POSITIVITY PRESERVING BALANCED TRUNCATION FOR
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Abstract. We propose a model reduction method for positive systems that ensures the positivity
of the reduced-order model. In the standard as well as in the descriptor case, for continuous-time
and discrete-time systems, our approach is based on constructing diagonal solutions of Lyapunov
inequalities. These are linear matrix inequalities (LMIs), which are shown to be feasible. Positivity
and stability are preserved and an error bound in the Hoo-norm is provided.
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1. Introduction. We consider linear time-invariant positive descriptor systems
in continuous-time

Ei(t) = Ax(t) + Bu(t), (0) = o, (1.1)

and in discrete-time

Ex(t+1) = Az(t) + Bu(t), x(0)= w0,
y(t) = Cx(t) + Du(t),

where £, A € R*"*" B ¢ R"*™ (C € RP*" are real constant coefficient matrices. In
the continuous-time case, the state x, input v and output y are real-valued vector
functions. In the discrete-time case x,u and y are real-valued vector sequences. We
focus on (internally) positive systems. These are systems whose state and output
variables take only nonnegative values at all times ¢ for any nonnegative initial state
and any nonnegative input, [17,21,25].

(1.2)

Positive systems arise naturally in many applications such as pollutant transport,
chemotaxis, pharmacokinetics, Leontief input-output models, population models and
compartmental systems, [2,5,6,8,12,17,21]. In these models, the variables represent
concentrations, population numbers of bacteria or cells or, in general, measures that
are per se nonnegative. Positive systems are subject to ongoing research by many au-
thors, [1,13,14,17,21,28-30,32,33]. Recent advances on control theoretical issues have
been made especially in the positive discrete-time case. Yet, there are still many open
problems,; in particular for standard positive systems in continuous-time. One such
problem in the continuous-time as well as in the discrete-time case is model reduction
which preserves the positivity of a system. In the present paper, we generalize the
model reduction methods of standard balanced truncation and singular perturbation
balanced truncation such that positivity is preserved. Our technique uses a linear ma-
trix inequality (LMI) approach and we show that stability is preserved and an error
bound in the Hy,-norm is provided. Furthermore, we provide a generalization of this
positivity preserving model reduction to the case of positive descriptor systems.
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This paper is organized as follows. In Section 2, we introduce the notation, define
the positivity concept and give a well-known characterization. In Section 3, we in-
troduce positivity-preserving balanced truncation and singular perturbation balanced
truncation for standard systems and thereafter, we generalize the methods to posi-
tive descriptor systems in Section 4. The applicability of the proposed methods is
demonstrated by means of several examples in Section 5.

2. Preliminaries. Throughout the paper R™*™ and C"*™ denote the spaces of
n x m real and complex matrices. The open right half-plane is denoted by C, and the
complex open unit disc by ID. The matrix A7 denotes the transpose of A € R"*™  and
AT = (A~1H)T. An identity matrix of order n is denoted by I, or simply by I. The
zero nxm (nxn) matrix is denoted by 0y, n, (0,,) or simply by 0. By rank(A) we denote
the rank and by im(A) the image of a matrix A. For A = [a;;]i=1,... nj=1,..m € R"*™
and I = [iy,...,i;] € {1,...,n}*, J = [j1,...,5] € {1,...,m}!, we define the matrix
A(L,J) € R¥*! by

A(Ia J) = [airjs]r:l,...,k,s:l,...,l-

A matrix A € R™*" is called nonnegative (positive) and we write A > 0 (4 > 0)
if all entries are nonnegative (positive). A matrix A € R™*" is called Z-matriz if
its off-diagonal entries are nonpositive. In the literature, a matrix for which —A is a
Z-matrix sometimes is called L-matrix, Metzler matrix or essentially positive matrix,
see, e.g., [7,17,21,34]. Throughout this paper we will use the term —Z-matrix. Let
B € R™*™ B > 0 with spectral radius p(B). A matrix A of the form A = ol — B,
with o« > 0, and a > p(B) is called M-matriz. If o > p(B) then A is a nonsingular
M-matrix, if @« = p(B) then A is a singular M-matrix. The class of M-matrices is
a subclass of the Z-matrices. Accordingly, a matrix A € R™*" for which —A is an
M-matrix is called a —M-matrix. Note that for a nonsingular M-matrix A, we have
A~1 >0 [34]. Further, for Hermitian matrices P,Q € C™"*", we write P = Q (P = Q)
if P — @ is positive (semi)definite.

Let Hoo g be the space of all transfer functions that are analytic and bounded on
C\D, where D is the closed unit ball around the origin. The continuous-time and
discrete-time H.,-norms are defined by

1Glloc,c = sup [|G(s)]l2, and  [[Gllcc,a = sup_[|G(2)]l2, (2.1)
seCt 2€C\D
respectively, where || - |2 denotes the spectral matrix norm.

2.1. Descriptor systems. Let the matrix quintuple [E, A, B, C, D] denote
the system (1.1) or (1.2), respectively. The function G(\) = C(A\E — A)"'B + D
is called transfer function and X is called frequency variable. Conversely, the quin-
tuple [E, A, B, C, D] is called realization of G. Note that the frequency variable
is denoted by s in continuous-time and by z in discrete-time. A transfer function
G is called proper if it is bounded on some complex half-plane and strictly proper if
additionally limy_,, G(\) = 0 holds.

A matrix pair (E, A) € R™*™ x R"*™ ig called regular if det(AE — A) # 0 for
some A € C. It is called singular otherwise. In this paper we restrict our considera-
tions to square and regular pencils. In this case, the pair (E, A) can be transformed
into Weierstra§ canonical form, see e.g. [10,15,22], i.e., there exist regular matrices
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W, T € R™*"™ such that

(E¢D::OV[%f E]Tﬁv{g ;L}T), (2.2)

where N € R™=*"e< ig nilpotent with index of nilpotency v. The number v is called
index of the matrix pair (E, A) and is denoted by ind(F, A). The eigenvalues of J are
called the finite eigenvalues of (E, A). By ny and n., we denote the dimensions of
the deflating subspaces of (F, A) corresponding to the finite and infinite eigenvalues,
respectively. The matrix

_ -1 Inf 0
P =T {o ol T (2.3)

is the spectral projector onto the right deflating subspace of (E, A) corresponding to
the finite eigenvalues.

We call a matrix pair (E, A) c-stable if it is regular and all its finite eigenvalues
have negative real part. We call a matrix pair (F, A) d-stable if its finite spectral ra-
dius, i.e., the largest modulus of a finite eigenvalue, is less than one, i.e., ps(E, A) < 1.
Note that a matrix A is called c-stable (d-stable) if (I, A) is c-stable (d-stable). We
call a realization of a continuous-time (discrete-time) system [ E, A, B, C, D] stable,
if (E, A) is c-stable (d-stable).

For regular (E, A) and A € R such that A\E — A is non-singular, we define

E=(AE-A)"'E, A=(QE-A)"A, B=(\E-A)"'B. (2.4)
Note, that the matrices £ and A commute, see, e.g., [11,22].

Let M € R™*™ have index v, i.e., ind(M, I) = v. The Drazin inverse MP € R"*"
of M, see, e.g., [11,16], is uniquely defined by the properties:

MPM =MMP, MPMMP =MP, MPMYT =M. (2.5)

Note that, via the Jordan canonical form, the matrix M € R™*™ has a representation
M = T-'diag(J, N)T, where J is square and invertible and N is nilpotent. The
Drazin inverse is then given by [11]

J1 0
D _ p—-1
MP =T [o o} T, (2.6)

For E, A as defined in (2.4) and their corresponding Drazin inverses, the following
properties hold, see, e.g., [22]:

BAP — APE, BPA— AEP, EPAP — APED. (2.7)

Note that if we form matrix products such as E’DE’, EDA, EDB, then the terms in A
cancel out, so that these products do not depend on the specific choice of A, [22,36].
Furthermore, note that E” E = P, is the spectral projector defined in (2.3), [26,36].

From [27], we have that the transfer function G(s) = C(sE — A)~'B + D can be
additively decomposed as G(s) = G4,(s) + P(s), where Gy, (s) is the strictly proper
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and P(s) is the polynomial part of G(s). By using (2.6), it can be derived [36] that
the strictly proper part G, (s) of the transfer function G(s) can be written as

oo

Go(s) =Y (CP)(EPAF N EPB)s™ = (CP,)(sI - EPA)"Y(EPB),  (28)
k=1

and the polynomial part can be written as

v—1
P(s)=—C(I—P)Y (EAP)¥(I - P,)APBs* + D
Pt (2.9)

=C(I - P,)(s(I — P,)EAP —T)"'(I - P,)APB + D.

2.2. Positive systems. Here we introduce the basic facts about positive stan-
dard and descriptor systems.

DEFINITION 2.1 (Positivity). We call the continuous-time system (1.1) with
ind(E, A) = v positive if for all t € Ry we have x(t) > 0 and y(t) > 0 for any input
function u € C¥ such that u (1) > 0 fori=0,...,v—1 and 0 < 7 < t and any
consistent initial value xog > 0.

The discrete-time system (1.2) with ind(E, A) = v is called positive if for all t € Ny
we have x(t) > 0 and y(t) > 0 for any input sequence u(t) >0 for 0 <7 <t+v—1
and any consistent initial value x¢ > 0.

The following theorem states a well-known characterization of positive systems in
the standard case, that is £ = I.

THEOREM 2.2 ( [17,21]). The continuous-time system [I, A, B, C', D] is pos-
itive if and only if A is a —Z-matrix and B, C,D > 0. The discrete-time system
[I,A, B, C, D] is positive if and only if A, B, C, D > 0.

A corresponding characterization of positivity in the descriptor case was given
in [36].

THEOREM 2.3. Consider the system [E, A, B, C, D] in continuous-time or
in discrete-time with (E, A) reqular of ind(F,A) = v and let E, A, B be defined as
in (2.4). In the continuous-time case, assume that

(i) (I — EPE)(EAP)APB <0 fori=0,...,v—1,

(ii) EPE >0,
(iii) D > 0.
Then, the continuous-time system [E, A, B, C', D] is positive if and only if
1. there exists a scalar o > 0 such that M := —al + (EPA + aEPE) is a
—Z-matriz,
2. EPB >0,

3. C is nonnegative on the subspace X defined by
X :=imy [EPE,—(1 - EPE)APB,...,—(I — EPE)(EAP)*~*APB], (2.10)
where for W € R"*4, the space imy W is defined by
imy Wi={w; € R" | Jws € RY,wy > 0: Wwy = w1 }.

In the discrete-time case, assume that EDE > 0. Then, the discrete-time system
[E, A, B, C, D] is positive if and only if EP A, EPB, D >0 and C is nonnegative
on X as defined in (2.10).



To motivate the assumption EPE > 0 in Theorem 2.3, consider the homogeneous
system Fi = Axz. If we require that this system has a nonnegative solution for any
initial value zg > 0 (instead of any consistent initial value xzy = EPEv > 0), then
EPFE > 0 turns out to be a necessary condition [35]. Moreover, from the point of view
of applications, it is preferable to prescribe an initial condition that is just nonnegative
instead of one that is nonnegative on some special subspace.

3. Balanced truncation for positive standard systems. In this section,
we restrict our considerations to so-called standard systems, that is, a system (1.1)
or (1.2) with E = I. In Section 4, we treat the general descriptor case.

Continuous-time case. Consider the standard system [I, A, B, C, D] in
continuous-time and assume that A is c-stable. The method of balanced trunca-
tion is based on Lyapunov equations. It generates c-stable reduced order systems.
However, positivity is not preserved in general. Instead, we consider model reduction
based on Lyapunov inequalities

AP +PAT +BBT <0, ATQ+90A+CTC =0, (3.1)

with diagonal matrices P, Q = 0. In the following we show that for positive systems
the equations (3.1) are solvable. Moreover, we show the existence of a positive diagonal
transformation 7' € R™*"” such that for the transformed system [I, Ay, By, Cp, Dy ]
given by

Ay =T 'AT, B,=T"'B, C,=CT, and D, =D, (3.2)
the corresponding Lyapunov inequalities
APy + PoAL + ByB =0, A Qy+ QA+ Cy C, <0, (3.3)
are fulfilled for
Py, = diag(%, B¢, 0,,,0,..), Qp = diag(X,0,,,%0,0,.,) (3.4)
with 0 < X, € R"e*"e () < X, € R" X" and
Y = diag(oy, 09, . ..,0k) for some o1 > g9 > ... > o1 > 0. (3.5)

We will call [T, Ay, By, Cy, Dy] a positive balanced realization.

THEOREM 3.1. Consider the c-stable continuous-time positive standard system
(1.1). Then, there exists a diagonal matrizc T > 0 such that the positive system
[I, Ay, By, Cp, Dy] given by (3.2) is positive balanced, i.e. there exist diagonal ma-
trices P, = 0, Qp = 0 as in (3.4), such that the Lyapunov inequalities in (3.3) hold.

Proof. A —M-matrix is diagonally stable, i.e., there exist diagonal positive definite
matrices X,Y such that

AX + XAT <0 and ATY +YA<0,

see, e.g. [3,7]. In particular, there exist diagonal matrices P > 0, @ = 0 such that
(3.1) holds. We define a permutation matrix II such that

I7PIL = diag(X11, X22,0,,,0,,,), 17 QI = diag(Y11,0,,, Y33,0,.,)
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with the additional property that X;; = diag(z1,...,zr), Y11 = diag(y1,...,yx)
satisfy z1y; > @oyp > ... > xpyr > 0. Setting T = diag((XllYl_ll)i,InC,InO,InCO)
and T = HT, we have that P, = Tfl’PTfT7 Qp, = TT QT have the desired form.
The transformed system is given by [I, Ay, By, Cy, Dy as defined in (3.2). Since
Ay is a —Z-matrix and By, Cy, Dy > 0, the transformed system is again positive by
Theorem 2.2. 0O

The numbers o1, ..., o0 play the role of Hankel singular values for standard bal-
anced truncation [20]. Consider a partition

A A B
A”:[Ai Alﬂ’ Bb:[Bj’ G=loal (39

where A1; € R and either £ = k or £ < k such that o¢41 < op. The matrices B
and C' are partitioned accordingly. By means of balanced realizations, reduced-order
models

Z(t) = AZ(t) + Bu(t),

~ _ (3.7)
y(t) = Cz(t) + Du(t)
can now be constructed, where Z, E, 5’, D are defined by
A=Ay, B=By, C=C, D=D. (3.8)
An alternative method for the construction of reduced-order models is
A=Ay - A12A§21A21, B=B) — A12A§2132, (3.9)

C =0y~ CoAy' Ay, D =D~ CyA3 Bo.

For the reduced-order models, we have the following result.

THEOREM 3.2. Let [I, A, B, C, D] be a realization of G(s) that is c-stable.
Moreover, let Ay, By, Cp, Dy be constructed as in (3.2), such that (3.3) holds for
Py =0, Qp =0 as in (3.4). Let [I, /I, E, C, 15] be the realization that is either
constructed via (3.8) or (3.9). Then, the system [I, A, B, C, D] is positive and the
transfer function G(s) = C(sl; — A)"'B + D satisfies

k
IG = Gl <2 i (3.10)
i=4+1

Proof. Tt suffices to show the positivity of the reduced-order systems. For a proof
of the error bound in (3.10), we refer to [24].
The reduced-order system defined in (3.8) is again positive, since B > 0, C > 0,
D >0 and A is a —M-matrix as a submatrix of a —M-matrix.
The positivity of the reduced-order system defined in (3.9) can be seen as follows:
The —M-matrix property of A is preserved, since it is a Schur complement of A
[34]. Furthermore, since Agy is also a —M-matrix, we have A, < 0, and hence,
B,C,D > 0. O
The main difference between the reduced-order models (3.8) and (3.9) is that the
model (3.8) is exact for s = co meaning that G(co) = G(o0), whereas (3.9) is exact
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at s = 0. In balanced truncation based on Lyapunov equations, the first method
is called standard balanced truncation, whereas the second method is called singular
perturbation balanced truncation.

Note that for the computation of positive reduced-order models, there is no need to
compute a balanced realization explicitely. Instead, for solutions

P:dlag(p177pn) to and Q:dlag(qhaqn) to

of (3.1), indices {i1,...,i,} have to be found such that we have
PinQiy = -+ 2 DiyGiy > Pigprigy, = -+ = Pindi,- Then, a reduced-order model

(3.7) can be obtained in the following way: Let Iy = [i1,...,i¢], T2 = [ig41,---,0n]
and

Ay = AL, L), A = A(L, L), By = B(I1,[1,...,m]),
A21 :A(IQ,Il), A22 :A(IQ,IQ), B2 :B(IQ,[I,...,m]), (311)
Cl:c([la"'vp]vIl)a CQZC([]'aapLIQ)
and either define the reduced-order model by
[I,A,B,C,D]=1I, Ay, By, Cy, D] (3.12)
or by
[I,A,B,C, D]
_ g _ e = (3.13)
:[All_A12A22 A21 ) Bl_A12A22 B2 ) Cl_C2A22 A21 ) D_CZA22 BZ ]

These systems are linked to the reduced-order models (3.8) and (3.9), respectively,
via a positive diagonal state-space transformation. Therefore, the positivity as well
as the error bound (3.10) are still valid.

Discrete-time case. Consider a positive system [I, A, B, C', D] in discrete-
time and assume that A is d-stable. We consider model reduction based on discrete-
time Lyapunov inequalities

APAT — P+ BBT <0, ATQA-Q+CTC =<0, (3.14)

which are solved for diagonal P, Q = 0. As in the continuous-time case, we consider a
positive balanced realization, i.e. [I, Ay, By, Cy, Dy =[I, T"*AT, T~ 'B, CT, D]
with diagonal 7" = 0, such that the Lyapunov inequalities

Ab,PbAg — Py + BbBZT =0, A;{QbAb — Qp+ CbTCb =0 (315)

are fulfilled for Py, Qp as in (3.4).
Consider a partition of the balanced system as in (3.6) and assume that either £ = k
or ¢ < k with op41 < 04. A reduced-order model

Z(t+1) = AZ(t) + Bu(t),

_ o - (3.16)

y(t) = Cz(t) + Du(t),

can either be constructed via (3.8) or, alternatively, via
A=Ay + Ay — Ap) Ay, B=Bi+ Ap(ln_r — Ag) ' By, (3.17)

C=0C1+Co(Iyp— Ags) Y91, D =D+ Cy(I_y — Agy) ' Bo.
7



In the case where discrete-time Lyapunov equations are considered instead of inequali-
ties, the reduced-order model constructed via (3.8) is referred to as standard balanced
truncation and (3.17) as singular perturbation [20,24]. For the reduced-order models,
we have an analogous result as in Theorem 3.2.

THEOREM 3.3. Consider the d-stable discrete-time positive standard system (1.1).
Then, there exists a diagonal T = 0 such that the positive system [I, Ay, By, Cyp, Dy ]
given by (8.2) is positive balanced, i.e. there exist diagonal Py = 0, Qp = 0 as in (3.4),
such that the Lyapunov inequalities in (3.15) hold.

Let [I, A, B, C, D] be the realization that is either constructed by (3.8) or (3.17).
Then, the system [I, A, £~3, 67 ﬁ] is positive and the transfer function
G(z) = C(zI; — A)Y'B + D satisfies

k
IG = Gllca <2 Y o (3.18)
i=0+1

Proof. The existence of a diagonal matrix T > 0 such that [I, A, By, Cy, Dy |
given by (3.2) is positive balanced can be obtained analogously to Theorem 3.1.
Moreover, a proof of the error bound (3.10) can be found in [4]. It remains to show
that the reduced-order system is positive. o
The reduced-order system defined via (3.8) is positive, since A, B, C, D are sub-
matrices of positive matrices. The positivity of the reduced-order model constructed
via (3.17) can be observed as follows. By the stability assumption, we have that
p(Aza) < p(A) < 1. Hence, I,y — Ago is an M-matrix and (I,,_; — Ago)~1 > 0.
Therefore, we obtain E, £~37 6, D>0. O

As in the continuous-time case, the actual transformation to a balanced sys-
tem [I, Ay, By, Cp, Dy] does not have to be performed, but only the submatrices
in (3.11) have to be considered. Reduced-order systems then can be constructed
according to (3.12) or, alternatively, via

[Ay+Ao(Lp—Ago) F Agy , By+Ara(Iy_p—Age) ' By,
C1+Cy(Iy—r—Ag) F Aoy, D+Co(I—p—Asz) ' By ]

Let us finally give a remark on the Lyapunov inequalities (3.1) and (3.14). It is clear
that their solutions are mnot unique and one should look for solutions
P = diag(p1,--.,pn), @ = diag(qi,...,q,) such that v/PQ has a large number of
small diagonal elements. This yields components of the state which are candidates to
truncate. A good heuristic for this is the minimization of the trace of P and Q [9].
For getting even sharper bounds, the Lyapunov inequalities can be solved once more
while now minimizing the sum of those diagonal elements of P and Q corresponding
to the candidates for truncation.

4. Model reduction for positive descriptor systems.

Continuous-time case. In this section, for positive continuous-time descriptor
systems, we first prove the existence of a positive balanced realization. Based on this,
we define a reduced-order system and show that it is positive and that it yields the
usual H., error bound in Lemma 3.2. The construction of reduced-order models is

8



based on the continuous-time Lyapunov inequalities
(EPAX + X(EPA)T + EPBBT(EP)T <0, (4.1a)
(EPATY +Y(EPA) + PTcTCP, <0, (4.1b)

with diagonal matrices X >~ 0, Y > 0.
Note that if the above relations become equalities and, additionally, the solutions
fulfill X = P,XPT and Y = PITYPZ, where P, is a spectral projector onto the left
deflating subspace of (F, A) corresponding to the finite eigenvalues, then we obtain
the generalized Lyapunov equations in [27]. However, for diagonal solutions of the
corresponding Lyapunov inequalities this will not necessarily be the case.

THEOREM 4.1. Consider the c-stable continuous-time system [E, A, B, C, D]

that is positive in the sense of Theorem 2.3. Then, there exists a diagonal matric
T > 0 such that the system [Ey, Ay, By, Cp, Dy ] with

Eb = ET, Ab == AT, Bb = B, Cb =CT and Db =D (42)

is positive and there exist diagonal matrices Py = 0, Qp = 0 partitioned as in (3.4)
such that the following Lyapunov inequalities hold

(EP APy + Po(EP AT + EPB,BF (EP)T <0, (4.3a)
(EPA)TQy + Qu(EP Ay) + PL,CY Cy Py <0, (4.3b)

where Eb,flb,éb are obtained from the matrices Ey, Ap, By as in (2.4) and
P.,=T7'PT.

Proof. From [36, Theorem 4.8], we have that for a positive c-stable system, if
P, > 0, then there exist diagonal matrices X,Y > 0, such that

(EPA)X + X(EPA)T <0, (EPATY +Y(EPA) =<0,
and the above inequalities are strict on im P,, i.e., for any 0 # v € im P,., we have
vI(BEPAX + XAT(EP) v <0, o"(AT(EP)'Y + YEP A)v <0.

Since, by assumption, we have EPBBT (EP)T > 0 and PTCTCP, > 0 and since
both terms are projected onto im P,, we obtain the existence of diagonal matrices
X » 0, Y » 0 such that the Lyapunov inequalities (4.1) hold. By using the same
argument as in the proof of Theorem 3.1, there exist diagonal matrices P = 0, Q = 0
and T' > 0 such that by transforming the system matrices as in (4.2), we obtain
(4.3), where Ey, Ay, By, are constructed as in (2.4) from the matrices Ey, Ay, By and
P, = T7'P.T is the corresponding spectral projector as in (2.3). Since T is diagonal
with positive diagonal entries, the transformed system is again positive. O

From now on, we consider the system [Ey, Ay, By, Cp, Dy ] from Theorem 4.1.
Since R = EyPrp + Ap(I — P, is invertible, the state equation of the system can be
scaled by the matrix R~!. Then we obtain an equivalent system [E, A, B, C', D]
with system matrices F := R™'E,, A := R~ 'A,, B := R™'B;,. The multiplication
with the corresponding spectral projector P, and its complementary projector (I—P,.),
respectively, leads to an equivalent system of two equations

P,i(t) = EP Ax(t) + EP Bu(t),
(I — P)EAPG(t) = (I — P)x(t) + (I — P,)AP Bu(t).
9
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Consider a partitioning as in (3.6) but for the matrices EPA EPB,CP;:

[EP A]yy

EPA= |17 %
[EP Al

[EPAl2] b g _ [EP B B
[EA’DA]%} BB [[EDE]J  OF = [P [CPT]Q](; !

where [EDA]ll € R and / is chosen as in the standard case in (3.6). The matrices
EP B and CP, are partitioned accordingly.

Our aim is to construct a reduction method that allows to obtain an H., error
bound as in the standard case. This is possible, for instance, if the polynomial part
P(s) of the transfer function G(s) remains unchanged, whereas the strictly proper
part Gp(s) is reduced as in the standard case [31]. In this case, the polynomial parts
of the original and the reduced transfer functions cancel out in the H., norm and
we obtain the usual H,, error bound. Note that, since (F, A) was assumed to be
c-stable, we have that EP A has only stable eigenvalues except for possibly several
eigenvalues zero that correspond to the eigenvalue co of (E, A) [36]. To obtain an H
error bound, these must not be reduced and, hence, we have to make sure that the
block [EDA]QQ is regular.

We partition the spectral projector P, and the matrices EAP , AP B conformably
with the partitioning of the matrix FP A,

[Pr]11 [Pr]12:| BAD - {[EAD]H

= [EAPL]  ipp _ [[APB]
= [[Pr]m [Pr]22 [EAP]y, 12} , APB = |:[AD A]l] - (4.6)

[EAP]5, 2
The following Lemma 4.2, in particular, states that [P.]22 is regular whenever [E’D /1]22

is regular.

LEMMA 4.2. Let the matriz EP A and the nonnegative projector P, be partitioned
as in (4.5) and (4.6), respectively, such that [EP Alas is regular. Then, [P]as is a
(regular) diagonal matriz with positive diagonal entries.

Proof. We have that P. > 0 is a projector. Hence, there exists a permutation
matrix @ € II,, such that QP,Q7 is in the following canonical form [18,19]

11 O O T1k O
0 T2 T2k
QPQ" = 0 (4.7)
: Tk  Thkkt1 O
0 0 0 0
| Th+2,1 Tp+2k+1 0 |

We use the permutation matrix @ to obtain a corresponding permutation of EPA
and partition it accordingly

A A Al kyo
QEPAQT = Axn ' (4.8)
Apya1 Apto k42

Since PTEDA = EPA and Ti+1,k+1 = 0, we have that mp41 g+14k+1,i = Akt1,, =0
for i = 1,...,k + 2. Furthermore, since EPAP, = EPA and Tht2,k+2 = 0, we
10



have that A; ptomiqo ke = Ajpso = 0 for ¢ = 1,...,k + 2. This implies that
whenever we choose a regular part of EDPA, then the correspondmg part of P, will
have a positive diagonal by construction. Furthermore, since EPAP, = EPA we
have that A;m; = Ay for i = 1,...,k — 1 and hence, rank(A4;;) < rank(m;) = 1.
Since rank(EP A) = rank(P;.) we conclude that rank(4;;) = rank(m;) = 1. Hence,
for a regular part of EP A, we can pick at most one row/column from each block
row/column in (4.8). By construction, the corresponding part of P, will be also
regular. Moreover, this part will be diagonal with positive diagonal entries. 0O

The following Lemma 4.3 states the special structure of the matrices in (4.4)
induced by the characterization of positivity in Theorem 2.3 [35].

LEMMA 4.3. Consider the system matrices in (4{.4) and let v be the index of
nilpotency of (I — P.)(EAP). Then, assuming that P, is in canonical form ({.7), for
i1=0,...,v—1, we have

(I — P,)(EAP) APB = o <0, (4.9)

where %1, %9 denote some unspecified entries.
The special structures of (I — P.)APB and (I — P,)(EAP)!AP B given in (4.9)
lead to the following facts. Let

(I— P)APB = [KI—PTMDB]I}

be partitioned according to EP A in (4.5). Since the part [(I — P.)AP B, corresponds
to the regular part P2, by considering the canonical form ( .7) of P, and the cor-
responding form of (I — P,)APB in (4.9), the term [(I — P.)AP B], must be zero.
By (4.9), we have that

A ADNIT iDp [f?z‘:lD}u [f?z‘:thz [(I—P)APB)| _ [*
(EAPY(I - P)APB = [[EAD]gl [EA%J { 1] = { ] . (4.10)

and we conclude that [EAP]y [(I — P)APB]; = 0.
Since (I — P,)EAP is nilpotent, the second equation of (4.4) has the solution

(I—P)z(t) = — Vi(EAD)i(I — P)APBuD (1),
and by (4.10) is equivalent to
(I— P11())[EAD]11 8] I(t) _ (I _ Pr)x(t) n |:[(I— PB)ADB]1:| u(t) (4.11)

System (4.4) is therefore equivalent to the following decoupled system

p(t) = Apap(t) + Bru(t), Foo®oo(t) = 2oo(t) + Boou(t), (4.12)
11



where

x5 (t):=Pa(t), Ap:=FPA, B;:=EPB,
taelt)i=(I = P)a(t),  Baim [0~ P)IEAI 8] B {W - PTOMDB]I}.
(4.13)
Furthermore, we set
Cy:=CP,, Cx:=CI-P). (4.14)

Using (2.8) and (2.9), we have G(s) = G4,(s) + P(s) with
Gip(s) =Cyp(sI — Ag)"'By,  P(s) =Coao(sEs—1I)"'Boo+D.

The first equation of the system in (4.12) is a standard system on the subspace
im P,.. Requiring that [ED A]Qg = [Ay]e2 is regular, we can apply the reduction
scheme in (3.9) to the system [I, Ay, By, Cy, 0]. We obtain a reduced-order sys-
tem [ 1, gf, Ef, CN'f, 5f] Since Ay is c-stable on im P, and [, Ay, By, Cy, 0] is
balanced on im P,, we have that G, (s) = C;(sI — A;)"'B; + D satisfies the error
bound in Lemma 3.2.

The second equation of (4.12) corresponds to the system [Fo, I, Boo, Coo, D].
Assuming the same partitioning as for [I, Ay, By, Cy, 0], we can apply the standard
balanced truncation reduction scheme in (3.8). We obtain the reduced-order system
[Ew, I, By, Coo, D].

That P(s) = Coo(sEs —I) "' Boo + D satisfies P(s) = P(s) can be verified as follows.
By (4.9) we know that if P, is in canonical form and the matrices EAP, APB are
permuted and partitioned accordingly, we have that

(EAPY (1 - P)APB = |,
k
*k

Therefore, if we consider a partitioning as in (4.11) and, furthermore, use (2.9), we
obtain that

v—1
P(s)=—C(I—P)> (EAP)"(I - P,)APBs* + D
k=0
= [Com Cooz] |:[EOOBOO]1:| = —Co,[Esx Bo]1 = 13(3)

Note that, in particular, this proves that Assertion (i) of Theorem 2.3 still holds for
the reduced-order system.

We obtain a corresponding descriptor system [E, g, E, 5, ﬁ] of ind(E, g) =
ind(E, A) = v, which is equal to the degree of the polynomial P(s), by setting the
reduced-order spectral projector P, to

P = [P11 — [P12[Poa [Pr)or,s (4.15)
12



and

E:=P,+E,, A:=A;+(I-P), B:=Bj+ By,

L (4.16)
C:=C;+Co, D:=Dj+D.

For the transfer function é(s) of the reduced-order system we obtain

G(s) = Gup(s) + P(s) = C(sE— A)"'B + D,

and since P(s) = P(s) we have |G — é’HOO’C = ||Gsp — ésp||oo7c. Therefore, the error
bound (3.10) holds true.
We still have to show that the thus obtained reduced-order system in (4.16) is
again positive in the sense of Theorem 2.3.
The matrix P, is again a nonnegative projector [19]. Furthermore, the projector
P, has the following properties that are essential for the positivity of the reduced-order
system.
LEMMA 4.4. Let ﬁ,, be defined as in (4.15) and the reduced-order system matrices
as in (4.16). Then, the following relations hold:
1. ﬁr;{f = Zfﬁr = Zf,‘
2. P.By = By;
3. CyP. =Cy.
Proof. For Relation 1. we have to take into account that Ay = EPA and

use the relations for the partitioned block matrices that arise from the property
P.EPA=FEPAP, = EPA, ie.,

[[Af]u [Af]m} _ |:[Pr}11[Af]11+[Pr]12[Af]21 [Pr]u[Af]m-l-[Pr]u[Af]Qz]
[Afla1 [Af]22 [Prlo1[Aflin+[Prla2[Aflar  [Prlaa[Aflia+[Prloa[Af]22 (4.17)
- {[Af]u[Pr]u+[Af]12[Pr]21 [Af]u[PT]12+[Af]12[PT]22] .
[Aflo1[Prlin+[Afl22[Prlor  [Aflor[Prlia+[Af]o2[Prloz|

Exemplarily, we prove the relation ﬁrg F= A 1, since the other relations follow anal-
ogously, see [35,36] for details. We have

P Ap =([P]in = [Pria[ Pl [Prlon ) ([Agha — [AfhelAf]ss [Af]a)
=[P J11[Afl11 — [Prli2[Prlog [Pa1[Aflin — [Prlia[Agli2[Af]os [Af]
+ [P12[Prl5s [Prla1[Af]i2[Af] 2 [Af]ar,

where plugging in the relations from (4.17), we obtain

P Ay =[P )u[Afln — [Prli2[Prles [Aglar + [Prliz[Aglar — [Af)i2[Af]5s [Af]er
+ [Prli2[Afl21 + [Prli2lPrl2s [Afl2r — [PrlizAf)ar
i,

where for the last equality we have used that [P]11[Af]11 + [Prl12[Af]21 = [Af]11. O

Due to B = (I — PT)E’AD and P.E., = 0 we have P,E., = E. P, = 0. There-

fore, Lemma 4.4 implies that the matrices £ and A commute. Using the properties
13



of P, we therefore have that Ei(t) = AZ(t) + Bu(t) is equivalent to the decoupled
system

Pa(t) = Afi(t) + Bru(t), Eoi(t) = (I — P)E(t) + Boou(t).

We have already shown that Assumptions (i)-(ii) of Theorem 2.3 hold for the
reduced-order system. It remains to show Relations 1.-3. in Theorem 2.3.

To this end, note that by Lemma 4.2, [P,]22 is a diagonal matrix with a strictly
positive diagonal. Hence, from the relation

Af—l—aPT:EDA—I—aPTZO

we conclude that [Af]so must be a —Z-matrix. Since Ay = EP A has only stable
eigenvalues except for the eigenvalue 0 that corresponds to the eigenvalue co of (F, A)
and since [Af]q2 is regular, it must be c-stable and therefore, a —M-matrix and we

have [Af]2721 < 0. By using Lemma 4.4 and the relations JBT[PT]H = [PT]H]BT =P,
and P.[P]i12 = [Pr]21P- = 0 that can be verified by direct calculation, we obtain

A¢ +aP, =P,(A; + aP,)P,
=P, ([Af]11 + a[P]i1 — [Agh2lAf)5 [Aflor — o P2 Prl5y [Pr]2) Pr
=P, ([Agl11 + a[P]i1 — ([Aghz + a[Pri2)[Afle ([Af]e1 + alP]a1)) Py > 0,

since Ay + P, > 0.

Next, we show that Ef > 0. By Lemma 4.4 we know that ﬁréf = Ef. Then, by
using P.[P]12 = 0, we obtain

By =P.([Byly - [Asi2[Aflz [Bsle) = Po([Bsli = ([Aghe + a[Prio)[Afly: [Byle) 2 0.

Similarly, by Lemma 4.4 and since [Pr]mﬁr = 0 we have that

Cr =([Cyl1 — X[Cyl2lAfl2 [Af]21) Pr = ([Crlr — X[Crl2lAfl% ([Aflar + alPr]a1)) Py
>0.

Finally, D = Bf + D > 0 holds, since D > 0 and Bf = —[C}]2[Af) % [Byl2 > 0.

We have shown that the reduced-order system as defined in 4.16 is again positive.
The strictly proper part Gsp(s) of the transfer function G(s) is reduced as in the
standard case, whereas the polynomial part P(s) remains unchanged, which leads to
the usual H, error bound as for standard balanced truncation in Lemma 3.2.

Discrete-time case. For d-stable discrete-time descriptor systems which satisfy
the assumptions of Theorem 2.3, we consider positivity-preserving model reduction
based on Lyapunov inequalities of the form

(EP
(

vyithA diagonal matrices P = 0, Q@ = 0. If P. > 0 thenl b}i Theorem 2.3, we have
EP A > 0. Since (E, A) is d-stable, we also have that p(EPA) < 1. Hence, as in the

14

(EPAT — P+ EPBBT(EP)T <0,

A . 4.18
MNTQEPA) - o+ PTcTep, <0. (4.18)

A)P
ED



standard discrete-time case in Theorem 3.3, there exists a positive realization with
Py and Qp as in (3.4)

From now on, we assume that P and Q of the form (3.4) solve the Lyapunov
inequalities (4.18). Scaling the system by R™! = (EP, + A(I — P.))~! as in the
continuous-time case, and further multiplying the state equation with P, and (I — P,),
respectively leads to the equivalent system

P.x(t+1) = EP Az (t) + EP Bu(t),

o . (4.19)
(I - P)EAPz(t4+1) = (I — P)x(t) + (I — P,)A” Bu(t).

By using the conditions for (I — P,)AP B and (I — P,)(EAP)AP B derived in Sec-
tion 3, for the continuous-time case, we deduce that the system in (4.19) is equivalent
to

zy(t+1) =Agpays(t) + Bru(l),

EoZoo(t+1) =200 (t) + Booul(t), (4.20)

where the systems [I, Ay, By, Cy, 0] for Gp(s) and [Ex , I, Bs, Cso, D] for P(s)
are given by the matrices in (4.13) and (4.14).

As in the continuous-time case, we reduce the strictly proper part G,(s) of G(s)
using standard singular perturbation balanced truncation, whereas the polynomial
part P(s) remains unchanged. We show that we obtain a reduced-order positive
descriptor system that approximates the original system with the usual H., error
bound in Lemma 3.3.

Consider a partitioning as in (4.5) and (4.6). As in the continuous-time case
we choose the block [Af]ae regular and therefore, p([Af]22) < 1 and we have that
(I —[Af]22) is an M-matrix with (I — [Af]e2) > 0.

The first equation of the system in (4.20) is a standard system on the subspace
im P,.. If the block [P,]22 contains ones on the diagonal, we first apply the balanced
truncation scheme in (3.8) to the corresponding part of the system. The truncated
projector is again a nonnegative projector and also the system is again positive. There-
fore, without loss of generality, we may assume that the diagonal entries of [P, ]a2 are
strictly less than 1.

We apply the reduction scheme in (3.17) and obtain a reduced-order system
[I, xz{f, Ef, 6]0, Bf] with ésp(s) = 5]0(8[ - /A{f)iléf + ﬁf.

Since Ay is d-stable on im P, and [I, Ay, By, Cy, 0] is balanced on im P, we have
that G,,(s) yields the error bound in Lemma 3.3.

As in the continuous-time case, we partition the system [Fy, , By , Co , D] ac-
cording to [I, Ay, By, Cy, 0] and reduce it by standard balanced truncation in (3.8).
We obtain the reduced-order system

[Ex, Boo, Coo, D] with P(s) = Coo(sEae — I) ' Bao + D = P(s).

To obtain a corresponding descriptor system we set the reduced-order spectral
projector to

P, = [Pi1 + [Pi2(I = [Pra2) '[P ]ar- (4.21)
15
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Fic. 5.1. System of n water reservoirs

In [19] it was shown that 13,« is again a projector and that IBT > 0if P. > 0.
The reduced-order descriptor system [E, A, B, C', D] is then given by the matrices
in (4.16).

We still have to show that the thus obtained reduced-order system is again positive
in the sense of Theorem 2.3. As in the standard case we have that I — [Af]s2 is an
M-matrix and hence, Ay, By, Cy, Dy > 0.

For the reduced-order discrete-time descriptor system defined by the matrices
in (4.16), we can obtain an equivalent system of two decoupled equations by using the

properties of the projector P, given in the following result whose proof is analogous
to the proof of Lemma 4.4.

LEMMA 4.5. Let P, be defined as in (4.21) and gf, f?f be the reduced-order

matrices from singular perturbation balanced truncation. Then, we have
1. ﬁr;‘[f = Zfﬁr = Zf,‘
o BBy - By,

By using Lemma 4.5, we obtain that E and A commute and the reduced-order
state equation EZ(t+1) = AZ(t) + Bu(t), is equivalent to P,z (t4+1) = A;z(t)+ Bu(t),
Eooi(t+1) = (I — P)Z(t) + Booul(t).

We have shown that the discrete-time reduced-order system as defined in (4.16) is
again positive. The strictly proper part G, (s) of the transfer function G(s) is reduced
as in the standard case, whereas the polynomial part P(s) remains unchanged, which
leads to the usual H,, error bound as for standard balanced truncation in Lemma 3.3.

5. Examples. In this section we present some numerical examples to demon-
strate the properties of the discussed model reduction approaches for positive systems.

EXAMPLE 5.1 (Continuous-time). Consider a system of n water reservoirs such
as schematically shown in Figure 5.1. All reservoirs Ry, ..., R, are assumed to be
located on the same level. The base area of R; and its fill level are denoted by a; and
hi, respectively. The first reservoir Ry has an inflow u which is the input of the system,
and for each i € {1,...,n}, R; has an outflow f,; through a pipe with diameter d, ;.
The output of the system is assumed to be the sum of all outflows. Furthermore, each
R; and R; are connected by a pipe with diameter d;j = d;j; > 0. The direct flow from
R; to R; is denoted by fi;. We assume that the flow depends linearly on the difference
between the pressures on both ends. This leads to the equations

fii(®) =dZ; e (ha(t) = hy(1),  foui(t) =d5 ;- c- (ha(t) — hy(t)),
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where ¢ is a constant that depends on the viscosity and density of the medium and
gravity. The fill level of R; thus satisfies the following differential equation

halt) = < | =2 mal0) + D2 (h0) = halt) | + Frolt) i 0),
j=1 ‘

Q;

where &1; denotes the Kronecker symbol, and fr(t) denotes the inflow, i.e.
fr(t) = u(t). We assume that the state is composed of the fill levels and the inflow. For
our illustrative computation, we have constructed the presented compartment model
with ten states. We assume that we have two well connected substructures each con-
sisting of five reservoirs, where each reservoir is connected with every other reservoir
by a pipe of diameter 1. The substructures are connected with each other by a pipe
of diameter 0.01 between reservoirs one and ten. For simplicity reasons, we set all
base areas of the reservoirs to 1 and also ¢ = 1. This leads to a descriptor system
[E,A,B,C, D] with E,Ac R B CT € R and D = 0.

The reduced-order system obtained by the procedure as described in Section 4 is
given by E = diag(l4,01) and

—-5.01 1.32 132 132 132 0 0.45 2.22]"
0.76 =5 1 1 1 0 0 2.90
~ 0.76 1 -5 1 1 0 =~ 0 ~ 12.90 ~
A= 0.76 1 1 -5 1 0y B= 0| C= 2.90| D=0
0.76 1 1 1 -5 0 0 2.90
0 0 0 0 0 1 -1 1

and D = 0y. The frequency responses, i.e., the transfer function G(s) at values

Frequency plots of original and reduced-order systems

\
2 j
1,5\
1k : : ]
0.5 original system i
- = = red.-order system
\ \ \ \ \
0 0.5 1 1.5 2 2.5 3
w
Frequency plots of error system and error bound
\ \ \ \ \

100 L 1
T j
1p-101 i

= = =error of red.-order system
error bound
\ \ : :
0 0.5 1 1.5 2 2.5 3

F1G. 5.2. Frequency plot showing original and reduced-order models.

s = jw, for w €10,3], of the original and of the reduced-order models are depicted in
the upper diagram of Figure 5.2. The lower diagram shows the frequency response of
the error system along with the error bound 0.0162.
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As an example in discrete-time, we consider the well-known Leslie model [23],
which describes the time evolution of age-structured populations.

ExaMPLE 5.2 (Discrete-time). Let the time t € Ny describe the reproduction
season (year) and let x;(t), i = 1,...,n, represent the number of individuals of age
i at time t. We assume constant survival rates s;, © = 0,...,n — 1, i.e., the frac-
tion of individuals of age i that survive for at least one year, and fertility rates f;,
i =1,...,n, i.e, the mean number of offspring born from an individual at age i.
For purely illustrative purposes of this example, we use the estimated data given
in [17, p. 118] for squirrel reproduction. Furthermore, we assume that immigra-
tion into the considered tribe can only happen at birth, i.e., the input is a positive
multiple of the first unit vector, and as the output we take the total population, i.e.,
the sum of the population numbers over all ages. Thus, the aging process is described
by the following difference equations

g1 (t4+1) = s2:(¢), i=1,...,n—1, (5.1)
and the first state equation takes into account reproduction and immigration

where fr(t) =u(t). The system matrices for squirrel reproduction in [17, p. 118] are
given by E = diag(l1p,01) and

[0.24 048 0.76 0.76 0.76 0.76 0.76 0.76 0.72 0.64 0.4] 0
024 0 0 O O 0 O 0 0 0 0 0
0o 03 0 o0 0 O 0 0 0 0 0 0
o 0 03 0 0 O 0 0 0 0 0 0
o 0 0 03 0 O 0 0 0 0 0 0
A={0 0 O 0 03 0 0 0 0 0 0}[B=|0]
o 0 o0 0 0 03 0 0 0 0 0 0
o 0 o0 0 0 0 02 0 0 0 0 0
o 0 o0 0 0 0 0 024 0 0 0 0
o o0 o0 o0 0 0 0 0 020 0 0 0
Lo o o o0 o0 O 0 0 0 0 —I] 1]
C=11111111110, D=o.

The reduced-order system obtained by the procedure as described in Section 4 is
given by E = diag(I5,01)

024 1.25 3.74 532 1041 O 0.19 21677
0.092 0 0 0 0 0 0 5.61
~ 0 016 0 0 0 0] » 0 ~ [10.61 ~
A= 0 0 023 0 0 0 B= 0V ¢= 15.1 » D=0
0 0 0 025 0 0 0 29.54
0 0 0 0 0 1 -1 1
The frequency responses, i.c., the transfer function G(z) at values z = e*, for

w € [0,27], of the original and of the reduced-order models are depicted in Figure 5.3.
The lower diagram shows the frequency response of the error system along with the
error bound.
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Frequency plots of original and reduced-order systems
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F1G. 5.3. Frequency plot showing original and reduced-order models.

6. Conclusion. In this paper, we have presented a model reduction approach
that preserves the positivity of continuous-time as well as of discrete-time systems in
the standard and in the descriptor case. In particular, we first have extended standard
balanced truncation and singular perturbation balanced truncation methods to pre-
serve positivity of standard systems. The proposed approach is based on the existence
of a diagonal solution of Lyapunov inequalities, which may be used instead of Lya-
punov equations in the classical approach. In this method, along with positivity, also
stability is preserved and an error bound in the H., norm is provided. Furthermore,
we have generalized this positivity preserving model reduction technique to positive
descriptor systems. The additive decomposition of the transfer function into a strictly
proper and a polynomial part allows to use the results established for the standard
case. The strictly proper part may be reduced as in the standard case, whereas the
polynomial part remains unchanged. This guarantees the same H,, error bound as
in the standard case. A corresponding descriptor system, obtained via recomposition
the two reduced parts, is shown to be positive. The functionality of the proposed
method has been illustrated by some numerical examples.
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