CONVERGENCE OF dG(1) IN ELASTOPLASTIC EVOLUTION*
CARSTEN CARSTENSEN, SIMONE HOCK, AND JOCHEN ALBERTY

ABSTRACT. The discontinuous Galerkin (dG) method provides a hierarchy of time dis-
cretization schemes for evolutionary problems. A dG time discretization has been proposed
for a variational inequality in the context of rate-independent inelastic material behaviour in
[Alberty, Carstensen: Discontinuous Galerkin Time Discretization in Elastoplasticity: Mo-
tivation, Numerical Algorithms and Applications, Comp. Meth. Appl. Mech. Engrg. 191
(2002)] with the help of duality in convex analysis to justify certain jump terms. Convincing
numerical experiments have already been displayed in the literature.

This paper establishes a mathematical a priori error analysis for the dG(1) scheme with
discontinuous piecewise linear polynomials in the temporal and first-order finite elements
for the spacial discretization. One novel key idea in the a priori convergence analysis is
an optimal trace estimate under convex constraints. The numerical investigation of the
empirical convergence rate in a benchmark concludes the paper.

1. INTRODUCTION AND OVERVIEW

The dG(k) time discretization of elastoplastic evolution problems has recently been pro-
posed, implemented, and validated in [AC02]. One main motivation was to form a hierarchy
of time discretization schemes for further use in adaptive time-stepping control. Figure 1.1
displays the exact and approximate stress component in tangential component in the numeri-
cal benchmark of Section 5 as a function of time ¢. It follows that, in fact, the performance of
dG(1) appears significantly better than that of dG(0). It is known that the Crank-Nicholson
(CN) scheme is of quadratic order in time [ACO00] but there are counter examples that CN
is superior over bE and the oscillations visible in Figure 1.1 clearly question that in practise.
In comparison, dG(1) looks much better than dG(0).

This paper justifies this superiority of dG(1) over dG(0) for smooth solutions and presents
an optimal mathematical analysis for the dG(1) scheme for elastoplasticity with hardening
in the weak primal and dual formulation from [HR99|, briefly recalled in Section 2, in the
fully discrete setting when combined with a standard spatial finite element discretization of
lowest order. The resulting fully discrete scheme is a variational inequality in each time-step
given with all notational details below in Section 3.

The error analysis of Section 4 encounters one key difficulty: An optimal trace inequality
for an approximation under constraints for an affine and hence conforming approximation.
The estimate is isolated in Lemma 1.1 for an abstract framework and illustrated in Figure 1.2.
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FIGURE 1.1. Time evolution for one stress component o,(1.0147,0.0147,¢) in
the benchmark example of Section 5 for the exact values and for various numer-
ical approximations, namely the backward Euler (bE), the Crank-Nicholson
(CN), and the dG(k) schemes for k =0 and k = 1.

FIGURE 1.2. Illustration of Lemma 1.1 for some function f € C*(a,b; |«, 3])
with integral mean M := fab f(t)dt/(b— a) and some line segment g through
((a+b)/2, M) and with endpoints (a, A) and (b, B). The point is that f — g
has two zeros even if the affine g obeys the side restriction a < g < 3 and
ffg(x) dx = M(b— a).



Lemma 1.1. Given a convex and closed subset K of a (real) Hilbert space H, any [ €
H?(a,b;H) N Cla,b; K) with integral mean M := f;f(t) dt/(b— a) satisfies

(11)  min{[|f(a) — Al : A, B€K with A+ B =2M} < (b— a)*[|f"|l 2apo)-

The proof of Lemma 1.1 follows from the observation in the one-dimensional setting de-
picted in Figure 1.2. In order to obtain the optimal-order O((b — a)%/?), the straight line
segment with endpoints (a, A) and (b, B) of Figure 1.2 hits the displayed smooth function
f twice even under the constraint A,B € K = [a,] C R = H and (A+ B)/2 =M =

[P F@)dt/(b—a).

The mathematical proof of Lemma 1.1 in the general context is given in Subsection 4.2
together with the complete mathematical analysis. A numerical benchmark in Section 5
confirms the estimate empirically even with some reduced regularity property and concludes
the paper with strong numerical evidence of the superiority of G(1) over G(0).

2. MATHEMATICAL MODELING OF ELASTOPLASTICITY

This section is devoted to the strong form of a model example in elastoplasticity with hard-
ening and the weak primal and dual form [HR99]. The generalized stress and generalized
plastic strains are given as

Y =(o,x) and P =(pg).

The stress variable o and the total (linear Green) strain,

e(u) :=symDu = (uj +ux;)/2 jk=1,2,...,d,
are linked with the irreversible plastic strain p through an additive split

e(uy=Clo+p
of small strain plasticity. The fourth-order elasticity tensor C acts as
Cqg=Atr(¢)1+2pnq forall qe ]Rf;;i

with trace tr(q) := q11 + - - + qua, the d X d unit matrix 1, and the Lamé constants A, i > 0.
The displacement field u is supposed to satisfy Dirichlet boundary conditions in the form

u=0 onlIp
for a fixed closed part I'p of 92 = I' of positive d — 1 dimensional (surface) measure.
Equilibrium reads in local form
oc=0" and divoe+f=0 inQ
plus Neumann boundary conditions on the remaining part of the boundary
on=g¢g only:=T\Ip.
The internal energy assumes the form
F(e,&) :=1/2(e: Ce+ ¢ - HYE)

for the aforementioned fourth-order elasticity tensor C and a symmetric and positive definite
hardening tensor H. Internal (hardening) variables £ are written (symbolically) as m dimen-
sional vectors (e.g., the m components of a symmetric d x d tensor for kinematic hardening
or scalar, m = 1, for linear isotropic hardening). Hence, £, x € R™ and

He RTX™
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is identified with a symmetric and positive definite m x m matrix. Recall e(u) = e + p and
notice

o=0F(e,§)/0e =Ce and x = —0F(e§)/0§ = —HE.
The Prandtl-Reu8 flow rule reads (P denotes the time derivative of P)

PeNg(E)={QeRX xR™: VT € K, Q* (T — %) <0}

sym

for the set of admissible generalized stresses K C R2*4 x R™ determined by the yield function

sym
(e.g., the von-Mises yield function) @ : R4 x R™ — R via
- dxd m .
K :={T e R, xR™: &(T) <0}.

Throughout this paper, we distinguish between the scalar products -, :, x, defined for vectors
u, v, d X d matrices p, ¢, and generalized stresses or strains P, Q) by u-v = ujv1 + - - - + uqvy,
d
piqi= Y pisti and PxQ = (p,&) * (¢, x) =p:q+&-x.
jk=1

Given data f and g as functions in time [0,7] and space, given consistent homogeneous
initial conditions (i.e., f = g = 0 for ¢ = 0) the elastoplastic time-evolution determines
u,o,x,p and & as functions on [0, 7] x Q with

o=0"=C(e(u) —p), divo + f =0, (p,€) € Nk(o,x) in [0,T] x ©
and the boundary conditions
u=0on[0,T] xI'p and on=gon [0,7] x y.

Following [HR99, Car97] the primal and dual formulation differ in the treatment of the
elastoplastic evolution law. Convex analysis [ET76, Zei88| allows an equivalent reformulation
via

P e Ng(X) e % e dsuppg(P).

The first inclusion is defined above and, given K via a yield function ®, reads

®(X)<0 and P+ (T—-X)<0 forall T € R x R™ with ®(T) < 0.

sym

The second inclusion involves the support function

suppg (@) :=sup Q@ +T = sup QT
TeK o(T)<0

and its subdifferential 0 suppy. Indeed, ¥ € dsuppy (P) reads
Y x (Q — P) < suppg(Q) — suppg(P)  for all Q € R4 x R™,

sym

Finally let xx denote the characteristic functional of K, i.e., xx(3) = 0 if ®(X) < 0, while
Xk (2) = 400 otherwise.

Throughout this paper, the combined kinematic and isotropic hardening is considered in
the von Mises yield function. Then, R™ = R x RZX¢ and ¥ = (o, x) with x = (a,b) = —HE
for a € R and b € R™ and

®(0,a,b) := |devo — devd| — o, (1 + Ha) for & = (0,a,b) € RY4 x R™.
4
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Here and throughout this paper,
H = diag(A, B) € R™ ™ for A > 0and B € R(m=Dx(m=1),
The material parameters o, > 0 and H > 0 are fixed and constant in time and space. Then,

K ={(0,a,b) € R x R™|a > 0and ®(o,a,b) <0}

sym

and the scalar product x in R™ is represented by diag(A~!, B~!). Particular cases are
discussed in [HR99, AC00, Car99, Car97, ACZ99|. The hardening will be important for
control of Green strain in terms of the generalized stresses.

Proposition 2.1. [Car99] The functional suppy is the dual of the characteristic functional
xx of K and reads

o iftrp=0andp=—Band A 'a+ o,H|p| <0,
SuppK(p,a,ﬁ)—{ ylpl i p=-r vHlpl <

00 if not .

Moreover, the inclusion (o, x) € dsuppg(p,§) in case p # 0 is equivalent to
p  dev(oc—b)
H ~ o,(1+ Ha)

The corresponding weak formulations of the complete model are derived by a principle
of virtual displacements or by testing with a test function. The two resulting variational
inequalities are summarized below; we refer to [HR99, ACZ99] for further details.

and oo = —klp| for k= Ac,H. O

For a weak formulation, the test function spaces are based on standard Lebesgue and Sobolev
spaces, namely,

L*(Q) := {v: Q — R : v measurable with [, [v|*dz < oo},
HY(Q) :={v e L*(Q): Ov/0xy,...,0v/0x4 € L*(Q)}

and powers thereof (i.e., all components belong to the respective space); dv/0x; is a weak
derivative [Zei88, Eva98]. Moreover,

Vi={ve HH(QRY): v=00nTp} and L:= L*(Q;RZ? x R").

sym

Then the weak primal formulation reads: Seek (u, p, &) : [0,T] — WH2(0,T; R? x R¥4 x

sym
R™) with homogeneous initial values and the Dirichlet boundary condition u(t) = 0 on I'p
such that, for almost every time t € (0,T) and, for allv € V and all (q,() € L, it holds

Cle(u(t) — p(t) : ((v) — () + @) do — [ (1) - F(C — £(1)) da
/ [0
< [ 1) vin+ / RORTE [ ity do = [ suppicp(o).€(0) do.

Hence, the dual formulation reads: Seek (u,o,x) : [0,T] x © — R? x R¥4 x R™ with

sym
homogeneous initial values and the Dirichlet boundary condition u(t) = up on I'p, such
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that, for almost every time t € (0,T) and all v € V', it holds
(2.1) /J@:d@@ﬁi/ﬂﬂwdx+/gﬁfvw
Q 9) Tr
and ®(o(t), x(t)) < 0 such that, for all (1,v) € L*(; R4 x R™) with ®(7,v) < 0, it holds

sym

(2.2) / (i) = C6 (1)) : (r — o(t)) de / X(0) (6 — (1)) dz < 0.

Q

On the continuous level the dual and primal formulation are equivalent [ACZ99, HR99|. The
role of the time-derivative and the choice of variables are different. The unique existence of
solutions is well established [HR99, Joh76, Joh78, Suq88, Tem85] as well as regularity for
the stress variables [Ser93].

3. DISCRETIZATION

This section is devoted to the motivation of discontinuous Galerkin time discretization
schemes for elastoplastic evolution problems. The point of departure is the definition of
a distributional derivate for discontinuous, but Z-piecewise smooth test functions.

The time interval (0,77 is partitioned in N subintervals I; = (¢;_1,t;] (open at the left and
closed at the right) of length k;, j =1,...,J, according to
t0:O<t1<t2<"'<tJ:T; I:{[l,lg,...,fj}.
Define the set of Z-piecewise smooth functions by
CHZ) :={v e L®(R) : v|j, € C'[tj_1,t;] and v|(_ec0) :=v(07)}.
Piecewise uniformly continuous functions u allow for one-sided limits and the definition of
the jump
[u]; == w(t]) —u(t;) with u;t = u(t) == lim u(t) forj=0,...,J — 1.

/ t—tF

(Throughout, w(0~) := 0 owing to homogeneous initial conditions whence [u]y := u(07).)
Since |, ) is C'(tj_1,t;), there exists the time derivative u, := Qu/0t on each (t;_y,;) in
the classical sense as limit of difference quotients. The distributional derivative u is defined
through

Amm@ﬁ:—émm@ﬁ

for all test functions v € C2°(R). With the delta distribution d;, at the point t;, it reads

J-1
U= u; + Z[u]jétj.
=0

This explains the action of 4 on differentiable test functions. An extension to discontinuous
test functions starts with globally continuous and piecewise C! test functions v. which vanish
outside some fixed interval I;. The functions v, are defined by a regularization of v with
suitable step functions x/ as depicted in Figure 3.1,

ve(t) = x{(t)(?).
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tj—1 ;E t]",l tj;s t'j
FIGURE 3.1. Test function y?

Thus, we obtain a formulation of a distributional derivative for the fixed interval I; by
analyzing the equation
tj

/Ru(t)ve(t) dt = / ur(t)ve(t) dt + [u]j—1ve(tj—1)

t]'_l—e
in the limit € — 0. One obtains
tim [ at)o.(t)dt = / up ()o(t) i+ [uljrv(t] ).
U IR I;

Extending this procedure to general v € C'(Z) by applying test functions v/ on each partin-
terval I;, followed by a summation of the resulting terms leads to

li_r% U <Z Uﬁ) dt —/0 u, (t)v(t) dt+Z[u}j_1v(t;r_1).

The spline space of discontinuous Galerkin functions of order k (abbreviated as dG(k)) is
defined through

P(Z; X) ={ue L>(a,b,X): Vji=1,...,J, ul;, € P(l;; X)}.

The homogeneous initial data are reflected in the convention that u(0~) = 0 for all discrete
values below. The domain €2 is partitioned into triangles and parallelograms for 2D and
tetrahedra for 3D. The resulting triangulation 7 is supposed to be regular in the sense
of Ciarlet [BS94, Cia78]. For each element T', Py(T") denotes the algebraic polynomials on
T of total degree < k if T' is a triangle or tetrahedron or of partial degree < k if T' is a
parallelogram. Then, the required finite element function spaces read

P(T;RY :={v e L*(Q): VT € T, v|r € P(T;R%)},
Vi = P(T;RH) NV,
Ly, == Py(T; Rj;ni x R™),

Ky = Ry(T; K).

The finite element approximation is denoted by subindeces k and h (neglected for its con-

tinuous counterpart) as the underlying discretization is based on a partition Z in time and
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a regular triangulation 7 in space. The following abbreviations are used throughout this

paper:
Qj:=1; xQ and//...dxdt reads/ .. dQ.
L Ja ;

J

The discrete primal problem reads: Seek (upk, Ypk, Pux) € P1(Z; Vi, x Ly, x Ly,) such that

Suk = (Onk, Xnk), Pak = (Phs Enk)s Prk = €(upg) — Clop, and &, = —H txp and, for all
j=1,...,J as well as all vy, € Py(I;;V},), it holds

(3.1) / Ohk - €(Uhk)dQ f Uhde+// qg- ’Uhkdsdt

J

and, for all Qni, € Py(I;; Ly,), it holds

J
/ Yk * (Qhk - Phk,T)dQ - Z / (Ehk);il * [Phk]jqdl“ < sup / Rpp *x Quid@

j =179 Rur€P1(1;Kp) JQj

(32) — sup </ Shk * Phk,‘rdQ + /Q(Shk);_l * [Phk:]j—l d.ﬁE> .

Shi€P1(1;Ky) j

The discrete dual problem reads: Seek (unk, Ypg, Pur) € Pi(Z; Vi, X Kp, X Ly) such that

Yk = (O'hIthk); P = (phkaghk)a Phk = €(Uhk) - C_lo'hky and &y, = _H_1th and, for all
j=1,...,J as well as all vy, € P1(I;;V},), it holds

(33) / Opk - €<Uhk)dQ f Uhde—f-// qg- Uhkdsdt
I'n

J

and, for all Ty, € Pi(1;; K}), it holds

(34) / Phk,r * (Thk — th) dQ + / [Phk]y 1% (Thk — Ehk) da: < 0.
j Q

The jump terms in inequality (3.4) result from the aforementioned construction of the dis-
tributional derivative for the discontinuous test functions. This and the non-trivial imple-
mentation of the dG(1) discrete scheme is described in [ACO02].

Theorem 3.1. The discrete primal problem and discrete dual problem are equivalent.

Proof. Let (upk, Xpi, Pri) solve the discrete primal problem. Since FPy(I;; Ly) is a Hilbert

space, the linear functional associated with [Py;];—1 has some Riesz representation P, €
Py(1;; Ly,) with

/ Thk*phde:
j Qj

Then (3.2) reads, for all Qn; € Py(I;; Ly) and all Sy, € Pi(1;; K},),
/ Shi % (Que — Par) dQ < sup | / Rpp x Qpi dQ — Shi * Py dQ.

j Ry €Pp (13K}, j Qj
8
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Some reformulations result in

(3.5) / (Zhie — Snr) * (Qur — Pri) dQ < sup / (R — Shi) * Qni dQ.
Qj Rpp€Pp(1;Kp) JQ;

The substitution of Qi € Pi(1;; Ly) by Qp := AQpi with A — oo in (3.5) leads to

(36) 0 S sup / (th — th) *Qh dQ for all Qh S Pg(I], Lh)

Ruk€Pp(1j:Kn) JQ;

Given almost every 2 € Q and Sy (-, ) € Po(I; RE xR™) let Sy (-, ) denote its projection

sym

onto P(I;; K) in the Hilbert space P(I;;R%? x R™) with respect to the scalar product of

sym

L(I;; R4 5 R™). Then, Qpui := Sk — Snp in (3.6) yields that

sym

||§A:hk — Ehk”%Z(Qj) < sup / (Rnk — ihk) * (Xpk — 2hk> dQ.

Rpr€P(1;Kp) JQj
Since Ry belongs to Py(1;; K3) and f]hk is the projection onto this, the scalar product is
non-positive. Hence X5, = Xy, is admissible.

The choice Qpr = 0 in (3.5) yields, for all Sy, € Po(1;; Ky),

J

Hence Py, € N, i, (Znk) and (3.4) of the dual formulation is verified.

To prove the converse implication, suppose ®(X;) < 0 and (3.4) for all Ty, € Po(1;; Kp,).
This means
sup / Thk*Phk de = / th*Phk dQ]
j Q

The€Pe(1;Kn) JQ j

This implies the discrete variational inequality (3.2) for Qnr = 0. Finally, since X5 € K,

/ Yk * Qpi dQ < sup / Ry Qni dQ
Q Q

;i RpeP1(1;Ky) JQ;

for any Qni € Pi(I;; Ly). The sum of the two displayed inequalities is (3.2). OJ

4. A PRIORI CONVERGENCE ANALYSIS

4.1. A Priori Error Estimate. Given the elasticity and hardening tensor C and H, let
A := diag(C™!',H ') and the (possibly discontinuous) errors A := ¥ — 3;; with right and
left limit A;-t at t;. The local mesh-sizes and time-step sizes h € Py(7) and k € Py(7) are
defined by

hig = diam(K)for all K € 7 and kj, := k; := diam([;)for all j = 1,2,...,J.

The following is the main result and implies that the stress error converges like O(k3%/% 4 h).
There is no restriction on the time and space discretisation and all estimates are localised in
the form of local time-step size or local mesh-size times a derivative of the exact solution in

some Lebesgue norm.
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Theorem 4.1. Suppose that the exact solution and the data are smooth in the sense of
ue W0, T;V)n W 0, T; H*(;RY)  and (S, f.g) € H*(0,T;L x V* x V*).
Then it holds

J
IA72A7 + 3 A2 A] 1| + max

ax [[AV2AF |1}

j=1
< C(A) (||k25(U)7 thu||%1(0,T;L2(Q)XL2(Q)) + ||k3/2(A1/2i7 f7 g) ||%2(0,T;L><V*><V*)) :

The constant C(A) depends on all material constants as well as the shapes of the element
domains but not on their sizes.

For notational simplicity, all material constants A, A, B, C,H, H, o,, are homogeneous, that
means, constant in space and time. We refer to [Car99] for variable material parameters in
space and a corresponding perturbation analysis.

4.2. Proof of Lemma 1.1.

Proof. Set F := f(a) € K and M := (b—a)™! fabf(t)dt € K and define g := f — M and the
shifted set S := K — M and notice G := g(a) = F — M.

Since —S& is nonvoid, closed, and convex, there exists exactly one C' € —S with minimal
distance to G € 'H,

0 := |G = Cllz = lf(a) = Al = dist(G, =5).

Since 6 = 0 implies that the left hand side of (1.1) must be zero, we suppose § > 0 in the
sequel. Set A=C+ M € K, hence G — C = F — A, and define N := (G — C)/6 € H. The
function h € H?(a, b;R), defined by

b—t t—a

h(t) = (N, f(8) = g —A = 57—

(2M — A))y fora <t <,

satisfies
0= <N,G—C>H = <N,F—A>H :h(a) > 0,
1 1

(b—a)™ /bh(t)dt = (N,M = JA— S(2M — 4)) =0,

h(b) = (N, f(b) — 2M + A) = (N, g(b) + C).

Since ¢g(b) = f(b) — M € S, —g(b) € =S and so by separation of G from —S with a
hyperplane through C' and normal N,

—h(b) = (N, —g(b) — C) <0.

In conclusion, the function h € H?(a,b;R) satisfies

b
0= / h(t)dt < (b— a) min{h(a), h(B)},
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and so h as well as its derivative b’ vanish at least once in (a,b), i.e. h(§) =0 = h'(n) for
some a < &, n < b. The fundamental theorem of calculus therefore proves

h(a) = /€ (W (1) —h’(n))dt/; /nt B (s)ds dt.

Holder’s inequality yields

t
/ (B (s)lds < IRl 2t — 0l < Rl z2p |t = 0]
n

The combination of the previous expressions shows

a t a
Ih(a)] < /6 / 1(s)|ds dt < |2 s2(e / 1t — g2 dt < W] g2y (b — ).
n

This, h(a) = ||f(a) — A, and
12" L2y = KNS f 0l 2y < INHI Nezar = 1L ez
prove the assertion. O

4.3. Discrete Approximations X;, >, 7, . Given the exact solution ¥, define ¥} €
H(0,T; L) as piecewise integral mean

1
()| = I / Y(t,x)dr € K, for all times 0 <t <T and all K € 7.
K
A piecewise Poincaré inequality yields, at all times ¢, with all first-order partial derivations
DY of ¥ and the mesh-size h € Py(7),
(X = Z) O < [|RDE(E)]| 2.

The approximation ¥}, € Py(7; L) is defined Z-piecewise through linear interpolation

Bttt
¥ () + =55t )

EZkNj =
tj — tj—l tj — tj—l

from a minimisation problem in R%? x R™ with optimal values
(Sinlt;), Tia(tf)) = argmin{ [AY2(A = St )1 | (A, B) € K

with A + B = 21:;1/ (t) dt}.
I

Lemma 1.1 applies to this minimisation problem and leads to

J J

(4.1) D IAY (S = ST < D RIAYE ey

j=1 j=1

Since time differentiation and piecewise spatial averages commute, Jensen’s inequality shows
IAYZS5 ()] < IIAY?S] .,

the previous estimate leads to

J
(4.2) > IAYA(S, = S < K281 a0 -
j=1

11



Finally, ¥} will denote the piecewise affine and globally continuous nodal interpolation of
the exact generalized stresses Y in time.

4.4. Combination of Variational Inequalities. Evaluate (2.2) for 7' = ¥, and (3.4) for
T = X3, and recall P := (p, &) with p = e(u) — C'o. The sum of the two inequalities
reads

(4.3) /Q

Since Pyir € Po(lj; Ly) and X, satisfies the integral mean property on I,

(Phk,q— * (EZk — Ehk) —+ P * (Ehk — E)) dQ + /[Phk]j—l * (EZk — Ehk);r_l dx < 0.
Q

J

/ Phk,T*Z}kLk dQ = Phk,T*ZZ dQ = Phk,T*EdQ.
Qj Qj Qj

Consequently, the first integral in (4.3) reads

(4.4) /Q (Pugr — P)x (2 — Sip) dQ.

Recall P = (5(u),0) — AE, Phk = (E(uhk),()) — Ath, A=Y — Ehk and set 0 := o — Ohk,
e :=u — upg. Then (4.4) reads

/ A xAAdQ — Jd:e(er)dQ.
Qj Qj
The equilibria (2.1) and (3.3) yield

52€(Uhk)dQ:0 for all Uhk ePl(Ij;Vh).

Qj
Altogether, (4.4) reads, for all vy, € Py(1;; V4),
/ A x AAdQ — d:e(uy —opg) dQ.

Qj Qj
From continuity of u,o, etc. in time, [A]; = —[X)];. Hence the second integral in (4.3)
with the jumps at ¢;_; reads

/Q [AA — (e(e),0)],_y * (S5, — She) 4 dar.

Since

g
Qj

the sum of resulting estimates for (4.3) over j =1,...,¢, ¢ < J, leads to

0 _
A xhdQ = [ TIAVAL dt = [A2AT I~ |AVRAT I

¢ ¢
1 0 )
Z 5/1 ot [AY2A de Z/Q [AA = (e(€),0)];_; * (Ehi — Shi); oy do
j=1 F et

S / 0: E(UT — Uhk:) dQ
(0,t0)xQ2

12



Since 3||AA; |7 vanishes with Ay = 0, the first terms on the left-hand side read

l
1 ]
> 5 (IAY2A7IE - A2AL 1) +Z/ AA], + AT do

j=1
1 1
= S IAYIAG IR + 37 SIAVAAL B,
j=1
This leads to

LHS(O) = SIAAT I + Y Iavlal 1HL<Z A8l x (5 T

7j=1

(4.5) + / te(t— vng) dQ+Z/ -1 (O = onk)j_y d.
(0,t) % Q

4.5. Approximation Errors on RHS. Since [AA];_; = —A[X;;];_1 is piecewise constant,
the first term on the right-hand side RHS(¢) of (4.5) reads

/Q[AA]j 1+ (=25 dr = /Q[AA]j_l * (35 — Bhp), o da.
A Cauchy inequality plus (4.2) from Subsection 4.3 shows
A8 (2= Sj) e < T IAVAL A + HAYAS; - B0
[lAM2[A] 2 + 4R IAY2E Lo .

- 16
The second term of RHS({) from (4.5) reads

/( | 5 e(t —vpe) dQ < [(CT2(e(w) — e(van), 0)|| 0.1y [CH2 (0 — oni) | L= (0,001 -
0,t0) X2

Let ;7 = (o}, x;) denote the piecewise affine and globally continuous nodal interpolation of
the exact generalized stresses ¥ in time. Then, the last term is bounded from above by

ICY2 (e = o), O)x0ny (IC72(0 = o) oy + IC72(07 = w0 )

1 — *
(4.6) ||Cl/2( () — e(vn)) || 7a OTLz(Q))+§||<C Y2 = op) ey
1 )
+ 16 max [IC Y2

Up to the factor 1/16, the last term max;—q__ ¢ |[C™/%67 || 2(q) stands for

,,,,,

max {|C265 || 2, IC 268 |2, 1€ 267 22y, - - IC7267 |22 }
13



with initial error [|[C™1/267 || 12(q) and without the contribution [[C~*/25] || := 0. In conclusion,

4
16 LHS(¢ E: Aﬁ”AJ1HL+64§:k3MG”Emp1L>
=1 J=1

(4.7) +72||CY2 (1) — (o)) 131 07322 + SIIAYA(E = Si)lEe 0.1y

+ 1 max, |C™ 1/QAiHL—I—le:/ i1 (Ope — one)j_y d.

-----

4.6. Estimation of Jump Term. Let fi € Pi(I;; L*(Q;R?)) and g, € Pi(I;; L*(Tx; RY))
denote the L2-projection of f € H?(I;; L*(;R?)) and g € H*(I;; L*(I'y; R?)), onto the
piecewise affine (globally continuous) functions in time such that

[ G=-vig=o0

J

// (9 —gr) - vdsdt =0
5 Jry

for all v € Py(I;; L*(Px; RY)). Then, for all t € I; and all v;, € Vj, it holds

lémwmm+£ﬁmym@24%mymwm

The key observation is that this holds for all times ¢. Since [e];,_; € V}, and limhtt1 oni(t)

for all v € P (I;; L*(;RY)) and

satisfy the discrete equilibrium condition, this leads to

/9[8(6)]3'1 (o — Uhk) L do = /Q(f - fk)j+—1 “lelj1dx +/F (9 — gk)j_1 ~[e]j—1 ds
< |(f = fo)ial

Standard approximation results (argue as in Lemma 1.1 without constraints) yield

1% 1%

elj-1llv 4 1(g = gx); 1 lv+Illelj-1llv-

I(f = fe)j-l

v =sup{ [ (= s vdo s v € Villlly = 13 < K1 s
Q

plus an analog expression for (g — gk)jtl. Altogether, one obtains

/Q @)1 : (0 — o)t dx < [K2(F )l et wvesvey el v

Since [e(e)];—1 = —[e(unk)];—1 is piecewise constant,

/Q[E(e)]j_l cordr = /Q[s(e)]j_l o dr.

14



Consequently,

L

Z/ -1 (Oh = 03)7 1 dl‘+2/ﬂ[€(€)]jl H (o — one)y d
j=1

Z IC2le(e)]j-1ll 2@ IC™ 2 (05 — 07) )il 2

+ Z E PN ) 2y vy

j=1
As in (4.2) of Subsection 4.3 we have

le]j-1llv-

J J
D NIC 2 (oh = ai) ey < D NAYA (S5 — Sl < IR2AYE) a0 1.

j=1 j=1

(“In the last step we used that the norm of the integral mean 3, is bounded by the norm of
Y in L.) Altogether,

14

1/2
Z/Q i1 (Oh — Uhk)] de < (ZHCW )]j—l”%zm)) ”kg/gAl/gi”%%o,T;L)

7=1

’ 1/2
+2 (Z ||[6]j—1||2v) K22, ) 20,0 xvey.
j=1

Korn’s inequality and the definiteness of the elastic material tensor C yield

C
Ifeljllv < 71||<C1/2[€(6)]j—1||w9)

with some hardening-independent constant C, without loss of generality Cy > 1. Therefore,

) ) 1/2
(4.8) Z/ﬂ[€(€)]j—1 H(ohe — onk)jy do < C (Z ||C1/2[5(€)]j—1||%2(9)>

j=1
X ||k3/2(A1/227 f:? g)HLQ(O,T;LXV*XV*)‘

4.7. Displacement Control through Hardening. The discrete dual formulation reveals
explicitly that Xpx = (onk, xne) € P1(Z; K},) is admissible almost everywhere in (). Moreover,
(3.7) in the equivalence proof reads, with appropriate interpretation,

Phk|1j><T € NPz(Ij;K)(EthIjXT)'

This is not a pointwise version of Proposition 2.1. In fact, the dG(1) discretization allows for
some averaged discrete material evolution law. This is a new difficulty in the error analysis

in comparison to backward Euler or to Crank-Nicholson schemes.
15



Lemma 4.2. The discrete primal solution (puk,Enk) with Epx = (Qpg, Bui) satisfies

tr prie = 0 and ppr = —Bri almost everywhere in Q).

Proof. Notice that the discrete primal solution fulfils suppy, (Prk, Ctnk, ﬁhk) < oo as the dis-
crete dual formulation could not be satisfied otherwise. The support function reads

SUpP, (Bks Chky Bpre) = Sup <Phk L Opk + Ak A g + by - BilBhk)

with the supremum taken over all (op, ank, D) € Riyel xXRXREX such that @ (o, ank, bar) <
0. The test functi‘ons (Chks Ak, bpk) := (1 1axa, 0,0) for r € R and (opk, apk, bax) = (M, 0, M)
with M := ppi+ B € Po(1j; Po(T; RE:4)) satisfy the condition ®(ong, ank, bpr) < 0 and yield

sym

SuppKh(phkydhk;Bhk) > 1 trpu and suppg, (phk7dhk76hk> > (Pnr + Bhk)Z, Le.,

trpwe =0 and ppx = —Ouk-

This holds for the Riesz representation pp. etc. of the distributional time derivation of ppy
from the proof of Theorem 3.1. Hence, tr[pp];—1 = 0 in Q and tr(ppr-) = 0 in Q;. Together
with the initial conditions tr(ppx) = 0, one concludes tr(pyr) = 0 almost everywhere in Q.
The same arguments show pu, = —Bne = — B~ by, almost everywhere in Q. O

With Lemma 4.2 and the left-hand side LHS of (4.5), it holds

IC?[e(e)lj-1lli2@) = NCY*[e(unk)]j=1llF2) = ICY*[par + C  onili—1 11720
= |[[=CY2B ™ bp + C V2 onil -1 11720y

2/ <H—C1/2Bflbhk]j71’2 + H(Cfl/Qahk]j,lf) dx
Q

IN

IN

2/ <’C1/2B_1/2|[H_1/2th]j—l‘2 + |[C_1/2ahk]j—1|2> dx
Q
< Qmax{l,|C1/2B_1/2|}||A1/2[A]j_1||2L2(Q),

This and LHS(0) := L|AV2A7 (|2 + 3020 LIAY2[AL][2 from (4.5) imply

7=0 2

¢ ¢
(4.9) D ICY[e(e)]j-llfe@ < 2max{l,[CYV2BTY2} Y (IAVA[A] 1 Za)
j=1

j=1

< 4max{1,|CY?B~Y2|} LHS(¢).

4.8. Finish of the Proof. The combination of (4.7)-(4.9) yield

l
I6LHS(£) < > |[AY2A]; |17 + 64K 2AY 22 F2 0 1.1
7=1
+ TC (i — ) oty + SIAYE — T ey + ma [AMEAE
+ 3201LH81/2(€) maX{l, ‘61/23_1/2‘}1/2Hk3/2(A1/2i, ]E, g)”LQ(QT;LXV* XV*)'
16



Standard interpolation error estimates on nodal interpolants in time and space like ¥ — ¥

and 1 — vy and absorbing LHSY2(¢) eventually lead to some A-depending constant C'(A) > 0
such that it holds, for all £ =1,2,...,J,

l
SIAYAAL |3 — max [AVRAF|E + 73 |AYA(A] 1] — LHS(0) < RHS with
J=0,...,

=1

RHS := C(A) (|| (kD ke (i)l orizz @z + B (S, F i) Eaornrcrs )

77777

(4.10) I3LHS(Y) + ||AY2A, |2 < M + RHS.

In the first case, suppose M = [|AY2A;||2 for some index ¢ € {0,...,J — 1}. Then,
(4.10) shows M < RHS. In the second case, suppose M = [|[AY2A[ |||2 for some index
¢e{l,...,J}. Then, (4.10) also yields, for two consecutive values of ¢,

6 max{[|AYVZA, |12, [AY2[A] |[Z][*} < M + RHS.
This and a triangle inequality lead to
M < 2|AY2A7 |1+ 2|AV2[A]a |7 < 2/3(M + RHS).
Consequently, in all cases

M < 2RHS.
This plus (4.10), for ¢ = J, shows the final result

LHS(J) + M < 3RHS. O

5. NUMERICAL EXPERIMENTS

The numerical experiments for the elastoplastic time evolution that lead to Figure 1.1 are
run for the axisymmetric ring €2 of Figure 5.1 while the volume force f vanishes, the applied
surface loads ¢; and ¢, describe some pure Neumann problem with a known analytical
solution given in closed form in [AC00, Alb01], where further details can be found which are
not recalled here for brevity.

The algorithmic details on the implementation are included in [AC02] and lead to the stress
evaluation of Figure 1.1. Some snap shots of the elastoplastic evolution computed with
the backward Euler (bE), Crank-Nicholson (CN) and dG(0) and dG(1) are displayed in

Figure 5.2. To discuss some convergence rates, the relative error

(5.1) €} = Jo JoUIC™2(0 (2, ) = o, 1)) | + [IH-2(x(, £) = xoe (1)) [|?) da dt
Q fOl fQ(|y(C—1/2a(:c,t)|y2 + HH_l/2X(5Cat)||2) de dt

Y

and the stress error
(5.2) e 1= / IC2(0(2, 1) — oz, 1))||2 da
Q

are computed at t =7 = 1. The convergence history for the error eq (left) and eq (right) is
diplayed in Figure 5.3 for dG(k) with £ = 0 and 1. Several uniform spatial discretizations
are fixed and give rise to different curves. Each curve displays the error as a function of the
(uniform) time-step size k = 37" for n = 2,3, 4,5 with both axis’ in logarithmic scaling,.
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E =70.000

v=0,33
_E
F= o0+
vE
AT O -
oy = 243
Hs =1

g1(r, ,t) = 240sin(27t)(cos ¢, sin ¢)
g2(r, ¢, t) = —60sin(27t)(cos ¢, sin @)

1 2 2’u
= 20+ A
Ko =+ A
@ ¢ = Kikz + Ha
_ Oy
R3 = \/54
g = OyR1K2
V33¢

FIGURE 5.1. Mechanical system and material parameters for the benchmark example.

160
i”
B

(d) dG(1) at t =

(c) dG(0) at t =

_1
(a) bEat t = 3

Wl

() bEat t =% (f) CNatt =9 (g) dG(0) at t = & (h) dG(1) at t = &%

FIGURE 5.2. Elastoplastic evolution for time step size, k = 37* at various times.

Notice that the convergence in time is from right to left. For a fine mesh, the empirical
convergence rate in time is close to 1 for dG(0) and in fact better than 1.7 for dG(1). The
value 1 and 2 for dG(¢) and egq is no strict proof for a higher order of convergence, but an
indication that the pre-asymptotic range is very large.

Notice that the spatial regularity requests of this paper are not fully met in this example.
However, the elastoplastic interface is a ring with time depending radius an so affects a
minority of element domains only. Hence on may expect that the lack of regularity does not
dominate the convergence rates.
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(a) eq (b) ea
10 10
—- dof=6 —-©- dof=6
—— dof=18 —— dof=18
e —— —+— dof=60 e —+— dof=60
—#— dof=216 —#— dof=216
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107
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(c) eq (d) eq

FIGURE 5.3. Convergence for the error eg (left) and eq (right) from (5.1)-(5.2)

as a function of the time-step size k = 372,...,37° for various fixed uniform
space discretizations with dof = 6,...,49536 degrees of freedom for the dis-
placements.
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