik = BDMK /R (()p(2) =

In the sequel we assume that the smallest eigenvalue of the matrix ' is bounded
from below by Ay > 0 for all K and r > 0. Let us define a truncated version

Cy(x,a) of the standard least squares regression estimator C.p(z,a) = Pi(z)3
as follows. If the smallest eigenvalue )\f\flf of TME fulfills )\nj‘{f > Amin/2, we set

Ciy(x,a) = Cr (2, a) and otherwise Cy (2, a) = 0. The following theorem holds.

Theorem 4.5. Suppose that conditions (4.4) and (4.5) are fulfilled and let {1y,

k = 1,2,...} be a system of basis functions on R which are uniformly bounded,
that is there exists a constant Ay > 0 such that maxy ||Vg||ec < Ay. Let further the
families of functions

{o(x,,a): 2R ae A} and {Yu(): k=1,2,..}

be bounded VC classes. Then it holds

1/2
E ( / sup O (x, a) — cru,a)Fpr(x)da:)
acA

2

vM
(/RSUP\Ar(x,a)IQPr(x)dx)l/Q, (4.11)

acA

S QC'maXKQ exp [—BoM/K2] —+ Bl -+

where By and By are some positive constants, Ciax 1= MaX, SUP(, 4)crixa Cr (T, a)
and

Ar(w,a) = B[] (@) (1) 9 (X)X, 0)| = Co(w,a).

15



Corollary 4.6. Suppose that
= Brla)di(x), (4.12)
k=1

where the convergence takes place both pointwise and in Lo(p,) sense. Then (4.11)
becomes

E ( / sup C5(x,a) — Col(z, a) |’ pr(:ﬂ)dw) v (4.13)

2

< 2Cux K% exp [~BoM/K?] + Bl\/M + VK

with
o\ 1/2

Zﬁk (X,

k=K+1

vk = | Esup
acA

1/2
_(Sup Z |Bk(a) B (a )|F1/2F,£,/,f,) - (4.14)

Corollary 4.7. We can represent the truncated estimator OEM(ZL‘, a) in the form
a) = Zwm,M(xuxy%D(X ™) Xr+17 )hTJrl(X?ET%)

Wwith Wy pr (2, XM) = M1 (x) (TME) 7 4p e (XY if ALK > Nin/2 and 0 oth-
erwise. A straightforward calculations lead to the bound

_ ~ 2\ 1/2 _
[@Wm1 (M ety = (E\wm,M(Xr,Xy)} ) < ByK'2M™!

and hence we obtain Ay = O(\/E) with Ao being defined in (4.3).
Corollary 4.8. Suppose that K?/M = o(log™*(M)) as M — 0, then

E‘Tz

:O<KT/2(7K—I—K2/\/M)>, r=0,...,T—1,

La(pr)

for M — oo. Moreover, if (4.12) holds and the coefficients {B(a)} in (4.12) fulfill
supz |8k (a)] exp(uk®) <

for some positive a and p, then under the choice K = ((log M) /2u)"/*, we get

log(T+2)/a(M)
r <A —F,
La(pr) V M
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5 Dual upper bounds

In order to assess the quality of our estimates we need to construct upper bounds for
the value process. To this aim we extend the approach in Rogers (2007) to problem
(2.2). In fact, the following theorem is a generalization of Theorem 1 in Rogers
(2007).

Theorem 5.1. Let Y,* be the solution of the optimal control problem (2.3), then the
following representation holds

Y= inf {hr(Xr) +E i Wi <(£h)j (X;5) — hj(Xj)>+

+ max W, (g:(X;) — hi(X;))™

r<i<T

]—7]}7

where W, ; = sup,e 4 [Arj(a, X)]| and H is the space of bounded measurable vector
functions h = (hg, ..., hy) on STTL,

6 Numerical example

Now we illustrate our algorithms by pricing a Bermudan basket call option in a
model, where asset prices can be influenced by an investor holding large amounts
of shares of the asset. In our model the large investor can increase the expected
value of future asset prices, hence the future option pay-off, by borrowing assets
(and return them later on).

Let X,, r=0,...,T be a discrete time Markov process. Consider a Bermudan call
option on a basket of d assets with the payoff

d +
1 .
X,) = —§ X0 K K>0
g( ) (di:1 r ) ?

which can be exercised at times » = 1,...,7. We assume that the large investor
borrows a, x 100% (0 < a, < 1) of each asset at time r and pays to his lender the
so called lending fee which is proportional to a,.:

d
aa, ZXS“), a>0. (6.1)
k=1
Furthermore, the dynamic of X,,; given X, depends on a, via

Xﬁzl = Xﬁl) eXp (_%57’ T O-\/é_TCr:i> 'Y(CLT), X[gZ) = o, L= 17 e d7
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where (,.; are i.i.d. standard Gaussian random variables, v : [0,1] — R, is some
function, and ¢, is a time scaling parameter. The transition kernel of the process X
is given by

P (z,dy) =

M exp | — Zj:l(ln z_i i 026T/2 _ IDV(GT))Q dy
N 2%, |

In our particular example we take v(a) = exp(a/20) and choose as a reference
measure the one corresponding to a = 0. Hence

P%(z,dy) = ¢(z,y;a) P*(z, dy)
with

o) — exp [ 2 /) A2 din(a)
plz,y;a) = exp %5, ny(a 5075, .

The value of the controlled Bermudan option contract in this situation is given by
(2.2) with ¢, = g and f,(z,a) = —aa (ZZ:1 :Uk)

We now study a numerical example withd =5,T=3,0, =1, 20 = 100, K =90, 0 =
0.2 where we shall construct lower bounds for the option price using local regression
and global regression methods. First, using the k-nearest neighbor estimator (3.4)
and the corresponding estimator (3.5), based on M paths of the process X, we
construct a suboptimal stopping time and a suboptimal control. Then averaging
over a new independent set of 50000 trajectories, we get a lower bound denoted by
xfﬁlow, This lower bound is shown in Table 1 for different M and different numbers
of nearest neighbors used to construct (3.4). Similarly, a suboptimal stopping time

(3.15) and a suboptimal control (3.16) lead to a lower bound denoted by Kf}"\;[low. In

Table 2 the values of Yogﬂow are presented in dependence on the set of basis functions
used for the least squares approximation.

Furthermore, we construct upper bounds Yolfﬂl’“p and Yy for the option price
based on the dual representation in Theorem 5.1, using approximative value func-
tions (3.6) and (3.12), respectively. To get these upper bounds we simulate 50
(“outer”) trajectories where on each trajectory the conditional expectations in (Lh),
are estimated using 10000 independent (“inner”) trajectories.

Note that it can be advantageous to take the number of nearest neighbors kj; in
(3.4) depending on x. To illustrate this we plot in Figure 1 the root-mean-square
errors of the estimates C3'{f(2, 1) and C§%i0(2, 1), relative to the “exact” values
Cs(z,1), computed using 10 Monte Carlo trajectories, for different numbers of

nearest neighbors and for two points (¥ and =" with

' 2
:cz(;) = Xy eXP(_%(éo +61) + Q(a\/é_o—i— U\/a))a k=1,....d =01

where (o = 0 (left figure) and ¢; = 1.5 (right figure). Here the best value of kj; for
the “centralpoint z(®) is about 0.1 x M and the RMS error does not exceed 5% for
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M = 10000. However, the error becomes rather large if x lies in the region with a
small concentration of the pre-simulated regression points (the optimal kj; is about
10 in the right-hand side figure). Thus, the performance of the k-nearest neighbor
estimator can be improved by choosing k), adaptively depending on =z.

As can be seen from our simulation study, global regression estimators provide a
smaller gap between lower and upper bounds for the option price than their local
regression counterparts. The gap between lower and upper bounds in the case of
global regression for the best choice of basis functions does not exceed 4% (relative
to the lower estimate), while for the local regression estimator the smallest gap is
larger than 15%.

Table 1: Lower and upper bounds obtained via the k-nearest neighbor estimator
(3.4) for different numbers of the nearest neighbors.

L k| B SD) | hghism(SD) | horvgoes (SD) | holaw (SD) |
10 || 13.94(0.06) | 20.94(0.23) || 13.82(0.06) | 21.22(0.27)
20 || 14.10(0.06) | 18.89(0.20) || 14.20(0.06) | 18.41(0.16)
50 || 14.08(0.06) | 16.74(0.09) || 14.33(0.06) | 17.08(0.14)
100 || 14.13(0.05) | 16.59(0.14) || 14.19(0.05) | 16.68(0.13
(0.05) (0.14) (0.05)
(0.05) (0.13) (0.05)

200 | 14.17(0.05 16.73(0.14 14.17(0.05 16.48(0.13)

1000 || 13.56(0.05 17.04(0.13 14.06(0.05

16.27(0.11)

Table 2: Lower and upper bounds using global regression algorithms with different
sets of basis functions.

base functions H hgfz’lo%lcv)oo(SD) ‘ hiy300000(SD) ‘

up to 2nd degree polynomials on g,.(X,) || 15.15(0.06) | 15.75(0.10)

up to 3th degree polynomials on g,.(X,) || 15.10(0.07) | 15.62(0.07)
up to 4th degree polynomials on ¢,(X,) | 15.13(0.07) | 15.70(0.09)
L xW 0 xPg(X,) 15.01(0.07) | 15.76(0.08)

up to 2nd degree polynomials on
xMxP) g(X) 15.09(0.06) | 15.55(0.07)
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Figure 1: Root-mean-square errors (in %) of the estimators Aé“ﬁg‘ooo(x, 0) (solid line)
and 0575‘6‘000(:6, 0) (dashed line) for different numbers k of nearest neighbors at two

points xg exp(—o?) (left) and xgexp(—0c? + 1.5(c\/dy + 01/81)) (right).
7 Appendix

7.1 Proof of Theorem 3.4

The statement of the theorem holds trivially true for r = T. For r < T" we have

Lrey>ry Yy = ey sup  E* E ﬁfj i1 aj) + 9 (Xo) | Fr
acA,, T€%, | j=r
== 1{7*(r)>r} S;:lp E?*(r) E f] +gT(XT) Fr
TESr 41
L j=r i

= 1{7’*(7")>7”}f7‘(X7“7 aj(r))%—

+ regryary sup EZO RS [ Z f5(X5, a5(r)) + g-(X) fr“]

TE(ZTJA j=r+1

< 1{7*(r)>r}fr(Xra a; (T))+

1{7*(r)>r} E;L*(?”) sup E(ar+1 [ Z f] j» @ +97(XT)

aG.AT+1 TGTT+1 j=r+1

Fr+1]

= 1{T*(T >T}fT( (&) 7»( )) + ]'{T*(T’)>T} E( ( ) :+1(7’+1),...) x
T*(r+1)—
. Z f” 3@ (1 + 1)) + gr 1) (X o)) | For

Jj=r+1

= Lo (myom fr (X, a5 (1) + 1preryory EX O Y2 = 1wy Y,
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due to the Bellman principle. Hence

. \ (a* (r).alyy (1))
L ysny Yy = 1{7* yorpfr(Xr ar (1)) 4+ Lize(ry>ry Er o X
*(r+1)—1

X Z F(X5, @+ 1)) + goegrrn) (Xowgran)) | Fo

j=r+1

from which the consistency relations follow.

7.2 Proof of Theorem 4.1
For r = T the statement is trivial. As induction hypothesis we assume that

E‘ﬁ

r1,M — Py =0 (AZJ_%M) , M — oo. (7.1)

Lq(pr+1)

Based on a new sample (X,(,m),Xf,Ti), m = 1,..., M, independent of the samples
needed for constructing the estimate h,,; ps, we define

ar () == argsup[f,(z,a) + Cry(z, a)],

a€A

ay v () == arg i‘up[fr(x, a) + @r,M(LE, a)l,
ac

where
Zme z, XM p(z, XT(H, )ETH,M(X;T%)'

Observe that due to

o~

—sup |Cr ym(z,a) — Crp(x, a)‘

acA
< frlz, @ (z)) + ér,M(xaaT,M(x)) —{fr(z,ar () + Cra(z, a0 pr()) }

< sup ér,M(x,a) — Crm(z,a)
acA

the inequality

ﬁT,M(JL‘) — hr,M(x)‘ < sup C'\,«,M(a;,a) — Crm(z,a)

a€A

holds for all  and a, where

hy () == max{g,(z), fr(z, ar m(z)) + Crpr(x, arar(x)) }

Analogously one can show that

|h () — he s (2)| < sup |Cy(z,a) — Crar(x, a)l. (7.2)

a€A
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On the other hand we have

an,M(x, a) — Cru(z,a) = (7.3)
M
> Wi (@, X2, X0, @) (g ar (X)) = Bt (X)),

hence

o~ ‘

thM(JZ') — hT,M(‘T)

M
< A Wi (@, X (g ar (X)) = hen(XTH)], 2 € RY

m=1

Denote with G, the o-algebra generated by the samples used from 7" down to
r 4+ 1. The application of Holder’s and Jensen inequality leads to

E ‘ r M T hrM‘
LQ(pr
< 4E Z B Hhr“vM(Xle)) — hea (X/11) ||wm7M('aX7g'))HLq(pr)}
m=1
~ q11/q
< A B{ [0 (X = (X0
M M 1-1/q
3 (B o X276
m=1
N M q
< A«:E‘ P10 — g o )Z </pr(x)E |wm,M<J;7X7]"\/[)‘qu>
g\ Pr+1

m=1

r+1,M — hr+1

— AE[h

Z meM HL p1®l 1p7)

The induction assumption (7.1) implies now that

Pr+1

E [

r,M T hr M )
Lq pr

Note that by letting ¢ | 1, the last estimate holds true for ¢ = 1 as well. Further we

have

E 9

E‘ ot — hy.

gE’ﬁ

mﬁﬁme_mhmn

Lq(pr)

and due to (7.2)

E ||hr,M - hTHLq(pr)

1/q
<{ [ 16 - Conte Mm@ e} = 0Ceu). 21— o
R
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7.3 Proof of Theorem 4.3

For any « € D we have on the set {|p, a(2)| > Pmin/2}

d d dry — d _
CP\,(z,a) — Cy(z,a) = nMo_ Zr _InM T C’TpT Dr,M
7 p’f’,M p'/‘ p,nM pT'7M
and so
HO M C HDXA < 2pr:11n HdT’M B dTH’DXA + 2Ctmauxpmm ||pr pT,MH’D :
Hence

EC2 = Coll g s < 2Pmin B lldras = dill py s + 2CmaxDiin B [lpr = proaa o
+ Cmax P (Hpr - pr,MHD > pmin/2) . (74)

Since

M

M
we immediately get from Theorem 7.1 ¢t aklng into account conditions (i), (ii), and
(iii) in Theorem 4.3,

AUy

B
E ||p7",M - Epr,M”]Rd S M VUM log

+\/_\/Maerog

S Bl\/;P)/M7 M — o0,

with some universal positive constants constants B and B;. Similarly,

p (Hpr,M - Epr,M“Rd > le}/M) S

)7 M—>OO?

for any C; > C, where positive constants C' and L only depend on the VC-
characteristics A and v. Due to condition (iv) there exists W > 0 such that

I =
we have
P (Hpr,M - Epr,M“Rd > CI’VM)
w W
Or,M Or. M
<L : <L : <L M .
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Due to (iii) we can now find M such that for all M > M it holds C1yar < pmin/4-
Hence

p (”pr - Epr,MHRd > pmin/4) S L7M7 M — oo.

Since

p (”pr - pr,M”D > pmin/2) < P (Hpr - Epr,M”Rd > pmin/4)

+P (HEpT - pr,MHRd > pmin/4)
and ||p, — Epra|p goes to zero for M — oo, we end up with
p (Hp?" - pT’,M“D > pmin/2) S L’YMu M — oo.
Similarly,
Ellpr = prullp < 1pr — Epratllige + ENEprar — prarllpa
< Hpr - Epr,M“Rd + Livm

with L; := Bjy/v only depending on the VC characteristics. Next, by applying
Theorem 7.1 to the representation

M
1 m m
(@) = E (@) = = 3 (Parle, X)ip(w, X, 0y (X7

1
B | ®arle, X, X, )by (X))

with Uy, = Ay A Uy and 0,5 = ApAporar, and observing that (i)-(iv) in The-
orem 4.3 are trivially fulfilled for the sequences Uy and o, , we obtain in an
analogous way the estimate

Elld, — draillgay s < Elldr — Edparllpay s + Lovu

with some constant L, > 0 only depending on the VC characteristics. Taking all
together, (7.4) yields

E ||C}=?M - CT||DXA S (CmaxL + 2Cmaxpr;ilnL1 + QP;}HLQ) Y
+ QCmaxpx;iln lpr — EpT,MHRd + 2pr:1i1n |d, — E dr,MHRd )
from which the statement of the theorem follows with Lg := %L + L1 + Lo.

7.4 Proof of Theorem 4.5

We have
M — min w TMXy
[lwll=1
> min w T w+ min w"(TMX -~ TH)w
lwll=1 lwli=1
> Anin — K max |[T)0% =T (7.5)

1<k <K
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By the uniform boundedness of ¢y (x) on R? it follows that

Var [¢ (X)) ¥y (X,)] < E [¢l2 (X,) % (XT)} < Afb’

and so we get by Bernstein’s inequality

M§?
P(IT), — Tkl > 6) < 2exp |— ] (7.6)
2A% (A2 +26/3)
Combining (7.5) and (7.6), we get
MK K
PAMLK < \n/2) < P (ISI%% T - i > Amln/2K>
<2K%exp | — Mo, < 2K’exp [-ByM /K] (7.7)
- 8K2A7 (A5 +26/3) | — '
with some constant By > 0 independent of K and M. We further have
Lot sazy | O (@, 0) = Colw, a)| < €0 + €0 + A (@ a)]  (7.8)
with
1 < 1 1
1 - - m m
e = swp | 3wk [0 = (1) 7 s ()Y a)|,
(z,a)€A m—1
1 & 1
ER = s |3 (%) (1) g (XY ) (a)
(z,a)€A m—1
-1 m m
B [k(2) (%) (X)) ()] )|

The matrix identity A~' — B~ = A71(B — A)B~! and the multiplicativity of the
spectral matrix norm imply on the set {A\M5 > A .. /2},

™ = 7, <

Hence, it holds on the set {/\MK > Amin/2},

min

(e

min

sup [4pc(e) [(005) 71 = (1) 7] ape (X )y ) (@)

(z,a)eA
2A A, -
91 (@)l [ (X, [0 = T
2 K _ pMK
< K°A AhAw)\Q HF T ||max’
where ||-|| .. denotes the elements-wise maximum. Due to our assumptions it follows
from Theorem 7.1 that
EE , :
r,M = 2 \/M
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where the constant By does not depend on K and M. Since

ER < VK sgg E Y(a) = E¢p(X™)Y ™ (a))
mln a 9
KA al
< S max | E "YU (a) — E (XY ()]

our assumptions and Theorem 7.1 lead to the following bound

K

/M7
where constant Bz does not depend on K and M. Combining (7.8) with (7.9) and
(7.10), we arrive at (4.11).

EER), < B (7.10)

7.5 Proof of Theorem 5.1

For any h = (ho, ..., hr) € H and a € A let consider a martingale M, from the Doob
decomposition of h,(X,):

Mf—i—l - M:l = hr1 (Xr‘+1) - E® [hr+1 (XT)|f7‘] )

with M2 =0, i.e.,

r—1 r—1
M:‘ Z (M]a—‘rl Mga) = (hj+1(X> P h]+1(X ))
j=0 7=0

We then have

T—1
Yr mf su}l) E® E (X5, a5) + 9-(X7) — (hj1(X;) — PYhj (X)) fr]
acA, y
T, T2>T j=r J=r

< ir}if {hr(X )+ sup E*

aE.Ar

ZA” a, X) (fi(Xj,a;) + PYhj(X5) — hi(X5))

+Ar,i(av X) (91<X ) (Xl))| Fr]}

Z sup A,(a, X) ((gh)j (X;) - hj(Xj)>+

aEAr

< iIhlf {hr(X + E*

+max sup Avi(a, X) (gi( X)) — ha(X) T

2T acA,

For h = h* it holds max [g;, (Ch*),] = hf, and h}(x) = gr(z), so we finally have

identity.
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7.6 Some results from the theory of empirical processes

For the readers convenience we here recall some definitions and corner stone results
from the theory of empirical processes.

Definition A class 7 of measurable functions on a measurable space (S5,S) is
called a Vapnik-Cervonenkis class if there exist positive numbers A and v such that,
for any probability measure P on (S5,S) and any 0 < p < 1,

N, Lo(P), pll Fllagey) < (%) , (7.11)

where N (F,d,e) denotes the e-covering number of F in a metric d, that is the
minimal number of spheres with radius ¢ needed to cover F, and F' := sup;cr|f]
is the envelope of F (with here and below sup denoting esssup with respect to P).
The following proposition is a key tool for obtaining convergence rates for the local
and global type estimators considered in this paper.

Theorem 7.1 (Talagrand (1994), Giné and Guillou (2002)). Let F be a measurable
uniformly bounded VC' class of functions. Let P be any measure on (S,S), and let
(Xon)m=12,. be an i.i.d. sequence of S-valued random variables with distribution P.
Let o and U be any numbers such that

sup Varp(f) < o?, sup||flle <U
fer fer

and 0 < o < U. Then, there exist a universal constant B such that

<B
fer

: [sup S (F(X) — B F (X))

A A
VUlogTU—F\/; MJQIOgTU] .

If moreover 0 < o < U/2 and VMo > U+/log(U/0o), there exist constants L and
C which only depend on the VC characteristics of F, such that for all A\ > C and t

satisfying
cma\/@ <t< AM[}’ 2,
it holds
M log(1+ A/(4L)) ¢
P (?gg mZl(f(Xm) —Ef(X1)| > t) < Lexp (_ Y3 MUQ) '

Thus, in particular, for any C; > C we may take

[ U
t=CiVMaoy/log—, I=C4,
o
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which yields

M [ U
P (;22 mzl(f(Xm) —~Ef(X)))| > CiVMay/log ;> (7.12)

< Lexp (_ Cilog(1+ Cy/(4L)) log g) .

L
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